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ABSTRACT In order to improve fitting accuracy of free-form surface, an improved method for the currently
recognized NURBS free-form surface based on discrete stationary wavelet transform is proposed. Firstly,
the elevation image of the free-form surface point cloud and the elevation sequence of the elevation image are
obtained by using the grid method. Then, feature points of the free-form surface are extracted by the discrete
stationary wavelet transform. Finally, using the extracted feature points, high accuracy NURBS free-form
surface is realized. Compared with the conventional NURBS method and the NURBS method based on
dual-tree complex wavelet transform, the experimental results showed that the root mean squared errors of
fitting results of free-form surface were deduced 77.64% and 23.16%, respectively. Therefore, the proposed
method has satisfactory fitting precision.

INDEX TERMS 3D measurement, reverse engineering, discrete stationary wavelet transform, NURBS
free-form surface.

I. INTRODUCTION
With the development of modern industry, construction of
complex free-form surface model has been widely used in
reverse engineering in recent years [1], [2]. High precision
fitting of the free-form surface is an important technique for
the reverse engineering and the machinery parts processing
industry, and the precision level of fitting directly determines
the quality of the product. Therefore, high precision fitting of
the free-form surface has become increasingly important in
the process of production. With the improvement of process
technology, objects composed of free-form surface are widely
existed in nature, daily life and various industry applications.
However, the external shape of most free-form surface can-
not be expressed by accurate analytical function. So, during
production and processing to it, the more popular algorithm
is a two-level implicit function interpolation based on center

The associate editor coordinating the review of this manuscript and

approving it for publication was Bo Sun .

reduction [3], [4]. Point cloud of model is approximated by
interpolating in the coarse scale. Then, the surface is fitted
with free-form surface in the fine scale and it sums up the
coarse surface and the fine surface. This method can realize
surface reconstruction and reserve the fidelity of surface. But
when there are more points of point cloud for fitting, surface
fitting requires multiple interpolation and approximation in
order to reduce detection error and to get more accurate
results. As a result, lots of time will be consumed in such kind
of fitting procedure.With the development of the industry and
manufacturing, the above method is difficult to meet the rapid
and accurate fitting requirement.

In order to solve the problem, Non-Uniform
Rational B-Spline(NURBS) method are proposed, which
uses the expression for non-uniform knot vector to con-
struct rational b-spline function [5]. NURBS method can
be provided uniform mathematical expression to standard
analytic structure and free-form surface, which applicable
to building various free-form surface and composite surface.
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NURBS method can be realized high precision fitting of var-
ious shape models by adjusting control points and weighted
factor. In 1988 STEP/PDES selected NURBS method as the
unique representation method of free parameter curve and
surface. Hence, NURBS method is widely used in reverse
engineering.

Discrete stationary wavelet transform is a time-frequency
analysis method with good redundancy and shift invari-
ance [6], [7], so it is widely used in boundary extrac-
tion [8], [9]. However, the use of the discrete stationary
wavelet transform in the NURBS free-form surface has not
yet been published before. This paper deals with elevation
sequence of free-form surface by citing the discrete stationary
wavelet transform, and a series of wavelet detail coefficients
can be obtained. According to the above a series of wavelet
detail coefficients, feature points are extracted. In order to
determine the shape of the curve between adjacent feature
points, the points on the curve between two adjacent feature
points are selected by using the circumferential method. The
selected points above and the feature points compose date
points. Control points of the NURBS free-form surface are
obtained according to the inverse operation of date points.
High precision fitting is realized by using the control points.

The novelty of this paper includes: the discrete station-
ary wavelet transform is initially introduced into NURBS
free-form surface. Because the discrete stationary wavelet
transform has fast mathematical calculation, redundancy
and shift invariance, the feature points can be quickly and
accurately obtained. Based on the feature points, the high-
precision NURBS free-form surface was realized.

II. NURBS FREE-FORM SURFACE IMPROVEMENT
PROCESS
A. GRID PROCESSING OF POINT CLOUD
Using high-precision 3D scanner, point cloud of free-form
surface is acquired in 3D space. Points of acquired point cloud
are irregular and disordered. To facilitate the application
of the discrete stationary wavelet transform to study points
of acquired point cloud, points of acquired point cloud are
meshed [10], [11].

Firstly, boundary size of point cloud of free-form sur-
face can be obtained by searching for the maximum value
of X axis-direction and Y axis-direction. Then, the largest
rectangle or square is acquired according to boundary size.
Finally, smaller rectangles or squares are classified along the
X axis-direction and Y axis-direction, as shown in (1)-(2).
Suppose the length and width of rectangle or square are Qx
and Qy.

Vm = (xmax − xmin)
/
Qx , Vm ∈ N ∗ (1)

Vn = (ymax − ymin)
/
Qy, Vn ∈ N ∗ (2)

where xmax and xmin are the maximum and minimum value
of X axis-direction, ymax and ymin are the maximum and

FIGURE 1. Elevation sequence of triangle.

minimum value of Y axis-direction, respectively. Vm is the
number of grids of X axis-direction. Vn is the number of grids
of Y axis-direction.

To make the resolution of the elevation image more spe-
cific, the total number of grids is greater than or equal to
the total number of points of point cloud. Elevation values of
grids can be obtained by using the interpolation method. The
equidistant grids are taken as the pixel points in an image, and
then the elevation values of the grids are taken as the elevation
values of the pixel points, that is, the elevation image of
the point cloud of the free-form surface in the XY plane is
obtained.

B. DISCRETE STATIONARY WAVELET TRANSFORM AND
FEATURE POINT EXTRACTION
In the XY plane, the point cloud is transformed into elevation
sequence by using the gridding method presented in Sec-
tion II(A). The elevation sequence may include the distribu-
tion of triangle, sphere, elliptical, etc. so the proposed method
makes a study of the NURBS free-form surface based on dis-
crete stationary wavelet transform by taking the distribution
of triangle as the example. The elevation sequence of triangle
can be obtained and denoted by E1[α].

E1 [α] =
M∑
r1=1

C1δ [α − r1]+
N2−1∑
r1=N1

G1 (r1 − N1) δ [α − r1]

+

N3∑
r2=N2

[G1 (N2 − N1)+ G2 (r2 − N2) δ [α − r2]]

(3)

where δ[α] is unit pulse signal, α ∈[1,M ];M is the number of
grid points in elevation sequence; C1 is the elevation of bot-
tom face; G1 and G2 are the gradients of triangle; N1, N2 and
N3 are the feature points of triangle; The graph corresponding
to the (3) is shown in Fig. 1.
The elevation sequence of the triangle is analyzed by

using the discrete stationary wavelet transform [12], [13],
and elevation variation in the elevation sequence is extracted.
In order to extract the elevation variation in the elevation
sequence of the triangle, the ‘‘db1’’ wavelet basis is chosen
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FIGURE 2. Wavelet detail coefficient of elevation sequence.

to extract it. The elevation sequence of triangle is processed
by selecting the suitable low pass filter and high pass filter of
the discrete stationary wavelet transform.{

A = h⊗ E
D = g⊗ E

(4)

where E is the elevation sequence, h is the low pass filter,
g is the high pass filter, ⊗ is the convolution computation,
A is the first-level wavelet approximation coefficient, D is
the wavelet detail coefficient. By applying the property of the
discrete stationary wavelet transform, the elevation variation
in the elevation sequence of triangle exists in wavelet detail
coefficient, D1[α], as shown in (5).

D1 [α] = ε

−G1

N2−1∑
r1=N1

δ [α − r1] − G2

N3∑
r2=N2

δ [α − r2]

+ [G1 (N2 − N1)+ G2 (N3 − N2)] δ [α − N3]


(5)

The graph corresponding to the (5) is shown in Fig. 2.
In order to more accurately acquire the periphery of trian-

gle, the difference between adjacent wavelet detail coefficient
is calculated by using (6).

DV1 [α] = D1 [α]− D1 [α − 1] (6)

The distribution of the difference between adjacent wavelet
detail coefficient is shown in Fig. 3.
Compared with discrete wavelet transform, the discrete

stationary wavelet transform possesses not only fast math-
ematical calculation, but also redundancy and translation
invariance. The translation invariance is that the length of
the wavelet detail coefficient is identical to the length of
original signal. Then, according to the corresponding time
shift parameter, boundary points can be quickly and accu-
rately determined in the original signal. As the distribution of
the difference between adjacent wavelet detail coefficient is

FIGURE 3. Adjacent wavelet detail coefficient of elevation sequence.

analyzed in Fig. 3, the waveform of the position of the bound-
ary points are shown as shock signal. Because the discrete
stationary wavelet transform uses linear filter, the elevation
value of triangle can be calculated according to the ampli-
tude of the shock signal. Position of shock signal (M1, M2
and M3) in Fig. 3 are identical with the positon of boundary
points (N1, N2 and N3) of original signal in Fig. 1. Therefore,
the boundary points of original signal are extracted by the
position of shock signal, and the boundary points of original
signal as the feature points of the triangle.

C. NURBS FREE-FORM SURFACE IMPROVEMENT
PROCESS
Because the shape of the curve is unknown, the shape
of the between adjacent feature points cannot be deter-
mined by coordinate information of feature points. Therefore,
the points are selected between adjacent feature points by
using the circumcircle method. Firstly, three adjacent fea-
ture points are selected to make a circumcircle from left to
right along the X-axis. The equation of circumcircle can be
expressed as:

x2 + z2 + Gx + Iz+ F = 0 (7)

The center of a circumcircle is (G/2, I /2). Then, the average
angle of the line between feature point, Qi (xi, zi), and center
point can be calculated by using the (8)-(9).

1zi = zi − G/2, 1xi = xi − I/2 (8)

θi = arctan

∣∣∣∣1zi1xi

∣∣∣∣ , 1zi > 0, 1xi > 0

θi = arctan

∣∣∣∣1zi1xi

∣∣∣∣+ π2 , 1zi > 0, 1xi < 0

θi = arctan

∣∣∣∣1zi1xi

∣∣∣∣+ π, 1zi < 0, 1xi < 0

θi = arctan

∣∣∣∣1zi1xi

∣∣∣∣+ 3π
2
, 1zi < 0, 1xi > 0

(9)

Points can be selected on the curve between adjacent
feature points. The central angle of selected points can be
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FIGURE 4. Selection points between adjacent feature points.

expressed as:
ϕi =

|θi − θi+1|

n+ 1
, 0 ≤ |θi − θi+1| < π

ϕi = 2π −
|θi − θi+1|

n+ 1
, π ≤ |θi − θi+1| < 2π

(10)

The slope of the average angle can be calculated by using
the (11).

kij = tan(θi − nϕi) (11)

As the shape of the curve between adjacent feature points is
unknown, the slope of the line between point on the fitting
curve and center point can be expressed as:

k ′ =
z− E/2
x − G/2

(12)

By comparing the values of k and k ′, the points are selected
between adjacent feature points, as shown in Fig. 4.

The selected points in Section II(C) and the obtained fea-
ture points in Section II(B) compose date points. Control
points of the NURBS free-form surface are obtained accord-
ing to the inverse operation of date points. NURBS free-form
surface of (p, q) order is constructed from many curves in the
direction of u and v. The equation of the NURBS free-form
surface can be expressed as [14].

S(u, v) =

m∑
i=0

n∑
j=0

Ni,p(u)Nj,q(v)ωi,jCPi,j

m∑
i=0

n∑
j=0

Ni,p(u)Nj,q(v)wi,j

, 0 ≤ u, v ≤ 1

(13)

where CPi,j is the control points; wi,j is the weighted factor;
Ni,p(u) is B-spline basis function of p order in the direction of
u; Nj,q(v) is B-spline basis function of q order in the direction
of v. Node vector U and node vector V can be calculated by

using the deBoor-eox recurrence (14).


U =

{
0, · · ·

p+1
, 0, up+1, · · · , ur−p−1, 1, · · ·

p+1
, 1
}

V =
{
0, · · ·

q+1
, 0, uq+1, · · · , us−q−1, 1, · · ·

q+1
, 1
} (14)

where r = p + m + 1 and s = q + n + 1. Node number
of node vector U and node vector V are (r + 1) and (s + 1),
respectively.

Inverse operation of NURBS free-form surface refers to
construct a NURBS free-form surface of (p, q) order. Inter-
polate the surface with the topological rectangle date points,
and the date points areQk,l , k = 0, 1, . . . ,m; l = 0, 1, . . . , n.
The inverse operation of NURBS free-form surface can also
be represented as solving linear equations of unknown control
points as well as the inverse operation of NURBS curve,
and the control points are CPi,j(i = 0, 1, . . . ,m + p − 1;
j = 0, 1, . . . , n + q − 1). In general, the first and the last
points of the curve in the direction of u and v are consistent
with the first and the last date points. There is a one-to-one
correspondence between date points and nodes of free-form
surface [15]. To determine the node values corresponding
to the data points, data points are parameterized by using
the parametrization method of accumulating chord length.
Parameterization of chord length can be calculated by using
the (15)-(16) in the direction of u [16], [17].

d =
m∑
k=1

|Qk − Qk−1| (15){
u′0 = 0

u′k = u′k−1+
|Qk−Qk−1|

d
, k = 1, 2, · · · ,m− 1

(16)

where d is total chord length, u′k is the node parameter value
of Qk . Appropriate node vector U can be selected by using
the averaging method in (16), and the linear equations of
coefficient matrix can be expressed as:


u0 = · · · = up = 0, ur−p = · · · = ur = 1

ui+p =
1
p

j+p−1∑
k=i

u′k , i = 1, 2, · · ·m− p
(17)

The linear equations of interpolation NURBS free-form sur-
face can be written as:

Qk,l =
m∑
i=0

n∑
j=0

Ni,2(u′k )Nj,2(v
′
l)CPi,j (18)Ni,0(u′k ) =

{
1, ui ≤ u′k ≤ ui+1
0, others

Ni,2(u′k ) = ANi,0(u′k )+ BNi+1,0(u
′
k )+ CNi+2,0(u

′
k )

(19)
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FIGURE 5. A schematic diagram for a type of automobile engine.

where

A =
(u′k − ui)

2

(ui+2 − ui)(ui+1 − ui)

B =
(ui+2 − u′k )(u

′
k − ui)

(ui+2−ui+1)(ui+2−ui)
+

(ui+3 − u′k )(u
′
k − ui+1)

(ui+3−ui+1)(ui+2−ui+1)

C =
(ui+3 − u′k )

2

(ui+3 − ui+1)(ui+3 − ui+2)
0
0
= 0.

Node parameter value u′k and ui can be calculated by
using the (16)-(17). Substitute u′k and ui into the (19). The
B-spline basis function can be obtained in the node vector U .
Substitute the B-spline basis function and the date point Qk,l
into the (18). The B-spline basis function can be calculated by
using the equation (19) in the node vector V . So the control
points CPi,j of the NURBS free-form surface are obtained
according to the inverse operation of date points [18]. High
precision NURBS free-form surface is realized according to
the control points, node vector U and node vector V .

III. EXPERIMENTAL AND SIMULATION STUDY
A. FREE-FORM SURFACE OF AEROENGINE BUFFER
SIMULATION PROCESS
A schematic diagram for a type of aeroengine is shown
in Fig. 5 [19], [20]. Part of the aeroengine buffer is composed
of the free-form surface. which is located in the air outlet of
the aeroengine. Since the 3D scanner can scan the part of
the aeroengine buffer made up of the free-form surface by
going into the aeroengine, high precision point cloud of the
measured object was obtained by high-precision scanning.
The free-form surface of the air outlet of the aeroengine can
be detected and generated by using the proposed method. The
specific simulation process is as follows: In order to verify
the feasibility of the proposed method, simulation mode was
selected as simulation study of the free-form surface in the air
outlet of the aeroengine. Point cloud of the free-form surface
was showed in Fig. 6.

B. GRID PROCESSING OF FREE-FORM SURFACE AND
FEATURE POINT EXTRACTION
Grid of the point cloud of the free-form surface was
constructed by using the gridding method presented
in Section II(A), as shown in Fig. 7.

According to the result of the grid processing, the points
of the free-form surface were divided into the elevation

FIGURE 6. Point cloud of the free-form surface.

FIGURE 7. Constructed grid of the free-form surface.

FIGURE 8. Elevation sequence of Nyα.

sequences of X axis-direction and the elevation sequences
of Y axis-direction. The sum of each elevation sequences of
X axis-direction and Y axis-direction were calculated. The
maximum of the sum of elevation sequence were selected
and denoted by Nxα and Nyα, as shown in Fig. 8 and Fig. 9,
respectively.

The discrete stationary wavelet transform was carried
out on the elevation sequences of the free-form surface.
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FIGURE 9. Elevation sequence of Nxα.

FIGURE 10. Wavelet detail coefficient of Nyα.

FIGURE 11. Wavelet detail coefficient of Nxα.

The elevation sequences of Nxα and Nyα correspond-
ing wavelet detail coefficient were obtained, as shown
in Fig. 10 and Fig. 11, respectively.

In order to more accurately acquire the periphery of the
free-form surface, the difference between adjacent wavelet
detail coefficients of Nxα and Nyα were calculated by using
the (6), as shown in Fig. 12 and Fig. 13, respectively.

FIGURE 12. Adjacent wavelet detail coefficient of Nyα.

FIGURE 13. Adjacent wavelet detail coefficient of Nxα.

According to the Fig. 13, position of shock signal of
the Nxα corresponding discrete sequence were 10 and 208.
Position of shock signal of the Nyα corresponding discrete
sequencewere 11, 95 and 148 based on the Fig. 12. According
to the relationship between the position of shock signal and
the position of boundary points in Section II(B), the boundary
points (Q1, Q3, and Q5), the highest point in the discrete
sequence Nyα (Q2) and the lowest point in the discrete
sequence Nyα (Q4) as the feature points of the free-form
surface. The coordinate values of feature points are shown
in the Table 1.

C. FITTING RESULTS OF PROPOSED METHOD
Points were selected between adjacent feature points by using
the circumcircle method presented in Section II(C). The fea-
ture points of the free-form surface were divided into two
groups from left to right along the X-axis, each of which
were adjacent feature points. Substitute the coordinate values
of two groups of feature points into the (7). Circumcircle
equation coefficient can be obtained as:{

G1 = 107.378, I1 = 170.965
G2 = 241.341, I2 = 151.278

(20)

The centers of circumcircle were O1(53.689, 85.483) and
O2(120.671, 75.639) based on the (20).
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TABLE 1. Coordinate values of feature points.

TABLE 2. Coordinate values of feature points.

FIGURE 14. Selection points between adjacent feature points of
free-form surface.

Position of points (Q6, Q7, Q8 and Q9) were solved
by using the method presented in Section II(C), as shown
in Fig. 14. The coordinate values of the points are shown in
the Table 2.

The selected points above and the feature points compose
date points. Using the (16)-(19), the control points, node
vector U and node vector V of NURBS free-form surface
were calculated. High precision NURBS free-form surface is
realized based on the control points and the B-spline basis
function, as shown in Fig. 15.

D. FITTING RESULTS OF PROPOSED METHOD
Because conventional NURBS method cannot extract feature
points, the required fitting points were selected by using the
equal spacing method. The coordinate values of the fitting
points are shown in the Table 3. The fitting result of the
conventional NURBS method were shown in Fig. 16.

Because NURBS method based on dual-tree complex
wavelet transform(DTCWT-NURBS method) has the char-
acteristic of shift invariance, it can be used to extract fea-
ture points. The elevation sequences of Nxα and Nyα were
processed by using the dual-tree complex wavelet transform,

FIGURE 15. Fitting results of proposed method.

TABLE 3. Coordinate values of the fitting points.

FIGURE 16. Fitting results of conventional NURBS method.

and the wavelet detail coefficient were obtained, as shown
in Fig. 17 and Fig. 18, respectively.

According to the relationship between the position of
shock signal and the position of boundary points, the bound-
ary points were obtained. The coordinate values of the fitting
points are shown in the Table 4. The fitting result of the
DTCWT-NURBS method were shown in Fig. 19.

To illustrate fitting effect of the proposed method,
the fitting results of the conventional NURBS method,
the DTCWT-NURBS method and the proposed method were
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FIGURE 17. Wavelet detail coefficient of Nyα.

FIGURE 18. Wavelet detail coefficient of Nxα.

TABLE 4. Coordinate values of the fitting points.

TABLE 5. Average values of error of mean square root above THREE
methods.

compared by using error of mean square root. When y
equals 109, different y corresponding to z in the fitting results
of above three methods and standard values were obtained
and shown in Fig. 20. The error of mean square root was
calculated by using the (21), as shown Fig. 21.

RE =

√∑
(AEi)2

/
n (21)

where AEi is error value.

FIGURE 19. Fitting results of DTCWT-NURBS method.

FIGURE 20. Fitting results of y equals 109 by using conventional NURBS
method, DTCWT-NURBS method and proposed method.

FIGURE 21. Absolute errors of NURBS free-form surface by using
conventional NURBS method, DTCWT-NURBS method and proposed
method.

The point cloud of the free-form surface was calculated by
using the error of mean square root. Average values of error
of mean square root above three methods were obtained and
listed in Table 5.

On the basis of the Table 5 above, it can be seen
that the average absolute errors by using the conventional
NURBS method, the DTCWT-NURBS method and the pro-
posed method were 0.4213, 0.1226 and 0.0942, respectively.
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Compared to the conventional NURBS method and the
DTCWT-NURBS method, the average absolute errors were
reduced by 77.64% and 23.16%, respectively. And hence,
the proposed method can realize the high-precision NURBS
free-form surface.

IV. CONCLUSION
In this study, a novel method is proposed to improve fitting
accuracy of free-form surface. Compared with the conven-
tional NURBS method and the DTCWT-NURBS method,
a more satisfactory fitting result can be obtained for the
free-form surface by using the proposed method. In order
to verify the feasibility of the proposed method, simulation
mode was selected as simulation study of the free-form
surface in the air outlet of the aeroengine. The experiment
results show that the proposed method is more promising
than the existing method in the field of the NURBS free-form
surface.
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