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ABSTRACT As we all know, it is very difficult to design the controller and prove the stability for switched
nonlinear systems. Therefore, the engineering application of switching system and the development of
switching control theory are limited. In order to solve the control problem for constrained switched system,
an adaptive output feedback control scheme based on backstepping technology is studied in this paper
for switched non-strict feedback nonlinear systems with asymmetric time-varying full state constraints
and unknown external disturbances. A switched state observer based on fuzzy logic system is designed
to estimate the unmeasurable states of the uncertain switched system. Asymmetric time-varying barrier
Lyapunov functions are adopted to keep the full states of the system satisfying their asymmetric time-
varying constraints. A variable separation approach is used to address the algebraic loop problem of non-
strict feedback structure. The stability of the closed-loop system and the semi-globally uniformly ultimately
bounds of the signals are proved by the Lyapunov method and average dwell time theory. Finally, simulation
results are given to show the effectiveness of the proposed control scheme. Different from the existing results,
this paper is the first to investigate adaptive control for switched non-strict feedback systems with full state
time-varying constraints, unmeasurable states and unknown disturbances, which is a more general case in
real systems.

INDEX TERMS Dynamic surface control, full state constraints, fuzzy state observer, non-strict feedback,

switched system.

I. INTRODUCTION

Switched systems are a class of important and typical hybrid
systems that can be described by subsystems and the switch-
ing law between them [1]-[6]. In practice, many systems
and processes have switching properties, such as mechanical
systems, power systems, autonomous walking robot systems,
missile trajectory controls, vehicle speed control systems,
UAV controls and spacecraft control systems, and can thus
be described as switching systems. Therefore, the switched
system has attracted much attention, and some adaptive con-
trol methods have been proposed. Reference [1] proposed an
adaptive tracking control method for uncertain switched non-
linear systems with arbitrary switching. In [2], a stabilizing
controller was designed for switched systems under arbitrary
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switching. In [3], two kinds of state feedback controllers
based on backstepping technology were designed for the
global stabilization control of switched nonlinear systems. In
[4], an adaptive neural control based on dwell time theory was
investigated for switched systems with switching jumps and
uncertainties. In [5], an adaptive fuzzy backstepping control
was proposed for a pure feedback switched system, which can
keep the tracking error in the neighbourhood of the origin.
In [6], a finite time control method for nonlinear switched
systems was designed based on a barrier power integrator.
The above control schemes require all states of the system
to be measurable. However, in many cases, only the output
signal of the system can be measured directly. To address the
unmeasurable states problem, some output feedback control
schemes for switched systems have been proposed. Refer-
ence [7] investigated the problem of adaptive neural out-
put feedback tracking control for switched systems without
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the measurements of the system states. In [8], based on a
switched fuzzy state observer, an adaptive output feedback
control was designed for uncertain switched systems with
dead zones. In [9], robust adaptive fuzzy control by using
an observer was studied for uncertain nonlinear systems with
arbitrary switching signals. In [10], for stochastic switched
systems with unmeasured states and unmodeled dynamics,
an adaptive fuzzy output feedback control was investigated.
Reference [11] proposed an adaptive neural network con-
trol method for switched interconnected uncertain systems.
However, the switched systems considered in [7]-[11] are
all in strict feedback structures; thus, the above-mentioned
methods cannot be applied to control non-strict feedback
switched systems.

In practical applications, most systems are non-strict feed-
back structures; thus, it is necessary to study the control
problem of non-strict feedback switched systems. In [12],
an adaptive fuzzy output feedback control was proposed for
switched non-strict feedback nonlinear systems with input
nonlinearities. In [13], an adaptive fuzzy output feedback
control was proposed for the switched non-triangular struc-
ture form with time-varying delays. A variable separation
approach was introduced in [14] to solve the problem of
non-strict feedback, and an adaptive fuzzy output feedback
stabilization controller was set up based on backstepping
technology. In [15], for MIMO-switched systems in non-
strict feedback structure form, an adaptive output feedback
control method was proposed based on a command filter. In
[16], through the design of a linear state observer, adaptive
fuzzy output feedback control was extended to address the
problem of control for non-strict feedback switched large-
scale systems with unmeasurable states. It should be noted
that all the above-mentioned methods cannot solve the output
or full state constraint problem of the system.

In practical engineering, constraints exist on the system
output or states. Only by limiting the output or states to the
allowable range of the process can the safety of the equipment
and operators be ensured. To solve the problem of these con-
straints, many studies have used the barrier Lyapunov func-
tion (BLF) [17]-[22]. To address asymmetric time-varying
constraints, some researchers have proposed asymmetric
time-varying BLFs (ABLFs) [23]-[26]. However, the control
methods in [23]-[26] were all aimed at unswitched systems
in strict feedback structures and required that all states be
measurable. In [27], an adaptive control for a full state
constrained switched strict feedback system was designed,
but these constraints are static, not time varying. Refer-
ence [28], [29] proposed a fuzzy adaptive tracking control
approach by using ABLFs for switched non-strict feedback
systems with full state constraints. Reference [30] extended
the results in [28], [29] to the controller design for MIMO
systems. However, the control approaches in [27]-[30]
required all the states to be measurable directly. To the best
of our knowledge, there are no results on adaptive control for
switched non-strict feedback systems with unmeasured states
and full state time varying constraints.
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Motivated by the above discussion, this paper investigates
adaptive control for switched uncertain nonlinear systems
with asymmetric time-varying full state constraints, coupled
with unmeasurable states and a non-strict feedback problem.
This issue involves three obstacles:

1) The considered system in this paper is coupled with
switching signals, full state time varying constraints, uncer-
tain nonlinear functions, the algebraic loop problem, the
unmeasurable states problem, and external disturbances.
Compared with the existing results, the structure of the sys-
tem is more complex, and more problems need to be solved
simultaneously. Therefore, the controller design and stability
proof are very difficult.

2) The non-strict feedback structure of the system will lead
to the algebraic loop problem in the controller design. At
the same time, because the states of the system are not mea-
surable, it is difficult to design a state observer to integrate
into the controller to effectively estimate the states of all the
switching subsystems with a non-strict feedback structure.

3) The existing results need strict preconditions, such as
n-order differentiable and bounded conditions of the input
signals, and unknown functions must satisfy the monotoni-
cally increasing condition. These strict preconditions lead to
the lack of practicability of control methods. Adaptive fuzzy
backstepping technology has been widely used in the control
of uncertain nonlinear systems such as manipulator, but there
is the problem of “‘explosion of complexity” due to repeated
derivation of virtual control law in backstepping [31], [32].
Therefore, it is necessary to reduce the computational burden
and eliminate the strict preconditions. These requirements
make the design of the control scheme more challenging.

This paper proposes a novel adaptive dynamic output feed-
back tracking control strategy for switched non-strict feed-
back systems with full state time-varying constraints and
external disturbances. The main contributions and innova-
tions are as follows:

1) Different from the existing results, this paper is the
first to investigate adaptive control for switched non-strict
feedback systems with full state time-varying constraints,
unmeasurable states and unknown disturbances, which is
a more general case in real systems. The control methods
proposed in [17]-[22] cannot address the time-varying con-
straints problem. The control methods in [23]-[26] were all
aimed at a non-switched system in strict feedback form. The
results in [27]-[30] require full states of the system to be
measurable directly. At present, no existing reference can
comprehensively solve the above problems. It is a novel idea
and a great challenge to integrate these problems into the
controller design for switched nonlinear uncertain systems.

2) This proposed adaptive control scheme can address
non-strict feedback systems, strict feedback systems and
other mismatching uncertain systems. In addition, it can also
address symmetric static constraints and asymmetric time-
varying constraints, output constraints and full state con-
straints, as well as the output feedback system and state
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feedback system. The designed control algorithm has strong
applicability.

3) This proposed adaptive control scheme does not need
n-order differentiable and bounded conditions of the input
signals and a monotonically increasing condition of unknown
functions. However, these strict assumptions are common
in the existing references [33], [34]. Moreover, by adopting
dynamic surface technology and first-order filters, this con-
trol scheme can avoid the problem of the ‘“‘explosion of com-
plexity”. Therefore, this control scheme not only conforms
to engineering practice but also has a simple algorithm and
requires a small number of calculations.

Il. SYSTEM DESCRIPTION AND ASSUMPTION
Consider the following switched non-strict feedback sys-

tem [14]:

X1 =x2 +flo®) +di,on(®)

Xi = Xig1 + fio(X) + dio@)(1) 0

Xp = Uo (1) +fn,<r(t)(x) + dn,(r(t)(t)
y=Xxi

where i = 1,2,....,n— 1,x = [x1,x2,...,x,)% € R"
are the state vectors, and only x; can be directly measured.
Us(r) € R is the control signal, and y € R is the output of
the system. o(¢) : [0,00) — M = {1,2,...,m} is the
switching signal, and it is a piecewise continuous function
of time from the right. The kth subsystem is active when
o(t) = k. ur € R is the control input of the kth subsystem.

fioy(x) (i = 1,2,..., n) are unknown smooth functions of
the nonlinear system. d; (1)(t) (i = 1,2, ..., n) are unknown
disturbances.

Assumption 1 [35]: The unknown disturbances d; ()(¥)
are bounded by unknown constants c_l,-,g(t) such that
‘d,-,g(,)(t)| <dios@),wherei=1,2,--- ,n. ' '

Assumption 2 [23], [29]: There exist constants K’, and K’
(i=1,2-,nj=0,12,--,n) such that k;(t) < KO,

‘l?fé)(t)‘ <K’ and ‘I&(?i)(t) <K’ with vVt > 0.

Assumption 3 [25], [36]: There exist functions Yo : Ry —
Ry and Y, : Ry — R, satisfying Yo < kci(r) and Y, >
k. (), with V¢ > 0, and a positive constant Y} such that the
desired trajectory y4(¢) and its time derivative satisfy ¥ () <
ya(t) < Yo(t) and |y(¢)| < Yy, with Vt > 0.

Assumption 4 [37], [38]: There exist constants /; ,(;) such
that |fi o) — fioy@| < liow |x — %[, where i =

1,2,---,n, x = [fclfczfcn] is the estimate of x =
[x1,x2, ..., x,]7, and ||lx|| is the 2-norm of the state vector
X

Lemma 1 [2], [14], [28]: A switched system (1) is defined
to have a switching signal §(#) with an average dwell time t,
if there exist two positive constants 7, > 0 and Ny > 0, such
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that Ns(t, T) < T=L 4+ Ny, with VT > ¢ > 0, where Nj(t, T)
is the number of switches occurring in the interval [¢, T).

Control objective: The control objective is to design an
adaptive output feedback controller to keep the output y(¢)
tracking the desired trajectory y,(t), with the tracking error
z1 =y —y4 kept as small as possible. Moreover, full states of
the closed system must be kept in the prescribed bounds.

IIl. ADAPTIVE SWITCHED FUZZY STATE OBSERVER
DESIGN
A fuzzy logic system can be written as:

Fxlo) = 6T&() 2)

where £(x) is the fuzzy basis function vector and 6 € R" is
the adjustable weight parameter vector.

Lemma 2 [39]: If f(x) is a continuous function defined
on the compact set €2, then for any given small constant

& > 0, there exists a fuzzy logic system such that sup |f (x) —
xeQ
0T <e.
For the kth subsystem, Equation (1) can be rewritten in
matrix form:

n
&= Ax+ Ky + Y Bi[fixx) + dix] + Buy

i=1

y=Cx 3)
where

—kik ki k
Ak = E I ’ Kk_ E )

—knr O 0 kn k

T T

B=[0 .1 ..o, B=[0o ... o..1].
and C = [1...0...0]. By choosing Ky to make Ay is a

strict Hurwitz matrix such that the following equation exists:
ALPr + PrAx = — O (4)

where Qr > 0 is any given positive definite diagonal matrix
and P, > 0 is a positive definite symmetric matrix.

Because the states x», ..., x;, of the system (1) cannot be
directly measured, a state observer should be designed to
estimate the unmeasurable states. By defining the estimation
of x = [x1,x2, ..., x,]" as X = [%, %2, ...,fcn]T, we can
have:

fike(x) = fir(X) + Afix ©)

where Afix = fix(x) — fix®), i = 1,2,...,n, and
kell,2,...,m}.

According to Lemma 2, fi x(x) (¢ = 1,2,...,n) can be
rewritten as follows:

fik@®) = 0] & 1) + €] (6)

where §&; (%) is the fuzzy basic function vector, 6;  is the
adaptive parameter vector, and ¢, is the error of the approx-
imation.
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Define 6, as the optimal parameter vector of 6; ; such that:

} (N

where €; x and U are the compact sets of 6; ; and X, respec-
tively.
Now, the minimal approximation error can be defined as:

= fik®) — 011 £ k() ®)

where ‘si,k(fc)| < &, and &, are unknown constants.
The adaptive parameter error vector can be defined as
Oike = 0 — Oik.

Substituting Equations (5) and (8) into (4) results in

0i1€Qk xeU

oF * =arg min |:sup Lﬁ-,k(fc) — OiT,kE,-‘k X

&,k (X)

n
§ = Awx + Ky b By [0 6B+ ein @)+ Ak + i |
i=1
+Buy,
y = Cx. ©)]

Then for the kth subsystem, the fuzzy state observer can be
designed as:

n
F= A+ Ky + Y B0l + Bu
i=1
y = Cx. (10)
Define the observer error vector as ¥ = x — x; according
to Equations (3) and (10), we can obtain the observer error
equation:

n
F= AT+ Y B[00 + ik () + Ak + di
i=1

n
=A%+ Y Bi[8l&u®)]| + e+ AFc+De (1)
i=1

where g = [81’1(, ED ks vs Sn)k]T, AFy
[Afik, Aok, - AJ;z,k]T and Dy
[dl,k,dz,k, ...,dn,k] .

IV. ADAPTIVE CONTROL LAW DESIGN
Define the tracking error zj, virtual error z;, virtual control
law ;1 x, and first-order filters as:

A=Y~ )d
Zi= )’ei‘_ Wi—1k (12)
Vi—1,k@i—1,k + ®i—1,k = i1,k

@i-1,%k(0) = aj—1,x(0)

wherei =2,...,nand k € {1,2, ..., m}. vi_1 x is the time
constant of the filter, that is, by letting «;_; x pass through a
filter that has the time constant v;_1 x, we can obtain w;_1 .

The filter output error can be defined as ;1 x = w1,k —
ai—1 .k, and we can obtain @;_1 x = M

Vi—
Step 1: The time derivative of z; can be obtamed as:

z21 = x+fik+dik — Va
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= nterctaip+i+0] 51k R)
+erktdi g —ya ANk
= zz+€1,k+a1,k+5€z+9ﬂ$1,k@)
terktdik — Ya+Afk
—0F Lk RD 0] £k GDHO] ELk G, (13)

Define the following functions:

ka1(t) = ya(t) — kg (t) (14)
kp1(t) = ke1(t) — ya(r) 15)
1 71 > 0
= 16
q1(z1) :O 4 <0, (16)
Now, the Lyapunov function can be chosen as:
Ty~ q1(21) ki, (t)
Vox = xTka + log
2 k() — 2
1 - CII(ZI) kzl(t) 1 T =
+ lo a + 0,01k (17)
2 -2 2nx :

where y x > 0 is the design constant

With ¢ = 20, ¢ = 2%, and ¢1 = qigp + (1 —
q1)Sa1, Equation (17) can be rearranged as:

I | N
vo,k=xTka+§1og 0 bk (18)

+ [
1—¢t 2y
The time derivative of Vj ; can be obtained as:

S1¢1 |

— —01 101k

1— gf Y1k L5

. _ : 1 = .
T [PkA,{ +AkPk]x+ IR
l—g¢i Yk >

Voi = X Pei 4+ 3T Pix +

n
+25" Py (Z Bif Ei k(D) +ex+AF; +Dk> - (19
i=1

Because
319 1ep+(l—gcar . .
2= 3 2q C(qrépH(1—géa)  (20)
1 —gj l—¢j
. Zkp () — 21k (1)
G =5 1)
ki (1)
. Z1ka1 (t) — z1ka1 (1)
S'al = a 3 a (22)
kal(t)
we obtain
Vo,k

n
= —xToux +2iT Py (Z Bif] &k (R) + ex+ AFy +Dk>
i=1
q16p1+(1—q1) sa1

. . 1 N 3
+ 5 (611§b1+(1—Q1)§a1)——91T,k91,k
1—gj Y1k

n
= ¥ Qi +2x" Py <Z Bib &k (D) e+ AF, + Dk)
i=1
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(I —=q1)sar .

q16b1 L~
¢a — —0 B

+ Sp1 +
1—;12 1—5‘12

n
= —xTQui+2xT Py (Z Bib & k(B +ex+AFy +Dk>
i=1

L qish (21 3 11/%1;1)
ko1 (1= 6jy) k1

1— k
+ ( fh) Cal (Z] _ 21 al)

kar (1—s2) kar
[
——91’k91,k. (23)
Y1k
By defining p; = + (= q1) , we have

Vo,k

n
= —il'oux + 25T Py (Z Biéi’Tk%'i’k()%) + e +AF +Dk>
i=1

21kp 21ka1 I -7 .
+ur1z1 ( —qg1—— — (1 —q1) ) — —01 101k
kp1 ka1 ik K
n
= i i+25T Py (Z Bif] &k (X)+ex+ AFy +Dk>
i=1

iz (B+0 k=07, 614 G)
+e1k +d1,k+Af1,k>

N 2+ ok + ek + 0 & @) + 0] £k G
M121 . i
—ba — @ — (1 — g Y

1 -
——0] B (24)
Y1k

According to Assumption 1, Assumption 4, Young’s
inequalities, and & IT «(E1k () < 1, the following inequalities
exist:

25T Py (ex + Dy)

n
~ 2 5
< 2017+ 1Pl ef )" + 1P dix (25)
i=1
25T P AFy
< 17 + 1Pel* | AFR 1P
< IFI2 + 1P (18R P + 18R + - + |AfP)
< 117 + 1Pl Z 2 1% (26)
j=1
n
257 Py (Z Biei,Tks,-,k(fc))
i=1
< n %7+ [Pl Ze Ok 27)
i=1
wizi (%2 + &1k +dik + Afik)
1 1 1- 1
2 ~n2 2 2 2 ~112
< 2(uz)? + S IEI+ S + Sl + S IR

(28)

71012

n1z1 (91*,1(T$1,k(36) - 91*,kT$1,k(5€1)> < (mz)* + H9fk||2.
(29)

Substituting Equations (25)-(29) into (24) results in
Vo

n
< =Mk IEIP + 1P ) 6561
i=1
22+ 3p1z1 + ok -|-91 KE1k(X1)
+uizi z1kp1 ztkar

4t (1—g
+611k +( )ka1

1 .
+E91’k (VikmiziEr kG — 01k) + wizierk + My
| (30)

12
]]k)

and My & = [1PcI)” | g |* + 11Pel)? Z dig+ 365 2+ 5d} +
2
OF

The virtual controller «; 4 and the parameter adaptive law
01k are designed as follows:

M:

where A1k = Amin (Qk) —n — 3 — 317, — IIP¢])? (/

ok = —crpz1 — 1z — 31z — 0 ELkE) + 30 B1)
Y1km12161,k(X1) — 201 101k (32)

01.k
where c¢;x > 0 and o7 > 0 are the design parameters.

NG NG
] = \/(%> + (;ﬁ“—:) + B, where B is a positive design
constant.
Substituting Equations (31) and (32) into (30) results in

Vo < —()»min(Q) — DIIFI? = ruzd + pziz

2, 1o 201 57
~I—M21€1+ ||P5|| + D + |oF H ~|—791 01. (33)

There are Young’s inequalities are used in (34) and (35):

201k =

9;‘ (O (34)
Y1k

or 91k<——9 91k+
1k A ™~

1
zelx <+ Zel’k' (35)
Substituting (34) and (35) into (33) leads to
Vok
n
< =Mk IEIP A+ 1P Y 6500k — cramzt + miziza
i=1
201k =
+uizierk + ——=0p 01k + Mk
Y1k
n
< —hk IFIPHIPNP Y 0000k — (cra—1) mizi+miziz2
i=1
1

01,k 01,k
+—pret — —=0 Ok + —=07,T0F  + M1k (36)
4 Y1k Y1k
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Substituting the following inequality Equation (37)
l~p ~
—59{,(91,,{ > 0707 — 0] 101 (37)
into Equation (36) results in

Vo < —Ark IZ12 4 1P

n
X Y 050k — (crx — 1) izt + miziz
i=1

1
+Zﬂle%’k 01 k91k+y_ HGIkH +M1k
(38)
By choosing the following Lyapunov function
1
Vik=Vox + Ee%Jc (39)
we obtain:
Vik
. erk .
= Vox +erk <—m - Otl,k)
, .
€1 k 1
< Vox— —=+ei i+ Vix
k 4
n
< —dk IEIP + 1P Y 000k — (cra — 1) izt
i=1
1 1 Olk ~7 ~
—(—=-1- 2 - =4l 9
+112122 (Ul’k 4,u1) €1k 21 1,kY1k
20’1 201k
Hglk” + wlk+M1k (40)

where 1//1, & is the maximum absolute value of ¢ k.
Step ith(i = 2,3, ...,n — 1): The time derivative of z; is
obtained as:

4 = Ript + k¥ + fix — dim1
= zZip1 + ik + ik + kigF1 + 0] Ek(R) — dim1x

= Zip1 + ik + Xk + kikZi — 0 &k B + 07T Eik(R)

—05 &k @) + 6], 8k R + 6] 8k B

— W1k
41)
where &; = [)?1,)?2, .. ,)?,-]T andi=2,3,...,n.
Define the following function:

kai(t) = Yrim1 k — k(@) (42)

kpi(t) = kei(t) — Vi1k (43)

1 Zi > 0
(z:) = 44
qi(z;) 0 z<0. (44)

The Lyapunov function can be chosen as:

qi(z) kZ(t)
Vike =Vicix +
’ ’ 2 TR0 -2
1 — qi(zi) k2, (z) 1 2 | [
6l 6
L ngz(:) 2k T gy ik
45)

where y; x > 0 is the design parameter.
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By defining cui = £, sbi = iy and 6i = gigpi+(1 -

qi)Sqi» Equation (45) can be rearranged as:

1, 1 o~ -
Vik=Vi1x+ —log 7+5 ey + zy’kefke,,k. (46)

The time derivative of V,- & can be obtained as:

. GiCi 1 -7 .
Vik =Vicix + == +eixeik — —0 0k (47)
1- i Vik
Because
SiSi qispi + (1 —qi) Sai , . .
= = == = (qihi + (1 — gi)éai)  (48)
1 —g; 1 —g;
Zikpi(1) — Zikpi(t
S:bi _ Zi bt( )2 Zi bl() (49)
k(1)
§.ai _ Zikai( )2 Zikqi(t) (50)
k(1)
we obtain:
Vi
. gishi + (1 —qi) Gai , . .
=Viiix +—— = (qihi + (1 = q) Sai)
I —g;
, (o
+eireir — —Qi’kei’k
Vik
svi . (1—=4i) Sai . ) I~
=Vi_1x+ 9 12 Shi+ 4 5 = §ai+€i,k€i,k——9i,Tk9i,k
1—g; I—g; Vik
. qiSbi . Zii‘bi
=Viik+——< (Z' - —)
l kpi (1 - §13i) L ki
1—g: e Zk
+ ( qi) SZu (Zi % az)
kai (1 - S‘ai) Kai
, (o
+eixeik — —0; 1 Oik. (51
Vi, k
By defining p; = 15 q' + I(:Z qz), we have
bi 3
Vi
. ) Z‘I.Cb' Z‘]‘C .
= Victk + iz <Zi —gi— — (1 —g)= m)
kpi kai
, | [
+eikeix — —0; 1 Oik
Vik

= Vic1k + mizi (ki,kfl + 05 Ex®) — Q{fkTSi,k@i)>
Zitl T ik +eik = ~Tk&',k(fc)
+6] &k + 0] & k(&) _

Zlkbt Zikai

-1 —q)
kbl ' kai

1 sy .
— —0/ Bix. (52)
Yik

+ iz

—w;— Lk —4qi——
+eikeik
According to Assumption 1, Assumption 4, Young’s

inequalities, and Ei,Tk(')Si,k(') < 1, the following inequalities
exist:

- 1 1
wizi(k g x1) < E(Mizt) += kl ¢ %12 (53)
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A A 2
wizi (0" 6k =058 k@p) < <mzl->2+ lozl® 4
iz (M&a®) = o™+ 5000 69)
Substituting Equations (53)—(55) into (52) results in
Vi,k = Vi—l k + WiZi

3
2“121 + kikX1 + ik +elk€:l k(x )

—wi— Lk —4qi—5—

Zi+1 +
Zlkbz _ Zlkat

(I —4qi)
kbl = kui

1 .
+J/_9 (7/1 k/“LlZlEl ( ) - el,k) + wizieik

. 1o ~ 2
+e; kéik + 591?,(9,',/( + ”9;';]( || . (56)
a; i and 6; ;. are designed as follows:
Hi—1 3
Uik = —CikZi — —Zi—1 — CiZi — 7 MiZi
Wi 2
- N Wik — Ai—1k
—kixX1 — 0] Eix (&) — — l (57)
Vi—1k
Oik = VikiZi&ik(X;) — 20716 (58)

where ¢;x > 0 and o; > 0 are the design parameters.

P \2 P \2
i = \/(%> + (i—z) + B, where 8 > 0is apositive design
constant.
Substituting Equations (57) and (58) into (56) results in

) . 5
Vik < Vielk — CikMiZi + WiZiZiv1 + WiZi€ik

20; 1~
+_0, kel rte kel kKt 0, kel K+ ||9,*k H (59)
Yik 2
Young’s inequalities appear in (60) and (61):
20k ~
RGO < — 0T ik + 0r o, (60)
Vik Vik Vik
1
zieix <27 + e e (61)
Substituting (60) and (61) into (59) leads to

Vik
. 1 2
< Victk — (cix — 1) iZf + wizizigt + qHicik + 65|
0, g
_l_kg WOk + Lkgi*k
i Vik

ik

. lor -
TGZ‘,( +ejkeik + EGi,Tk Oik. (62)
Substituting the following inequality Equation (63)
T
=07 0%

[
— 500k = — 0] Ok (63)

into Equation (62) results in

Vik
. 1
<Vieik— (Ci,k - 1) /Liz-z + WiziZi+1 + Zﬂie%k
Oik ~T 20i k €k .
201 6 + —= 0; +ep | ——— —
T+ T ot e (2 i)

1~
+29 91k+||9k|| <Vt lk_(Clk_l)l’LlZ

71014

+1izizi 1+l/¢~e~2 ik gr g, k+20—lk Ak
i<i<i+ 4 i€k 2)",]( i Vik k
2,
17
—T‘*‘ ey + W;k*‘ 91k91k+||9k”

< Vierk — (cip — 1) iz + wizizign

1 1 Oik ~1 ~
| — —1— ), — 1T 4,
(Uzk 4'ul> ik T Dy R
2(7 k 1 2
Pl U o+ m + 0O+ 65 ©4)
where lﬁi,k is the maximum absolute value of &; .

Now, we obtain

Vik
i

— A1 IF 1% 4 1P Ze i =D (i — 1) wiz?

i=1 j=1
L/ 1 Lok
2 58 AT 5
+1iZiZj+1 —Z (U_k —I—Zuj) €k —Z 2)/—_’(9]’,(9]',1(
j=1 Js j=1 Js
20/ k
+Z 4 Z%k
j=1 N Tk
1 i
+3 > 0Ok +Mig. (65)
j=2

Step n: The time derivative of z, is obtained as

i = g+ kg &y 4 O] En k() — dnoi k. (66)
Define the following functions:
kan(t) = Yn—1,k — kg, () (67)
kpn(t) = ken(t) — I//n—l,k (68)
1 z,>0
n) = 69
qn(zn) 0 2, <0, (69)
The Lyapunov function can be chosen as
(zn) ki (1)
Vn,k — Vn—l,k + qnzn 1 . bn .
kbn(t) —
L — Gu(zn) kan(1) L7
+ lo + 0, 6, 70
) gkgn(t)_Z% 2)/", &Yn.k ( )
where y,, r > 0 is the design parameter.

By defining ¢, = lf:n_((tt))’ Shn = lf:n((tt))’ and ¢, = ¢nGpn +

(1 — gn)Gan, Equation (70) can be rearranged as:

1 —
Vik = Va-1k + 5 log 7 O Onk. (T1)

+ —
2 2Vn,k

The time derivative of V,, ; can be obtained as

SnSn 1

Vak = Vao1x + 7 9Tk9n k- (72)
l—gy  Vnk
Because
SnS GnSon+1—qn)s . .
n n2 = 1n=on 3 noa (@nSon+A—gn)San) (73)
1- s-n 1_§n
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2nkpn (1) — Zpkpn(t
S"bn _ Znkpn( )2 Znkpn(2) (74)
kbn(t)
. Zukan(®) = Zakan(0)
= 75
Gan kg,,(t) (75)
we obtain
Vn,k
. qnSbn + (1 = gn)s, . .
= anl,k + e 3 o (qnSpn + (1 — qu)San)
1 —gf
1 -7 .
——07 6,1
VYn,k ko,
4nShn . (I = gn)San . |
= ——0,0
=Lk + 77 §3§bn+ 1~ San Vi KO
. qnSbn . Znkpn
=V +——5— <Z - )
! kon(1 = g2\ ken
(I = gn)san < Zni{an> 1 =T
+— | — - 0, 1Onk- (76)
kan(l - s‘,%,,) " kan VYn,k ko
1 n 1_ n
By defining w, = %"—7421 + i(cg,,—ng)’ we have
. Zni(bn
. . n — 4n k 1
Vik = Vi—1,k + UnZn bn i J/ ken kgﬂ k
n
(1= qn) "
lln
= anl,k + UnZn (kn,kil - n,kEn,k(x))
e + 6] 1 60k (D) + 67 En k()
+UnZn . Znkpn Znkan
—Wn—1,k — 4n - —qn)
kbn kan
| R
— Qn’ken’k. a7
VYn,k

According to Assumption 1, Assumption 4, Young’s
inequalities, and E,Z £ (O&n k(1) < 1, the following inequalities
exist:

iz (B ®) = %(unznf + %é,{ Ok (78)
Substituting Equation (78) into (77) results in
Vik < Vao1.k + MnZn
uy + 1ann + ku kX1 + «9,, &k (%)

« 2
—0 . anbn —- )anan
n—1,k — qn Ko 4n ko
I - R . Lop =
+ en,k (Vn,kﬂnznén,k(x) - en,k) + _Gn,ken,k
Vn,k 2
(79
ui and 6, ; are designed as follows:
Mn—1 1
Ug = —Cpkin — Zn—1 — Cnin — ZMnin
Hn 2
~ ~ Wn—1,k — %n—1,k
—kn %1 = O 1 En k() — —————= (80)
Un—1,k
Gn,k = Vn,kl/vnznén,k(fc) - 2‘711,k9n,k 81)
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where ¢, x > 0 and 0, x > 0 are the design parameters. ¢, =

. 2 . 2
\/(’ﬂ) 4 (%) + B, where B8 > 0 is a positive design

kin
constant.

Substituting Equations (80) and (81) into (79) results in

) ) K ~ 1 -
Vn,k < Vuo n,keﬂ,k + Een,kenvk'
(82)
Young’s inequality is presented in (83):
200k =T Onk T Onk
=0, Ok < ——6, 16k + oF (83)
Yk n,kvn Yk kYn Vi nk nk
Substituting (83) into (82) leads to
. . On.k
Vi < Vo1 p — Cn,kﬂnzﬁ - yﬂ eTken k
0, 1~
+ g 10k 4 =0T Onk. (84)
Vn,k 2

Substituting the following inequality Equation (85)

lor ~ T
5 0nkOnk = Ok O — O i Onk (85)
into Equation (84) results in

Op
Vnk = Vn 1,k _an/LnZ - _9 kenk
2)/n,k

n 20,k
17

n,

65, + 300 (86
Now, we obtain
Vik
~ " Oik 1
< —he IEF1P+ ) (nPkn2 - 2y—k + 2) 0T Gix

i=2
o ~ o~
+ (nPkn2 - 1—"k + 1) o7 01k
n—1

2 2
- Z (cik — Dpizi = cnkinz,
i=1

() T () ok

Uik

20,, k

H9 WP+ leffk + M. 87)
i:l

V. STABILITY ANALYSIS
By defining the Lyapunov function of the closed-loop system
as Vi = V., we obtain the derivation of Vj as in (88).

Vn,k
< —hi IF) - 1i ("—"
< A, s

— 2 ||Pll* — 1)9 Gik
i \Yik

1 n—1

o1k s - :
-5 2||P, or 8., — D
2 ()’l,k 1Pl = ) Tk =Y (cix — Dz

i=1
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n—1 1 1
_Cn,kﬂnzﬁ - Z (U_k -1- ZM;’) 6’1-2,1{
i,

i=1

20k 20—n k
e (2 ) e
1 2
+12£wi,k + My . (88)
=
By choosing O, ci, ¢y, and v; such that
Ak >0 (89)
cik—1>0, i=1,2,...,n—1 (90)
cnk >0 9D
1 1
— —1=-=u; >0, i=12,....,n—1. (92)
U,"k 4

‘We now obtain

Vn,k

ax o (1 n! 1 1
< Lk ~TPx>— 2cir—1=1lo
TS ( % FX}: (cik )2 g _ 2

i
n

1 1 1 Oik
—ZCn,kEIOgﬁ—EZ <y

—2||PelI* -1 ) L0k

Sn i \Vik
1 (o1k ST 5
— (== = 21Pl? )9 01,k
2(V1,k Lk
}iz LoV ke om (93)
- Uik 4//«1 Zei’k k
where
n—1 20i 1 5
1,
we= 3 (224 1) Jo)
Yik
j=1
2(Tnk

||9 WP +7 Zl/f kM k.
j 1
Define as (94), shown at the bottom of this page.
Define C = min C; and D = max My; then, (93) can be
written as

Vi < —CVi + D. (95)

Theorem 1: For an uncertain switched non-strict feedback

the time-varying constraints are not transgressed. Moreover,
the observer and the tracking error can be kept in a small
neighbourhood of zero.

Proof: W(t) = e“! Vo )(x(2)) is piecewise differentiable
along the solutions of system (1). According to (95), on each
interval [#;, ;1) we can obtain

W(t) = Ce“" Vo) (x(1)) + e Vo (x(1)) < De. (96)
With the same proof in [40], we can have
Vi (x(1)) = uVi (x(0)) o7
where © > 1, and k, [ € M. Then, we can imply

W(tip) = eCli+! Vot (X(@41))

e Voip (x(1i11))
= puW )
i1
< w| W@+ / DeCdr | . (98)
1

j

IA

For any T > ty = O, iterating the inequality (98) from
j=0toj= Ny(T,0)— 1, we can obtain

T
W(T™) < Wtn,r,0)) +/ De“'dt
INg (T,0)
. [W(tzvo(r -0+ [t DeCtdt:|
- -1 eCt
+1 ftN,,(T,O) dt
S “ e
No(T,0)—1
7] Ct
N0 LLOESEY / DeC'dt
Jj=0

—No(T,0) Ct
+u f% 0 De dt
99

Since 7, > IHT", for any § € (0,C
T, > Inu/(C — §). We can now have

(C—=8)T —1)
No(T,t) <No+ ————,
Inp
Since N,(T,0) — j <
0,1,...,N,(T,0)), we have

— Inu/z,), we have

YT >t >0. (100)

1 + N(T(T’zf]'+1) (] =

No(T,0)=j — , 1+No (C—8)T—tj11)
nonlinear system (1), under Assumptions 1-4, if the switching s =u ¢ - (101)
signal o (¢) satisfies the condition 7, > h%‘ and all the initial Since 8§ < C. and
states are in the prescribed limits, then the proposed adaptive N .
fuzzy output feedback control scheme can guarantee that all / s DeCldr < €1 / s De dt (102)
the variables in the closed-loop system are bounded and that f - i
A Pel®> 2
P g — 1), 26 oy, —2HE 2
C; = min Amax (Pr) ) Y1,k Y1,k ) (94)
I Pl 1 1
iks —2 sm— 2\ — =1 =), oixk
Yik Yik Vi k 4

71016
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we have
T
W(T—) S /J,NU(T’O)W(O) + H1+N()6(C—8)T/ Deatdt. (103)
0

According to [4], there exist two « functions « (]x|) and
o (|x|), which satisfy « (|x]) < Vi(x) < @ (|x]). Then, for
VT > 0, we can obtain
a ([x(DI)
Vo) (x(T7))

e _cyr_ D -
C a () + 0D (1 )

IA

eNo ll‘l/,Le<

IA

Inp_ D
< Mo (o + TR (104)
From (104), we have
1 Inp
Log 1y < Mome (505 oy
2 1— S
+,ul+N°2 (l—e_‘ST) VT >0
1) ’ '
(105)
Inp

Since 7, > —#-, and by selecting suitable Ok, li , ik, Tik
and o; ; values, then for any given ¢ > 0, we can obtain

. 1
11—1>Igo 10g 1— giz @)
Inu D
< Mot (€)1 ()l +2" 0= < 62
(106)
Moreover, we can have
€1 < max 2D/ (Chmin(Pr). (107)

The inequality (107) implies that the error of the state
observer can be reduced by choosing the appropriate design
parameters [12], [14].

By (104) and § > 0, we can imply that: if the average
dwell time of the switched signal o (f) satisfies 7, > lnT“,
then for the bounded initial conditions, e;, X, éi,k and z;
are bounded. Moreover, —k,i(t) < zi(t) < kpi(t) holds. By
—ka1(t) < z1(t) < kp1(¢) and z; = x| — yg, we can imply
k@) < xi1(t) < ke1(¢). Moreover, % is bounded. Qg is a
function of z, X1 and y4; thus, &1 ¢ and w; ; are bounded. By
—ka2(t) < 22(t) < kpa(t) and zo = X2 — wj &, we can imply
k(1) < %2(t) < kea(t). ap i is a function of 22, 71, &1, %2, o1 &
and wy x; thus oz x and wy x are bounded. As implied above,
we can have k(1) < %i(t) < kei(7). Moreover, we can infer
that all the states satisfy k ,(t) < x; < kei(2).

The configuration of the control scheme proposed above
for is shown in Fig. 1.

VI. COMPARISONS WITH SOME PREVIOUS RESULTS

To further illustrate the contributions of this method, some
comparisons with previous results in [7]-[16], [23]-[39] will
be given in this section.

VOLUME 8, 2020

Switched non-strict feedback structure system

il-*: =%+ f‘;,«f(l) (x)+ dm(.)(t)

I y
X=Xy f,ﬂ(,)(x) + di.u(t)(t) i=12,,n-1

X =g+ Lo,

y=1

Switched fuzzy nonlinear state observer y
F=A4F+Ky+Y B[6,/5,0)]+ By,
a

R

2 |
)
Switched intermediate control functions
e == =312, -0, 5B + 3
= eun i o Sna kA -6,750)-
]

Switched first-order filters

Uiy

V0, O, =, 0,0=0,0)

V0, +0, =0, 0,0=0,0)

Lo

Switched actual adaptive fuzzy controller

)

bt b z F P o )
U =—¢,7, ~ M“ .-Gz, Z“"‘“" k% -0,,75,,(3) - s

| =
Switched parameters adaptive fnctions

1>

By = Ntz ()~ 20,0,
B = Veabtezions ()~ 20,60,
Bor = VastaZaons () -20,40,, y

FIGURE 1. Block diagram of the control scheme.

1) The control methods in [23]-[26], [31]-[39] can address
only the nonlinear system (108) without switching signals:

Xi=xi1+Hfix) (=1,2,...,n—1)
Xp = u(t) + fu(x)
y=x1

(108)

The control methods in [7]-[11], [27] address strict feed-
back system (109):

X =fi) + gixxit1 (=1,2,....,n—1)
Xn = fulxn) + gn(Xn)u
y =X

(109)

where x; = [x1,x2, ..., x,-]T,fl-()'ci) and g;(x;) are the functions
of partial state variables.

While the control method in this paper is designed for the
nonlinear system (110) with switching signals and non-strict
feedback structure:

X1 =x2 +fl,o0)x) +di,0(n)(®)

Xi = Xit1 + fi.o)(X) + di.o) (1) (110)

Xp = Uo (1) +fn,a(t)(x) + dn,a(t)(t)
y=xi
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where x = [x1,x2, ... ,xn]T,f,-(x) is the functions of whole
state variables, and o (¢) is the switching signal.

Whether it’s controller design or stability proof, switched
system is far more difficult than non-switched system. We
unable to use the control methods in [23]-[26], [31]-[39] to
control switched system due to the switching problem. More-
over, when the controller of the non-strict feedback switched
system is designed by the control methods in [7]-[11], [27],
the virtual control signal and adaptive law of each subsystem
are the functions of whole state variables. Consequently, the
algebraic loop problem arises, which makes the controller
design of a non-strict feedback switched system very difficult.
Therefore, the controller design method of the non-strict
feedback switched system (60) considered in this paper is
quite different from that of the controller design methods
in [7]-[11], [23]-[27], [31]-[39].

2) References [12]-[16] proposed adaptive control meth-
ods for the non-strict feedback switched system, but the
state constraints were not considered. Though [28]-[30] pre-
sented the control schemes for constrained systems, but all
states of the systems in [28]—-[30] should be measurable. The
strict limitation makes these control methods difficult to real-
ize in practical applications. Therefore, control methods in
[12]-[16], [28]-[30] cannot be used to control a non-strict
feedback nonlinear system with unmeasurable state variables
that is discussed in this paper.

3) This proposed adaptive control scheme does not need
n-order differentiable and bounded conditions of the input
signals and a monotonically increasing condition of unknown
functions. However, these strict assumptions are common
in the existing references [33], [34]. Moreover, by adopting
dynamic surface technology and first-order filters, this con-
trol scheme can avoid the problem of the “explosion of com-
plexity”’. Therefore, this control scheme not only conforms
to engineering practice but also has a simple algorithm and
requires a small number of calculations.

VII. SIMULATIONS
Consider the following switched non-strict feedback
system [12]:

X1 =x2 +fl,00)(X1, X2) + di,01)(t)
X2 = Uo(r) + 12,000 (X1, X2) + d2,5(1) (1)
y =X

(111)

where fi 1(x1, x2) = xysin (x3), fo,1(x1, x2) = x2/ (1 +x7),
dl,l(t) = 0.1sin(?), dz,l(t) = 0.1cos(?), f]yz(xl,xz) =
x8in(rx), Ho(x,x) = xi/(10+2x3), diot) =
0.1sin(z), and da 2(t) = 0.1cos(¢). The reference signal is
given as yg = sin(¢). The constraints are given as k., =
—1.0 + 0.8sin(r), key = 1.0 + 0.4sin(r), ko, = =20+
0.5 sin(¢), and kep = 1.6 4 0.4 sin(?).
The fuzzy membership function is designed as

(z—3+01

5 (112)

up;k(fci) = exp [—
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FIGURE 2. Trajectories of y, y4 and the output constraints.
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FIGURE 3. The tracking error z; and the error bounds.

wherei=1,2,1=1,2,...,5andk =1, 2.
Then fuzzy logic systems can be written as

fik G %2 |00k ) = 03k (1. %2) (113)
wherei=1,2andk =1, 2.
Switched fuzzy state observers are designed as
A A T A A A
X=X +0; 51k (%1, %2) + ki g (x1 — 21) (114)

X =uk + 0] Eak (%1, %2) + ko (1 — 21)

where k = 1, 2.

Choosing the parameters as ¢;1 = 6, ci2 = 7, k11 =
ko1 =8,kio=k2=10,y1 =¥2=001,0;1 =0,2 =
0.05, B = 0.01, and T = 0.2, and choosing 7, = 10 and
uw=1.1,thent, =10 > 18.5'11.

The initial conditions of the system and observer are cho-
sen as to be x(0) = [0.2, 0.2]” and %(0) = [—0.1, 0.2]7. All
the initial values of the adaptive parameters are chosen to be
Zero.

The simulation results are shown in Figs. 2-7. Fig. 2 shows
the trajectories of y(t), yq(t), k. (t) and ke1(t). We can see
that y(¢) tracks y4(#) with good performance and does not
transgress its constraints. Fig. 3 shows that the tracking error
z1(¢) does not transgress the constraints —k,(t) < z1(t) <
kp(t), Yt > 0. Fig. 3 shows the trajectories of x; and x;.
Fig. 4 shows the trajectories of x», X2, k,(7) and ke (). We
can see that x» does not violate its constraint bounds. Fig. 5
shows the control signal u(z). Fig. 6 shows the switched signal
o (t). From the simulation results, we can determine that the
proposed control scheme in this paper can guarantee that all
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40
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FIGURE 4. The trajectories of x; and x;.

1] 20 40 60 80 100
time(sec)

FIGURE 5. The trajectories of x,, X, and the constraints.

o 20 40 60 80 100
time(sec)

0 20 40 60 80 100
time(sec)

FIGURE 6. The control input u(t).

2 — _ — —_ —

4L - — — —

[ 20 40 60 80 100
time{sec)

FIGURE 7. The switched signal o (t).

the signals in the closed system are SGUUB and that all the
states do not violate the constraint bounds.

VIil. CONCLUSION
This paper proposes an adaptive control scheme based on
a fuzzy state observer for switched uncertain non-strict

VOLUME 8, 2020

feedback nonlinear systems with asymmetric time-varying
full state constraints. To estimate the unmeasurable states
in the system, a switched adaptive fuzzy state observer is
designed. To satisfy the asymmetric time-varying constraints,
ABLFs are adopted. To address the “explosion of complex-
ity”” problem, DSC technology is employed in the backstep-
ping control. Finally, the Lyapunov method and average dwell
time theory are used to prove the stability of the closed-loop
system and the SGUUB of signals in the system. Moreover,
the tracking error and the observer error can be kept within
a sufficiently small neighbourhood of zero by choosing the
appropriate parameters. Our future work is to extend the
results to large-scale switched non-strict feedback nonlinear
systems and stochastic switched nonlinear systems.
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