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ABSTRACT In this paper, a new lattice model is proposed by considering the driver’s characteristics
incorporating the timid and aggressive behaviors corresponding to honk effect under V2X environment for
two-lane highway. The linear stability condition is obtained through linear stability analysis, which shows
that the driver’s characteristics play important influences on traffic stability under honk environment in
two-lane system. The important finding implies that the timid driver’s characteristics are more beneficial
to increase the traffic stability than the aggressive one’s characteristics under honk environment for two-lane
highway via numerical simulation.

INDEX TERMS Lattice hydrodynamic model, driver’s characteristics, traffic congestions.

I. INTRODUCTION
In recent years, traffic environment is becoming an impor-
tant part of traffic research. In order to explore traffic prob-
lems, mathematical modeling is an effective method to study
traffic phenomena. Therefore, a series of traffic models
including macro models and micro models [1]–[11] have
been proposed since traffic congestion is becoming more
and more serious. Among them, the lattice model firstly
proposed by Nagatani [10], [11] is an important model to
study traffic problems. Subsequently, some extended lattice
models have been proposed on single lane and two lanes
by considering various traffic factors such as flux differ-
ence [12], [13], density difference [14]–[16] and other fac-
tors [17]–[33]. Also, Zeng et al. [34] gave a comprehensive
overview about lattice models. However, the whistling phe-
nomena often occurring under congested traffic environ-
ment in developing country have not been investigated in
previous traffic models. Recently, some scholars developed
a few traffic models including cellular automaton mod-
els [35], [36], car-following models and macro continuum
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models [37]–[41] with the consideration of the honk effect.
Very recently, Peng et al. [42], [43] brought forward two
extended lattice models with the consideration of the honk
effect for single lane and two-lane highway. However,
the honk effect incorporating driver’s characteristics has not
been investigated in crowded traffic flow on two lanes. With
the development of V2X(Vehicle to X) technology, traffic
environment information can be obtained by running drivers.
Therefore, the honk information of the diverse driver’s char-
acteristics can be collected by applying V2X technology.
Based on above idea, we proposed a new two-lane lattice
model by incorporating the driver’s characteristics under
honk environment on two lanes. Also the theoretical analy-
ses will be executed in the following section. Furthermore,
simulation tests will be carried out to validate the rationality
of our consideration.

II. MODEL DEVELOPMENT
In 1999, Nagatani [28] presented an original lattice model of
two-lane traffic flow with the consideration of lane changing
rates as shown in Fig.1. The lane changing rate was set as
γ |(ρ0)2V ’(ρ0)|(ρ2,j−1-ρ1,j) (or γ |(ρ0)2V ’(ρ0)|(ρ1,j-ρ2,j+1))
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FIGURE 1. The schematic model of traffic flow on a two-lane highway.

FIGURE 2. Phase diagram in parameter space (ρ; a).

from the lane 2 (or lane 1)to the lane 1 (or lane 2). Then
Nagatani [28] proposed the continuity equations as follows:

∂tρ1,j + ρ0(ρ1,jv1,j − ρ1,j−1v1,j−1)

= γ

∣∣∣ρ20V ′(ρ0)∣∣∣ (ρ2,j+1 − 2ρ1,j + ρ2,j−1) (1)

FIGURE 3. Temporal density behavior of four sites between time 1–300 s
at κ = 0.1 for (a) η = 1, (b) η = 0.5, and (c) η = 0, respectively.

∂tρ2,j + ρ0(ρ2,jv2,j − ρ2,j−1v2,j−1)

= γ

∣∣∣ρ20V ′(ρ0)∣∣∣ (ρ1,j+1 − 2ρ2,j + ρ1,j−1) (2)

By combining Eqs.(1) and (2), we get the following equation:

∂tρj + ρ0(ρjvj − ρj−1vj−1)

= γ

∣∣∣ρ20V ′(ρ0)∣∣∣ (ρj+1 − 2ρj + ρj−1) (3)

where γ and ρ0 show the rate constant coefficient with
dimensionless and the average density, respectively; ρi and
vi respectively signify the local density and velocity. ρi =
(ρ1i + ρ2i)/2 and ρivi = (ρ1iv1i + ρ2iv2i)/2. In addition,
Nagatani [28] proposed the evolution equation as below:

∂t (qj) = a[ρ0V (ρj+1)− qj] (4)
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FIGURE 4. Temporal density behavior of four sites between time 1–300 s
at η = 0.7 for (a) κ = 0, (b) κ = 0.1, and (c) κ = 0.2, respectively.

where qi = ρivi. The sensitivity of a driver a = 1/τ . The
optimal velocity function V (ρ) [28] was chosen as below:

V (ρ)= (vmax/2)[tanh(2/ρ0 − ρ/ρ20−1/ρc)+tanh(1/ρc)]

(5)

Here ρc implies the safety density. Subsequently,
Peng et al. [43] proposed an extended lattice model by con-
sidering the honk effect in two-lane system. But the driver’s
characteristics under honk environment on two lanes have
not been investigated in Peng’s lattice model. Consequently,
we propose a new lattice model of two-lane traffic flow by
incorporating the driver’s characteristics corresponding to the
honk effect as below:

∂t (qj) = a[ρ0V (ρj+1)− qj]+ κ[
qm − qj(t + τ1)

τ1
η

+
qm − qj(t − τ2)

τ2
(1− η)] (6)

FIGURE 5. Temporal density behavior of four sites between time 1–300 s
at η = 0.2 for (a) κ = 0.1 and (b) κ = 0.2, respectively.

where τ1 and τ2 mean the reaction time corresponding to
aggressive and timid drivers under honk environment, respec-
tively. κ shows the honk effect coefficient and η represents
the proportionality coefficient for the aggressive behaviors
corresponding to the honk effect. From Eq.(6), it is clear
that the opposite traffic behaviors are integrated under honk
environment. For simplicity, the case τ1 = τ2 = δτ is
considered for two opposite typical behaviors corresponding
to the honk effect. Henceforth, by expanding qj(t + δτ )
and qj(t-δτ ) and neglecting the nonlinear terms, we obtain:
qj(t + δτ ) = qj(t) + δτ∂t (qj) and qj(t-δτ ) = qj(t)-δτ∂t (qj).
Then Eq.(6) can be rewritten as

∂t (qj) = a[ρ0V (ρj+1)− qj]

+
κ

δ

qm − qj
τ
+ (1− 2η)κ∂t (qj) (7)

Therefore, by eliminating velocity in Eqs. (3) and (7),
we obtain the differential form of the density equation as
below:

[1− κ(1− 2η)][ρj(t + 2τ )− ρj(t + τ )]

+ τρ20 [V (ρj+1)− V (ρj)]

− [
κ

δ
+ κ(1− 2η)][−ρj(t + τ )+ ρj]

− [1− κ(1− 2η)]τγ
∣∣∣ρ20V ′ (ρ0)∣∣∣ [ρj+1(t + τ )

− 2ρj(t + τ )+ ρj−1(t + τ )]− [
κ

δ
+ κ(1− 2η)]

× τγ

∣∣∣ρ20V ′ (ρ0)∣∣∣ [ρj+1 − 2ρj + ρj−1] = 0 (8)
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FIGURE 6. Scatter plot at site-2 between time t = 1–500 s at κ = 0.1 for
(a) η = 1, (b) η = 0.5, and (c) η = 0, respectively.

III. LINEAR STABILITY ANALYSIS
The uniform traffic flow is assumed as ρi(t) = ρ0 and vi =
V (ρ0) under the steady state. Suppose yi be a perturbation for
the local density on site j.

ρj(t) = ρ0 + yj(t) (9)

By substituting Eq. (9) into Eq.(8) and linearizing it,
we obtain the linearized equation as below:

[1− κ(1− 2η)][yj(t + 2τ )− yj(t + τ )]

+ τρ20V
′(yj+1 − yj)

− [
κ

δ
+ κ(1− 2η)][−yj(t + τ )+ yj]

− [1− κ(1− 2η)]τγ
∣∣∣ρ20V ′ (ρ0)∣∣∣ [yj+1(t + τ )

FIGURE 7. Scatter plot at site-25 between time t = 1–500 s at κ = 0.1 for
(a) η = 1, (b) η = 0.5, and (c) η = 0, respectively.

− 2yj(t + τ )+ yj−1(t + τ )]− [
κ

δ
+ κ(1− 2η)]

× τγ

∣∣∣ρ20V ′ (ρ0)∣∣∣ [yj+1 − 2yj + yj−1] = 0 (10)

where V ′ = (dV/dρ)ρ=ρ0. Suppose yi = A exp(ikj+zt).
Then, we acquire the equation of z as below:

[1− κ(1− 2η)][e2τ z − eτ z]+ τρ20V
′(eik − 1)

− [
κ

δ
+ κ(1− 2η)][−eτ z + 1]− [1− κ(1− 2η)]τγ

×

∣∣∣ρ20V ′∣∣∣ [eik+zτ − 2eτ z + e−ik+zτ ]− [
κ

δ
+ κ(1− 2η)]

× τγ

∣∣∣ρ20V ′∣∣∣ [eik − 2+ e−ik ] = 0 (11)
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FIGURE 8. Scatter plot at site-55 between time t = 1–500 s at κ = 0.1 for
(a) η = 1, (b) η = 0.5, and (c) η = 0, respectively.

In addition, we adopt the following expansion:

e2zτ = 1+ 2zτ +
(2zτ )2

2
, ezτ = 1+ zτ +

(zτ )2

2
(12)

eik = 1+ ik +
(ik)2

2
, e−ik = 1− ik +

(−ik)2

2
(13)

Making z = z1(ik)+z2(ik)2+. . . . Therefore, by ignoring the
term (ik)n when n ≥3, Eq.(11) can be rewritten as

[1− κ(1− 2η)][τ z1(ik)+ τ z2(ik)2

+ 3τ 2z21(ik)
2/2]+ τρ20V

′(ik + (ik)2/2)

+ [
κ

δ
+ κ(1− 2η)][τ z1(ik)+ τ z2(ik)2

+ τ 2z21(ik)
2/2]+ [1− κ(1− 2η)]

τγρ20V
′(ik)2 + [

κ

δ
+ κ(1− 2η)]τγρ20V

′(ik)2 = 0 (14)

FIGURE 9. Scatter plot at site-80 between time t = 1–500 s at κ = 0.1 for
(a) η = 1, (b) η = 0.5, and (c) η = 0, respectively.

Thus, we get

{[1− κ(1− 2η)]z1 + ρ20V
′

+ [
κ

δ
+ κ(1− 2η)]z1}(ik)

{[1− κ(1− 2η)]z2 + 3[1− κ(1− 2η)]τ z21/2

+ ρ20V
′/2+ [

κ

δ
+ κ(1− 2η)]z2

+ [
κ

δ
+ κ(1− 2η)](τ z21/2)

+ (1+
κ

δ
)γρ20V

′
}(ik)2 = 0 (15)

Therefore, we receive the first order and second order terms
of ik as follows:

z1 =
−δρ2oV

′(ρ0)
δ + κ

(16)
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FIGURE 10. Scatter plot at site-2 between time t = 1–500 s at η = 0.7 for
(a) κ = 0, (b) κ = 0.1, and (c) κ = 0.2, respectively.

z2 = −
[1+ 2(1+ κ/δ)γ ]ρ2oV

′(ρ0)
2(1+ κ/δ)

−
τ [3+ κ/δ + 2κ(2η − 1)](ρ20V

′(ρ0))2

2(1+ κ/δ)3
(17)

Accordingly, the uniform steady-state flow becomes stable
when z2 > 0 and falls into unstable state when z2 < 0.
Therefore, the stable condition can be deduced by integrating
the driver’s characteristics under V2X environment on two
lanes as below:

τ < −
[1+ κ/δ]2 + 2γ [1+ κ/δ]3

[3+ κ/δ + 2κ(2η − 1)]ρ2oV ′(ρ0)
(18)

Consequently, the neutral stability condition is derived as

τ = −
[1+ κ/δ]2 + 2γ [1+ κ/δ]3

[3+ κ/δ + 2κ(2η − 1)]ρ2oV ′(ρ0)
(19)

FIGURE 11. Scatter plot at site-25 between time t = 1–500 s at η = 0.7 for
(a) κ = 0, (b) κ = 0.1, and (c) κ = 0.2, respectively.

Fig.2 shows the neutral stability lines under lane chang-
ing on two lanes in the space (ρ; a) according to Eq.(19).
Here vmax = 2, δ = 0.6 and γ = 0.1. The abscissa
represents the density and the ordinate shows sensitivity
in Fig. 2. From Fig.2(a), it implies that the unstable region
is amplified with the increase of the proportionality η, which
indicates that the more aggressive behaviors deteriorate the
traffic stability and the timid behaviors improve the traffic
stability with lane changing under honk environment on two
lanes. In Figs. 2(b) and (c) the stable region becomes larger
with the honk effect coefficient κ increasing on two lanes,
which implies that the honk effect plays positive role on
traffic stability for different driver’ s characteristics under
lane changing.
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FIGURE 12. Scatter plot at site-55 between time t = 1–500 s at η = 0.7 for
(a) κ = 0, (b) κ = 0.1, and (c) κ = 0.2, respectively.

IV. NUMERICAL SIMULATION
Simulation tests will be executed to investigate the influence
of different driver’s characteristics corresponding to the honk
effect under lane changing. And the corresponding parame-
ters are adopted as follows: N = 140, a = 1.78, ρ0 = 0.25,
γ = 0.1, δ = 0.6 and vmax = 2. The density of sites Nos.
50 to 55 is set as 0.5 and that of sites Nos. 56 to 60 is taken
as 0.2 for initial state. Thereafter, the simulation cases for the
lattices of site-2, site-25, site-55 and site-80 will be carried
out for different driver’s characteristics corresponding to the
honk effect under lane changing.

A. EARLY TIME EFFECT WITH HONK EFFECT
Fig.3 shows the temporal density during early time 1–300 s
at κ = 0.1 for η = 1, 0.5, and 0, respectively. Fig.4 means

FIGURE 13. Scatter plot at site-80 between time t = 1–500 s at η = 0.7 for
(a) κ = 0, (b) κ = 0.1, and (c) κ = 0.2, respectively.

the temporal density covering early time 1–300 s at η = 0.7
for κ = 0, 0.1, and 0.2, respectively. Fig.5 represents the
temporal density between time 1–300 s at η = 0.2 for κ = 0.1
and 0.2, respectively. The abscissa means the evolution time
and the ordinate implies the density in Figs. 3-5. According
to Fig.3, the amplitude of density becomes smaller with the
proportionality coefficient η decreasing, which indicates that
the timid driving behaviors contribute to traffic stability under
honk environment on two lanes. In view of Figs. 4 and 5, the
traffic stability is gradually enhanced as the honk coefficient
κ is rising whether aggressive driving behaviors or timid
driving behaviors being dominant, which implies that the
honk effect always improves traffic stability.

Moreover, scatter plots are simulated as shown in
Figs.6-17. The abscissa means the density ρi(t) and the
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FIGURE 14. Scatter plot at site-2 between time t = 1–500 s at η = 0.2 for
(a) κ = 0.1 and (b) κ = 0.2, respectively.

FIGURE 15. Scatter plot at site-25 between time t = 1–500 s at η = 0.2 for
(a) (a) κ = 0.1 and (b) κ = 0.2, respectively.

ordinate implies the density difference ρi(t)-ρi(t-1) at the
lattices of site-2, site-25, site-55 and site-80 during time t =
1–500 s in Figs. 6-17. Figs.6-9 show the scatter plots at the

FIGURE 16. Scatter plot at site-55 between time t = 1–500 s at η = 0.2 for
(a) κ = 0.1 and (b) κ = 0.2, respectively.

FIGURE 17. Scatter plot at site-80 between time t = 1–500 s at η = 0.2 for
(a) κ = 0.1 and (b) κ = 0.2, respectively.

lattices of site-2, site-25, site-55 and site-80 between time
t = 1–500 s at κ = 0.1 for different η, respectively. From
Fig. 6 to Fig. 9, scatter plots shrink with the proportionality
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FIGURE 18. Density-time plot between time t 10,000–10,300 at κ = 0.1
for (a) η = 1, (b) η = 0.5, and (c) η = 0, respectively.

coefficient η decreasing at κ = 0.1 during time t = 1− 500
s for different sites under honk environment on two lanes,
which demonstrates that the timid characteristics play more
positive effect on traffic flow than the aggressive character-
istics under honk environment on two lanes. Figs.10-13 state
the scatter plots at the lattices of site-2, site-25, site-55 and
site-80 between time t = 1 − 500 s at η = 0.7 for different
κ , respectively. Figs.14-17 represent the scatter plots at the
lattices of site-2, site-25, site-55 and site-80 between time
t = 1− 500 s at η = 0.2 for different κ , respectively. In view
of Figs.10-17, the region of scatter plots is narrowing with
the increase of the honk coefficient κ for both aggressive
and timid drivers. However, by comparing the aggressive
behaviors and timid behaviors from Fig.10 to 17, the more

FIGURE 19. Density-time plot between time t 10,000–10,300 at η = 0.7
for (a) κ = 0, (b) κ = 0.1, and (c) κ = 0.2, respectively.

timid drivers are, the more concentrated the scatter plot is.
That is to say, the timid drivers contribute to traffic stability.

B. LONG-TIME (STEADY-STATE) EFFECT
Fig. 18 represents the density waves after long time 10000 s
at κ = 0.1 with the different proportionality coefficient η
for the lattices of site-2, site-25, site-55 and site-80 under
same density initial conditions. Fig. 19 and Fig. 20 display
the density waves after long time 10000 s under different
honk coefficient κ for the lattices of site-2, site-25, site-
55 and site-80 when η = 0.7 and 0.2 with same den-
sity initial conditions, respectively. The abscissa means time
between long time 10000 -10300s and the ordinate signifies
the density in Figs. 18-20. The colors in Figs. 18-20 only
represent the density waves for different lattice sites. The
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FIGURE 20. Density-time plot between time t 10,000–10,300 at η = 0.2
for (a) κ = 0.1 and (b) κ = 0.2, respectively.

smaller the amplitude of density wave is, the more stable the
traffic flow is. According to Fig. 18, the amplitude of density
wave decreases gradually as the proportionality coefficient
η decreases under honk environment on two lanes, which
implies that the timid driving behaviors are effective on traffic
stability. Based on inspection of Figs. 19 and 20, the density
oscillation is getting smaller and smaller as the honk coef-
ficient κ is increasing for any driving characteristics, which
indicates that honk effect can contribute to the stability of
traffic flow for different driving characteristics. Obviously,
the density oscillation at low value of η shrinks more rapidly
than that at big value of η under same situation, which shows
that appropriate timid behaviors contribute to the stability of
traffic flow under honk environment on two lanes.

V. CONCLUSION SOME
Traffic environment is complex system to modeling it. This
paper mainly investigated the stability of traffic flow on two
lanes incorporating driver’s characteristics corresponding to
honk effect under V2X environment. The stability condition
is closely related to the honk effect. The results show that
the timid characteristics have advantages in improving traf-
fic stability than the aggressive characteristics under honk
environment on two lanes. Of course, How to make drivers
timid is an interesting future work. And how to calibrate the
model parameters according to the measured traffic data is
our interesting research direction in the future.
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