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ABSTRACT Hub location problems are network design problems on the level of strategic decision-making
processes. During strategic planning, input data, such as flows and set-up costs, are not always known in
advance. Hence, decisions have to be made in an uncertain environment. In this paper, two sources of
uncertainty are considered: the flows from origins to destinations and the set-up costs of hubs. A robust
optimization formulation is proposed for both single andmultiple allocation cases, in which the flow between
each pair of nodes is assumed to be uncertain and correlated. In addition, the set-up cost of a hub is related to
the total flow through the hub. Nonlinear integer program models are presented for both single and multiple
allocation cases, and they are solved using CPLEX. Computational tests using the Civil Aeronautics Board
and Australian Post datasets are provided. The numerical results suggest that the robust optimization strategy
locates more hubs than in the deterministic case with a relatively small cost increase, and the total cost of
the robust solution calculated for the multiple allocation case is marginally lower than that for the single
allocation case. The robust optimization strategy is proven to be effective for protecting the solution against
the worst case for different uncertain parameters.

INDEX TERMS Hub location problem, nonlinear integer program, robust optimization.

I. INTRODUCTION
Hub location problems have attracted the attention of many
scholars for more than 20 years due to their wide range of
applications, particularly in air transportation and telecom-
munications. Hub location problems involve locating isolated
or connected hub facilities, allocating non-hub nodes to hubs,
and routing from origins to destinations. A transportation cost
exists between each pair of nodes, and this cost is based on
time or distance. Because the transportation cost between
each pair of hubs is discounted, presumably to make use
of the economies of scale of consolidated transportation, a
significant reduction can be obtained by routing the traffic
flow via hubs. Therefore, compared to classical modes of
transportation, a hub network can fulfill the transportation
between a large number of origins and destinations using
fewer links.

Most studies of hub location problems are based on deter-
ministic circumstances. In practice, however, hub location

The associate editor coordinating the review of this manuscript and

approving it for publication was Yanbo Chen .

problems are network design problems on the level of strate-
gic decision-making process, whichmay depend on uncertain
parameters. For example, in postal and cargo services, the
flows between each pair of nodes vary greatly with uncer-
tain changes in demand. Furthermore, although the set-up
costs may be estimated in advance, this estimate may not
be accurate due to factors such as the price of the mate-
rials, the cost of land resources and the labor cost, which
are affected by the total flows through the hubs. Results
based on the deterministic model may lead to dramatic cost
growth for certain cases. This paper presents a robust hub
location optimization model with a flow-based set-up cost
for both single and multiple allocation cases under uncer-
tain flow. The uncertain flow is assumed to be correlated
and affected by few sources of uncertainty. Each source of
uncertainty can be represented by a random variable that
belongs to an ellipsoidal uncertainty set. In addition, the
set-up cost of a hub is related to the total flow through
the hub. In this way, the robust optimization strategy is
designed to protect the solution against the worst case for
different uncertain scenarios. For both single and multiple
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allocation cases, nonlinear integer programs are provided,
and they can be solved using the optimization software
CPLEX.

A. RELATED WORK
Since the seminal paper by O’Kelly [1], [2], a consider-
able amount of work has been conducted in this area. Prob-
lems with different features have been addressed, including
the p-hub location problem, p-hub median location prob-
lem, p-hub center location problem and p-hub covering
location problem. According to Farahani et al. [3], p-hub
median location problems are multiple allocation p-hub loca-
tion problems. P-hub center location problems [4]–[7] are
defined based on the minimax criterion, in which the max-
imum cost of the origin-destination pair is minimized. In
p-hub covering location problems [8]–[11], hub facilities
are considered to be located such that the origin-destination
pair of two non-hub nodes is covered by a pair of hub
nodes. In addition, the allocation mode of non-hub nodes
to hubs is an important aspect of hub location problems.
Two types of allocation modes are often considered: sin-
gle allocation and multiple allocation. In the former case,
each non-hub node can be allocated to only one hub. Stud-
ies such as [12]–[15] are based on this mode. In the lat-
ter case, each non-hub node can be allocated to multiple
hubs. Ernst and Krishnamoorthy [16], Ebery et al. [17],
Kratica [18], Bolanda et al. [19], and Mayer and Wag-
ner [20] have performed a large amount of work in this
field.

Optimization under uncertainty is always one of the hot
topics in decision making problem. Many works deal with
uncertainty in supply chain management [21]–[24]. In many
hub location decision problems, it is important to take the
uncertainty of factors, such as flows and set-up costs, into
consideration. Regarding flow, the information will become
obsolete as time elapses, leading to random fluctuations and
seasonal changes in flows [25]–[29]. Some works such as
Alumur et al. [30] consider mixed uncertainties of flow and
set-up cost. In addition, uncertain time is another aspect of
uncertainty [31], [32]. Few papers explore the relationship
between set-up cost and the total flow through a hub. Different
from the case in Alumur et al. [30], in this study, set-up cost
will be uncertain and unpredictable due to the uncertainty of
the flow.

To address uncertainty, two main optimization approaches
are proposed. One is stochastic optimization, and the other
is robust optimization. Stochastic optimization relies on the
distribution of the uncertain parameters [33], [34], whereas
robust optimization is a distribution-free approach that aims
to find the worst-case scenario with respect to a prede-
fined uncertainty set. The interest in robust optimization
was revived in the 1990s. Ben-Tal et al. [35], Ben-Tal and
Nemirovski [36], Ben-Tal [37] introduced a number of for-
mulations and provided mathematical analyses of linear and
convex optimizations. Merakli and Yaman [38] adopted both
the hose model and the hybrid model to study the robust

uncapacitated multiple allocation p-hub median problem
under polyhedral demand uncertainty. Talbi and Todosijevic
[39] introduced a new way to quantify the robustness of a
solution in the presence of flow uncertainties, and this method
can cope with any realization of the number of changes that
may occur. Miskovic and Stanimirovic [40] introduced a
robust variant of the uncapacitated multiple allocation p-hub
center problem by considering flow variations with unknown
distributions. Abbasi-Parizi et al. [41] studied a minimax
regret hub location problem in a fuzzy-stochastic environ-
ment incorporating risk factors such as availability, security,
delay time, environmental guidelines and regional air pollu-
tion. Others such as Bertsimas et al. [42], Bertsimas and Sim
[43], Chen et al. [44], Zetina et al. [45] and Ghaffari-Nasab
et al. [46], Ghaffari-Nasab [47] have also conducted a vast
amount of work in this direction.

B. CONTRIBUTIONS
In this paper, the flow between each pair of nodes, which is
assumed to be uncertain and correlated, can be expressed as
a linear combination with a known mean and several inde-
pendent random variables [27]. Each independent random
variable represents a source of uncertainty, leading to flow
disturbance from the mean flow. In addition, the set-up cost
of a hub is assumed to be proportional to the total flow
through the hub. A robust optimization strategy is proposed
for both single and multiple allocation cases. To the best
of the authors’ knowledge, Reference [43] is the first work
addressing correlated data, where data uncertainty affects the
violation of constraints. However, in our robust formulations,
flow uncertainty is incorporated into the objective function,
which is suitable for problems without uncertain parameters
in the constraints. Furthermore, the robust optimization mod-
els for both single and multiple allocation cases are presented
to protect the solution against the worst case for different
uncertain scenarios.

The remainder of this paper is organized as follows.
Deterministic formulations are first presented in Section 2.
Section 3 provides the robust formulations for both single
allocation cases andmultiple allocation cases. Computational
tests are presented in Section 4. Finally, the conclusions are
provided in the last section.

II. DETERMINISTIC FORMULATIONS
The robust formulations of the hub location problem are
developed based on the deterministic models provided by
Skorin-Kapov et al. [48] for multiple allocation and by Ernst
and Krishnamoorthy [12] for single allocation. The deter-
ministic single allocation and multiple allocation models are
shown in the following section.

A. NOTATIONS
fij is the flow between each pair of nodes;
cij is the transportation cost per unit of flow;
α is the discount factor for making use of the economies of

scale from consolidated transportation.

VOLUME 8, 2020 66179



S. Li et al.: Robust Hub Location Problem With Flow-Based Set-Up Cost

FIGURE 1. Linear regression analysis.

B. SINGLE ALLOCATION HUB LOCATION PROBLEM
WITH FLOW-BASED SET-UP COST
In single allocation cases, every non-hub node can be allo-
cated to only one hub. Here, the variable zik indicates whether
non-hub node i is allocated to hub k . The variable xijkl
represents the routing strategy, i.e., whether the flow to be
transported from node i to node j passes through hubs k
and l. The set-up cost is assumed to be proportional to the
total flow through a hub. According to the data of a Chinese
logistics company, linear regression analysis is conducted to
investigate the relationship between these factors, as shown
in Fig. 1. The value of R2 is 0.826, which indicates a good
linear correlation. Ok represents the total flow through hub
k; thus, Ok =

∑
i
∑

j zik fij. The mathematical programming
formulation of the single allocation hub location problem is
given below.

min
∑
i

∑
j

∑
k

∑
l

(cik + αckl + clj)xijkl fij

+

∑
k

zkk (a
∑
i

∑
j

zik fij + b) (1)

s.t.
∑
k

zik = 1, ∀i (2)

zik 6 zkk , ∀i, k (3)∑
k

xijkl = zjl, ∀i, j, l (4)∑
l

xijkl = zik , ∀i, j, k (5)

xijkl, zik ∈ {0, 1} (6)

Here, a and b are the parameters of the linear function.
Objective function (1) is the minimization of the total cost,
including the transportation cost and set-up cost. Constraint
(2) ensures that each non-hub node can be allocated to only
one hub. Constraint (3) ensures that a non-hub node can be
allocated to a hub if and only if this hub is already established.

Constraints (4) and (5) guarantee that a path from the origin to
the destination through a pair of hubs exists if and only if these
two non-hub nodes are allocated to these two hubs separately.
Constraint (6) is the binary decision variable constraint.

C. MULTIPLE ALLOCATION HUB LOCATION PROBLEM
WITH FLOW-BASED SET-UP COST
In multiple allocation, every non-hub node can be allocated to
more than one hub. Here, variable yk represents the location
of the hub facility, while xijkl is the same as that in the single
allocation case. Similarly, the total flow through hub k can
be written as Ok =

∑
i
∑

j
∑

l xijkl fij. The mathematical pro-
gramming formulation of the multiple allocation hub location
problem is given below.

min
∑
i

∑
j

∑
k

∑
l

(cik + αckl + clj)xijkl fij

+

∑
k

yk (a
∑
i

∑
j

∑
l

xijkl fij + b) (7)

s.t.
∑
k

∑
l

xijkl = 1, ∀i, j (8)∑
l

xijkl 6 yk , ∀i, j, k (9)∑
k

xijkl 6 yl, ∀i, j, l (10)

xijkl, yk ∈ {0, 1} (11)

Similar to the single allocation case, objective function (7)
is the minimization of the total cost. Constraint (8) ensures
that each path from the origin to the destination passes
through a pair of hubs. Constraints (9) and (10) ensure that
each path from the origin to the destination through a pair
of hubs exists if and only if these two hubs are already
established. Constraint (11) is the binary decision variable
constraint.
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III. ROBUST FORMULATIONS
According to Shahabi and Unnikrishnan [27], the flow is con-
sidered to be uncertain and correlated. In particular, it is
affected by few sources of uncertainty. The uncertain flow is
composed of a known mean and several independent random
variables, as shown in (12).

f̃ij = f̄ij +
M∑
m=1

bijmũm, ∀i, j ∈ N (12)

Here, f̄ij represents the mean flow to be transported from
node i to node j. bijm is the mth weight corresponding to
random variable ũm. ũm refers to the primitive uncertainty
variable, which is independent and symmetrically distributed
according to the following three assumptions:

(i) E(ũm) = 0,∀m;
(ii) ‖ũ‖∞ = max {|ũ1| , |ũ2| , . . . , |ũm|} 6 1;
(iii) ũm are all independent ∀m.
In other words, the uncertain flow can be expressed by an

affine function of the nominal mean value andm independent
uncertainty sources. The sources of uncertainty may include
changes in economy, policy and population, competition,
seasonal fluctuations and other uncertain factors.

Under affne data perturbation, the worst case uncertainty
set is a parallelotope, and the robust optimization strategy
considering the worst case for all sources of uncertainty will
lead to an over-conservative solution. To avoid this case, the
random variable is assumed to belong to an ellipsoidal set
U� = {ũm, ‖ũ‖2 6 �}, where � is called the uncertainty
budget [44]. The parameter � varies the size of the uncer-
tainty set radially from the central point, such that U� ⊆
U�′ ⊆ W for all �max ≥ �′ ≥ � ≥ 0. Here, the worst
case uncertainty setW is the convex support of the uncertain
data, and �max is the worst case budget of uncertainty. For
the robust counterpart problem, the probability of feasibility
guarantee is defined as follows:

p = 1− exp(−�2/2) (13)

In fact, p reveals the relationship between the possibility of
uncertainty protection and the size of the uncertainty set. A
larger uncertainty budget ensures a more conservative solu-
tion against the uncertainties, whereas a smaller uncertainty
budget will lead to a less conservative solution. The choice
of � = 0 is an unprotected solution against uncertainties,
while an increase in the uncertainty budget will increase the
conservatism of the solution. Note that even the maximum
uncertainty budget is substantially smaller than the worst-
case budget, which is equal to

√
m.

By defining cijkl = cik + αckl + clj, the robust formulation
for the single allocation hub location problem with a flow-
based set-up cost can be formulated as a min-max problem as
follows:

min
x,z

max
‖ũ‖26�

∑
i

∑
j

∑
k

∑
l

cijklxijkl(f̄ij +
∑
m

bijmũm)

+

∑
k

zkk [a
∑
i

∑
j

zik (f̄ij +
∑
m

bijmũm)+ b] (14)

Here, � is the uncertainty budget that controls the level of
conservatism of the robust solution to achieve a desired level
of robustness.

Because the inner maximization problem is based on the
random variable ũm, the objective function can be rewritten
as (15):

min
x,z
{

∑
i

∑
j

∑
k

∑
l

cijklxijkl f̄ij +
∑
k

zkk [a
∑
i

∑
j

zik f̄ij

+b]+ max
‖ũ‖26�

{

∑
i

∑
j

∑
k

∑
l

∑
m

cijklxijklbijmũm

+a
∑
i

∑
j

∑
k

∑
m

zkkzikbijmũm}} (15)

This formulation is a nonlinear integer program, which is dif-
ficult to solve. To transform this model into a computational
model, the inner maximization problem needs to be solved
first.

S = max
‖ũ‖26�

∑
i

∑
j

∑
k

∑
l

∑
m

cijklxijklbijmũm

+a
∑
i

∑
j

∑
k

∑
m

zkkzikbijmũm (16)

To solve this maximization problem, a Lagrangian relaxation
approach is used, as presented in [27]. Given the optimal
value of ũm, the robust formulation can be rewritten as a conic
quadratic program. Let δ be the Lagrangian multiplier with
‖ũ‖2 6 �; then, the Lagrangian function can be rewritten as

L(ũm, δ) =
∑
i

∑
j

∑
k

∑
l

∑
m

cijklxijklbijmũm

+a
∑
i

∑
j

∑
k

∑
m

zkkzikbijmũm − δ(�− ‖ũ‖2)

(17)

The first-order condition of (17) is

∂L
∂ ũm
=

∑
i

∑
j

∑
k

∑
l

cijklxijklbijm

+a
∑
i

∑
j

∑
k

zkkzikbijm − δ
ũm
‖ũ‖2

= 0 (18)

∂L
∂δ
= �− ‖ũ‖2 = 0 (19)

From the first-order condition, if δ is considered to be
positive, then the following equations can be obtained:

� = ‖ũ‖2 (20)

ũm =
‖ũ‖2
δ

(
∑
i

∑
j

∑
k

∑
l

cijklxijklbijm

+a
∑
i

∑
j

∑
k

zkkzikbijm) (21)
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‖ũ‖2 =
�

δ
(
∑
m

(
∑
i

∑
j

∑
k

∑
l

cijklxijklbijm

+a
∑
i

∑
j

∑
k

zkkzikbijm)2)1/2 (22)

δ = (
∑
m

(
∑
i

∑
j

∑
k

∑
l

cijklxijklbijm

+a
∑
i

∑
j

∑
k

zkkzikbijm)2)1/2 (23)

Integrating all the above equations, the optimal value of ũm
can be written as

ũm = �(
∑
i

∑
j

∑
k

∑
l

cijklxijklbijm

+a
∑
i

∑
j

∑
k

zkkzikbijm)

/ (
∑
m

(
∑
i

∑
j

∑
k

∑
l

cijklxijklbijm

+a
∑
i

∑
j

∑
k

zkkzikbijm)2)1/2 (24)

Thus, the inner maximization problem can be written as

S = �(
∑
m

(
∑
i

∑
j

∑
k

∑
l

cijklxijklbijm

+a
∑
i

∑
j

∑
k

zkkzikbijm)2)1/2 (25)

TABLE 1. Initial value of perturbation bijm.

Incorporating the solution of the maximization problem
into the minimization problem, the robust single allocation
hub location problem with a flow-based set-up cost can be
converted into the following minimization problem:

min
x,z

∑
i

∑
j

∑
k

∑
l

cijklxijkl f̄ij

+

∑
k

zkk [a
∑
i

∑
j

zik f̄ij + b]

+�(
∑
m

(
∑
i

∑
j

∑
k

∑
l

cijklxijklbijm

+a
∑
i

∑
j

∑
k

zkkzikbijm)2)1/2

s.t.(2)− (6) (26)

Similar to single allocation problem, the robust multiple
allocation hub location problemwith a flow-based set-up cost
can be written as

min
x,y

∑
i

∑
j

∑
k

∑
l

cijklxijkl f̄ij

+

∑
k

yk (a
∑
i

∑
j

∑
l

f̄ijxijkl + b)

TABLE 2. Single allocation results with � = 1.5.
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TABLE 3. Multiple allocation results with � = 1.5.

+�(
∑
m

(
∑
i

∑
j

∑
k

∑
l

cijklxijklbijm

+a
∑
i

∑
j

∑
k

∑
l

xijklykbijm)2)1/2

s.t.(8)− (11) (27)

IV. COMPUTATIONAL TESTS
In this section, computational tests with the Civil Aeronau-
tics Board (CAB25) and Australian Post (AP) datasets are
conducted to evaluate the solution of the robust formulation
for single and multiple allocation problems. The quality of
the solution obtained by the robust optimization approach
in terms of hub locations and robust cost is studied first.
Then, the sensitivities of the parameters of the robust model
are analyzed with respect to the discount factor, uncertainty
budget and uncertainty level. All models are coded in the
AMPL platform and solved using CPLEX 12.6 with an Intel
Core i5 processor running at 2.7 GHz and 8 GB of RAM
under a 64-bit OS X Yosemite operating system.

A. INITIALIZATION OF INPUT PARAMETERS
The CAB and AP datasets presented in the OR-Library are
commonly used in the hub location literature. The CAB data
contain costs and flows based on the airline passenger inter-
actions among 25 US cities, and the AP dataset contains the
information about 200 zip districts in Australia, together with
a computer code for reducing the size of the set by grouping
districts and the flows between them. Similar to [30], each

flow is divided by the total flow such that the total flow is
equal to 1.

For the linear function of the set-up cost and the total flow
through a hub, a and b are set as constants. For the CAB
dataset, a = 350 and b = 314.46.
For uncertainty set construction, the uncertain flow is

assumed to be dependent on four independent random vari-
ables with weight parameter bijm. To reduce the computa-
tional time, bijm = bmfij, where bm is a constant in [0,1].
Three levels of flow uncertainty, namely, low, medium and

high, are tested in this paper. Table 1 shows the initial values
of bijm for the three levels of flow uncertainty.

B. NUMERICAL RESULTS
The first part of the numerical results aims to analyze the
location decisions under different discount factors and uncer-
tainty levels. In this part, the CAB dataset is employed, and
α ∈ {0.2, 0.4, 0.6, 0.8}. The uncertainty budget � is fixed at
1.5. The deterministic solutions are achieved at mean flow
and reported as the base case. The robust hub locations,
robust cost, base hub locations and base cost for the single
and multiple allocation cases are shown in Tables 2 and 3,
respectively.

The computational times of all cases in this part are less
than 150 seconds. According to these two tables, three basic
insights are obtained:

(1) Compared with the deterministic case, the number of
hubs and the total cost tend to be greater in the robust case.
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FIGURE 2. Number of robust hub locations for both single allocation and multiple allocation with different uncertainty
levels (CAB dataset).

(2) With increasing uncertainty level, the number of hubs
increases.

(3) When the discount factor increases, fewer hubs tend to
be selected.

The first insight can be explained by the fact that the robust
optimization strategy tends to protect the solution against the
worst cases of different uncertain parameters. In the worst
case, flows will be exaggerated due to the uncertainty budget,
and the total cost will increase as a result. Consequently, the
robust optimization strategy attempts to locate more hubs
than the deterministic case. Similarly, when the uncertainty
level increases, the robust optimization strategy locates more
hubs to respond to the exaggerated flows. For example, in
the single allocation case, the robust approach locates two

hubs for the low uncertainty level, two hubs for the medium
uncertainty level and three hubs for the high uncertainty level
under the condition of α = 0.4. This result also indicates
that the robust approach locates the same hubs as the base
case but with different costs under some circumstances. For
instance, node 12 and node 20 are selected as hubs for both the
robust case and the base case in some scenarios. This special
phenomenon is caused by the uncertainty in the flow-based
set-up cost.

In addition, the locations of hubs for the single andmultiple
allocation cases are not always the same. In single allocation
problems, each non-hub node can be allocated to only one
hub. However, in multiple allocation problems, each non-hub
node can be allocated to two or more hubs. Thus, the location

66184 VOLUME 8, 2020
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FIGURE 3. Number of robust hub locations for both single allocation and multiple allocation with different uncertainty
levels (AP dataset, α = 0.6).

decisions for single and multiple allocation problems may be
different. More importantly, the cost of multiple allocation is
less than that of single allocation.

Another trend in all the test cases is that the number of
selected hubs tends to decrease with the increase in the dis-
count factor. For example, 3 and 2 hubs are selected for multi-
ple allocation in the robust case with the medium uncertainty
level for α = 0.2 and 0.4, respectively. In addition, in some
cases, the number of robust hub locations is 1, which means
that no hub arc exists in this scenario. For example, when the
discount factor is 0.8, only one hub will be selected for single
allocation in cases with low and medium uncertainty levels.
In these cases, the hub does not benefit from the economies of
scale of consolidated transportation. These special solutions

demonstrate that, with the increase in the discount factor, in
some circumstances, the decrease in the transportation cost
of locating one more hub cannot compensate for the increase
in the flow-based set-up cost of locating one more hub.

The goal of the next set of numerical experiments is to
illustrate the effect of the uncertainty budget on hub location
decisions. To this end, CAB25 and AP datasets with four
different sizes of problem or number of nodes (|N | = 20,
25, 40 and 50) are employed. For the AP test problems,
the computation time rises to around 550 seconds with the
increase in the size of the problem. The single allocation
and multiple allocation models are solved with uncertainty
budgets varying from 0 to 2 with a step size of 0.5, which
means that the protection probability varies from 0 to 86.5%.
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FIGURE 4. Robust cost for both single allocation and multiple allocation with different uncertainty levels (CAB
dataset).

The numbers of robust hub locations for both single and
multiple allocation cases with different uncertainty levels are
shown in Fig. 2 and Fig. 3, respectively. The result reveals that
the number of hub locations tends to increase with increasing
uncertainty budget in all the test scenarios. A higher uncer-
tainty budget leads to more conservative solutions that locate
more hubs to achieve a higher level of robustness.

Furthermore, the relative variations in the number of
selected hubs for single allocation with different uncertainty
budgets when compared to multiple allocation is studied. For
the CAB25 test problem, it is found that the numbers of
selected hubs for single and multiple allocation problems are
similar if the factor of α is eliminated. Discarding the solu-
tions under α = 0.6 and 0.8 when economies of scale are not
obvious, most of the results subject to the same uncertainty

budget for both allocation modes locate the same number
of hubs regardless of the realized uncertainty in demand.
When � = 2, an additional hub is selected for multiple
allocation compared to single allocation for α = 0.2 with a
low uncertainty level. To take the demographical distribution
and demand pattern into consideration, experiments based on
AP datasets are also conducted. In this case, α is set to 0.6.
As shown in Fig. 3, there are few cases in which the number
of selected hubs for multiple allocation is different from that
for single allocation, although the locations of the hubs may
differ. Thus, the uncertainty budget hedges against uncertain
demand regardless of the allocation mode.

Then, the costs of robust and deterministic hub location
decisions for different uncertainty levels are compared based
on both the CAB and AP datasets. The uncertainty budget
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varies from 0 to 2 with a step size of 0.5, and a discount
factor α is taken from the set 3 = {0.2, 0.4, 0.6, 0.8}.
Fig. 4 presents the costs of the robust hub location decision
to uncertainty budgets for the single and multiple allocation
cases with different uncertainty levels on the CAB dataset.
Note that� = 0 for the base case, where the cost is evaluated
at mean flow. However, in other cases, the costs are evaluated
with different uncertainty levels.

As shown in Fig. 4, the robust cost increases with the uncer-
tainty budget. The solution tends to be more conservative to
accommodate the deviation from the mean flow, resulting in
a higher cost location decision. From the trend lines of each
figure, it is clear that, with the increase in the discount factor,
the robust cost increases more rapidly. Taking the result of the
high uncertainty level for single allocation as an example, the
gradients of the lines are 270.42, 311.49, 353.23 and 400.89.
This result is expected because the unit cost from hub to hub
increases with the increase in discount factor, leading to the
increase in transportation cost. In addition, a higher discount
factor means fewer hubs, resulting in more flow through each
hub, which contributes to the rapid increase in the flow-based
set-up cost. Therefore, special attention needs to be paid for
estimating the discount factor if the uncertainty level is high.
Furthermore, the maximum increase in the robust cost for the
two allocation modes is 26% compared to the 30% increase
in flow at the low uncertainty level, 51% compared to 60% at
the medium uncertainty level and 74% compared to 90% at
the high uncertainty level. It is clear that the increase in robust
cost is more sensitive at the high level of uncertainty than at
the other two levels.

According to the above analysis, it is evident that, in all
cases, the robust cost calculated for the single allocation case
is slightly higher than that for the multiple allocation case.
Consequently, multiple allocation is a better choice in terms
of total cost savings. Moreover, the robust optimization strat-
egy is an effective measure for protecting the solution against
the worst case of different uncertain parameters, particularly
at the high uncertainty level.

V. CONCLUSION
In this paper, a robust optimization strategy is proposed for
single and multiple allocation hub location problems under
uncertain flows. The goal of the robust optimization model
is to protect the solution against the worst cases of different
uncertain parameters, which belong to an ellipsoidal uncer-
tainty set. Nonlinear integer program models for the single
and multiple allocation cases are presented, considering a
flow-based set-up cost. Computational tests based on the
CAB dataset are provided. The numerical results indicate
that the robust strategy locates more hubs with higher total
costs than the deterministic case. Moreover, a higher level of
uncertainty and a smaller discount factor lead to the location
of more hubs. The results also show that the robust cost
and the number of hubs increase as the level of protection
increases. Compared to that of multiple allocation, the robust
cost calculated for the single allocation case is slightly higher,

which indicates that multiple allocation is potentially a better
strategy. Finally, the results prove that the robust optimization
strategy is an effective measure for hedging the solution
against uncertainty in demand, particularly at the high uncer-
tainty level.

In contrast to Shahabi and Unnikrishnan [27], in this paper,
the set-up cost of a hub is considered to be uncertain and to
be affected by the total flow. Fewer hubs are needed than the
number reported in the literature due to the flow-based set-
up cost. However, the robust hub location decision does not
merely depend on the allocation modes and set-up costs of
the hubs. The capacity of a hub and the transportation time
will have a significant effect on the hub location decision.
Consequently, further study is warranted to obtain a more
comprehensive understanding. In addition, the robust strategy
finds only solutions for a predefined number of changes that
are not necessarily optimal for other uncertain scenarios in
consideration of the computational tractability. Therefore, it
is worth considering new robust strategies that provide one
or more solutions that are optimal for any flow or optimal for
some uncertainties while not worse for others.
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