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ABSTRACT As we all know, it is very difficult to design the controller and prove the stability for switched
nonlinear systems. Therefore, the engineering application of switching system and the development of
switching control theory are limited. In order to solve the control problem for constrained switched system,
an adaptive output feedback control scheme based on backstepping technology is studied in this paper
for switched non-strict feedback nonlinear systems with asymmetric time-varying full state constraints
and unknown external disturbances. A switched state observer based on fuzzy logic system is designed
to estimate the unmeasurable states of the uncertain switched system. Asymmetric time-varying barrier
Lyapunov functions are adopted to keep the full states of the system satisfying their asymmetric time-
varying constraints. A variable separation approach is used to address the algebraic loop problem of non-
strict feedback structure. The stability of the closed-loop system and the semi-globally uniformly ultimately
bounds of the signals are proved by the Lyapunov method and average dwell time theory. Finally, simulation
results are given to show the effectiveness of the proposed control scheme. Different from the existing results,
this paper is the first to investigate adaptive control for switched non-strict feedback systems with full state
time-varying constraints, unmeasurable states and unknown disturbances, which is a more general case in
real systems.

INDEX TERMS Dynamic surface control, full state constraints, fuzzy state observer, non-strict feedback,
switched system.

I. INTRODUCTION
Switched systems are a class of important and typical hybrid
systems that can be described by subsystems and the switch-
ing law between them [1]–[6]. In practice, many systems
and processes have switching properties, such as mechanical
systems, power systems, autonomous walking robot systems,
missile trajectory controls, vehicle speed control systems,
UAV controls and spacecraft control systems, and can thus
be described as switching systems. Therefore, the switched
system has attracted much attention, and some adaptive con-
trol methods have been proposed. Reference [1] proposed an
adaptive tracking control method for uncertain switched non-
linear systems with arbitrary switching. In [2], a stabilizing
controller was designed for switched systems under arbitrary
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switching. In [3], two kinds of state feedback controllers
based on backstepping technology were designed for the
global stabilization control of switched nonlinear systems. In
[4], an adaptive neural control based on dwell time theory was
investigated for switched systems with switching jumps and
uncertainties. In [5], an adaptive fuzzy backstepping control
was proposed for a pure feedback switched system, which can
keep the tracking error in the neighbourhood of the origin.
In [6], a finite time control method for nonlinear switched
systems was designed based on a barrier power integrator.

The above control schemes require all states of the system
to be measurable. However, in many cases, only the output
signal of the system can be measured directly. To address the
unmeasurable states problem, some output feedback control
schemes for switched systems have been proposed. Refer-
ence [7] investigated the problem of adaptive neural out-
put feedback tracking control for switched systems without
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the measurements of the system states. In [8], based on a
switched fuzzy state observer, an adaptive output feedback
control was designed for uncertain switched systems with
dead zones. In [9], robust adaptive fuzzy control by using
an observer was studied for uncertain nonlinear systems with
arbitrary switching signals. In [10], for stochastic switched
systems with unmeasured states and unmodeled dynamics,
an adaptive fuzzy output feedback control was investigated.
Reference [11] proposed an adaptive neural network con-
trol method for switched interconnected uncertain systems.
However, the switched systems considered in [7]–[11] are
all in strict feedback structures; thus, the above-mentioned
methods cannot be applied to control non-strict feedback
switched systems.

In practical applications, most systems are non-strict feed-
back structures; thus, it is necessary to study the control
problem of non-strict feedback switched systems. In [12],
an adaptive fuzzy output feedback control was proposed for
switched non-strict feedback nonlinear systems with input
nonlinearities. In [13], an adaptive fuzzy output feedback
control was proposed for the switched non-triangular struc-
ture form with time-varying delays. A variable separation
approach was introduced in [14] to solve the problem of
non-strict feedback, and an adaptive fuzzy output feedback
stabilization controller was set up based on backstepping
technology. In [15], for MIMO-switched systems in non-
strict feedback structure form, an adaptive output feedback
control method was proposed based on a command filter. In
[16], through the design of a linear state observer, adaptive
fuzzy output feedback control was extended to address the
problem of control for non-strict feedback switched large-
scale systems with unmeasurable states. It should be noted
that all the above-mentioned methods cannot solve the output
or full state constraint problem of the system.

In practical engineering, constraints exist on the system
output or states. Only by limiting the output or states to the
allowable range of the process can the safety of the equipment
and operators be ensured. To solve the problem of these con-
straints, many studies have used the barrier Lyapunov func-
tion (BLF) [17]–[22]. To address asymmetric time-varying
constraints, some researchers have proposed asymmetric
time-varying BLFs (ABLFs) [23]–[26]. However, the control
methods in [23]–[26] were all aimed at unswitched systems
in strict feedback structures and required that all states be
measurable. In [27], an adaptive control for a full state
constrained switched strict feedback system was designed,
but these constraints are static, not time varying. Refer-
ence [28], [29] proposed a fuzzy adaptive tracking control
approach by using ABLFs for switched non-strict feedback
systems with full state constraints. Reference [30] extended
the results in [28], [29] to the controller design for MIMO
systems. However, the control approaches in [27]–[30]
required all the states to be measurable directly. To the best
of our knowledge, there are no results on adaptive control for
switched non-strict feedback systems with unmeasured states
and full state time varying constraints.

Motivated by the above discussion, this paper investigates
adaptive control for switched uncertain nonlinear systems
with asymmetric time-varying full state constraints, coupled
with unmeasurable states and a non-strict feedback problem.
This issue involves three obstacles:

1) The considered system in this paper is coupled with
switching signals, full state time varying constraints, uncer-
tain nonlinear functions, the algebraic loop problem, the
unmeasurable states problem, and external disturbances.
Compared with the existing results, the structure of the sys-
tem is more complex, and more problems need to be solved
simultaneously. Therefore, the controller design and stability
proof are very difficult.

2) The non-strict feedback structure of the system will lead
to the algebraic loop problem in the controller design. At
the same time, because the states of the system are not mea-
surable, it is difficult to design a state observer to integrate
into the controller to effectively estimate the states of all the
switching subsystems with a non-strict feedback structure.

3) The existing results need strict preconditions, such as
n-order differentiable and bounded conditions of the input
signals, and unknown functions must satisfy the monotoni-
cally increasing condition. These strict preconditions lead to
the lack of practicability of control methods. Adaptive fuzzy
backstepping technology has been widely used in the control
of uncertain nonlinear systems such as manipulator, but there
is the problem of ‘‘explosion of complexity’’ due to repeated
derivation of virtual control law in backstepping [31], [32].
Therefore, it is necessary to reduce the computational burden
and eliminate the strict preconditions. These requirements
make the design of the control scheme more challenging.

This paper proposes a novel adaptive dynamic output feed-
back tracking control strategy for switched non-strict feed-
back systems with full state time-varying constraints and
external disturbances. The main contributions and innova-
tions are as follows:

1) Different from the existing results, this paper is the
first to investigate adaptive control for switched non-strict
feedback systems with full state time-varying constraints,
unmeasurable states and unknown disturbances, which is
a more general case in real systems. The control methods
proposed in [17]–[22] cannot address the time-varying con-
straints problem. The control methods in [23]–[26] were all
aimed at a non-switched system in strict feedback form. The
results in [27]–[30] require full states of the system to be
measurable directly. At present, no existing reference can
comprehensively solve the above problems. It is a novel idea
and a great challenge to integrate these problems into the
controller design for switched nonlinear uncertain systems.

2) This proposed adaptive control scheme can address
non-strict feedback systems, strict feedback systems and
other mismatching uncertain systems. In addition, it can also
address symmetric static constraints and asymmetric time-
varying constraints, output constraints and full state con-
straints, as well as the output feedback system and state
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feedback system. The designed control algorithm has strong
applicability.

3) This proposed adaptive control scheme does not need
n-order differentiable and bounded conditions of the input
signals and a monotonically increasing condition of unknown
functions. However, these strict assumptions are common
in the existing references [33], [34]. Moreover, by adopting
dynamic surface technology and first-order filters, this con-
trol scheme can avoid the problem of the ‘‘explosion of com-
plexity’’. Therefore, this control scheme not only conforms
to engineering practice but also has a simple algorithm and
requires a small number of calculations.

II. SYSTEM DESCRIPTION AND ASSUMPTION
Consider the following switched non-strict feedback sys-
tem [14]: 

ẋ1 = x2 + f1,σ (t)(x)+ d1,σ (t)(t)
...

ẋi = xi+1 + fi,σ (t)(x)+ di,σ (t)(t)
...

ẋn = uσ (t) + fn,σ (t)(x)+ dn,σ (t)(t)
y = x1

(1)

where i = 1, 2, . . . , n − 1, x = [x1, x2, . . . , xn]T ∈ Rn

are the state vectors, and only x1 can be directly measured.
uσ (t) ∈ R is the control signal, and y ∈ R is the output of
the system. σ (t) : [0,∞) → M = {1, 2, . . . ,m} is the
switching signal, and it is a piecewise continuous function
of time from the right. The kth subsystem is active when
σ (t) = k . uk ∈ R is the control input of the kth subsystem.
fi,σ (t)(x) (i = 1, 2, . . . , n) are unknown smooth functions of
the nonlinear system. di,σ (t)(t) (i = 1, 2, . . . , n) are unknown
disturbances.
Assumption 1 [35]: The unknown disturbances di,σ (t)(t)

are bounded by unknown constants d̄i,σ (t) such that∣∣di,σ (t)(t)∣∣ ≤ d̄i,σ (t), where i = 1, 2, · · · , n.
Assumption 2 [23], [29]: There exist constants K̄ j

ci and K
j
ci

(i = 1, 2, · · · , n, j = 0, 1, 2, · · · , n) such that k̄ci(t) ≤ K̄ 0
ci,∣∣∣k̄ (j)ci (t)∣∣∣ ≤ K̄ j

ci and
∣∣∣k (j)ci (t)∣∣∣ ≤ K j

ci, with ∀t ≥ 0.

Assumption 3 [25], [36]: There exist functions Ȳ0 : R+→
R+ and Y 0 : R+ → R+ satisfying Ȳ0 < k̄c1(t) and Y 0 >

kc1(t), with ∀t > 0, and a positive constant Y1 such that the
desired trajectory yd (t) and its time derivative satisfy Y 0(t) ≤
yd (t) ≤ Ȳ0(t) and |ẏ(t)| ≤ Y1, with ∀t > 0.
Assumption 4 [37], [38]: There exist constants li,σ (t) such

that
∣∣fi,σ (t)(x)− fi,σ (t)(x̂)∣∣ ≤ li,σ (t)

∥∥x − x̂∥∥, where i =
1, 2, · · · , n, x̂ =

[
x̂1, x̂2, . . . , x̂n

]T is the estimate of x =
[x1, x2, . . . , xn]T , and ‖x‖ is the 2-norm of the state vector
x.
Lemma 1 [2], [14], [28]: A switched system (1) is defined

to have a switching signal δ(t) with an average dwell time τa
if there exist two positive constants τa > 0 and N0 > 0, such

that Nδ(t,T ) ≤ T−t
τa
+ N0, with ∀T ≥ t ≥ 0, where Nδ(t,T )

is the number of switches occurring in the interval [t,T ).
Control objective: The control objective is to design an

adaptive output feedback controller to keep the output y(t)
tracking the desired trajectory yd (t), with the tracking error
z1 = y− yd kept as small as possible. Moreover, full states of
the closed system must be kept in the prescribed bounds.

III. ADAPTIVE SWITCHED FUZZY STATE OBSERVER
DESIGN
A fuzzy logic system can be written as:

f̂ (x|θ ) = θT ξ (x) (2)

where ξ (x) is the fuzzy basis function vector and θ ∈ RN is
the adjustable weight parameter vector.
Lemma 2 [39]: If f (x) is a continuous function defined

on the compact set �, then for any given small constant
ε > 0, there exists a fuzzy logic system such that sup

x∈�
|f (x)−

θTξ (x)| ≤ ε.
For the kth subsystem, Equation (1) can be rewritten in

matrix form:

ẋ = Akx + Kky+
n∑
i=1

Bi
[
fi,k (x)+ di,k

]
+ Buk

y = Cx (3)

where

Ak =

−k1,k... I
−kn,k 0 0

 , Kk =

 k1,k...
kn,k

 ,
Bi =

[
0 . . . 1 . . . 0

]T
, B =

[
0 . . . 0 . . . 1

]T
,

and C =
[
1 . . . 0 . . . 0

]
. By choosing Kk to make Ak is a

strict Hurwitz matrix such that the following equation exists:

ATk Pk + PkAk = −Qk (4)

where Qk > 0 is any given positive definite diagonal matrix
and Pk > 0 is a positive definite symmetric matrix.

Because the states x2, . . . , xn of the system (1) cannot be
directly measured, a state observer should be designed to
estimate the unmeasurable states. By defining the estimation
of x = [x1, x2, . . . , xn]T as x̂ =

[
x̂1, x̂2, . . . , x̂n

]T , we can
have:

fi,k (x) = fi,k (x̂)+1fi,k (5)

where 1fi,k = fi,k (x) − fi,k (x̂), i = 1, 2, . . . , n, and
k ∈ {1, 2, . . . ,m}.
According to Lemma 2, fi,k (x̂) (i = 1, 2, . . . , n) can be

rewritten as follows:

fi,k (x̂) = θTi,kξi,k (x̂)+ ε
′
i,k (6)

where ξi,k (x̂) is the fuzzy basic function vector, θi,k is the
adaptive parameter vector, and ε′i,k is the error of the approx-
imation.
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Define θ∗i,k as the optimal parameter vector of θi,k such that:

θ∗i,k = arg min
θ i,k∈�i,k

[
sup
x̂∈U

∣∣∣fi,k (x̂)− θTi,kξ i,k (x̂)
∣∣∣] (7)

where �i,k and U are the compact sets of θi,k and x̂, respec-
tively.

Now, the minimal approximation error can be defined as:

εi,k (x̂) = fi,k (x̂)− θ∗Ti,k ξi,k (x̂) (8)

where
∣∣εi,k (x̂)∣∣ ≤ ε∗i,k and ε∗i,k are unknown constants.

The adaptive parameter error vector can be defined as
θ̃i,k = θ

∗
i,k − θi,k .

Substituting Equations (5) and (8) into (4) results in

ẋ = Akx + Kky+
n∑
i=1

Bi
[
θ∗Ti,k ξi,k (x̂)+εi,k (x̂)+1fi,k + di,k

]
+Buk

y = Cx. (9)

Then for the kth subsystem, the fuzzy state observer can be
designed as:

˙̂x = Ak x̂ + Kky+
n∑
i=1

Bi
[
θTi,kξi,k (x̂)

]
+ Buk

ŷ = Cx̂. (10)

Define the observer error vector as x̃ = x − x̂; according
to Equations (3) and (10), we can obtain the observer error
equation:

˙̃x = Ax̃ +
n∑
i=1

Bi
[
θ̃Ti,kξi,k (x̂)+ εi,k (x̂)+1fi,k + di,k

]
= Ax̃ +

n∑
i=1

Bi
[
θ̃Ti,kξi,k (x̂)

]
+ εk +1Fk + Dk (11)

where εk =
[
ε1,k , ε2,k , . . . , εn,k

]T , 1Fk =[
1f1,k ,1f2,k , . . . ,1fn,k

]T and Dk =[
d1,k , d2,k , . . . , dn,k

]T .
IV. ADAPTIVE CONTROL LAW DESIGN
Define the tracking error z1, virtual error zi, virtual control
law αi−1,k , and first-order filters as:

z1 = y− yd
zi = x̂i − ωi−1,k
υi−1,k ω̇i−1,k + ωi−1,k = αi−1,k

ωi−1,k (0) = αi−1,k (0)

(12)

where i = 2, . . . , n and k ∈ {1, 2, . . . ,m}. υi−1,k is the time
constant of the filter, that is, by letting αi−1,k pass through a
filter that has the time constant υi−1,k , we can obtain ωi−1,k .
The filter output error can be defined as ei−1,k = ωi−1,k −

αi−1,k , and we can obtain ω̇i−1,k = −
ei−1,k
υi−1,k

.
Step 1: The time derivative of z1 can be obtained as:

ż1 = x2+f1,k+d1,k − ẏd

= z2+e1,k+α1,k+x̃2+θ∗T1,kξ1,k (x̂)

+ε1,k+d1,k−ẏd+1f1,k
= z2+e1,k+α1,k+x̃2+θ∗T1,kξ1,k (x̂)

+ε1,k+d1,k − ẏd+1f1,k
−θ∗T1,kξ1,k (x̂1)+θ̃

T
1,kξ1,k (x̂1)+θ

T
1,kξ1,k (x̂1). (13)

Define the following functions:

ka1(t) = yd (t)− kc1(t) (14)

kb1(t) = k̄c1(t)− yd (t) (15)

q1(z1) =

{
1 z1 > 0
0 z1 ≤ 0.

(16)

Now, the Lyapunov function can be chosen as:

V0,k = x̃TPk x̃ +
q1(z1)
2

log
k2b1(t)

k2b1(t)− z
2
1

+
1− q1(z1)

2
log

k2a1(t)

k2a1(t)− z
2
1

+
1

2γ1,k
θ̃T1,k θ̃1,k (17)

where γ1,k > 0 is the design constant.
With ςa1 =

z1(t)
ka1(t)

, ςb1 =
z1(t)
kb1(t)

, and ς1 = q1ςb1 + (1 −
q1)ςa1, Equation (17) can be rearranged as:

V0,k = x̃TPk x̃ +
1
2
log

1

1− ς21
+

1
2γ1,k

θ̃T1,k θ̃1,k . (18)

The time derivative of V0,k can be obtained as:

V̇0,k = ˙̃xTPk x̃ + x̃TPk ˙̃x +
ς1ς̇1

1− ς21
−

1
γ1,k

θ̃T1,k θ̇1,k

= x̃T
[
PkATk + AkPk

]
x̃ +

ς1ς̇1

1− ς21
−

1
γ1,k

θ̃T1,k θ̇1,k

+2x̃TPk

(
n∑
i=1

Biθ̃Ti,kξi,k (x̂)+εk+1Fk+Dk

)
. (19)

Because

ς1ς̇1

1− ς21
=

q1ςb1+(1−q1)ςa1
1−ς21

(q1ς̇b1+(1−q1)ς̇a1) (20)

ς̇b1 =
ż1kb1(t)− z1k̇b1(t)

k2b1(t)
(21)

ς̇a1 =
ż1ka1(t)− z1k̇a1(t)

k2a1(t)
(22)

we obtain

V̇0,k

= −x̃TQk x̃ + 2x̃TPk

(
n∑
i=1

Biθ̃Ti,kξi,k (x̂)+ εk+1Fk+Dk

)

+
q1ςb1+(1−q1) ςa1

1−ς21
(q1ς̇b1+(1−q1)ς̇a1)−

1
γ1,k

θ̃T1,k θ̇1,k

= −x̃TQk x̃+2x̃TPk

(
n∑
i=1

Biθ̃Ti,kξi,k (x̂)+εk+1Fk + Dk

)
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+
q1ςb1
1− ς21

ς̇b1 +
(1− q1) ςa1

1− ς21
ς̇a1 −

1
γ1,k

θ̃T1,k θ̇1,k

= −x̃TQk x̃+2x̃TPk

(
n∑
i=1

Biθ̃Ti,kξi,k (x̂)+εk+1Fk+Dk

)

+
q1ςb1

kb1
(
1− ς2b1

) (ż1 − z1k̇b1
kb1

)
+
(1− q1) ςa1
ka1

(
1− ς2a1

) (ż1 − z1k̇a1
ka1

)
−

1
γ1,k

θ̃T1,k θ̇1,k . (23)

By defining µ1 =
q1

k2b1−z
2
1
+

(1−q1)
k2a1−z

2
1
, we have

V̇0,k

= −x̃TQk x̃ + 2x̃TPk

(
n∑
i=1

Biθ̃Ti,kξi,k (x̂)+ εk+1Fk+Dk

)

+µ1z1

(
ż1−q1

z1k̇b1
kb1
− (1− q1)

z1k̇a1
ka1

)
−

1
γ1,k

θ̃T1,k θ̇1,k

= −x̃TQk x̃+2x̃TPk

(
n∑
i=1

Biθ̃Ti,kξi,k (x̂)+εk+1Fk+Dk

)
+µ1z1

(
x̃2+θ∗1,k

T ξ1,k (x̂)−θ∗1,k
T ξ1,k (x̂1)

+ε1,k+d1,k+1f1,k
)

+µ1z1

(
z2 + α1,k + e1,k + θ̃T1,kξ1,k (x̂1)+ θ

T
1,kξ1,k (x̂1)

−ẏd − q1
z1k̇b1
kb1
− (1− q1)

z1k̇a1
ka1

)
−

1
γ1,k

θ̃T1,k θ̇1,k . (24)

According to Assumption 1, Assumption 4, Young’s
inequalities, and ξT1,k (·)ξ1,k (·) ≤ 1, the following inequalities
exist:
2x̃TPk (εk + Dk)

≤ 2 ‖x̃‖2 + ‖Pk‖2
∥∥ε∗k∥∥2 + ‖Pk‖2 n∑

i=1

d̄i,k (25)

2x̃TPk1Fk
≤ ‖x̃‖2 + ‖Pk‖2 ‖1Fk‖2

≤ ‖x̃‖2 + ‖Pk‖2
(
|1f1|2 + |1f2|2 + · · · + |1fn|2

)
≤ ‖x̃‖2 + ‖Pk‖2

 n∑
j=1

l2j,k ‖x̃‖
2

 (26)

2x̃TPk

(
n∑
i=1

Biθ̃Ti,kξi,k (x̂)

)

≤ n ‖x̃‖2 + ‖Pk‖2
n∑
i=1

θ̃Ti,k θ̃i,k (27)

µ1z1
(
x̃2 + ε1,k + d1,k +1f1,k

)
≤ 2 (µ1z1)2 +

1
2
‖x̃‖2 +

1
2
ε∗1,k

2
+

1
2
d̄21,k +

1
2
l21,k ‖x̃‖

2

(28)

µ1z1
(
θ∗1,k

T ξ1,k (x̂)− θ∗1,k
T ξ1,k (x̂1)

)
≤ (µ1z1)2 +

∥∥θ∗1,k∥∥2 .
(29)

Substituting Equations (25)-(29) into (24) results in

V̇0,k

≤ −λ1,k ‖x̃‖
2
+ ‖Pk‖2

n∑
i=1

θ̃Ti,k θ̃i,k

+µ1z1

 z2 + 3µ1z1 + α1,k + θT1,kξ1,k (x̂1)

−ẏd + q1
z1k̇b1
kb1
+ (1− q1)

z1k̇a1
ka1


+

1
γ1,k

θ̃T1,k
(
γ1,kµ1z1ξ1,k (x̂1)− θ̇1,k

)
+ µ1z1e1,k +M1,k

(30)

where λ1,k = λmin (Qk)− n− 7
2 −

1
2 l

2
1,k − ‖Pk‖

2

(
n∑
j=1

l2j,k

)
andM1,k = ‖Pk‖2

∥∥ε∗k∥∥2+‖Pk‖2 n∑
i=1

d̄i,k + 1
2ε
∗

1,k
2
+

1
2 d̄

2
1,k +∥∥∥θ∗1,k∥∥∥2.

The virtual controller α1,k and the parameter adaptive law
θ1,k are designed as follows:

α1,k = −c1,kz1 − c1z1 − 3µ1z1 − θT1,kξ1,k (x̂1)+ ẏd (31)

θ̇1,k = γ1,kµ1z1ξ1,k (x̂1)− 2σ1,kθ1,k (32)

where c1,k > 0 and σ1,k > 0 are the design parameters.

c1 =

√(
k̇b1
kb1

)2
+

(
k̇a1
ka1

)2
+ β, where β is a positive design

constant.
Substituting Equations (31) and (32) into (30) results in

V̇0 < −(λmin(Q)− 1) ‖x̃‖2 − λ1µz21 + µz1z2

+µz1e1 +
1
2
‖Pδ‖2 +

1
2
D2
1 +

∥∥θ∗1 ∥∥2 + 2σ1
γ1
θ̃T1 θ1. (33)

There are Young’s inequalities are used in (34) and (35):

2σ1,k
γ1,k

θ̃T1,kθ1,k ≤ −
σ1,k

γ1,k
θT1,kθ1,k +

σ1,k

γ1,k
θ∗1,k

T θ∗1,k (34)

z1e1,k ≤ z21 +
1
4
e21,k . (35)

Substituting (34) and (35) into (33) leads to

V̇0,k

≤ −λ1,k ‖x̃‖
2
+ ‖Pk‖2

n∑
i=1

θ̃Ti,k θ̃i,k − c1,kµ1z21 + µ1z1z2

+µ1z1e1,k +
2σ1,k
γ1,k

θ̃T1,kθ1,k +M1,k

≤ −λ1,k ‖x̃‖
2
+‖Pk‖2

n∑
i=1

θ̃Ti,k θ̃i,k−
(
c1,k−1

)
µ1z21+µ1z1z2

+
1
4
µ1e21,k −

σ1,k

γ1,k
θT1,kθ1,k +

σ1,k

γ1,k
θ∗1,k

T θ∗1,k +M1,k . (36)
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Substituting the following inequality Equation (37)

−
1
2
θ̃T1,k θ̃1,k ≥ −θ

∗

1,k
T θ∗1,k − θ

T
1,kθ1,k (37)

into Equation (36) results in

V̇0,k ≤ −λ1,k ‖x̃‖
2
+ ‖Pk‖2

×

n∑
i=1

θ̃Ti,k θ̃i,k −
(
c1,k − 1

)
µ1z21 + µ1z1z2

+
1
4
µ1e21,k −

σ1,k

2γ1,k
θ̃T1,k θ̃1,k +

2σ1,k
γ1,k

∥∥θ∗1,k∥∥2 +M1,k .

(38)

By choosing the following Lyapunov function

V1,k = V0,k +
1
2
e21,k (39)

we obtain:
V̇1,k

= V̇0,k + e1,k

(
−
e1,k
υ1,k
− α̇1,k

)
≤ V̇0,k −

e21,k
υ1,k
+ e21,k +

1
4
ψ2
1,k

≤ −λ1,k ‖x̃‖
2
+ ‖Pk‖2

n∑
i=1

θ̃Ti,k θ̃i,k −
(
c1,k − 1

)
µ1z21

+µ1z1z2 −
(

1
υ1,k
− 1−

1
4
µ1

)
e21,k −

σ1,k

2γ1,k
θ̃T1,k θ̃1,k

+
2σ1,k
γ1,k

∥∥θ∗1,k∥∥2 + 1
4
ψ2
1,k +M1,k (40)

where ψ1,k is the maximum absolute value of α̇1,k .
Step ith(i = 2, 3, . . . , n − 1): The time derivative of zi is

obtained as:
żi = x̂i+1 + ki,k x̃1 + f̂i,k − ω̇i−1,k
= zi+1 + ei,k + αi,k + ki,k x̃1 + θTi,kξi,k (x̂)− ω̇i−1,k

= zi+1 + ei,k + αi,k + ki,k x̃1 − θ̃Ti,kξi,k (x̂)+ θ
∗
i,k
T ξi,k (x̂)

−θ∗i,k
T ξi,k (x̂ i)+ θ̃

T
i,kξi,k (x̂ i)+ θ

T
i,kξi,k (x̂ i)− ω̇i−1,k

(41)

where x̂ i =
[
x̂1, x̂2, . . . , x̂i

]T and i = 2, 3, . . . , n.
Define the following function:

kai(t) = ψi−1,k − kci(t) (42)

kbi(t) = k̄ci(t)− ψi−1,k (43)

qi(zi) =

{
1 zi > 0
0 zi ≤ 0.

(44)

The Lyapunov function can be chosen as:

Vi,k = Vi−1,k +
qi(zi)
2

log
k2bi(t)

k2bi(t)− z
2
i

+
1− qi(zi)

2
log

k2ai(t)

k2ai(t)− z
2
i

+
1
2
e2i,k +

1
2γi,k

θ̃Ti,k θ̃i,k

(45)

where γi,k > 0 is the design parameter.

By defining ςai =
zi(t)
kai(t)

, ςbi =
zi(t)
kbi(t)

, and ςi = qiςbi+ (1−
qi)ςai, Equation (45) can be rearranged as:

Vi,k = Vi−1,k +
1
2
log

1

1− ς2i
+

1
2
e2i,k +

1
2γi,k

θ̃Ti,k θ̃i,k . (46)

The time derivative of Vi,k can be obtained as:

V̇i,k = V̇i−1,k +
ςiς̇i

1− ς2i
+ ei,k ėi,k −

1
γi,k

θ̃Ti,k θ̇i,k . (47)

Because
ςiς̇i

1− ς2i
=

qiςbi + (1− qi) ςai
1− ς2i

(qiς̇bi + (1− qi)ς̇ai) (48)

ς̇bi =
żikbi(t)− zik̇bi(t)

k2bi(t)
(49)

ς̇ai =
żikai(t)− zik̇ai(t)

k2ai(t)
(50)

we obtain:

V̇i,k

= V̇i−1,k +
qiςbi + (1− qi) ςai

1− ς2i
(qiς̇bi + (1− qi) ς̇ai)

+ei,k ėi,k −
1
γi,k

θ̃Ti,k θ̇i,k

= V̇i−1,k+
qiςbi
1−ς2i

ς̇bi+
(1−qi) ςai
1−ς2i

ς̇ai+ei,k ėi,k−
1
γi,k

θ̃Ti,k θ̇i,k

= V̇i−1,k +
qiςbi

kbi
(
1− ς2bi

) (żi − zik̇bi
kbi

)
+
(1− qi) ςai
kai
(
1− ς2ai

) (żi − zik̇ai
kai

)
+ei,k ėi,k −

1
γi,k

θ̃Ti,k θ̇i,k . (51)

By defining µi =
qi

k2bi−z
2
i
+

(1−qi)
k2ai−z

2
i
, we have

V̇i,k

= V̇i−1,k + µizi

(
żi − qi

zik̇bi
kbi
− (1− qi)

zik̇ai
kai

)
+ei,k ėi,k −

1
γi,k

θ̃Ti,k θ̇i,k

= V̇i−1,k + µizi
(
ki,k x̃1 + θ∗i,k

T ξi,k (x̂)− θ∗i,k
T ξi,k (x̂ i)

)

+µizi


zi+1 + αi,k + ei,k − θ̃Ti,kξi,k (x̂)
+θ̃Ti,kξi,k (x̂ i)+ θ

T
i,kξi,k (x̂ i)

−ω̇i−1,k − qi
zik̇bi
kbi
− (1− qi)

zik̇ai
kai


+ei,k ėi,k −

1
γi,k

θ̃Ti,k θ̇i,k . (52)

According to Assumption 1, Assumption 4, Young’s
inequalities, and ξTi,k (·)ξi,k (·) ≤ 1, the following inequalities
exist:

µizi(ki,k x̃1) ≤
1
2
(µizi)2+

1
2
k2i,k ‖x̃‖

2 (53)
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µizi
(
θ∗i,k

T ξi,k (x̂)−θ∗i,k
T ξi,k (x̂ i)

)
≤ (µizi)2+

∥∥θ∗i,k∥∥2 (54)

−µizi
(
θ̃Ti,kξi,k (x̂)

)
≤

1
2
(µizi)2+

1
2
θ̃Ti,k θ̃i,k . (55)

Substituting Equations (53)-(55) into (52) results in

V̇i,k ≤ V̇i−1,k + µizi

×

 zi+1 +
3
2
µizi + ki,k x̃1 + αi,k + θTi,kξi,k (x̂ i)

−ω̇i−1,k − qi
zik̇bi
kbi
− (1− qi)

zik̇ai
kai


+

1
γi,k

θ̃Ti,k
(
γi,kµiziξi,k (x̂ i)− θ̇1,k

)
+ µiziei,k

+ei,k ėi,k +
1
2
θ̃Ti,k θ̃i,k +

∥∥θ∗i,k∥∥2 . (56)

αi,k and θi,k are designed as follows:

αi,k = −ci,kzi −
µi−1

µi
zi−1 − cizi −

3
2
µizi

−ki,k x̃1 − θTi,kξi,k (x̂ i)−
ωi−1,k − αi−1,k

υi−1,k
(57)

θ̇i,k = γi,kµiziξi,k (x̂ i)− 2σi,kθi,k (58)

where ci,k > 0 and σi,k > 0 are the design parameters.

ci =

√(
k̇bi
kbi

)2
+

(
k̇ai
kai

)2
+ β, where β > 0 is a positive design

constant.
Substituting Equations (57) and (58) into (56) results in

V̇i,k ≤ V̇i−1,k − ci,kµiz2i + µizizi+1 + µiziei,k

+
2σi,k
γi,k

θ̃Ti,kθi,k + ei,k ėi,k +
1
2
θ̃Ti,k θ̃i,k +

∥∥θ∗i,k∥∥2 . (59)

Young’s inequalities appear in (60) and (61):

2σi,k
γi,k

θ̃Ti,kθi,k ≤ −
σi,k

γi,k
θTi,kθi,k +

σi,k

γi,k
θ∗i,k

T θ∗i,k (60)

ziei,k ≤ z2i +
1
4
e2i,k . (61)

Substituting (60) and (61) into (59) leads to

V̇i,k

≤ V̇i−1,k −
(
ci,k − 1

)
µiz2i + µizizi+1 +

1
4
µiei,k +

∥∥θ∗i,k∥∥2
−
σi,k

γi,k
θTi,kθi,k +

σi,k

γi,k
θ∗i,k

T θ∗i,k + ei,k ėi,k +
1
2
θ̃Ti,k θ̃i,k . (62)

Substituting the following inequality Equation (63)

−
1
2
θ̃Ti,k θ̃i,k ≥ −θ

∗
i,k
T θ∗i,k − θ

T
i,kθi,k (63)

into Equation (62) results in

V̇i,k

≤ V̇i−1,k −
(
ci,k − 1

)
µiz2i + µizizi+1 +

1
4
µie2i,k

−
σi,k

2γi,k
θ̃Ti,k θ̃i,k +

2σi,k
γi,k

∥∥θ∗i,k∥∥2 + ei,k (− ei,kυi,k − α̇i,k
)

+
1
2
θ̃Ti,k θ̃i,k +

∥∥θ∗i,k∥∥2 ≤ V̇i−1,k − (ci,k − 1
)
µiz2i

+µizizi+1 +
1
4
µie2i,k −

σi,k

2γi,k
θ̃Ti,k θ̃i,k +

2σi,k
γi,k

∥∥θ∗i,k∥∥2
−
e2i,k
υi,k
+ e2i,k +

1
4
ψ2
i,k +

1
2
θ̃Ti,k θ̃i,k +

∥∥θ∗i,k∥∥2
≤ V̇i−1,k −

(
ci,k − 1

)
µiz2i + µizizi+1

−

(
1
υi,k
− 1−

1
4
µi

)
e2i,k −

σi,k

2γi,k
θ̃Ti,k θ̃i,k

+
2σi,k
γi,k

∥∥θ∗i,k∥∥2 + 1
4
ψ2
i,k +

1
2
θ̃Ti,k θ̃i,k +

∥∥θ∗i,k∥∥2 (64)

where ψi,k is the maximum absolute value of α̇i,k .
Now, we obtain

V̇i,k

≤ −λ1,k ‖x̃‖
2
+ ‖Pk‖2

n∑
i=1

θ̃Ti,k θ̃i,k −

i∑
j=1

(
cj,k − 1

)
µjz2j

+µjzjzj+1−
i∑

j=1

(
1
υj,k
−1−

1
4
µj

)
e2j,k−

i∑
j=1

σj,k

2γj,k
θ̃Tj,k θ̃j,k

+

i∑
j=1

(
2σj,k
γj,k
+ 1

)∥∥∥θ∗j,k∥∥∥2 + 1
4

i∑
j=1

ψ2
j,k

+
1
2

i∑
j=2

θ̃Tj,k θ̃j,k+M1,k . (65)

Step n: The time derivative of zn is obtained as

żn = uk + kn,k x̃1 + θTn,kξn,k (x̂)− ω̇n−1,k . (66)

Define the following functions:

kan(t) = ψn−1,k − kcn(t) (67)

kbn(t) = k̄cn(t)− ψn−1,k (68)

qn(zn) =

{
1 zn > 0
0 zn ≤ 0.

(69)

The Lyapunov function can be chosen as

Vn,k = Vn−1,k +
qn(zn)
2

log
k2bn(t)

k2bn(t)− z
2
n

+
1− qn(zn)

2
log

k2an(t)
k2an(t)− z2n

+
1

2γn,k
θ̃Tn,k θ̃n,k (70)

where γn,k > 0 is the design parameter.
By defining ςan =

zn(t)
kan(t)

, ςbn =
zn(t)
kbn(t)

, and ςn = qnςbn +
(1− qn)ςan, Equation (70) can be rearranged as:

Vn,k = Vn−1,k +
1
2
log

1
1− ς2n

+
1

2γn,k
θ̃Tn,k θ̃n,k . (71)

The time derivative of Vn,k can be obtained as

V̇n,k = V̇n−1,k +
ςnς̇n

1− ς2n
−

1
γn,k

θ̃Tn,k θ̇n,k . (72)

Because
ςnς̇n

1− ς2n
=

qnςbn+(1−qn)ςan
1−ς2n

(qnς̇bn+(1−qn)ς̇an) (73)
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ς̇bn =
żnkbn(t)− znk̇bn(t)

k2bn(t)
(74)

ς̇an =
żnkan(t)− znk̇an(t)

k2an(t)
(75)

we obtain

V̇n,k

= V̇n−1,k +
qnςbn + (1− qn)ςan

1− ς2n
(qnς̇bn + (1− qn)ς̇an)

−
1
γn,k

θ̃Tn,k θ̇n,k

= V̇n−1,k +
qnςbn
1− ς2n

ς̇bn +
(1− qn)ςan
1− ς2n

ς̇an −
1
γn,k

θ̃Tn,k θ̇n,k

= V̇n−1,k +
qnςbn

kbn(1− ς2bn)

(
żn −

znk̇bn
kbn

)
+

(1− qn)ςan
kan(1− ς2an)

(
żn −

znk̇an
kan

)
−

1
γn,k

θ̃Tn,k θ̇n,k . (76)

By defining µn =
qn

k2bn−z
2
n
+

(1−qn)
k2an−z2n

, we have

V̇n,k = V̇n−1,k + µnzn

 żn − qn
znk̇bn
kbn

−(1− qn)
znk̇an
kan

− 1
γn,k

θ̃Tn,k θ̇n,k

= V̇n−1,k + µnzn
(
kn,k x̃1 − θ̃Tn,kξn,k (x̂)

)
+µnzn

 uk + θTn,kξn,k (x̂)+ θ̃
T
n,kξn,k (x̂)

−ω̇n−1,k − qn
znk̇bn
kbn
− (1− qn)

znk̇an
kan


−

1
γn,k

θ̃Tn,k θ̇n,k . (77)

According to Assumption 1, Assumption 4, Young’s
inequalities, and ξTn,k (·)ξn,k (·) ≤ 1, the following inequalities
exist:

−µnzn
(
θ̃Tn,kξn,k (x̂)

)
≤

1
2
(µnzn)2 +

1
2
θ̃Tn,k θ̃n,k . (78)

Substituting Equation (78) into (77) results in

V̇n,k ≤ V̇n−1,k + µnzn

×

 uk +
1
2
µnzn + kn,k x̃1 + θTn,kξn,k (x̂)

−ω̇n−1,k − qn
znk̇bn
kbn
− (1− qn)

znk̇an
kan


+

1
γn,k

θ̃Tn,k
(
γn,kµnznξn,k (x̂)− θ̇n,k

)
+

1
2
θ̃Tn,k θ̃n,k .

(79)

uk and θn,k are designed as follows:

uk = −cn,kzn −
µn−1

µn
zn−1 − cnzn −

1
2
µnzn

−kn,k x̃1 − θTn,kξn,k (x̂)−
ωn−1,k − αn−1,k

υn−1,k
(80)

θ̇n,k = γn,kµnznξn,k (x̂)− 2σn,kθn,k (81)

where cn,k > 0 and σn,k > 0 are the design parameters. cn =√(
k̇bn
kbn

)2
+

(
k̇an
kan

)2
+ β, where β > 0 is a positive design

constant.
Substituting Equations (80) and (81) into (79) results in

V̇n,k ≤ V̇n−1,k − cn,kµnz2n +
2σn,k
γn,k

θ̃Tn,kθn,k +
1
2
θ̃Tn,k θ̃n,k .

(82)

Young’s inequality is presented in (83):

2σn,k
γn,k

θ̃Tn,kθn,k ≤ −
σn,k

γn,k
θTn,kθn,k +

σn,k

γn,k
θ∗n,k

T θ∗n,k . (83)

Substituting (83) into (82) leads to

V̇n,k ≤ V̇n−1,k − cn,kµnz2n −
σn,k

γn,k
θTn,kθn,k

+
σn,k

γn,k
θ∗n,k

T θ∗n,k +
1
2
θ̃Tn,k θ̃n,k . (84)

Substituting the following inequality Equation (85)

−
1
2
θ̃Tn,k θ̃n,k ≥ −θ

∗
n,k

T θ∗n,k − θ
T
n,kθn,k (85)

into Equation (84) results in

V̇n,k ≤ V̇n−1,k − cn,kµnz2n −
σn,k

2γn,k
θ̃Tn,k θ̃n,k

+
2σn,k
γn,k

∥∥θ∗n,k∥∥2 + 1
2
θ̃Tn,k θ̃n,k . (86)

Now, we obtain

V̇n,k

≤ −λ1,k ‖x̃‖
2
+

n∑
i=2

(
‖Pk‖2 −

σi,k

2γi,k
+

1
2

)
θ̃Ti,k θ̃i,k

+

(
‖Pk‖2 −

σ1,k

2γ1,k
+ 1

)
θ̃T1,k θ̃1,k

−

n−1∑
i=1

(ci,k − 1)µiz2i − cn,kµnz
2
n

−

n−1∑
i=1

(
1
υi,k
− 1−

1
4
µi

)
e2i,k +

n−1∑
i=1

(
2σi,k
γi,k
+ 1

)∥∥θ∗i,k∥∥2
+
2σn,k
γn,k

∥∥θ∗n,k∥∥2 + 1
4

n−1∑
i=1

ψ2
i,k +M1,k . (87)

V. STABILITY ANALYSIS
By defining the Lyapunov function of the closed-loop system
as Vk = Vn,k , we obtain the derivation of Vk as in (88).

V̇n,k

≤ −λ1,k ‖x̃‖
2
−

1
2

n∑
i=2

(
σi,k

γi,k
− 2 ‖Pk‖2 − 1

)
θ̃Ti,k θ̃i,k

−
1
2

(
σ1,k

γ1,k
− 2 ‖Pk‖2 − 2

)
θ̃T1,k θ̃1,k −

n−1∑
i=1

(ci,k − 1)µiz2i
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−cn,kµnz2n −
n−1∑
i=1

(
1
υi,k
− 1−

1
4
µi

)
e2i,k

+

n−1∑
i=1

(
2σi,k
γi,k
+ 1

)∥∥θ∗i,k∥∥2 + 2σn,k
γn,k

∥∥θ∗n,k∥∥2
+
1
4

n−1∑
i=1

ψ2
i,k +M1,k . (88)

By choosing Qk , ci, cn, and υi such that

λ1,k > 0 (89)

ci,k − 1 > 0, i = 1, 2, . . . , n− 1 (90)

cn,k > 0 (91)
1
υi,k
− 1−

1
4
µi > 0, i = 1, 2, . . . , n− 1. (92)

We now obtain

V̇n,k

≤ −
λ1,k

λmax(Pk )

(
1
2
x̃TPk x̃

)
−

n−1∑
j=1

2(ci,k−1)
1
2
log

1

1−ς2i

−2cn,k
1
2
log

1
1−ς2n

−
1
2

n∑
i=2

(
σi,k

γi,k
−2 ‖Pk‖2−1

)
θ̃Ti,k θ̃i,k

−
1
2

(
σ1,k

γ1,k
− 2 ‖Pk‖2 − 2

)
θ̃T1,k θ̃1,k

−

n−1∑
j=1

2
(

1
υi,k
− 1−

1
4
µi

)
1
2
e2i,k +Mk (93)

where

Mk =

n−1∑
j=1

(
2σi,k
γi,k
+ 1

)∥∥θ∗i,k∥∥2
+
2σn,k
γn,k

∥∥θ∗n,k∥∥2+ 1
4

n∑
j=1

ψ2
i,k+M1,k .

Define as (94), shown at the bottom of this page.
Define C = minCk and D = maxMk ; then, (93) can be

written as

V̇k ≤ −CVk + D. (95)

Theorem 1: For an uncertain switched non-strict feedback
nonlinear system (1), under Assumptions 1-4, if the switching
signal σ (t) satisfies the condition τa >

lnµ
C and all the initial

states are in the prescribed limits, then the proposed adaptive
fuzzy output feedback control scheme can guarantee that all
the variables in the closed-loop system are bounded and that

the time-varying constraints are not transgressed. Moreover,
the observer and the tracking error can be kept in a small
neighbourhood of zero.

Proof: W (t) = eCtVσ (t)(x(t)) is piecewise differentiable
along the solutions of system (1). According to (95), on each
interval [tj, tj+1) we can obtain

Ẇ (t) = CeCtVσ (t) (x(t))+ eCt V̇σ (t) (x(t)) ≤ DeCt . (96)

With the same proof in [40], we can have

Vk (x(t)) ≤ µVl (x(t)) (97)

where µ > 1, and k, l ∈ M . Then, we can imply

W (tj+1) = eCtj+1Vσ (tj+1)
(
x(tj+1)

)
≤ µeCtj+1Vσ (tj)

(
x(tj+1)

)
= µW (t−j+1)

≤ µ

[
W (tj)+

∫ tj+1

tj
DeCtdt

]
. (98)

For any T > t0 = 0, iterating the inequality (98) from
j = 0 to j = Nσ (T , 0)− 1, we can obtain

W (T−) ≤ W (tNσ (T ,0))+
∫ T

tNσ (T ,0)
DeCtdt

≤ µ

[
W (tNσ (T ,0)−1)+

∫ tNσ (T ,0)
tNσ (T ,0)−1

DeCtdt

+µ−1
∫ T
tNσ (T ,0)

DeCtdt

]
≤ · · ·

≤ µNσ (T ,0)

W (0)+
Nσ (T ,0)−1∑

j=0

µ−j
∫ tj+1

tj
DeCtdt

+µ−Nσ (T ,0)
∫ T
tNσ (T ,0)

DeCtdt

.
(99)

Since τa >
lnµ
C , for any δ ∈ (0,C − lnµ/τa), we have

τa > lnµ/(C − δ). We can now have

Nσ (T , t) ≤ N0 +
(C − δ)(T − t)

lnµ
, ∀T ≥ t ≥ 0. (100)

Since Nσ (T , 0) − j ≤ 1 + Nσ (T , tj+1) (j =

0, 1, . . . ,Nσ (T , 0)), we have

µNσ (T ,0)−j ≤ µ1+N0e(C−δ)(T−tj+1). (101)

Since δ < C , and∫ tj+1

tj
DeCtdt ≤ e(C−δ)tj+1

∫ tj+1

tj
Deδtdt (102)

Ck = min


λ1,k

λmax(Pk )
, 2(ci,k − 1), 2cn, σ1,k ,−2

‖Pk‖2

γ1,k
,−

2
γ1,k

,

σi,k ,−2
‖Pk‖2

γi,k
,−

1
γi,k

, 2
(

1
υi,k
− 1−

1
4
µi

)
, σi,k

 . (94)
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we have

W (T−) ≤ µNσ (T ,0)W (0)+ µ1+N0e(C−δ)T
∫ T

0
Deδtdt. (103)

According to [4], there exist two κ functions α (|x|) and
ᾱ (|x|), which satisfy α (|x|) ≤ Vk (x) ≤ ᾱ (|x|). Then, for
∀T > 0, we can obtain

α (‖x(T )‖)

≤ Vσ (T−)
(
x(T−)

)
≤ eN0 lnµe

(
lnµ
τa
−C

)
T
ᾱ (‖x(0)‖)+ µ1+N0

D
δ

(
1− e−δT

)
≤ eN0 lnµe

(
lnµ
τa
−C

)
T
ᾱ (‖x(0)‖)+ µ1+N0

D
δ
. (104)

From (104), we have

1
2
log

1

1− ς2i
(T ) ≤ eN0 lnµe

(
lnµ
τa
−C

)
T
ᾱ (‖x(0)‖)

+µ1+N0
D
δ

(
1−e−δT

)
, ∀T >0.

(105)

Since τa >
lnµ
C , and by selecting suitable Qk , li,k , ci,k , ri,k

and σi,k values, then for any given ς > 0, we can obtain

lim
t→∞

log
1

1−ς2i
(t)

≤ 2eN0 lnµe

(
lnµ
τa
−C
)
T
ᾱ (‖x(0)‖)+2µ1+N0

D
δ
≤ ς2.

(106)

Moreover, we can have

‖x̃‖ ≤ max
k∈M

√
2D/

(
Cλmin(Pk))

)
. (107)

The inequality (107) implies that the error of the state
observer can be reduced by choosing the appropriate design
parameters [12], [14].

By (104) and δ > 0, we can imply that: if the average
dwell time of the switched signal σ (t) satisfies τa >

lnµ
C ,

then for the bounded initial conditions, ei,k , x̃, θ̃i,k and zi
are bounded. Moreover, −kai(t) < zi(t) < kbi(t) holds. By
−ka1(t) < z1(t) < kb1(t) and z1 = x1 − yd , we can imply
kc1(t) ≤ x1(t) ≤ k̄c1(t). Moreover, x̂1 is bounded. α1,k is a
function of z1, x̂1 and ẏd ; thus, α1,k and ω1,k are bounded. By
−ka2(t) < z2(t) < kb2(t) and z2 = x̂2 − ω1,k , we can imply
kc2(t) ≤ x̂2(t) ≤ k̄c2(t). α2,k is a function of z2, z1, x̂1, x̂2, α1,k
and ω1,k ; thus α2,k and ω2,k are bounded. As implied above,
we can have kci(t) ≤ x̂i(t) ≤ k̄ci(t). Moreover, we can infer
that all the states satisfy kci(t) ≤ xi ≤ k̄ci(t).

The configuration of the control scheme proposed above
for is shown in Fig. 1.

VI. COMPARISONS WITH SOME PREVIOUS RESULTS
To further illustrate the contributions of this method, some
comparisons with previous results in [7]–[16], [23]–[39] will
be given in this section.

FIGURE 1. Block diagram of the control scheme.

1) The control methods in [23]–[26], [31]–[39] can address
only the nonlinear system (108) without switching signals:

ẋi = xi+1 + fi(x) (i = 1, 2, . . . , n− 1)
ẋn = u(t)+ fn(x)
y = x1

(108)

The control methods in [7]–[11], [27] address strict feed-
back system (109):

ẋi = fi(x̄i)+ gi(x̄i)xi+1 (i = 1, 2, . . . , n− 1)
ẋn = fn(x̄n)+ gn(x̄n)u
y = x1

(109)

where x̄i = [x1, x2, . . . , xi]T , fi(x̄i) and gi(x̄i) are the functions
of partial state variables.

While the control method in this paper is designed for the
nonlinear system (110) with switching signals and non-strict
feedback structure:

ẋ1 = x2 + f1,σ (t)(x)+ d1,σ (t)(t)
...

ẋi = xi+1 + fi,σ (t)(x)+ di,σ (t)(t)
...

ẋn = uσ (t) + fn,σ (t)(x)+ dn,σ (t)(t)
y = x1

(110)
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where x = [x1, x2, . . . , xn]T , fi(x) is the functions of whole
state variables, and σ (t) is the switching signal.
Whether it’s controller design or stability proof, switched

system is far more difficult than non-switched system. We
unable to use the control methods in [23]–[26], [31]–[39] to
control switched system due to the switching problem. More-
over, when the controller of the non-strict feedback switched
system is designed by the control methods in [7]–[11], [27],
the virtual control signal and adaptive law of each subsystem
are the functions of whole state variables. Consequently, the
algebraic loop problem arises, which makes the controller
design of a non-strict feedback switched system very difficult.
Therefore, the controller design method of the non-strict
feedback switched system (60) considered in this paper is
quite different from that of the controller design methods
in [7]–[11], [23]–[27], [31]–[39].

2) References [12]–[16] proposed adaptive control meth-
ods for the non-strict feedback switched system, but the
state constraints were not considered. Though [28]–[30] pre-
sented the control schemes for constrained systems, but all
states of the systems in [28]–[30] should be measurable. The
strict limitation makes these control methods difficult to real-
ize in practical applications. Therefore, control methods in
[12]–[16], [28]–[30] cannot be used to control a non-strict
feedback nonlinear system with unmeasurable state variables
that is discussed in this paper.

3) This proposed adaptive control scheme does not need
n-order differentiable and bounded conditions of the input
signals and a monotonically increasing condition of unknown
functions. However, these strict assumptions are common
in the existing references [33], [34]. Moreover, by adopting
dynamic surface technology and first-order filters, this con-
trol scheme can avoid the problem of the ‘‘explosion of com-
plexity’’. Therefore, this control scheme not only conforms
to engineering practice but also has a simple algorithm and
requires a small number of calculations.

VII. SIMULATIONS
Consider the following switched non-strict feedback
system [12]:

ẋ1 = x2 + f1,σ (t)(x1, x2)+ d1,σ (t)(t)
ẋ2 = uσ (t) + f2,σ (t)(x1, x2)+ d2,σ (t)(t)
y = x1

(111)

where f1,1(x1, x2) = x1 sin
(
x22
)
, f2,1(x1, x2) = x2/

(
1+ x21

)
,

d1,1(t) = 0.1 sin(t), d2,1(t) = 0.1 cos(t), f1,2(x1, x2) =
x2 sin(x1x2), f2,2(x1, x2) = x1/

(
10+ 2x22

)
, d1,2(t) =

0.1 sin(t), and d2,2(t) = 0.1 cos(t). The reference signal is
given as yd = sin(t). The constraints are given as kc1 =
−1.0 + 0.8 sin(t), k̄c1 = 1.0 + 0.4 sin(t), kc2 = −2.0 +
0.5 sin(t), and k̄c2 = 1.6+ 0.4 sin(t).
The fuzzy membership function is designed as

µF li,k
(x̂i) = exp

[
−
(x̂i − 3+ l)2

2

]
(112)

FIGURE 2. Trajectories of y , yd and the output constraints.

FIGURE 3. The tracking error z1 and the error bounds.

where i = 1, 2, l = 1, 2, . . . , 5 and k = 1, 2.
Then fuzzy logic systems can be written as

f̂i,k
(
x̂1, x̂2

∣∣θi,k ) = θTi,kξi,k (x̂1, x̂2) (113)

where i = 1, 2 and k = 1, 2.
Switched fuzzy state observers are designed as{

˙̂x1 = x̂2 + θT1,kξ1,k
(
x̂1, x̂2

)
+ k1,k

(
x1 − x̂1

)
˙̂x2 = uk + θT2,kξ2,k

(
x̂1, x̂2

)
+ k2,k

(
x1 − x̂1

) (114)

where k = 1, 2.
Choosing the parameters as ci,1 = 6, ci,2 = 7, k1,1 =

k2,1 = 8, k1,2 = k2,2 = 10, γi,1 = γi,2 = 0.01, σi,1 = σi,2 =
0.05, β = 0.01, and τ = 0.2, and choosing τa = 10 and
µ = 1.1, then τa = 10 > ln 1.1

0.01 .
The initial conditions of the system and observer are cho-

sen as to be x(0) = [0.2, 0.2]T and x̂(0) = [−0.1, 0.2]T . All
the initial values of the adaptive parameters are chosen to be
zero.

The simulation results are shown in Figs. 2-7. Fig. 2 shows
the trajectories of y(t), yd (t), kc1(t) and k̄c1(t). We can see
that y(t) tracks yd (t) with good performance and does not
transgress its constraints. Fig. 3 shows that the tracking error
z1(t) does not transgress the constraints −ka(t) < z1(t) <
kb(t), ∀t ≥ 0. Fig. 3 shows the trajectories of x1 and x̂1.
Fig. 4 shows the trajectories of x2, x̂2, kc2(t) and k̄c2(t). We
can see that x2 does not violate its constraint bounds. Fig. 5
shows the control signal u(t). Fig. 6 shows the switched signal
σ (t). From the simulation results, we can determine that the
proposed control scheme in this paper can guarantee that all
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FIGURE 4. The trajectories of x1 and x̂1.

FIGURE 5. The trajectories of x2, x̂2 and the constraints.

FIGURE 6. The control input u(t).

FIGURE 7. The switched signal σ (t).

the signals in the closed system are SGUUB and that all the
states do not violate the constraint bounds.

VIII. CONCLUSION
This paper proposes an adaptive control scheme based on
a fuzzy state observer for switched uncertain non-strict

feedback nonlinear systems with asymmetric time-varying
full state constraints. To estimate the unmeasurable states
in the system, a switched adaptive fuzzy state observer is
designed. To satisfy the asymmetric time-varying constraints,
ABLFs are adopted. To address the ‘‘explosion of complex-
ity’’ problem, DSC technology is employed in the backstep-
ping control. Finally, the Lyapunovmethod and average dwell
time theory are used to prove the stability of the closed-loop
system and the SGUUB of signals in the system. Moreover,
the tracking error and the observer error can be kept within
a sufficiently small neighbourhood of zero by choosing the
appropriate parameters. Our future work is to extend the
results to large-scale switched non-strict feedback nonlinear
systems and stochastic switched nonlinear systems.
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