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ABSTRACT This paper presents a generalized state space average model (GSSAM) for multi-phase
interleaved buck, boost and buck-boost converters. The GSSAM can model the switching behavior of the
current and voltage waveforms, unlike the conventional average model which can model only the average
value. The GSSAM is used for the converters with dominant oscillatory behavior such as resonant converters,
high current ripple converters, and multi-converter systems. The maximum current and voltage through the
system can be predicted by modeling the switching behavior of voltage and current. The GSSAM in the
literature is introduced for single-phase converters only, and it is not introduced for multi-phase converters
due to the high complexity associated with it. Hence, the GSSAM for multi-phase buck, boost and buck-
boost converters are introduced in this paper and the proposed models can fit with converters of any number
of phases. The number of operating phases in the multi-phase interleaved converters is proportional with the
output power to achieve the maximum efficiency over the operating range. Therefore, the proposed GSSAMs
can describe the operation at any number of operating phases with switching dynamics of phases. The
proposed GSSAM is validated by comparing the transient and steady-state dynamics between the GSSAM
and a switching model from PLECS.

INDEX TERMS Interleaved multi-phase dc-dc Converters, generalized state space average model, buck
converter, boost converter, buck-boost converter.

I. INTRODUCTION
DC-DC converters are widely used in power system applica-
tions, aircraft power system, More Electric Aircraft (MEA),
hybrid and electric vehicles [1]–[4]. Switching model of DC-
DC converters cannot be used to simulate converter dynamics
for large time periods like drive cycles which can exceed
2000 seconds, as it requires long simulation time and high
processing units. Thus, the state space average model is used
to model power converters for long-time simulations and in
designing the control system [5], [7].

The conventional state space average model deals with
the system as a small signal model which enables the lin-
earization of state variables and cannot represent large signal
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dynamics. At large signal model, the magnitude of the AC
signals can not be neglected, in other words, the Fourier
representation of system dynamics includes not only the zero-
order harmonic as a dominant value but also higher order
harmonics.

DC-DC converters usually can be represented as a small
signal model since the zero-order is the most dominant and
effective value, except in the cases which have a dominant
oscillatory behavior such as resonant converters, high cur-
rent ripples converters, and multi-converter system [8], [9].
In these cases, a large signal model with time-dependent
coefficients to describe the AC signals is used. This is referred
by the generalized state space average model (GSSAM)
which is created to describe the converter state variables by
Fourier series including the zero and the first order harmonics
approximation. GSSAM is introduced for single-phase buck,
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boost and buck-boost converters in [9] and [10], then it is
extended for a multi-converter system including several DC-
DC converters and single-phase voltage source inverter (VSI)
in [8]. The multi-converter system in [8] in extended to
include an interconnected buck converter with LC filter to
decrease current ripples for more electric ship power system
in [11].

Regarding other converters rather than DC-DC converters,
GSSAM is also used to describe the oscillatory behavior
of series resonant converters with voltage source load or a
capacitor load in [12], and for parallel resonant converters
in [13]. GSSAM of active filters like single-phase series
and shunt active filters for control and stability aspects is
introduced in [14]. GSSAM is used for 2-level andmulti-level
inverters [15]–[18].

Since the GSSAM can describe the switching behavior,
therefore, it can replace the switching model. Additionally,
the GSSAM runs around 1000 times faster than the switching
model [6], [7]. Hence, the GSSAM can be used to represent
the multi-phase converters for long drive cycle simulations
including electro-thermal modeling. The conventional aver-
age model can be used for that purpose as well where switch-
ing oscillations are ignored [6], [7]. However, for converters
with dominant oscillatory behavior, the conventional average
model is not accurate, and the oscillatory behavior cannot be
ignored in both the electrical and thermal simulations. The
GSSAM is also used in designing the control schemes of con-
verters and in estimating voltage and current overshoots for
different control systems, for instance, the control schemes
of single-phase full bridge rectifiers based on GSSAM are
introduced in [19] and [20]. The DC voltage ripple is an
important concern in DC grids, the GSSAM can be used
for this purpose as it can describe voltage ripples [21], [22],
unlike the conventional average model which cannot describe
the switching dynamics of converters. System level modeling
of multiconverters requires high processing units and long
simulation time. Hence, the GSSAM can be used to increase
the simulation time step and to reduce the simulation running
time and system complexity [11]. The GSSAM can also
predict converter performance during the design stage [3]
as it is about 1000 times faster than the switching models.
To sum up, the GSSAM is a dynamicmodel that can represent
converter steady-state and transient dynamics similar to the
switching model, but the GSSAM is much faster than the
switching model.

Single-phase DC-DC converters have the maximum effi-
ciency at the rated load conditions and it has low efficiency
operation at partially loaded conditions. Thus, the multi-
phase interleaved DC-DC converters are introduced to
achieve high efficiency among the entire loading range so that
the number of operating phases is proportional to the output
load power [21]. GSSAM for multi-phase DC-DC converters
is not proposed before in literature due to the complexity of
the high number of state variables. In this paper, GSSAM
for multi-phase interleaved buck, boost and buck-boost DC-
DC converters is introduced. The proposed GSSAM can be

FIGURE 1. Multi-phase DC-DC buck converter.

used for any number of phases. Since the number of the
operating phases in interleaved converters is proportional
with the load, the proposed GSSAM can present the operation
at any number of active phases. Furthermore, the proposed
model can describe the switching dynamics of phases. The
GSSAM is validated by comparing the steady-state and tran-
sient dynamics between the GSSAM and PLECS switching
model of buck, boost and buck-boost converters. The factors
that affect the error between the GSSAM and the switching
model are investigated, and the essential parameters required
to describe switching dynamics of phases are discussed in
detail.

The paper is organized as follows, Section II presents the
GSSAMs of multi-phase buck, boost and buck-boost convert-
ers. Section III validates the proposed GSSAM using 3-phase
buck, boost and buck-boost converters. Section IV presents
the conclusion of the paper.

II. ANALYSIS OF MULTI-PHASE DC-DC CONVERTERS
A. BUCK CONVERTER
Multi-phase buck converter is shown in Fig. 1, the differential
equations describing the buck converter are:

m∑
i=1

diLi
dt
=

1
Li
(Vin.ui (t)− vo − iLiRLi) (1)

m∑
i=1

dvo
dt
=

1
c

(
iLi −

vo
R

)
(2)

where iLi is the phase current (or the inductor current) and m
is the number of phases, Vin is the input DC voltage and vo is
the output voltage. RLi is the inductor parasitic resistance. c
is the output capacitance and R is the load resistance. ui(t) is
the control signal of the controlled switch ‘Q’ and is equal to
one and zero at switching on and off, respectively. Thus, ui(t)
is represented as:

ui (t) =
{
1, 0 < t < Ton
0, Ton < t < Toff

}
, Ton = DiT (3)

where Di is the duty cycle of the switch. T is the switching
period. Ton and Toff and the turn-on and turn-off switching
times. The state variables can be expressed by Fourier series

77736 VOLUME 8, 2020



P. Azer, A. Emadi: GSSAM for Multi-Phase Interleaved Buck, Boost and Buck-Boost DC-DC Converters

as:

f (x) =
ao
2
+

∞∑
n=1

(an cos (nx)+ bn sin (nx)) (4)

where ao is the DC component. an and bn are the cosine and
sine Fourier coefficient, respectively. Converting the trigono-
metric functions into Euler’s formula:

cos (nx) =
ejnx + e−jnx

2
, sin (nx) =

ejnx − e−jnx

2j
(5)

Substituting (5) in (4):

f (x) =
ao
2
+

∞∑
n=1

ejnx
(
an − jbn

2

)
+

∞∑
n=1

e−jnx
(
an + jbn

2

)

=

∞∑
n=−∞

cnejnx (6)

where cn and c−n are complex and conjugate to each other.
Converting (6) into time domain, where the fundamental
frequency is the switching frequency:

f (t) =
∞∑

n=−∞

cnejnwst , ws = 2π fsw (7)

By considering zero and first order approximation:

f (t) = c0 + c−1e−jwst + c+1e+jwst (8)

Thus, the buck converter state variables are the inductor
currents and capacitor voltage, and they are represented as:

iLi = iLi,0 + iLi,−1e−jwst + iLi,+1e+jwst (9a)

iLi,+1 = x2i−1 + jx2i (9b)

iLi,−1 = x2i−1 − jx2i (9c)

iLi,0 = x2(m+1)+i (9d)

where x2i−1 and x2i are the state variables of the first order
harmonic of inductor phase current iLi, and x2(m+1)+i is the
state variable of the zero order harmonic of iLi.

vo = voi,0 + voi,−1e−jwst + voi,+1e+jwst (10a)

vo,+1 = x2m+1 + jx2m+2 (10b)

vo,−1 = x2m+1 − jx2m+2 (10c)

vo,0 = x3(m+1) (10d)

where x2m+1 and x2m+2 are the state variables of the first order
harmonic of capacitor voltage vo, and x3(m+1) is the state
variable of the zero order harmonic of vo. The order of the
state variables in (9) and (10) is selected so that the final state
space matrix is arranged to have the first order state variables
of inductor currents iLi, then the first order state variables of
the capacitor voltage vo, following by the zero order state
variable of iLi and finally the zero order state variable of
the vo.

The control signal ui(t) is represented by Fourier trans-
form. Since the control signal defined in (1) has constant val-
ues over time intervals [0, DiT ] and [DiT , T ], therefore, the
coefficients of the control signal ui(t) are dependent on duty
cycle and independent of time. The calculation of the zero
and first order harmonics of the control signal is calculated
by Fourier transform as the control signal is a known input,
unlike the state variables which are unknown outputs in the
system:

U (fn) =
1
T

T
2∫

−
T
2

u (t)e−jnwstdt =
1
T

T∫
0

u (t)e−jnwstdt (11)

ui (t) = Ui (f0)+ Ui (f1) (12)

Ui (f0) =
1
T

DiT∫
0

1 dt = Di (13)

Ui (f1) =
1
T

DiT∫
0

e−jwstdt =
1
T

[
e−jwst

−jws

]DiT
0

=
j
T

[
e−

j2π t
T

2π
T

]DiT
0

=
j
2π

[
e−j2πDi − 1

]
= −

sin (2πDi)
2π

− j
[sin (πDi)]2

π
(14)

ui (t) = Di −
sin (2πDi)

2π
− j

[sin (πDi)]2

π
(15)

Writing (9) in the trigonometric form:

iLi = x2(m+1)+i+(x2i−1−jx2i) e−jwst+(x2i−1 + jx2i) e+jwst

= x2(m+1)+i + x2i−1

(
cos (−wst)+ jsin (−wst)
+ cos (wst)+ jsin (wst)

)

+ jx2i

(
cos (wst)+ jsin (wst)

+ cos (−wst)+ jsin(−wst)

)
= x2(m+1)+i + 2x2i−1 cos (wst)− 2x2i sin (wst) (16)

similarly, for vo in (10):

vo = x3(m+1) + 2x2m+1 cos (wst)− 2x2m+2 sin (wst) (17)

The derivatives of state variables in (16) and (17) are:

ioLi = xo2(m+1)+i + 2xo2i−1 cos (wst)− 2x2i−1ws sin (wst)

− 2xo2i sin (wst)− 2x2iws cos (wst) (18)

voo = xo3(m+1) + 2xo2m+1 cos (wst)− 2x2m+1ws sin (wst)

− 2xo2m+2 sin (wst)− 2x2m+2ws cos (wst) (19)

By substituting (15), (16), (17) and (18) in (1), and (16), (17)
and (19) in (2), and comparing the coefficients of cos(wst),
sin(wst) and the DC values, the GSSAM of the m-phase buck
converter is obtained (20), as shown at the bottom of the
next page. The GSSAM in (20) is divided into several inner
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matrices which depend on the number of phases, m of the
buck converter. The exact location of these inner matrices is
defined by the row and column numbers which are function
of the number of phases, m.

B. BOOST CONVERTER
Fig. 2 shows an m-phase boost converter, and it can be
described as:

m∑
i=1

diLi
dt
=

1
Li
(Vin − (1− ui (t)) vo − iLiRLi) (21)

m∑
i=1

dvo
dt
=

1
c

[
iLi (1− ui(t))−

vo
R

]
(22)

State variables of inductor currents and capacitor voltage
of boost converter is similar to buck converters in (9)-(19).

FIGURE 2. Multi-phase DC-DC boost converter.

Substituting (9)-(19) in (21) and (22), the GSSAM of the
m-phase boost converter is presented in (23), as shown at the
top of the next page.
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TABLE 1. Converter parameters.

FIGURE 3. Multi-phase DC-DC buck-boost converter.

C. BUCK-BOOST CONVERTER
The differential equations describing them-phase buck-boost
converter, which is shown in Fig. 3, are:

m∑
i=1

diLi
dt
=

1
Li
(Vinui (t)− (1− ui (t)) vo − iLi.RLi) (24)

m∑
i=1

dvo
dt
=

1
c

[
iLi (1− ui(t))−

vo
R

]
(25)

Substituting (9)-(19) in (24) and (25), the GSSAM of the m-
phase buck-boost converter is presented in (26), as shown at
the top of the next page. It is worthmentioning that the deriva-
tion of GSSAM is more complex compared to the switching
models. However, the implementation of the GSSAM is the
same complex level as the switching models, since the com-
plexity of the GSSAM is the derivation of the final matrix
and once the final matrix is obtained (equations (20), (23),
(26)), the implementation of the GSSAM is not a complicated
process.

III. RESULTS AND DISCUSSION
The GSSAM for a 3-phase converters, buck, boost and buck-
boost is used for validation by comparing it with a PLECS
switching model at different duty cycles. Table. 1 shows the
parameters of the converters which are used in investigation.

A. ERROR DEPENDENCY
Figs. 4-6 compare the system dynamics between the GSSAM
and the switching model for buck, boost and buck-boost
converters, respectively. Simulation results show that the
error between the proposed GSSAM and the switching model
depends on duty cycle and converter topology (buck or boost
or buck-boost). These parameters are presented in the next
section.

FIGURE 4. Buck converter dynamics from the switching model and
GSSAM at duty cycle equals to (a) 0.5. (b) 0.75.

1) DUTY CYCLE
As mentioned in the previous section, the GSSAM considers
only the zero and first order harmonics, while the switching
model contains infinite number of harmonics which in return
ends up by the sharp saw-tooth current waveform. When the
duty cycle is equal to 0.5, the switching model contains odd
order harmonics only, thus, error between the GSSAM and
the switching model is the minimum as shown in simulation
results.

2) CONVERTER COMPLEXITY
It can be concluded from Fig. 4 that the buck converter has the
minimum error when duty cycle is equal to 0.75 compared to
the boost and the buck-boost converters at the same duty cycle
in Fig. 5 and Fig. 6. This is due to topology complexity, since
in buck converter the controlled signal u(t) is multiplied by
the input signal Vin, while in the case of boost and buck-boost
converters, the controlled signal is multiplied by the state
variables which are approximated in the GSSAM by con-
sidering the zero and first order harmonics only. Therefore,
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FIGURE 5. Boost converter dynamics from the switching model and
GSSAM at duty cycle equals to (a) 0.5. (b) 0.75.

the error from the GSSAM of buck converter is lower than the
error of the boost and the buck-boost converters. In [8],
the complexity of the converter is represented by how far is
the state-space matrix from the Jordan form square matrix,
so that the closer is the converter state space matrix to the
Jordan form square matrix, the less complex the converter
will be.

3) SWITCHING FREQUENCY
The switching frequency is another factor that affects the
error between the GSSAM and the switching model which
is not shown in the simulation results. When the switching
frequency ismuch higher than the converter natural frequency
which depends on the RLC load, the first order approximation
is enough to represent the converter oscillatory behavior as
the RLC combination acts like a low pass filter and fil-
ters higher order harmonics. While in the case of switching
frequency is less than the natural frequency, higher order
harmonics will exist in the system so that the first order
approximation is not enough. As a result, the proper design of
converters should have a switching frequency higher than the

FIGURE 6. Buck-boost converter dynamics from the switching model and
GSSAM at duty cycle equals to (a) 0.5. (b) 0.75.

converter natural frequency to prevent the existence of high
order harmonics [8], [9].

B. PHASE SWITCHING DYNAMICS
The number of operating phases in multi-phase converters
is directly proportional to the output load power, so that
the maximum efficiency condition is always maintained over
the entire operating range. Therefore, it is important to test the
GSSAM during switching phases on and off. The boost con-
verter is considered for that purpose to compare the switching
dynamics between the switching model and the GSSAM.

1) SWITCHING ON DYNAMICS
Fig. 7 compares steady-state and transient dynamics between
the GSSAM and the switching model during switching
on the second and third phases (Phase 2 and Phase 3).
Fig. 7 shows that the GSSAM and the switching model have
the same steady state dynamics, but the transient period is
different. The difference in the transient period appears only
at switching on and not at switching off as will be shown later.
Hence, it can be due to the simulation solver or the PLECS
model considers a non-linear effect of a stray inductance
when the phase is switched on.
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FIGURE 7. Boost converter dynamics from the switching model and
GSSAM at duty cycle equals to 0.5 during switching on Phase 2 and
Phase 3 when inductor parasitic inductance is considered.

It is worth mentioning that the single phase GSSAM in
[8]–[10] neglects inductor parasitic resistance for simplicity.
Fig. 8 shows system dynamics during switching on Phase 2
and Phase 3 when the inductor parasitic resistance is ignored
in the GSSAM. Fig. 8 shows that the zero-order harmonic of
the state variables (x9, x10, x11 & x12) does not change after
switching on the two phases so that their average current is
still zero. In order to understand how the inductor parasitic
inductance affects the switching dynamics. Phases 2 and 3 are
switched on and phase 1 is already at steady sate. Thus, the
rate of change of the zero-order harmonic of Phase 1 current
xo9 in (23) is equal to zero:

dx9
dt
=

sin (2πD1)

πL1
−

2 (sin (πD1))
2

πL1
−
RL1
L1

x9

−
− (1− D1)

L1
x12 +

Vin
L1
= 0 (27)

RL1
L1

x9 =
sin (2πD1)

πL1
−

2 (sin (πD1))
2

πL1

−
− (1− D1)

L1
x12 +

Vin
L1

(28)

The second phase is switched on by controlling its duty cycle
to be equal to Phase 1 duty cycle to ensure equal current
sharing, thus,

D2 = D1 (29)
dx10
dt
=

x10,k+1 − x10,k
Ts

=
sin (2πD2)

πL2
−

2 (sin (πD2))
2

πL2
−
RL2
L2

x10,k

−
− (1− D2)

L2
x12 +

Vin
L2
(30) (30)

FIGURE 8. Boost converter dynamics from the switching model and
GSSAM at duty cycle equals to 0.5 during switching on Phase 2 and
Phase 3 when inductor parasitic resistance is ignored.

‘x10,k ’ is Phase 2 current at the instant of switching, which
is equal to zero, therefore (30) with the help of (29) can be
modified to:

x10,k+1
Ts

=
sin (2πD1)

πL2
−

2 (sin (πD1))
2

πL2

−
− (1− D1)

L2
x12 +

Vin
L1

(31)

Substituting (28) in (31):
x10,k+1
Ts

=
RL1
L1

x9 (32)

Equation (32) shows the value of Phase 2 current after
switching on Phase 2. It can be concluded that by neglecting
the inductor parasitic resistance, the zero-order harmonic of
Phase 2 current keeps zero after switching since RL1 is zero.
Similarly, ignoring inductor resistance also affects switching
off.

2) SWITCHING OFF DYNAMICS
If the converter operation is changed from 3-phase to 2-phase
at time instant tk , Phase 3 current must decay to zero at the
next time instant tk+1. Thus, the state variables of the zero
order and the first order harmonic of the switched phase
current iLi are equal to zero at the instant tk+1:

xo2i−1 =
x2i−1,k+1 − x2i−1,k

Ts
=
−x2i−1,k

Ts
(33)

xo2i =
x2i,k+1 − x2i,k

Ts
=
−x2i,k
Ts

(34)

xo2(m+1)+i =
x2(m+1)+i,k+1 − x2(m+1)+i,k

Ts

=
−x2(m+1)+i,k

Ts
(35)
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FIGURE 9. Boost converter dynamics from the switching model and
GSSAM at duty cycle equals to 0.5 during switching off phase 2 and
phase 3.

As mentioned before x2i−1 and x2i are the state variables
of the first order harmonic of iLi and x2(m+1)+i is the state
variable of the zero order harmonic of iLi. Equations (33)-(35)
describe the state variables of the phase or phases which
are switched off. Fig. 9 shows the converter dynamics when
Phase 2 and Phase 3 are switched off and it reveals that the
GSSAM can describe the converter dynamics during switch-
ing phases off after considering (33)-(35).

IV. CONCLUSION
The generalized state space average models (GSSAMs) for
multi-phase buck, boost and buck-boost DC-DC converters
are investigated. The GSSAM has the advantage of describ-
ing the oscillatory behavior which is dominant in resonant
converters and high ripples DC-DC converters, where the
AC signals in system dynamics cannot be neglected. System
dynamics in GSSAM is represented by the zero and the first
order harmonics of Fourier series. The proposed model of
the three converters is compared and validated with PLECS
switching model. Multi-phase interleaved DC-DC converters
are used to achieve the maximum efficiency over the entire
operating range, so that the number of operating phases
increases with the required output power. Thus, transient and
steady-state dynamics during switching phases on and off
are included in the GSSAM. Simulation results showed that
when the inductor parasitic resistance is ignored, the GSSAM
or even the conventional average model cannot represent
switching dynamics.
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