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ABSTRACT The anisotropic Zheng and Jiang models characterize traffic with a constant rearward velocity.
They also consider a constant driver sensitivity which can result in unrealistic behavior. In this paper, a new
anisotropic model based on a variable rearward velocity is proposed. The transition width, driver reaction,
and sensitivity at transitions are used to characterize this velocity. This width impacts traffic alignment with
forward conditions and driver reaction can be aggressive, slow or typical. The performance of the proposed,
Zheng and Jiang models is evaluated over a 2000 m circular (ring) road with an inactive traffic bottleneck.
Results are presented which show that traffic evolution with the proposed model is more realistic than with
the Zheng and Jiang models.

INDEX TERMS Anisotropic model, driver reaction, rearward velocity, transition dynamics, Zheng model,
Jiang model.

I. INTRODUCTION
Traffic congestion due to reduced road capacity is a major
issue in Pakistan [1]. Congestion results in traffic delays,
pollution and safety problems [2]–[5]. Knowledge and
understanding of traffic flow propagation is essential to
effective traffic forecasting and road infrastructure utiliza-
tion to mitigate congestion. Traffic management strategies
should be developed based on realistic traffic flow predic-
tion, for example congestion estimation using traffic flow
models [7]–[9]. A key factor affecting this flow is driver
reaction to forward stimuli (anisotropic reaction) [10], [11].
However, traffic models based on anisotropic reaction ignore
emergency or tail gating vehicles (aggressive drivers). When
free flow traffic approaches congestion, velocity variations
occur which are known as transition dynamics [12]. The
velocity decreases with increasing density and the transition
width is defined as the change in density. A small transition
width results in small velocity variations and more reactive
drivers.

Payne [14] proposed a traffic flow model with an acceler-
ation term based on car following theory. A similar model
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was independently proposed by Whitham which is based
on the indistinguishable behavior of vehicles [15]. The
Payne-Whitham (PW) model can be expressed as [16]–[20]

∂ρ

∂t
+
∂ρv
∂x
= 0, (1)

∂v
∂t
+ v

∂v
∂x
+
C2
0

ρ

∂ρ

∂x
=

ve(ρ)− v
τ

, (2)

where ρ is density and v is velocity. Driver anticipation is
given by [21]

C2
0

ρ

∂ρ

∂x
,

where C0 is a nonnegative constant which characterizes the
spatial density alignment and is typically between 2.4 m/s
and 57 m/s [17], [22]. Because vehicle behavior is not uni-
form, this model can produce unrealistic behavior [23], [24]
particularly with large traffic variations [13].

Traffic alignment occurs during the relaxation time τ ,
after which traffic achieves the equilibrium velocity
distribution ve(ρ). The relaxation term is then given by

ve(ρ)− v
τ

.
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The convection term
∂v
∂t
+ v

∂v
∂x
,

characterizes the velocity variations due to the ingress and
egress of vehicles [21]. Vehicle behavior is influenced by
forward vehicles but this is not considered in the PW and
associated models [13], [25], which can result in nega-
tive velocities with large transition widths [26], [27]. The
PW model allows vehicles to move in a direction opposite
to the flow, which violates the conditions for traffic flow
on a road. With this model, traffic changes in the forward
direction can travel at a rate faster than the average velocity.
However, these changes should be at a rate slower than the
average velocity, which is a characteristic of an anisotropic
traffic flow. Zhang [23] improved the PW model by incor-
porating driver anticipation based on changes in the equi-
librium velocity. While this model is anisotropic, a driver
adjusts to the traffic density instantaneously and driver
physiology is not considered [28]. Another advantage of
anisotropic traffic models is that they have low computational
complexity [29]–[34].

Aw and Rascle [35] proposed a traffic model in which
velocity is a monotonically increasing function of density.
This can result in large acceleration and deceleration when
the density is high, which is unrealistic [36]. Further, a change
in flow can only occur with a change in density.

Jiang et al. [6] proposed an anisotropic model which con-
siders driver presumption of forward conditions based on
density and spatial changes in velocity. This model is given
by

∂ρ

∂t
+
∂ρv
∂x
= 0, (3)

∂v
∂t
+ v

∂v
∂x
− C0

∂v
∂x
=

ve(ρ)− v
τ

, (4)

where C0 is the rearward velocity constant. Thus, changes
in upstream traffic propagate with a constant velocity for
all transition dynamics, which is impossible. Further, this
constant can result in unrealistic behavior with large transi-
tion widths. Zheng et al. [37] improved the Jiang model by
introducing a new relaxation term which gives

∂ρ

∂t
+
∂ρv
∂x
= 0, (5)

∂v
∂t
+ (v− C0)

∂v
∂x
= ζ

[
1
ρ
−

1
ρe(v)

]
, (6)

where ζ is the driver sensitivity coefficient and ρe(v) is the
equilibrium density distribution. However, C0 and ζ are not
based on realistic traffic flow parameters but rather are con-
stants determined based on traffic conditions. Thus, they are
not related to the physics of traffic flow.

Driver reaction and time headway characterize traffic prop-
agation. A large reaction is expected when the time headway
to align traffic velocities is small. When the response is slow,
driver reaction to a stimuli is large to avoid an accident
as the transition width is reduced. This is greater when a

decelerating stimuli is perceived [56]. Driver reaction to a
spatial change in velocity is known as driver sensitivity. For a
realistic flow, reaction to stimuli and driver sensitivity should
be considered.

In free flow traffic, changes in flow travel downstream (for-
ward) according to the average velocity. During congestion or
at transitions, these changes travel upstream (rearward) below
the average velocity, which affects driver reaction to forward
conditions. Driver reaction to anticipated changes in traffic
varies with the conditions. Further, a sensitive driver pro-
duces greater acceleration and deceleration which increase
the spatial changes in flow. Driver reaction to traffic stim-
uli at transitions and driver sensitivity characterize the rear-
ward (downstream) velocity propagation. Thus, in this paper
a variable rearward velocity based on driver reaction, sensitiv-
ity, and traffic stimuli is proposed to characterize traffic flow.
This solves the problems with the Zheng and Jiang models.
To illustrate this, the performance of the proposed, Jiang and
Zheng models is evaluated over a 2000 m circular (ring) road
with an inactive traffic bottleneck.

The rest of this paper is organized as follows. The proposed
model is presented in Section II and the model decomposi-
tion, anisotropy and hyperbolicity are given in Section III.
A flow stability analysis is given in Section IV and a travel-
ing wave and shock analysis is presented in Section V. The
performance of the proposed, Jiang and Zheng models is
investigated in Section VI and some concluding remarks are
given in Section VII.

II. PROPOSED TRAFFIC MODEL
Spatial changes in traffic occur at transitions. Vehicle interac-
tions are based on driver sensitivity, response and the stimuli.
At traffic changes, drivers align to forward conditions accord-
ing to the transition velocity vt which is the product of driver
interaction a and relaxation time τ [38]

vt = aτ. (7)

Velocity alignment occurs during the relaxation time. Traffic
alignment is quickwhen vehicle interactions are large and this
is denoted by a small value of τ . This is a stimulus for drivers
which can be expressed as [28]∣∣∣∣dve(ρ)dρ

∣∣∣∣ = ∣∣∣∣ ddρ
(
vm

(
1−

ρ

ρm

))∣∣∣∣ = vm
ρm
, (8)

where ve(ρ) is the equilibrium velocity distribution. The
Greenshields equilibrium velocity distribution [39] is typi-
cally used and is given by

ve(ρ) = vm

(
1−

ρ

ρm

)
, (9)

where vm and ρm denote the maximum velocity and maxi-
mum density, respectively.

Driver reaction to a stimuli occurs over the transitionwidth.
This is smaller in congestion than in free flow traffic due to
the larger density. Therefore, the transition width [40] can be
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characterized as

δh =
1
δρ
, (10)

where δρ is the change in density. Velocity changes are
greater for larger transition widths as the density is smaller,
but the driver stimulus is smaller. Thus stimulus is larger for
small transition widths as the conditions are less predictable.
Thus, the transition width affects driver reaction and so can
be expressed as

1
δρ

∣∣∣∣dve(ρ)dρ

∣∣∣∣ = 1
δρ

vm
ρm
. (11)

Substituting this in (10) gives

δh

∣∣∣∣dve(ρ)dρ

∣∣∣∣ = δh vmρm . (12)

The minimum time required to align to forward conditions
is τn = 1

vm
. Thus, for a small change in density, alignment will

occur at the maximum speed as a large transition width must
be covered and the driver reaction to this stimulus is small.
However, as the change in density increases, the transition
width decreases. Then driver reaction to a stimulus is larger
as a small transition width must be covered during alignment.
Therefore, the transition width is a function of the stimulus
and is the rate at which the corresponding driver reaction
occurs. This is further evidence that a driver is more reactive
with a small relaxation time. The minimum relaxation time
can be considered is the smallest time between consecutive
vehicles to maintain a safe distance (to avoid a collision).

Driver reaction can be characterized as the ratio of reaction
time for a typical driver τ to the expected relaxation time τa

α =
τ

τa
. (13)

When α > 1, i.e. τa < τ , alignment is quicker corre-
sponding to an aggressive driver, whereas a driver is sluggish
when α < 1, i.e. τa > τ . Driver sensitivity γ [55] can
be characterized by the spatial change in velocity during
alignment [56]. Driver interaction is then given by the product
of (11), (13) and γ

a =
γ

δρ

vm
ρm
α, (14)

where δρ and ρm are the changes in normalized density and
maximum normalized density, respectively. The normalized
density and α are unitless while γ has units 1/s and a has
units m/s2. Substituting (14) in (7) gives

vt =
γ

δρ

vm
ρm
ατ. (15)

This indicates that when a driver foresees a change in traf-
fic, velocity is aligned to forward conditions, and is based
on the transition width. Changes in traffic propagate down-
stream (rearward) according to the transition velocity. There-
fore, in the proposed model the rearward velocity constantC0

in the Zheng model is replaced with (15), and the relaxation
term is replaced with ve(ρ)−v

τ
which gives

∂ρ

∂t
+
∂(ρv)
∂x
= 0, (16)

∂v
∂t
+

(
v−

γ

δρ

vm
ρm
ατ

)
∂v
∂x
=

ve(ρ)− v
τ

. (17)

From [41], the distance between vehicles for traffic alignment
is h = 1

ρ
, so the distance maintained between vehicles at

equilibrium is he = 1
ρe
. Thus, the relaxation term of the

proposed model is a function of h. With this model, driver
reaction is based on realistic rearward velocity and relaxation.
Conversely, with the Zheng and Jiang models, a driver reacts
to changes in traffic conditions based on a constant rearward
velocity, which is not realistic.

III. MODEL DECOMPOSITION, ANISOTROPY AND
HYPERBOLICITY
The proposed, Zheng and Jiang traffic models are decom-
posed using the first order centered (FORCE) technique. The
spatial and temporal partial derivatives are denoted by the
subscripts x and t , respectively. A traffic system in conserved
form is given by

ψt + f (ψ)x = S(ψ), (18)

where ψ is the vector of data variables, i.e. ρ and v. The cor-
responding functions of the data variables is denoted by f (ψ)
and S(ψ) is the vector of source terms [28]. This technique
can be used to approximate abrupt changes in traffic flow. The
system (18) in quasilinear form is

ψt + A(ψ)ψx = 0, (19)

where A(ψ) is the Jacobian matrix which contains the gradi-
ents of the functions of variables.

The road length is xM and there areM equidistant segments
so the segment length is δx = xm/M . The total time duration
is tN and there are N time steps so a time step is δt = tN /N
given by tn+1− tn. ψ and f (ψ) are approximated for the road
segments (xi+ δx

2 , xi−
δx
2 ), and the data variables are obtained

for each of theM segments for time (tn+1, tn).
Traffic at the road segment boundaries can be approxi-

mated using the FORCE technique [42] which combines the
first order Lax-Friedrichs scheme [43] with the second order
Richtmyer scheme [44]. This can provide accurate solutions
for hyperbolic systems such as (18). Let ψi be the average
values of the data variables in the ith segment. The flux
approximates the change in traffic density and flow at the
segment boundary. The flux with the Lax-Friedrichs scheme
at the boundary of segments i and i+ 1 in the nth time step is
given by

(f n
i+ 1

2
(ψn

i , ψ
n
i+1))

l

=
1
2

(
f (ψn

i )+ f (ψ
n
i+1)

)
+

1
2
δt
δx

(
ψn
i − ψ

n
i+1
)
, (20)
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where f (ψn
i ) and f (ψ

n
i+1) are the corresponding values of the

functions of the data variables in segments i and i+1, respec-
tively. The superscript l denotes the Lax-Friedrichs scheme.
The data variables obtained with the Richtmyer scheme
are [44]

ψn
i+ 1

2
=

1
2

(
ψn
i + ψ

n
i+1
)
+

1
2
δt
δx

(
f (ψn

i )− f (ψ
n
i+1)

)
,

(21)

and the corresponding flux is

(f n
i+ 1

2
(ψn

i , ψ
n
i+1))

r
= f (ψn

i+ 1
2
), (22)

where the superscript r denotes the Richtmyer scheme. The
flux at the segment boundaries is obtained by averaging (20)
and (22) which gives

f n+1i =
1
2

(
(f n
i+ 1

2
)r + (f n

i+ 1
2
)l
)
. (23)

This approximates the change in density and flow
without considering the source. The source terms of
the proposed model in (16) and Jiang model in (4)
is

S(ψn
i ) =

(
ve(ρni )− v

n
i

τ

)
, (24)

and the source term of the Zheng model in (6) is

S(ψn
i ) = ζ

(
1
ρni
+

1
ρe(vni )

)
. (25)

The updated data variables are obtained by including the
source term which gives

ψn+1
i = ψn

i −
δt
δx

(
f n
i+ 1

2
− f n

i− 1
2

)
+ δtS(ψn

i ). (26)

If a perturbation (change in flow) propagates with a finite
velocity, then the model is hyperbolic. Thus, the effect of a
perturbation decreases over time. A traffic model is strictly
hyperbolic if the eigenvalues are real and distinct [28].
Anisotropy requires that velocity changes are not greater
than the average [45]. The eigenvalues are obtained from
the Jacobian matrix to determine anisotropy and hyperbol-
icity. To construct the Jacobian matrix, a model is con-
sidered in conservation form. The Zheng model [37] is
given by

ψ =

(
ρ

v

)
t
, f (ψ) =

(
ρv

( 12v
2
− C0v)

)
x
,

S(ψ) =

(
0

ζ
[
1
ρ
−

1
ρe(v)

]
ρ

)
. (27)

For the Jiang model [6], ψ and f (ψ) are the same as in (27),
and the source term S(ψ) is given by (25).

The rearward velocity depends on the density change at
a transition, driver sensitivity and driver reaction. Therefore,

the rearward velocity term is γ
δρ

vm
ρm
ατ , so the proposed model

in conservation form is

ψ =

(
ρ

v

)
t
, f (ψ) =

(
ρv

( 12v
2
−

γ
δρ

vf
ρm
ατv)

)
x

,

S(ψ) =

(
0(

ve(ρ)−v
τ

))
. (28)

The Jacobian matrix of the Zheng and Jiang models is

A(ψ) =
(
v ρ

0 v− C0

)
, (29)

and the corresponding eigenvalues are

λ1 = v− C0, λ2 = v. (30)

These eigenvalues are real and distinct so the model is hyper-
bolic. The models are anisotropic as changes in traffic are at
or below the average speed and are affected by the rearward
velocity. However, these changes are based on a constant C0
for all conditions, which is not realistic. The Jacobian matrix
of the proposed model is

A(ψ) =

(
v ρ

0 v− γ
δρ

dv(ρ)
dρ ατ

)
, (31)

and the corresponding eigenvalues are

λ1 = v−
γ

δρ

dv(ρ)
dρ

ατ, λ2 = v. (32)

Changes in traffic are at or below the average velocity, so the
anisotropic property is satisfied. Further, the eigenvalues are
real and distinct, so the proposed model is hyperbolic. Note
that during free flow, traffic perturbations evolve according
to λ2 in the forward direction, while during congestion, they
evolve according to λ1 in the rearward direction.

IV. FLOW STABILITY ANALYSIS
In this section, the stability of the proposed and Jiang models
is analyzed. The initial density distribution ρ0 at t = 0 is
assumed to be stable and the corresponding velocity vo =
v(ρ0) is at equilibrium [46], [47]. These assumptions aremade
to determine the unstable conditions when acceleration and
deceleration occur. The disturbances in velocity and density
are denoted by v0 and ρ0, respectively. The corresponding
changes in velocity and density are

1ρ = ρ − ρ0,

1v = v− v0. (33)

These changes can be expressed as [46]

1ρ = ρ0eik(x)+w(t),

1v = v0eik(x)+w(t), (34)

where i =
√
−1 and k(x) represents spatial changes having

units m−1. Since eik(x) = cos k(x) + i sin k(x), traffic is a
periodic function of k(x). The temporal changes in density
and velocity are given by ρ0ew(t) and v0ew(t), respectively,
with amplification term w(t).
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From (1), (2) and (15), the proposed model is

∂ρ

∂t
+
∂(ρv)
∂x
= 0, (35)

∂v
∂t
= −

(
v−

γ

δρ

dv(ρ)
dρ

ατ

)
∂v
∂x
+

(
∂v(ρ)− v

τ

)
(36)

For simplicity, let ϕ = γ
δρ

dv(ρ)
dρ ατ , and substituting (33)

in (35) and (36) gives

∂1ρ

∂t
+ v

∂1ρ

∂x
+ ρ

∂1v
∂x
= 0, (37)

∂1v
∂t
= −(v− ϕ)

∂1v
∂x
+

(
v(ρ)− v

τ

)
.

(38)

The spatial changes in density and velocity at a transition
from (34) are

∂1ρ

∂x
= ikρ0e(ik(x)+w(t)),

∂1ρ

∂t
= wρ0e(ik(x)+w(t)),

∂1v
∂x
= ikv0e(ik(x)+w(t)),

∂1v
∂t
= wv0e(ik(x)+w(t)). (39)

Substituting (39) in (37) and (38) [48] gives

J
(
1ρ

1v

)
=

(
0
0

)
, (40)

where

J =
(
j11 j12
j21 j22

)
(41)

=

(
(ikv0 + w) ikρ0

v(ρ0)′
τ

−w+ ik(−v0 + ϕ)− 1
τ

)
.

Thus, (40) gives(
(ikv0 + w) ikρ0

v(ρ0)′
τ

−w+ ik(−v0 + ϕ)−
1
τ

)(
ρ0e(ik(x)+w(t))

v0e(ik(x)+w(t))

)
=

(
0
0

)
. (42)

The system is stable if the variations in flow decrease over

time. If
(
1ρ

1v

)
is the solution for the proposed model, then

det(J ) = 0 [49], so the changes in density and velocity are
small and do not grow temporally or spatially. Then

w2
+

(
1
τ
− ikϕ + i2kv0

)
w− k2v20 + k

2v0ϕ

+ i
kv0 + kρ0v(ρ0)′

τ
= 0, (43)

which gives

w2
+ (φ1 + iε1)w+ φ2 + iε2 = 0, (44)

where

φ1 =
1
τ
,

ε1 = −kϕ + 2kv0,

φ2 = −k2v20 + k
2v0ϕ,

and

ε2 =
kv0 + kρ0v(ρ0)′

τ
.

The solutions of (44) are

w± =
−(φ1 + iε1)±

√
(φ1 + iε1)2 − 4(φ2 + iε2)

2
. (45)

If the real part of w denoted Re(w+) is negative, variations in
density and velocity will decrease over time so traffic changes
do not grow temporally and the flow is stable.

The part of (45) under the radical sign can be expressed as

√
R± I =

√
(
√
R2 + I2 + R)

2
± i

√
(
√
R2 + I2 − R)

2
, (46)

so that

Re

√ (φ1 + iε1)2

4
− (φ2 + iε2)

 =
√
(
√
R2 + I2 + R)

2
.

(47)

The real part of (45) is

Re(w±) = −
φ1

2
±

√
1
2
(
√
R2 + I2 + R), (48)

where R =
(φ21−ε

2
1−4φ2)
4 and I = (φ1ε1−2φ2)

2 [50]. The traffic
becomes unstable when Re(w+) changes from negative to
positive which occurs at

−
φ1

2
+

√
1
2
(
√
R2 + I2 + R) = 0, (49)

or √
1
2
(
√
R2 + I2 + R) =

φ1

2
. (50)

Squaring both sides gives

1
2
(
√
R2 + I2 + R) =

φ21

4
, (51)

which can be expressed as

1
2
(
√
R2 + I2) =

φ21

4
−
R
2
. (52)

Squaring both sides gives

1
4
(R2 + I2) =

(
φ21

4
−
R
2

)2

. (53)

which simplifies to

φ21R+ I
2
=
φ41

4
. (54)
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Substituting the values of R and I gives

φ21φ2 − ε
2
2 + φ1ε1ε2 = 0. (55)

Now substituting φ1, φ2, ε1 and ε1, the stability condition is
obtained as

ρv(ρ0)′ + ϕ = 0, (56)

and using ϕ = vmαγ τ
ρmδρ

gives

ρv(ρ0)′ +
vmαγ τ
ρmδρ

= 0. (57)

For stability Re(w+) ≤ 0 so that

ρv(ρ0)′ +
vmαγ τ
ρmδρ

≥ 0. (58)

This condition is satisfied if small changes in velocity occur
at transitions. Large changes due to perturbations in the pro-
posed model are stabilized by the rearward velocity term
vmαγ τ
ρmδρ

. For the Jiang model, ϕ = C0, so stability requires
that

ρv(ρ0)′ + C0 ≥ 0. (59)

Thus, spatial alignment occurs with a uniform response C0
for all conditions. The relaxation term adjusts large changes
in velocity to the equilibrium velocity, which can result in
unrealistic and oscillatory traffic flow with the Jiang model.

V. TRAVELING WAVE AND SHOCK ANALYSIS
In this section, the conditions for which the proposed model
generates a discontinuity (shock) and traveling wave are
derived. Consider a monostable waveform

(ρ, v)(x − ωt),

with small changes having uniform speed ω between ρl, vl
and ρr , vr where the subscripts l, r denote the left and right
states of traffic, respectively. These variables are assumed to
be within the minimum and maximum values of density and
velocity. Further, it is assumed that a traveling wave exists
which can be expressed as

X = x − ωt, ρ(X ), v(X ), (60)

Substituting this in (16) gives

∂ρ(X )
∂t
+
∂ρ(X )v(X )

∂X
. (61)

From [51]

∂ρ(X )
∂t
= −ω

∂ρ(X )
∂X

, (62)

and substituting this in (61) we obtain

−ω
∂ρ(X )
∂X
+
∂ρ(X )v(X )

∂X
. (63)

Integrating (63) with respect to X gives

−w+ v(X )+
A
ρ
= 0, (64)

where A is the integration constant. Rearranging gives

v(X ) = ω −
A
ρ
, (65)

and taking the partial derivative with respect to X we obtain

∂v(X )
∂X

=
A
ρ2

∂ρ

∂X
. (66)

From [51]

∂v(X )
∂t
= −ω

∂v(X )
∂X

, (67)

and substituting this in (17) we have

−ω
∂v(X )
∂X
+

(
v(X )−

γ

δρ

vm
ρm
ατ

)
∂v(X )
∂X

=
ve(ρ)− v(X )

τ
. (68)

Rearranging gives

τ

(
−ω +

(
v(X )−

γ

δρ

vm
ρm
ατ

))
∂v(X )
∂X
= ve(ρ)− v(X ), (69)

and substituting (65) and (66) and multiplying by ρ results in

−τ (v(X )− ω)
(
v(X )−

γ

δρ

vm
ρm
ατ − ω

)
∂ρ

∂X
= ρve(ρ)− ρω−A. (70)

For traveling wave speed ω, the spatial change in density is
negligible so that ∂ρ

∂X = 0 and

ρve(ρ)− ρω−A = 0, (71)

which satisfies

ρlve(ρ)− ρlω−A = ρrve(ρ)− ρrω−A. (72)

Then ω between ρl and ρr is given by

ω =
ρrve(ρ)− ρlve(ρ)

ρr − ρl
. (73)

The flows on the right ρrve(ρ) and left ρlve(ρ) are concave
functions as ρve(ρ)′′ < 0, which indicates that ρr < ρl .
Thus, there exists a steady compression wave between ρl
and ρr . Concavity ensures that there will be small positive
spatial changes in density ( ∂ρ(X )

∂X > 0), so then from (70)

−τ (v(X )− ω)
(
v(X )−

γ

δρ

vm
ρm
ατ − ω

)
> 0. (74)

This inequality is satisfied when

v(X )−
γ

δρ

vm
ρm
ατ < ω < v(X ). (75)

However, when (74) changes sign such that the spatial change
in density is negative ( ∂ρ(X )

∂X < 0), there will be a significant
change in density which is called a shock (discontinuity).

66804 VOLUME 8, 2020



Z. H. Khan et al.: Anisotropic Traffic Model Based on Driver Interaction

TABLE 1. Simulation parameters.

VI. PERFORMANCE RESULTS
In this section, the performance of the proposed, Jiang and
Zheng models is assessed over a circular (ring) road of
length 2000 m. The simulation parameters are given
in Table 1. Stability is guaranteed by employing the Courant,
Friedrich and Lewy (CFL) stability conditions [52]. The cor-
responding road and time steps for the three models are 10 m
and 0.01 s, respectively. The total simulation time for the
models is 10 s. Themaximum velocity is vm = 30m/s and the
target is Greenshields equilibrium velocity distribution (9).
Themaximumnormalized density is ρm = 1whichmeans the
road is 100% occupied, and the transition width is δρ = 0.79.
The relaxation time is set to τ = 3 s as typical values range
from 0.5 s to 3 s [53], [54], and γ is chosen as 1 s−1. For the
proposed model, α = 1.5 and 2 give τa = 2 s and 1.5 s which
correspond to an aggressive driver, and α = 0.1 and α = 0.3
give τa = 10 s and τa = 30 s which correspond to a sluggish
driver. The initial density at time t = 0 for the models is

ρ0 =

{
0.1, for x < 1000
0.8, for x ≥ 1000

(76)

The values of the rearward propagation velocity constant for
the Zheng model are C0 = 14.969 and 18 from [37], and
C0 = 50 which was chosen to be outside the typical range.
The values of γ are 0.011, 0.11 and 0.090 from [37].

The density evolution with the proposed model on a
2000m circular road at 1 s, 5 s and 10 s with α = 0.3 is shown
in Figure 1 and the results are tabulated in Table 2. This shows
a dense group of vehicles in front of a sparse group. When
the sparse group approaches the dense group, a traffic shock
wave occurs which travels in the opposite direction of vehicle
motion. Conversely, when the dense group approaches the
sparse group, vehicles accelerate which creates a low density
wave in the direction of vehicle motion. At 1 s, the density is
0.40 at 1 m, and from 60 m to 940 m it is 0.10. It increases

FIGURE 1. Normalized traffic density evolution with the proposed model
on a 2000 m circular road with α = 0.3 at 1 s, 5 s and 10 s.

TABLE 2. Density and velocity with the proposed model at 1 s, 5 s
and 10 s with α = 0.3.

to 0.80 at 1070 m and stays at this level until 1940 m. The
density is 0.51 at 2000 m. At 5 s, the density is 0.46 at 1 m
and decreases to 0.10 at 600 m. It is 0.80 at 1460 m and 0.48
at 2000 m. At 10 s, the density is 0.48 at 1 m and decreases
to 0.14 at 660 m. It increases to 0.75 at 1420 m and then
decreases to 0.48 at 2000 m.

The velocity evolution with the proposed model at 1 s, 5 s
and 10 s with α = 0.3 is shown in Figure 2 and the results
are tabulated in Table 2. At 1 s, the velocity is 19.0 m/s at 1 m
and 27.0 m/s between 60 m and 940 m. It decreases to 6.0 m/s
at 1070 m and stays at this level until 1940 m. The velocity
is 15.2 m/s at 2000 m. At 5 s, the velocity is 20.1 m/s at 1 m
and increases to 27.0 m/s at 600 m. It is 6.0 m/s at 1460 m
and 19.7 m/s at 2000 m. At 10 s, the velocity increases from
20.5 m/s at 1 m to 23.7 m/s at 660 m. It is 7.2 m/s at 1420 m
and increases to 20.3 m/s at 2000 m.

The density evolution with the proposed model on a
2000 m circular road at 1 s, 5 s and 10 s with α = 1.5 is
shown in Figure 3 and the results are tabulated in Table 3.
At 1 s, the density is 0.46 at 1 m, and from 230 m to 790 m it
is 0.10. It increases to 0.80 at 1240 m and stays at this level
to 1730 m. The density is 0.50 at 2000 m. At 5 s, the density
is 0.52 at 1 m, decreases to 0.11 at 490 m, then increases to
0.77 at 1360 m, and is 0.53 at 2000 m. At 10 s, the density is
0.55 at 1 m, decreases to 0.14 at 650 m, and is 0.68 at 1470 m.
It is 0.56 at 2000 m.
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FIGURE 2. Velocity evolution with the proposed model on a 2000 m
circular road with α = 0.3 at 1 s, 5 s and 10 s.

FIGURE 3. Normalized traffic density evolution with the proposed model
on a 2000 m circular road with α = 1.5 at 1 s, 5 s and 10 s.

TABLE 3. Velocity and density evolution with the proposed model at 1 s,
5 s and 10 s with α = 1.5.

The velocity evolution with the proposed model at 1 s, 5 s
and 10 s with α = 1.5 is shown in Figure 4 and the results
are tabulated in Table 3. At 1 s, the velocity is 24.7 m/s at 1 m
and is 27.0 m/s between 230 m and 790 m. It decreases to
6.0 m/s at 1240 m and is approximately constant to 1730 m.
The velocity is 24.1 m/s at 2000 m. At 5 s, the velocity is
24.4 m/s at 1 m and decreases to 20.0 m/s at 490 m. It is
7.9m/s at 1360m and 24.3m/s at 2000m.At 10 s, the velocity
decreases from 18.6 m/s at 1 m to 11.9 m/s at 650 m. It is
14.5 m/s at 1470 m and increases to 18.7 m/s at 2000 m.

The density evolution with the proposed model at 1 s, 5 s
and 10 s with α = 2 is shown in Figure 5 and the results are
tabulated in Table 4. At 1 s, the density is 0.48 at 1 m and
from 270 m to 720 m it is 0.10. It is 0.80 between 1210 m

FIGURE 4. Velocity evolution with the proposed model on a 2000 m
circular road with α = 1.5 at 1 s, 5 s and 10 s.

FIGURE 5. Normalized traffic density evolution with the proposed model
on a 2000 m circular road with α = 2 at 1 s, 5 s and 10 s.

FIGURE 6. Velocity with the proposed model on a 2000 m circular road
with α = 2 at 1 s, 5 s and 10 s.

and 1640 m and 0.52 at 2000 m. At 5 s, the density is 0.56
at 1 m, decreases to 0.11 at 600 m, and then increases
to 0.75 at 1390 m. It is 0.57 at 2000 m. At 10 s, the density is
0.57 at 1 m, decreases to 0.14 at 660 m, and is 0.70 at 1540 m
and 0.58 at 2000 m.

The velocity evolution with the proposed model at 1 s, 5 s
and 10 s with α = 2 is shown in Figure 6 and the results are
tabulated in Table 4. At 1 s, the velocity is 26.2 m/s at 1 m
and 27.0 m/s between 270 m and 720 m. It then decreases to
6.0m/s at 1210m and stays at this level to 1640m. The veloc-
ity is 26.0m/s at 2000m. At 5 s, the velocity is 17.0m/s at 1m
and decreases to 11.0 m/s at 600 m. It is 12.5 m/s at 1390 m
and 17.2 m/s at 2000 m. At 10 s, the velocity decreases
from 15.4 m/s at 1 m to 14.6 m/s at 660 m. It is 11.2 m/s
at 1540 m and increases to 15.3 m/s at 2000 m.
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TABLE 4. Velocity and density evolution with the proposed model at 1 s,
5 s and 10 s with α = 2.

FIGURE 7. Normalized traffic density evolution with the proposed model
on a 2000 m circular road with α = 0.1 at 1 s, 5 s and 10 s.

The density evolution with the proposed model at 1 s, 5 s
and 10 s with α = 0.1 is shown in Figure 7 and the results
are tabulated in Table 5. At 1 s, the density is 0.40 at 1 m and
from 310 m to 730 m it is 0.01. It is 0.80 between 1200 m and
1860 m and 0.45 at 2000 m. At 5 s, the density is 0.45 at 1 m,
decreases to 0.01 at 530 m, and then increases to 0.80
at 1420 m. It is 0.79 at 1620 m and decreases to 0.46 at
2000 m. At 10 s, the density is 0.45 at 1 m, decreases to 0.04
at 630 m, and is 0.78 at 1510 m and 0.46 at 2000 m.

The velocity evolution with the proposed model at 1 s, 5 s
and 10 s with α = 0.1 is shown in Figure 8 and the results
are tabulated in Table 5. At 1 s, the velocity is 8.0 m/s at 1 m
and 29.0 m/s between 310 m and 730 m. It then decreases
to 6.0 m/s at 1200 m and stays at this level to 1860 m. The
velocity is 7.8 m/s at 2000 m. At 5 s, the velocity is 11.7 m/s
at 1 m and increases to 28.8 m/s at 530 m. It is 6.1 m/s at
1420m and stays at this level to 1620. It is 11.4m/s at 2000m.
At 10 s, the velocity increases from 13.6 m/s at 1 m to
30.0 m/s at 630 m. It is 6.6 m/s at 1510 m and increases to
13.1 m/s at 2000 m.

The velocity evolution with the Jiang model on a 2000 m
circular road for C0 = 14.969 m/s at 1 s, 5 s and 10 s is shown
in Figure 9 and the results are tabulated in Table 6. At 1 s,
the velocity is 7.9 m/s at 1 m and is 29.7 m/s between 310 m
and 740 m. It decreases to 6.1 m/s at 1200 m and stays at this
level to 1870 m. It is 7.7 m/s at 2000 m. At 5 s, the velocity
is 11.6 m/s at 1 m and increases to 28.3 m/s at 580 m. It is

FIGURE 8. Velocity with the proposed model on a 2000 m circular road
with α = 0.1 at 1 s, 5 s and 10 s.

TABLE 5. Velocity and density evolution with the proposed model at 1 s,
5 s and 10 s with α = 0.1.

FIGURE 9. Velocity evolution with the Jiang model for C0 = 14.969 m/s on
a 2000 m circular road at 1 s, 5 s and 10 s.

approximately 6.0 m/s between 1390 m and 1600 m and
increases to 11.3m/s at 2000m.At 10 s, the velocity increases
from 13.1 m/s at 1 m to 29.0 m/s at 620 m. It is 6.5 m/s at
1520 m and increases to 12.9 m/s at 2000 m.

The velocity evolution with the Jiang model for C0 =

18 m/s at 1 s, 5 s and 10 s is shown in Figure 10 and the
results are tabulated in Table 7. At 1 s, the velocity is 7.7 m/s
at 1 m and is 29.7 m/s between 320 m and 740 m. It decreases
to 6.0m/s at 1200m and is approximately constant to 1800m.
The velocity is 7.5 m/s at 2000 m. At 5 s, the velocity is
11.5 m/s at 1 m and increases to 28.2 m/s at 600 m. It is
6.0 m/s between 1400 m and 1600 m and is 11.2 m/s at
2000 m. At 10 s, the velocity increases from 13.3 m/s at 1 m
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TABLE 6. Velocity evolution with the Jiang model at 1 s, 5 and 10 s for
C0 = 14.969 m/s.

FIGURE 10. Velocity evolution with the Jiang model for C0 = 18 m/s on a
2000 m circular road at 1 s, 5 s and 10 s.

TABLE 7. Velocity evolution with the Jiang model at 1 s, 5 and 10 s for
C0 = 18 m/s.

to 28.0 m/s at 620 m. It is 6.4 m/s at 1500 m and increases to
12.8 m/s at 2000 m.

The velocity evolution with the Jiang model on a 2000 m
circular road for C0 = 50 m/s at 1 s, 5 s and 10 s is
shown in Figure 11 and the results are tabulated in Table 8.
At 1 s, the velocity is 6.0 m/s at 1 m and is 29.7 m/s between
290 m and 750 m. It decreases to 6.1 m/s at 1200 m and is
approximately constant to 1610 m. It is 6.0 m/s at 2000 m.
At 5 s, the velocity is 9.6 m/s at 1 m and increases to 37.7 m/s
at 800 m. It is approximately 6.0 m/s between 1390 m and
1600 m and increases to 9.4 m/s at 2000 m. At 10 s, the veloc-
ity increases from 11.7 m/s at 1 m to 38.5 m/s at 840 m. It is
6.4 m/s at 1460 m and increases to 11.6 m/s at 2000 m.

The velocity evolution with the Zheng model on a 2000 m
circular road for γ = 0.011 and C0 = 14.969 m/s at 1 s, 5 s

FIGURE 11. Velocity evolution with the Jiang model for C0 = 50 m/s on a
2000 m circular road at 1 s, 5 s and 10 s.

TABLE 8. Velocity evolution with the Jiang model at 1 s, 5 and 10 s for
C0 = 50 m/s.

FIGURE 12. Velocity evolution with the Zheng model for γ = 0.011 and
C0 = 14.969 m/s at 1 s, 5 s and 10 s.

and 10 s is shown in Figure 12 and the results are tabulated
in Table 9. At 1 s, the velocity is 5.7m/s at 1 m and is 30.0m/s
between 320 m and 730 m. It decreases to 6.2 m/s at 1090 m
and then to 5.7 m/s at 2000 m. At 5 s, the velocity is 5.1 m/s at
1 m, increases to 29.0 m/s at 610 m and is 5.1 m/s at 2000 m.
At 10 s, the velocity increases from 4.8 m/s at 1 m to 16.6 m/s
at 680 m. It is 7.0 m/s at 1260 m and decreases to 4.8 m/s at
2000 m.

The velocity evolution with the Zheng model on a 2000 m
circular road for γ = 0.11 and C0 = 14.969 m/s at 1 s, 5 s
and 10 s is shown in Figure 13 and the results are tabulated
in Table 10. At 1 s, the velocity is 6.1 m/s at 1 m and is
40.5 m/s between 330 m and 720 m. It decreases to 6.5 m/s
at 1060 m and to 6.1 m/s at 2000 m. At 5 s, the velocity
is 6.2 m/s at 1 m and increases to 56.5 m/s at 630 m. It is
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TABLE 9. Velocity evolution with the Zheng model at 1 s, 5 and 10 s for
γ = 0.011 and C0 = 14.969 m/s.

FIGURE 13. Velocity with the Zheng model for γ = 0.11 and
C0 = 14.969 m/s at 1 s, 5 s and 10 s.

TABLE 10. Velocity evolution with the Zheng model at 1 s, 5 and 10 s for
γ = 0.11 and C0 = 14.969 m/s.

8.9m/s at 1060m and decreases to 6.2m/s at 2000m. At 10 s,
the velocity increases from 6.7 m/s at 1 m to 35.5 m/s at
670 m. It is 10.3 m/s at 1170 m and decreases to 6.6 m/s at
2000 m.

The velocity evolution with the Zheng model for γ =
0.011 and C0 = 50 m/s at 1 s, 5 s and 10 s is shown
in Figure 14 and the results are tabulated in Table 11. At 1 s,
the velocity is 3.6 m/s at 1 m and is 30.8 m/s between 330 m
and 760 m. It decreases to 6.1 m/s at 1150 m and to 3.7 m/s
at 2000 m. At 5 s, the velocity is 1.4 m/s at 1 m and increases
to 40.7 m/s at 770 m. It is 7.7 m/s at 1160 m and 1.5 m/s at
2000 m. At 10 s, the velocity increases from 0.75 m/s at 1 m
to 45.7 m/s at 850 m. It is 6.9 m/s at 1290 m and decreases to
0.80 m/s at 2000 m.

FIGURE 14. Velocity evolution with the Zheng model for γ = 0.011 and
C0 = 50 m/s on a 2000 m circular road at 1 s, 5 s and 10 s.

TABLE 11. Velocity evolution with the Zheng model at 1 s, 5 and 10 s for
γ = 0.011 and C0 = 50 m/s.

FIGURE 15. Velocity evolution with the Zheng model for γ = 0.090 and
C0 = 18 m/s on a 2000 m circular road at 1 s, 5 s and 10 s.

The velocity evolution with the Zheng model for γ =
0.090 and C0 = 18 m/s at 1 s, 5 s and 10 s is shown
in Figure 15 and the results are tabulated in Table 12. At 1 s,
the velocity is 5.7 m/s at 1 m and is 38.6 m/s between 330 m
and 710 m. It decreases to 6.8 m/s at 1040 m and to 5.7 m/s
at 2000 m. At 5 s, the velocity is 5.5 m/s at 1 m and increases
to 52.3 m/s at 630 m. It is 8.0 m/s at 1120 m and 5.5 m/s at
2000 m. At 10 s, the velocity increases from 5.7 m/s at 1 m
to 32.9 m/s at 670 m. The velocity is 8.2 m/s at 1290 m and
decreases to 5.7 m/s at 2000 m.

The proposed model characterizes traffic flow based on
driver reaction and traffic stimuli (driver interaction). The
Zheng model characterizes this flow based on a rearward
velocity constantC0 and a constant driver sensitivity γ , which
can result in unrealistic traffic behavior. In this section, the
Zheng model was evaluated for different values of C0 and γ .
With C0 = 14.969 m/s and γ = 0.011, the velocity evolution
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TABLE 12. Velocity evolution with the Zheng model at 1 s, 5 and 10 s for
γ = 0.090 and C0 = 18 m/s.

is smooth over time as shown in Figure 12. The variations are
between 4.8 m/s and 30 m/s which are within range. When
γ is increased to 0.11, these variations increase as shown
in Figure 13. The velocity reaches 56.5m/s which exceeds the
maximum of 30 m/s. This shows that varying γ in the Zheng
model results in unrealistic behavior. With C0 = 50 m/s
and γ = 0.011, the maximum velocity is 45.7 m/s and the
minimum is 0.75 m/s as shown in Figure 14. This indicates
that increasingC0 can lead to greater velocity variations.With
C0 = 18m/s and γ = 0.90 the variations in velocity are again
unrealistic as shown in Figure 15. In this case, the velocity
reaches a maximum of 52.3 m/s. Thus, the Zheng model
cannot be used to characterize different traffic conditions by
varying C0 and γ .
The Jiang model was evaluated for C0 = 14.969 m/s,

18 m/s and 50 m/s. With C0 = 14.969 m/s and 18 m/s,
the velocity variations are between 6.0 m/s and 29.7 m/s as
shown in Figures 9 and 10 and so are within the minimum and
maximum. With C0 = 50 m/s, the velocity reaches 38.5 m/s
which exceeds the maximum of 30 m/s. Thus, the Jiang
model cannot be used to characterize traffic flow using a
constant C0. This is because it neglects the flow dynamics
under different traffic conditions.

The proposed model was evaluated for α = 0.1, 0.3,
1.5 and 2. With α = 0.3 and 0.1, the evolution of density
and velocity are realistic as shown in Figures 1, 2, 7, and 8.
The velocity becomes smooth over time and stays within the
minimum and maximum. The corresponding results for α =
1.5 are shown in Figures 3 and 4, and for α = 2 in Figures 5
and 6. These indicate that velocity alignment occurs more
smoothly with a larger value of α. In general, the density and
velocity with the proposed model evolve realistically over
time. Conversely, the Zheng and Jiang models can produce
unrealistic results when the traffic conditions are varied.

VII. CONCLUSION
An anisotropic traffic flow model was proposed which char-
acterizes traffic flow based on a variable driver response. The
rearward velocity is based on driver reaction, sensitivity and
traffic stimuli at transition dynamics. Results were obtained
which show that the proposed model characterizes traffic
realistically for different conditions, i.e. the velocity evolves

smoothly over time and stays within limits. This model can be
extended by including the impact of backward driver reaction
on the rearward velocity. Further, the stimuli, driver reaction,
sensitivity and equilibrium velocity distribution on the road
can be considered for different transition widths.
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