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ABSTRACT The use of regional covariance descriptors to generate feature data represented by Symmetric
Positive Definite (SPD) matrices from images or videos has become increasingly common in machine
learning. However, SPD data itself does not constitute a vector space, and dictionary learning involves a
large number of linear operations, so dictionary learning cannot be performed directly on SPD data. For this
reason, a more common method is to map the SPD data to the Reproducing Kernel Hilbert Space (RKHS).
The so-called kernel learning is to find the most suitable RKHS for specific tasks. RKHS can be uniquely
generated by a kernel function. Therefore, RKHS learning can also be considered as kernel learning. In this
article, there are two main contributions. The first contribution is to propose a framework which based on
Kernel Learning and Riemannian Metric (KLRM). Usually the learnable kernel function framework is to
learn some parameters in the kernel function. The second contribution is dictionary learning by applying
KLRM to SPD data. The SPD data is transformed into the RKHS generated by KLRM, and RKHS after
training provides the most suitable working space for dictionary learning. Under the proposed framework,
we design a positive definite kernel function, which is defined by the Log-Euclideanmetric. This function can
be transformed into a corresponding Riemannian kernel. The experimental results provided in this paper is
compared with other state-of-the-art algorithms for SPD data dictionary learning and show that the proposed
algorithm achieves better results.

INDEX TERMS Dictionary learning, symmetric positive definite matrix, reproducing Kernel Hilbert space,
Log-Euclidean metric.

I. INTRODUCTION
Sparse representation is a very popular research direction in
signal processing and computer vision problems. For a given
set of data points X = {x1, · · · , xN }, the main idea of sparse
representation is to learn the dictionary setD = {d1, · · · , dL},
so that xi(i = 1, · · · ,N ) can be effectively represented
by the basis (dictionary) through a small number of linear
combinations of non-zero coefficients while minimizing the
reconstruction error [1]. Most of the existing sparse cod-
ing algorithms are based on vector and linear operations in
Euclidean space, that is, data points and dictionaries are ele-
ments in vector space. Sparse representation has been widely
used in manymachine learning related problems, such as face
recognition [2], [3] and picture classification [4].
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However, in many practical scenarios, the data points
are usually on a Riemannian Manifold, such as SPD
matrix space [5], [6], Stiefel manifolds and Grassmann
manifolds [7], [8]. Existing dictionary learning and sparse
coding algorithms based on vector space do not consider
the inherent non-linear geometry of Riemannian manifolds,
so they cannot be directly applied to the processing of
Riemannian manifold data. The vector method simply by
vectorizing the SPD matrix will cause severe encoding dis-
tortion [9]. Mehrtash Harandi et al proposed a model for con-
verting high-dimensional SPD manifold to low-dimensional
SPD manifold [10]. In a supervised case, the model consists
of the affinity function and the similarity between two SPD
matrices. In the unsupervised case, the model consists only
of the similarity between two SPD matrices. In both cases,
the transformation matrix requires orthogonality. The model
is trained to obtain the optimal transformation matrixW , and
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finally to obtain the optimal low-dimensional SPD manifold.
Yaxin Peng et al proposed a semi-supervised metric learning
framework, and used Hinge loss function and smooth loss
function in combination with triplet constraints to construct
two different models to obtain the optimal local metric [11].
In view of the poor performance of the SPD matrix data
directly treated as Euclidean space’s data, the SPD matrix is
usually given a Riemannian geometry when analyzed, so that
the SPD matrix can be regarded as an SPD manifold or a
tensor manifold point. But this will also bring some diffi-
culties. Like the nonlinearity of the Riemannian geometry
makes it difficult to model sparse coding methods based on
linear combinations. Therefore, it is necessary to extend the
sparse coding and dictionary learning methods based on SPD
manifold.

In summary, there are mainly three ideas to solve the
nonlinear problem of SPD manifold. The first is to directly
model the SPD matrix manifold, that is, an SPD matrix is
expressed as a linear combination of the SPD matrices in the
dictionary set. The result of linear combination may not be
the SPD matrix. In addition, the optimization problem based
on the SPD manifold is difficult to solve. The second is to
map the SPD matrix manifold data to the tangent space of
an SPD matrix. The tangent space of the SPD manifold is a
linear space. The third is to map the SPD matrix manifold
data to RKHS. Huang et al proposed a novel metric learning
method that can work directly on the logarithm of the SPD
matrix. Specifically, the method mainly learns a tangent map-
ping, which can directly transform the logarithm of a matrix
(rather than a vector) from the original tangent space to a
more distinguishable new tangent space [12]. Modeling SPD
manifold data onto RKHS has been a hot research direction
in recent years [13], [14]. However, mapping SPD manifold
to RKHS not only requires that the kernel functions based on
SPD manifold meet Mercer’s theory [15], but also requires
that the kernel functions can retain the original geometry
of the manifold while mapping, so it will requires the high
performance of the kernel functions. The main effects of
SPD manifold are Log-Euclidean kernel function [16] and
Gaussian kernel function based on Bregman divergence [17].
However, the Log-Euclidean kernel function cannot reflect
the internal geometry of the SPD manifold, and the Bregman
divergence is only an approximation of the geodesic distance
of the SPDmanifold. Therefore, the existing two kernel func-
tions have their own defects. So as to reflect the geometric
structure of themanifold better and the geometric relationship
information of the existing manifold data can be added to the
kernel function, that is the method of geometric perception
kernel learning.

This paper researches dictionary learning and sparse cod-
ing methods on SPD manifold, maps SPD manifold data to
RKHS for processing, and innovates sparse coding meth-
ods on SPD manifold from kernel functions and dictionary
learning. The main work and innovations of the paper are as
follows:

1) A data-dependent kernel function learning method is
proposed. The data dependency function adds a data
dependency to the basic kernel function, and uses the
data dependency to provide more information about
the original data, so that the new kernel function can
better reflect the geometric information of the original
data. The parameters of the data dependencies in the
data dependence kernel function can be obtained by
combining learning with specific goals.

2) A dictionary learning and sparse coding method on
SPDmanifold based on data-dependent kernel learning
is proposed. Apply this kernel learning to the Rieman-
nian manifold dictionary learning and sparse coding
method based on kernel method, optimize the three
variables of kernel parameters, dictionary learning and
sparse coding at the same time, learn the optimal kernel
parameters and dictionary, and use the learned kernel
parameters and dictionary so you can get better encod-
ing results.

3) Experimental analysis. The KLRM-DL proposed in
this paper were tested on three data sets, and compared
with RSR, TSC, K-LE-DLSC and other algorithms.
The validity of the algorithms was verified by compar-
ing the classification accuracy of each algorithm.

The following content of the paper is arranged as follows.
In Chapter 2, we will introduce the basic mathematical
knowledge involved in this paper, including sparse cod-
ing, dictionary learning, Reproducing Kernel Hilbert Space
and Riemannian manifold. In Chapter 3, important research
results obtained by other researchers in the field of kernel
learning will be introduced. In Chapter 4, we will describe
in detail the kernel algorithms designed in this paper, includ-
ing data-dependent kernel learning frameworks and dictio-
nary learning and sparse coding methods on SPD mani-
fold based on data-dependent kernel learning. In Chapter 5,
we will solve each model proposed in Chapter 4, and give
the algorithm block diagram of this paper. Then in Chap-
ter 6, the experimental part of the thesis combines multiple
mainstream data sets and compares with multiple mainstream
algorithms. Finally, we will summarize the work of our thesis
in Chapter 7.

II. NOTATIONS AND PRELIMINARIES
A. NOTATIONS
In this article, we use the lowercase letter x as a datapoint,
the bold capital letter X as a set of the datapoint. The trans-
pose, trace, inverse of the matrix are expressed as XT , tr(X )
and X−1. Symn++ denotes SPD manifold.

B. REPRODUCING KERNEL HILBERT SPACE (RKHS)
RKHS is a commonmathematical platform for various kernel
methods in machine learning. One can map data from the
original data space to RKHS, and then complete various
machine learning tasks on RKHS. The original data space can
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be the familiar Euclidean space, or manifolds, such as SPD
manifold, Grassmannian Manifolds, and so on.

When an inner product is defined on a linear space, the lin-
ear space can become an inner product space. Complete inner
product space is a Hilbert space. RKHS is a special Hilbert
space.
Definition 1: Let H = (L2(�), 〈•, •〉) be a Hilbert space

of functions and k : �×�→ R, if
1) For all x ∈ �, kx(•) = k(•, x) ∈ H ;
2) For all x ∈ � and all f ∈ H ,

f (x) = 〈f , kx〉 = 〈f (•), k(•, x)〉 =
∫
�

f (z)k(x, z) dz

(1)

then H is called RKHS and k(x, y) is called the reproducing
kernel of H .
Remark 1: L2(�) and 〈•, •〉 are defined as follows:

L2(�) = {f |f : �→ R,
∫
�

|f (x)|2 dx < +∞},

〈f , g〉 =
∫
�

f (x)g(x) dx (2)

In practice, � is the so-called data space. Using the repro-
ducing kernel k(x, y), a transformation from the data space�
to RKHS H can be defined as follows: φ : � → H , for all
x ∈ �

φ(x) = k(•, x) ∈ H (3)

According to the reproducing property of k , it can be easily
proven that

〈φ(x), φ(y)〉 = k(x, y) (4)

The above formula has been widely used in many machine
learning algorithms based on RKHS.

In mathematics, it can be proved that an RKHS can be
uniquely generated by using a kernel function such that the
kernel function is exactly the reproducing kernel of the gen-
erated RKHS. It must be pointed out that kernel functions are
different from reproducing kernels. Reproducing kernels are
defined based on Hilbert space, while kernel functions are
defined independently.
Definition 2: Let k : �×�→ R, if
1) For all x, y ∈ �, k(x, y) = k(y, x)
2) For all integer N and all x1, · · · , xN ∈ �, the following

matrix is positive definite:

K =

k(x1, x1) · · · k(x1, xN )
...

. . .
...

k(xN , x1) · · · k(xN , xN )


then the function k is called kernel function.

The process of generating an RKHS from a kernel function
k is as follows:

1) Generate a linear space by using the kernel function:

Hk = span{k(•, x)|x ∈ �}

=

{
N∑
i=1

αik(•, xi)|xi ∈ �,αi ∈ R, i ∈ Z+
}

(5)

2) Define an inner product on Hk : for all f , g ∈ Hk , since

f (•) =
N∑
i=1
αik(•, xi), g(•) =

M∑
j=1
βjk(•, yj), then

〈f , g〉 =
[
α1 · · · αN

]k(x1, y1) · · · k(x1, yM )
...

. . .
...

k(xN , y1) · · · k(xN , yM )


β1...
βM

 (6)

3) Complete Hk to obtain the complete space of Hk ,
denoted as H̃k , then H̃k is an RKHS and the kernel
function k is exactly the reproducing kernel of H̃k .

Since an RKHS can be uniquely generated from a kernel
function, the task of learning an RKHS can be translated into
a task of learning a kernel function. This is what the algorithm
proposed in this paper does.

C. SPARSE CODING
The so-called dictionaries finds a set of basic data
{d1, · · · , dL}, other data x can be approximated by a linear
combination of this set of basic data:

min
a

∥∥∥∥∥x −
L∑
i=1

aidi

∥∥∥∥∥
2

+ λSparse(a) (7)

where a = [a1, · · · , aL] and Sparse(a) is called the sparse
regular term of dictionary encoding, which means that while
the best linear approximation, the non-zero components of
the approximation coefficient ai are minimized We usually
use 1-norm to represent the sparse regular term of sparse
coding [17]:

Sparse(a) = ‖a‖1 =
L∑
i=1

|ai| (8)

It is worthmentioning that Sparse(a) is the feature of sparse
coding. Without Sparse(a) the problem (7) would become the
problem of subspace projection. If {d1, · · · , dL} are orthonor-
mal, then

min
a

∥∥∥∥∥x −
L∑
i=1

aidi

∥∥∥∥∥
2

⇒ ai = xT di, i = 1, · · · ,L (9)

D. DICTIONARY LEARNING
The premise of sparse coding is to have a suitable dictionary.
This dictionary is learned from samples. According to the
specific application, collecting a certain number of fully rep-
resentative samples and then use them for dictionary learning.
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Let X = {x1, · · · , xN } be the learning sample to find the
suitable dictionaries {d1, · · · , dL}. The objective function of
dictionary learning is:

min
d1,··· ,dL

N∑
i=1


∥∥∥∥∥∥xi −

L∑
j=1

aijdj

∥∥∥∥∥∥
2

+ λSparse(AiRow)

 (10)

where A =

a11 · · · a1L...
. . .

...

aN1 · · · aNL

 is the sparse coding matrix.

In the above objective function, the sparse coding matrix A
is a by-product which is not needed, dictionary {d1, · · · , dL}
is needed.

E. RIEMANNIAN MANIFOLD
In recent years, as a kind of data space for non-Euclidean data,
Riemannian manifold has been more and more applied to
machine learning. Riemannian manifold evolves from topo-
logical space.
Definition 3: LetM be a Hausdorff topological space with

a countable topological basis. If any given x ∈ M , there exists
a neighborhood Ux of x, Ux is homeomorphic to an open set
Ox ⊂ Rn of the n-dimension Euclidean space Rn, then M is
called a n-dimensional topological manifold.
Remark 2: (Ux , φx) is called a local coordinate of M ,

where φx is the homeomorphic mapping between Ux and Ox .
{(Ux , φx)|x ∈ M} is called locate coordinate system of M .
Definition 4: LetM be a topology manifold, if for all local

coordinates (U , φ) and (V , δ) withU∪V 6= ∅, if themapping
δ ◦ φ−1 : φ(U ∪ V )→ δ(U ∪ V ) is infinitely differentiable,
then M is called differential manifold.
Definition 5: Let M be a differential manifold, w be a

second-order tensor field on M , i.e., for all p ∈ M ,
w(p) is a second-order tensor on the tangent space of p, if w
is symmetric, positive definite and smooth, then w is called a
Riemannian metric and (M ,w) is a Riemannian manifold.

Based on Riemannian metric, we can define geodesic dis-
tance on Riemannian manifold.
Definition 6: Let p ∈ M , q ∈ M , ρ : [0, 1]→ M , satisfy

ρ(0) = p, ρ(1) = q and ρ is smooth, then ρ represents a
smooth curve from p to q on M .
Furthermore, for all t ∈ (0, 1), ρ(t) ∈ M , and ρ′(t) is

a tangent vector of ρ(t) such that for all smooth function f
defined on a neighborhood of ρ(t),

ρ′(t)(f ) =
d(f ◦ ρ)(θ )

dθ

∣∣
θ=t (11)

Thus, the length of the curve ρ is defined as:

L(p) =
∫ 1

0

√
w(ρ(t))(ρ′(t), ρ′(t))dt (12)

Theorem 1: LetCpq represents the set of all smooth curves
between p and q, and

d(p, q) = min{L(ρ)|ρ ∈ Cpq} (13)

then d(p, q) satisfies the three axioms of distance and (M , d)
becomes a distance space.
Remark 3: The distance d(p, q) is often called geodesic

distance. Although geodesic distances are defined from
Riemannian metric, however, what we use in practical appli-
cations is geodesic distances, not Riemannian metric.

A Riemannianmanifold often used inmanymachine learn-
ing applications. The commonly-used geodesic distances on
Symn++ are as follows:

1) For all x, y ∈ Symn++, the so-called Log-Euclidean
distance is as follows:

δG1(x, y) = ‖log(x)− log(y)‖F (14)

where ‖A‖F =
√
tr(ATA).

2) For all x, y ∈ Symn++, the so-called affine invariant
geodesic distance is as follows:

δG2(x, y) =
∥∥∥log(x− 1

2 yx−
1
2 )
∥∥∥
F

(15)

Remark 4: x ∈ Symn++, then x = u × diag(λ1, · · · ,
λn)×uT , where λi > 0 are the eigenvalues of x, u consists of
the orthonormal eigenvectors of x, then log(x) is defined as
log(x) = u× diag(log(λ1), · · · , log(λn))× uT .

III. RELATED WORKS
In recent years, Symn++ has been widely used in computer
vision, such as pedestrian detection [18], texture classifi-
cation [13], [19], target recognition [5], motion recogni-
tion [20], and face recognition [21]. Sparse coding has been
a research hotspot because of its good representation ability.
However, the existing sparse coding algorithms are mostly
based on Euclidean space. The sparse codingmethods of SPD
manifold needs further study.

A. KERNEL LEARNING
In machine learning problems, some problems may not be
modeled directly in Euclidean space, or the model may not be
valid. Typically, data is mapped to RKHS can solve this prob-
lem. Mapping data from the original space to RKHS requires
defining the kernel function, which the kernel function deter-
mines the impact of the model on RKHS. This makes kernel
learning a key problem, because kernel function defines the
relationship between the original data points and the data on
RKSH. In order to make kernel function on RKHS better
reflect the geometric properties of the original data, geomet-
ric perception kernel learning (GKL) has attracted people’s
attention. The effect of a model based on geometric percep-
tion kernel depends on the selected geometric perception ker-
nel and other information used, which may include category
information or surrounding spatial information. According
to the information sources used, the geometric perception
kernel learning methods can be divided into two categories:
one is the geometric perception kernel learning method based
on single-source information, and the other is the geometric
perception kernel learning method based on multi-source
information.
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The kernel learning method based on single source infor-
mation only focuses on the geometric structure information of
the data itself and does not use other information. Diffusion
kernel were proposed by Kondor and Lafferty [22]. Lafferty
further explains the diffusion kernel that are generated from
manifold data through thermodynamic equations [23]. It can
better reflect the geometric structure of data. The research of
Smola and Kondor [24] shows that the spectrum of Laplace
graph can generate a series of geometric perception ker-
nel after various filtering functions, including regularized
Laplace kernel, diffusion kernel, random walk kernel and
arccosine kernel. In addition, common manifold based data
dimensionality reduction methods such as ISOMAP [25],
Local Linear Embedding (LLE) [26], Laplacian Eigenmap
(LE) [27] can also be unified in the framework of geometric
perception kernel [28], [29]. These data reduction methods
based on manifold learning can be understood as kernel
principal component analysis or the Nyström formula of
constructing kernel functions.

Based on multi-source information, the geometric percep-
tion kernel learning method not only uses the geometric
structure information of the data, but also uses the category
information and the surrounding spatial information. Com-
bining the geometric structure information with the surround-
ing spatial information, Sindhwani’s research [30] shows
that the standard kernel function can directly calculate the
kernel matrix of the new data points by using the geomet-
ric structure information of the existing data. Sindhwani’s
idea was born out of a primitive RKHS. A new RKHS
is determined by the distribution of the data sample. Let
RKHS H = (S(ω), 〈•, •〉H ) generated as a kernel function k ,
wi(i = 1, · · · ,N ) be a sample of the data space �, and
ω = {ω1, · · · , ωN } ⊆ � is the sample of the data space,
so for any f , g ∈ S(ω),

〈f , g〉H̃ = 〈f , g〉H + f
T (ω)Mg(ω) (16)

where f (ω) =

 f (ω1)
...

f (ωN )

 ∈ RN , g(ω) =

g(ω1)
...

g(ωN )

 ∈ RN ,M

is a symmetric positive semidefinite matrix. Sindhwani
proved H̃ = (S(ω), 〈•, •〉H̃ )) that it also is an RKHS
and derived the form of the corresponding kernel function
with H̃ :

k̃(xi, xj) = k(xi, xj)− µkTxi (I +MK )−1Mkxj (17)

where K is the kernel matrix generated by the data sample ω,
kTxi is the kernel vector generated by the xi and data sample.
M is the regular matrix based on the data sample, and is
usually represented using Laplace mapping.
k̃(xi, xj) is a data-dependent kernel, which takes into

account the distribution of the original data. This allows it
to better reflect the geometry of the original data than the
original kernel.

B. DICTIONARY LEARNING AND SPARSE
CODING METHODS
Applying the sparse coding algorithm to SPD manifold,
the problem can be transformed into how to use the linear
representation of the SPD matrix to remain an SPD matrix.
The eigenvalue of SPD matrix is always greater than 0, but
SPD manifold is not linear space. This means that sparse
coding of SPD matrix will face two problems. The first
problem is how to solve the linear combination of SPDmatrix
still is SPDmatrix, and the second problem is how to measure
the relationship between two SPD matrices. According to the
dictionary learning of SPD manifold and the sparse coding
model, we can roughly divide the solution into three types:

1) Dictionary learning and sparse coding which inherent
in SPD manifold;

2) SPD manifold dictionary learning and sparse coding
method mapped to tangent space;

3) SPD manifold dictionary learning and sparse coding
method based on kernel method.

1) DICTIONARY LEARNING AND SPARSE CODING
METHODS INHERENT IN SPD MANIFOLD
The idea of sparse coding inherent in SPD manifold is to
directly model on SPD manifold, that is, the dictionaries is
also SPD matrices. The original data to be encoded is repre-
sented by a linear combination of dictionaries. And then the
Logdet divergence or Frobenius matrix norm is used to mea-
sure the reconstruction error. For an SPD matrix, the linear
combination of them is not guaranteed to be an SPD matrix.
There are two solutions, the first is to ignore the positive
definite condition of the matrix, and the second is to set the
limit of the positive definite condition. If the positive definite
condition is ignored, it is equivalent to ignoring the fact that
the eigenvalue of the matrix is greater than 0, which is equiv-
alent to the fact that the model becomes relatively simple
to solve the objective function when calculate in symmetric
matrix space. However, the original SPD manifold structure
was ignored. The constraint of positive definite condition
makes the objective function become non-convex, and it takes
a long time to solve.

Sivalingam proposed Tensor Sparse Coding (TSC) for
positive definite matrices [31], which represents a positive
definite matrix as a linear combination of positive definite
matrices, and then restricts the combined matrix to positive
definite, that is, dictionary set is D = {d1, · · · , dL} ⊆

Symn++, X can be expressed as X̂ =
L∑
i=1

yidi, where yi is the

combination coefficient, and then the Logdet divergence is
used to measure the reconstruction error:

Dd (X̂ ,X ) = tr(X−1X̂ )− log[det(X−1X̂ )]− d (18)

The solution of the sparse coding objective function
becomes the MAXDET optimization problem, which can
be solved by the interiorpoint algorithm. In addition,
Sivalingam further proposed a Tensor Dictionary Learning
algorithm based on Logdet divergence [32]. However, the

61960 VOLUME 8, 2020



R. Zhuang et al.: SPD Data Dictionary Learning Based on KLRM

computational complexity of the above two methods is too
high. Sra and Cherian used the Frobenius matrix norm as
the error metric to learn a matrix dictionary with rank-1 to
represent the SPD matrix [33]. However, existing research
results [17], [34] show that the Frobenius matrix norm is
simply to vectorize the SPD matrix and then calculate the
vector norm value between two vectorized SPDmatrices. The
Frobenius norm is not a good measure because it ignores the
geometry of the SPDmanifold. Anoop proposed that the SPD
matrix represents a linear combination of the SPD dictionary
matrix and strictly requires that the combination coefficient
is greater than or equal to 0 [1], for xi ∈ Symn+, the dictionary
set is D = {d1, · · · , dL} ⊆ Symn+ and yi ∈ R+, where
yi is the combination coefficient, and then the Riemannian
geodesic distance is used to measure the reconstruction error,
the objective function established is:

min
D,y∈RL+

1
2

n∑
i=1

d2R(xi,Dyi)+
n∑
i=1

Sparse(yi)+�(D) (19)

where Dyi =
L∑
j=1

yijDj,Sparse(•) is the sparse regular

term and �(D) is the regular term for the dictionary D.
And d2R(xi,Dyi) =

∥∥∥log(X− 1
2 YX−

1
2 )
∥∥∥
F

is geodesic dis-

tance. Similarly, because the coding coefficient is restricted
to be greater than or equal to 0, the objective function
is also non-convex, and optimization requires a large time
overhead.

2) SPD MANIFOLD DICTIONARY LEARNING AND SPARSE
CODING METHODS MAPPED TO TANGENT SPACE
The sparse coding and dictionary learningmodel in Euclidean
space cannot be directly applied to SPD manifold. In order
to apply the existing vector-based sparse coding algorithm to
the SPD matrix manifold, one idea is to map the SPD matrix
manifold data onto the vector space. There are two mapping
spaces available. The first is the tangent space of the mean
point of the SPD manifold data, which can map one SPD
matrix to the tangent vector of the tangent space of another
SPD matrix. The tangent space of SPD matrix is linear space,
and the tangent vector on the tangent space is symmetric
matrix. The second is Exp mapping, which can map the
tangent vector on the tangent space of an SPD matrix to the
SPD manifold. Using these two mappings, Zhang mapped
the region covariance feature to the tangent space, and then
obtained the sparse representation [35] by vectrization. Guo
maps the SPD matrix manifold to the tangent space [36],
and then the SPD matrix of each mapping on the tangent
space can be represented by linear combinations of the SPD
matrices of other mappings. Yuan calculated the sparse rep-
resentation by mapping SPD manifold to tangent space [37],
and then applied it to motion recognition problem. Although
the method based on Log-Euclidean mapping can be applied
to SPD manifold by mapping SPD matrix manifold data to

linear space, the sparse coding method based on Euclidean
vectors can be applied to SPD manifold. More importantly,
the tangent space of a data point of an SPD matrix manifold
can only retain the local geometric structure of the neigh-
borhood of that point, so if all data points of an SPD matrix
manifold are mapped to the tangent space of the same point.
The tangent space cannot reflect the geometric relationship
between all points, so learning dictionary may not be optimal,
which will affect the effect of sparse coding.

3) SPD MANIFOLD DICTIONARY LEARNING AND SPARSE
CODING METHODS MAPPED TO RKHS
SPD manifold are nonlinear space. Another approach is to
map the SPD matrix to the RKHS. First, we need to define a
kernel function that it will produce a unique RKHS.

Harandi uses the Stein kernel function to map the SPD
matrix manifold data to RKHS [13], [17], and then builds a
model on RKHS to solve the problems of sparse coding and
dictionary learning. The training data X = {x1, · · · , xN } ⊆
Symn++ and D = {d1, · · · , dL} ⊆ Symn++ the initialized dic-
tionary are mapped to the RKHS by the non-linear mapping
generated by the Stein kernel function:

X = {x1, · · · , xN }
ϕ
−→ ϕ(X ) = {ϕ(x1), · · · , ϕ(xN )} (20)

D = {d1, · · · , dL}
ϕ
−→ ϕ(D) = {ϕ(d1), · · · , ϕ(dL)} (21)

Then ϕ(X ) can be represented the linear combination of
ϕ(D) represented by RKHS and the regularization 1-Norm
restrictions on the combination coefficients can be used to
establish the objective function on RKHS:

min
D,Y

N∑
i=1

∥∥∥∥∥∥ϕ(xi)−
L∑
j=1

yijϕ(dj)

∥∥∥∥∥∥
2

+ λ

N∑
i=1

‖yi‖1 (22)

Zhang proposed an SPD manifold online dictionary learn-
ing algorithm based on the Stein kernel function [38]. The
Gaussian kernel function based on the Stein divergence
is only positively definite for some bandwidth parameters,
so the Stein divergence is only an approximation of the Rie-
mannian metric. So Barachant proposed a sparse coding and
dictionary learning method based on the Riemannian kernel
function and applied it in the human-machine interface [39].
Li based on the Log-Euclidean framework and proposed to
use the LE kernel function to map the SPD matrix manifold
data to RKHS to solve the sparse coding and dictionary
learning problems [16]. Similarly, the training data X =
{x1, · · · , xN } ⊆ Symn+ and the initialized dictionary D =
{d1, · · · , dL} are mapped to the RKHS through the non-linear
mapping ϕ generated by the LE kernel function, and then the
objective function is established on the RKHS:

min
D,Y

N∑
i=1

∥∥∥∥∥∥ϕ(xi)−
L∑
j=1

yijϕ(dj)

∥∥∥∥∥∥
2

+ λ

N∑
i=1

‖yi‖1 (23)
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The objective function can be derived as:

min
D,Y

N∑
i=1

−2 L∑
j=1

yijkg(xi, dj)+
L∑
j=1

L∑
p=1

yijyipkg(dj, dp)


+ λ

N∑
i=1

||yi||1 (24)

where kg(•, •) is the LE Gaussian kernel function, which
is similar to K-SVD [39] when the dictionary is updated.
Although the method based on the LE kernel function has
achieved good results in face recognition and picture classifi-
cation, it does not reflect the geometric structure of the SPD
manifold. The key to mapping the SPD matrix manifold data
onto RKHS while preserving the geometry of the manifold
is the construction of the kernel function. Therefore, in the
SPDmanifold dictionary learning and sparse coding methods
based on kernel methods, the selection and construction of
kernel functions is a key issue.

Although Symn+ does not form a linear space, we can
configure a metric or divergence to measure the difference
between the two SPD. The metric that is commonly used
today is the Riemannian metric. However, from the perspec-
tive of computational complexity, divergence seems to be
simpler than Riemannian metric [17]. Harandi uses the Stein
divergence and Jeff divergence defined by the Bregman diver-
gence to measure the difference between the two SPD [17].
Zhang et al argue that directly using the original eigenvalues
may be problematic, and propose a discriminative Stein ker-
nel, in which an extra parameter vector is defined to adjust
the eigenvalues of input SPD matrices [40]. Asha Das et al
applied RKHS-based sparse coding and dictionary learning
to breast tumor classification methods [41]. Zhi Gao et al pro-
pose a novel SPD distance measure for the similarity-based
algorithm [42]. That is a tailored set-to-set distance measure
by making use of the family of α − β divergences and
further propose to learn the point-to-set transformation and
the set-to-set distance measure jointly, yielding a powerful
similarity-based algorithm on SPD manifold.
Definition 7: Let ζ : Symn+ → R be a strictly convex dif-

ferentiable function on the definition Symn+, then the Bregman
divergence dζ : Symn+ × Symn+ → [0,+∞] on Symn+ is
defined as: for any X ,Y ∈ Symn+,

dζ (X ,Y ) = ζ (X )− ζ (Y )−
〈
∂ζ (Y )
∂Y

,X − Y
〉

(25)

where 〈X ,Y 〉 = tr(XTY ), ∂ζ (Y )
∂Y =


∂ζ (Y )
∂y11
· · ·

∂ζ (Y )
∂y1n

...
. . .

...
∂ζ (Y )
∂yn1
· · ·

∂ζ (Y )
∂ynn

.
Using the Bregman divergence, the Stein divergence and

Jeff divergence can be further defined.
Definition 8: Let the strictly convex differentiable func-

tion in Bregman divergence be ζ (X ) = −log|X |, and the

definition of Jeff divergence is as follows:

J (X ,Y ) =
1
2
dζ (X ,Y )+

1
2
dζ (Y ,X ) (26)

Definition 9: Let the strictly convex differentiable func-
tion in Bregman divergence be ζ (X ) = −log|X |, and the
definition of Stein divergence is as follows:

S(X ,Y ) =
1
2
dζ (X ,

X + Y
2

)+
1
2
dζ (Y ,

X + Y
2

) (27)

Bregman divergence is only an approximation to the
geodesic distance of SPD manifold, so the kernel function
based on Bregman divergence has some defects, such as it
cannot fully reflect the true distance between two point of
SPD manifold.

IV. SPD DATA DICTIONARY LEARNING FOR
DATA-DEPENDENT KERNEL LEARNING
BASED ON RIEMANNIAN METRIC
A. SPD DATA AND RIEMANNIAN METRIC
At present, using local covariance descriptor to extract feature
data from image or video data is a very popular method.
Such feature matrices are SPD matrices. Symn++ is not a
linear space so that matrix addition and multiplication of
real numbers does not ensure the result is still SPD matrix.
The finite-dimensional linear space is isomorphic with the
Euclidean space. Various machine learning algorithms devel-
oped on Euclidean space that cannot be directly applied
to Symn++.
Although Symn++ cannot constitute a linear space, we can

define a measure on Symn++. This measure measures the
distance between two SPDmatrices. Herewe use the Rieman-
nian metric, which is the most commonly used. The geomet-
ric structure of Symn++ is usually kept by Riemannian metric.
Only the Riemannian metric is defined and the geodesic
distance generated by the Riemannian metric. Because the
distance between the tangent vectors on the tangent space can
reflect the geodesic distance of the corresponding points on
Symn++. Log-Euclidean metric is a Riemannian metric that it
is usually used.

B. SAMPLE-DEPENDENT AND LEARNABLE KERNEL
Because Symn++ does not constitute a linear space in the real
field, we cannot do dictionary learning directly in Symn++.
This is because dictionary learning involvesmany linear oper-
ations. The algorithm in this paper is to map Symn++ to RKHS
H and then do dictionary learning on H .
H can be uniquely determined by the kernel function. Now,

the downside of the kernel approach in machine learning is
that we do not have a lot of kernels to choose. For specific
machine learning, existing kernel methods and samples are
not closely related. Whatever the sample is, the original data
maps to the same RKHS. This paper proposes a framework
based on data-dependent and learnable kernel as follows:

k(x, y) = kb(x, y)+ ζ β̃T (x)M β̃(y), ζ > 0 (28)
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where kb(x, y) is a kernel function, called the basic kernel
function. It can be selected according to needs, but must
satisfy the conditions of SPD.
Remark 5: M is a symmetric semi-positive definite

matrix, which is the learnable part of the kernel function. For
example, in this article,M will be optimized according to the
requirements of dictionary learning.

Remark 6: β̃(x) =

β(x, x1)...

β(x, xN )

 ∈ RN , where

{x1, · · · , xN } is the dataset, N is the number of given learning
samples. β(x, y) is any binary function, which can be selected
according to the specific application.

For any finite number of data {x1, · · · , xN }, there is

K =

k(x1, x1) · · · k(x1, xN )
...

. . .
...

k(xN , x1) · · · k(xN , xN )


=

kb(x1, x1) · · · kb(x1, xN )
...

. . .
...

kb(xN , x1) · · · kb(xN , xN )


+ ζ

 β̃
T (x1)M β̃(x1) · · · β̃T (x1)M β̃(xN )

...
. . .

...

β̃T (xN )M β̃(x1) · · · β̃T (xN )M β̃(xN )


= Kb + ζ8TM8 (29)

where 8 =
[
β̃(x1) · · · β̃(xN )

]
∈ RN×N . Because kb(•, •) is

a kernel function, Kb is an SPD matrix, and because M is
a symmetric semi-definite definite matrix, 8TM8 is also a
symmetric semi-definite definite matrix. Therefore, K is an
SPD matrix.

Note that belkin’s kernel framework k̃(xi, xj) = k(xi, xj)−
µkTxi (I +MK )−1Mkxj starts from space [43]. It first redefines
an inner product, and then proves that the inner product sat-
isfies the sufficient and necessary conditions for reproducing
kernel, while our proposed framework starts from the kernel
function.

C. DICTIONARY LEARNING BASED ON KERNEL LEARNING
AND RIEMANNIAN METRIC (KLRM-DL)
This paper proposes dictionary learning based on kernel
learning and Riemannian metric. KLRM-DL first builds an
RKHS H based on the data-dependent and learnable kernel
function k(•, •) proposed in this paper, then uses k(•, •) to
transform a given dictionary learning sample toH , and finally
do dictionary learning in H .

1) BASIC KERNELS BASED ON LOG-EUCLIDEAN METRIC
KLRM-DL selects the radial basis kernel function [15] and
the Log-Euclidean metric as the basis kernel function for
data-dependent and learnable kernel functions:

kb = e−δG1(x,y) (30)

where δG1(x, y) is Log-Euclidean metric as defined in Eq. 14.

2) THE CONSTRUCTION OF DICTIONARIES IN RKHS
Since Symn++ does not constitute a linear space, it makes
little sense to learn dictionaries on Symn++. And our machine
learning is only done in RKHS H , not in Symn+. Therefore,
we only need to learn dictionaries in H .

Let X = {x1, · · · , xN } ⊆ Symn++ be a set of data
points used for dictionary learning, and use the reproduc-
ing kernel of H to transform X into a set of new data
points ϕ(X ) = {ϕ(x1), · · · , ϕ(xN )} ⊆ H . KLRM-DL uses
a linear combination of ϕ(X ) to construct the dictionaries
{ϕ(d1), · · · , ϕ(dL)} ⊆ H :

ϕ(di) =
N∑
j=1

bijϕ(xj) ∈ H , i = 1, · · · ,L (31)

where B =

b11 · · · b1N...
. . .

...

bL1 · · · bLN

 =
B1Row...
BLRow

 ∈ RL×N . And B

is a dictionary generation matrix.
Obviously, learning a dictionary in H is learning B. And

then we can derive:〈
ϕ(dp), ϕ(dq)

〉
=

〈
N∑
i=1

bpiϕ(xi),
N∑
j=1

bqjϕ(xj)

〉

=

N∑
i=1

N∑
j=1

bpibqj
〈
ϕ(xi), ϕ(xj)

〉
=

N∑
i=1

N∑
j=1

bpibqjk(xi, xj)

= BpRowKBTqRow (32)

And finally we come out:〈ϕ(d1), ϕ(d1)〉 · · · 〈ϕ(d1), ϕ(dL)〉
...

. . .
...

〈ϕ(dL), ϕ(d1)〉 · · · 〈ϕ(dL), ϕ(dL)〉


=

B1RowKB
T
1Row · · · B1RowKBTLRow

...
. . .

...

BLRowKBT1Row · · · BLRowKBTLRow


=

B1RowK [BT1Row · · ·B
T
LRow]

...

BLRowK [BT1Row · · ·B
T
LRow]


=

B1RowKB
T

...

BLRowKBT

 = BKBT (33)

D. THE MODEL OF KLRM-DL
The objective function of dictionary learning is

N∑
i=1


∥∥∥∥∥∥ϕ(xi)−

L∑
j=1

aijϕ(dj)

∥∥∥∥∥∥
2

+ λSparse(AiRow)

 (34)
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where A =

a11 · · · a1L...
. . .

...

aN1 · · · aNL

 =
A1Row...
ANRow

 is a sparse coding

matrix for dictionaries. Then∥∥∥∥∥∥ϕ(xi)−
L∑
j=1

aijϕ(dj)

∥∥∥∥∥∥
2

= ‖ϕ(xi)‖2 + AiRowBKBTATiRow − 2AiRowBKT
iRow (35)

So

N∑
i=1

∥∥∥∥∥∥ϕ(xi)−
L∑
j=1

aijϕ(dj)

∥∥∥∥∥∥
2

=

N∑
i=1

‖ϕ(xi)‖2 + tr(ABKBTAT )− 2tr(ABK ) (36)

Since
N∑
i=1
‖ϕ(xi)‖2 has nothing to do with B and A,

the objective function for dictionary learning is simplified as:

min
A,B

tr(ABKBTAT )− 2tr(ABK )+ λ
N∑
i=1

Sparse(AiRow)

(37)

In the above objective function, the sparse coding matrix A
is not necessary. The dictionary generation matrix B is what
we want to get.

Further, KLRM-DL uses the data-dependent and learnable
kernel function k proposed in this paper, where the learning
samples use the learning samples X to do dictionary learning.
k in this paper is

K = Kb + ζ8TM8 (38)

where K =

k(x1, x1) · · · k(x1, xN )...
. . .

...

k(xN , x1) · · · k(xN , xN )

,
8 =

[
β̃(x1), · · · , β̃(xN )

]
=

β(x1, x1) · · · β(x1, xN )
...

. . .
...

β(xN , x1) · · · β(xN , xN )

 ∈ RN×N . (39)

Therefore, the objective function of KLRM-DL is:

min
A,B,M

N∑
i=1

‖ϕ(xi)‖2 + tr(AB(Kb + ζ8TM8)BTAT )

− 2tr(AB(Kb + ζ8TM8))+ λ
N∑
i=1

Sparse(AiRow) (40)

Remark 7: If you take β(x, y) = kb(x, y), then

8 =

kb(x1, x1) · · · kb(x1, xN )
...

. . .
...

kb(xN , x1) · · · kb(xN , xN )

 ∈ RN×N .

And then

K = Kb + ζKbMKb = Kb(IN + ζMKb) (41)

E. SPARSE CODING
After KLRM-DL,B and kernel function featurematrixM will
be determined.
For any x ∈ Symn++, the objective function of its sparse

coding matrix is:∥∥∥∥∥∥ϕ(x)−
L∑
j=1

αjϕ(dj)

∥∥∥∥∥∥
2

= ‖ϕ(x)‖2 + aTBKBT a

−2aTBk(x) (42)

where a = [α1, · · · , αL]T and

k(x) =

k(x, x1)...

k(x, xN )

 =
kb(x, x1)...

kb(x, xN )

+ ζ
 β̃

T (x1)M β̃(x)
...

β̃T (xN )M β̃(x)


= kb(x)+ ζ8TM β̃(x)

So the objective function of sparse coding of x is:

min
a
aTBKBT a− 2aTBk(x)+ λSparse(a) (43)

V. SOLUTION TO KLRM-DL
The final objective function can be expressed as:

min
A,B,M

N∑
i=1

∥∥∥∥∥∥ϕ(xi)− AiRow
L∑
j=1

bijϕ(xj)

∥∥∥∥∥∥
2

+ λSparse(AiRow)

= min
A,B,M

N∑
i=1

(k(xi, xi)− 2AiRowBk(xi)

+AiRowBK (X ,X )BTATiRow)+ λSparse(AiRow) (44)

where

K (X ,X ) =

k(x1, x1) · · · k(x1, xN )
...

. . .
...

k(xN , x1) · · · k(xN , xN )


The key to dictionary learning and sparse coding on SPD

manifold is to choose a suitable kernel function. Kernel
functions use the data-dependent kernel functions k(x, y) =
kb(x, y) + ζ β̃T (x)M β̃(y), ζ > 0 proposed in this paper.
This kernel function learning and dictionary learning can be
combined.

KLRM-DL needs to learn the dictionaries and kernel func-
tion parameters. The dictionaries and kernel parameters can
be learned together or separately. This article adopts the
strategy is learning together.

Given training data X = {x1, · · · , xN } ⊆ Symn++, learn-
ing dictionaries and kernel parameters use an alternating
optimization strategy, which is divided into three steps in
each iteration: update the sparse coding matrix A, update
dictionary coding matrix B and update kernel parameters M .
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The other two variables are fixed when each variable is
updated. The steps are explained below.

1) Update the sparse coding matrix A. In the process of A,
fixed M and B,the objective function is:

min
A

N∑
i=1

(−2AiRowBk(xi)

+AiRowBK (X ,X )BTATiRow)

+ λSparse(AiRow) (45)

The solution of the above equation is a typical Lasso
problem which can be quickly solved by the toolbox
SPAMS [44] or CVX [45].

2) Update dictionary coding matrix B. During this phase,
the coding results A and kernel parametersM are fixed.
The objective function is:

min
B

N∑
i=1

(−2AiRowBk(xi)

+AiRowBK (X ,X )BTATiRow)

= min
B
(−2tr(ABK (X ,X ))

+ tr
(
ABK (X ,X )BTAT )

)
(46)

The function about B is:

f (B) = −2tr(ABK (X ,X ))+ tr(ABK (X ,X )BTAT )

(47)

The derivative of f (B) with respect to B, we get:

∂f
∂B
= −2

∂tr(ABK (X ,X ))
∂B

+
∂tr(ABK (X ,X )BTAT )

∂B
= −2ATK (X ,X )+ 2ATABK (X ,X ) (48)

Let the derivative be 0, we can get the updated formula:

B = (ATA)−1AT (49)

3) Update kernel parameter. When updating the kernel
parameters M , A and B are fixed, and the objective
function is:

min
M

N∑
i=1

(k(xi, xi)− 2AiRowBk(xi)

+AiRowBK (X ,X )BTATiRow)+ λtr(M
TM )

= min
M

tr(8(Z ,X )TM8(Z ,X ))

− 2tr(AB8(Z ,X )TM8(Z ,X ))

+ tr(AB8(Z ,X )TM8(Z ,X )BTAT )

+ tr(MTM ) (50)

where tr(MTM ) is the regular term for M , 8(Z ,X ) =β(z1, x1) · · · β(z1, xN )...
. . .

...

β(zQ, x1) · · · β(zQ, xN )

 ∈ RQ×N and Z =

{z1, · · · , zQ} can be a subset of X = {x1, · · · , xN }, not
necessarily Z = X .

Let

f (M ) = tr(8(Z ,X )TM8(Z ,X ))

− 2tr(AB8(Z ,X )TM8(Z ,X ))

+ tr(AB8(Z ,X )TM8(Z ,X )BTAT )

+ tr(MTM ) (51)

There are two main ways to solve the above equation,
one is Trust-region method [46], the other is Riem-CG
method [47]. Riem-CG can get results faster and the
results are stable, so we use Riem-CG to update M in
this paper.
For a smooth nonlinear function f (x), x ∈ Rn,
the updated formula of the Riem-CGmethod in the t+1
iteration is:

xt+1 = xt + γtξt (52)

where ξt is the gradient descent direction:

ξt = −gradf (xk )+ µkξt−1 (53)

where gradf (xk ) is the gradient of the function f at xk
and µk that is the conversion between ξt and ξt−1:

µt =
(gradf (xt ))T (gradf (xt )− gradf (xt−1))

gradf (xt−1)T gradf (xt−1)
(54)

The step size γt can be calculated by line search [48].
For Riem-CG, the difference is that the gradient uses
the Riemannian gradient gradRiemf (Mk ), and the rela-
tionship between the Riemannian gradient and the
Euclidean space gradient [49] is:

gradRiemf (Mk ) =
1
2
M (
∂f (M )
∂M

+ (
∂f (M )
∂M

)T )M (55)

where ∂f (M )
∂M represents the Euclidean space gradient of

f (M ) to M . Since gradRiem(Mk ) and gradRiemf (Mk−1)
belong to different tangent spaces TMkSym

n
+ and

TMk−1Sym
n
+, so the equation above cannot be applied

directly. The solution is to use vector transfer, which
transfers a tangent vector to a Riemannian manifold
corresponding to the tangent vector on the point.
The updated formula of the Riem-CG method t + 1
iteration is:

Mt+1 = Mt + γtξt (56)

where ξt is the gradient descent direction:

ξt = −gradRiemf (Mt )+ µθγt ξt (ξt−1) (57)

where θγt ξt (ξt−1) represents vector transfer:

θγt ξt (ξt−1) =
d
dx
expMt−1 (γtξt−1 + xξt−1)|x=0 (58)

µt of Riem-CG method:

µt =

〈
gradRiemf (Mt ), gradRiemf (Mt )

〉〈
gradRiemf (Mt ), gradRiemf (Mt )

〉
−

θγt ξt−1 (gradRiemf (Mt ))〈
gradRiemf (Mt ), gradRiemf (Mt )

〉 (59)
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The Riem-CG method requires the gradient of
Euclidean space of f (M ) when calculating the Rieman-
nian gradient of f (M ), and the European-style spatial
gradient of f (M ) to M is:

∂f (M )
∂M

=
∂tr(8(Z ,X )TM8(Z ,X ))

∂M

− 2
tr(AB8(Z ,X )TM8(Z ,X ))

∂M

+
∂tr(AB8(Z ,X )TM8(Z ,X )BTAT )

∂M

+
∂tr(MTM )

∂M
= 8(Z ,X )8(Z ,X )T

− 28(Z ,X )BTAT8(Z ,X )T

+8(Z ,X )BTATAB8(Z ,X )T + 2M (60)

The matlab version of the Riem-CG method is inte-
grated in the manopt toolbox [50]. The algorithm flow
of dictionary learning and kernel learning can be saw
in Algorithm1.

Algorithm 1 Dictionary Learning and Kernel Parameter
Learning
1) Input: training data X = {x1, · · · , xN } ⊆ Symn+, data

sample Z = {z1, · · · , zQ} ⊆ Symn+, numbers of dictio-
naries L, maximum number of iterations Titer .

2) Output: dictionary B, kernel function k .
3) Initialization, initialization dictionary D generated by

SPD manifold clustering algorithm, t = 1.
4) Repeat Titer
5) Sparse coding: update A by equation (45)
6) Dictionary update: update B by equation (49)
7) Kernel parameter update: updateM by equation (56)
8) Until t ++ = Titer

VI. EXPERIMENTS
In order to understand the effectiveness of the algorithm
proposed in this paper and the influence of related parameters
on model performance, this section compares the algorithm
with other algorithms based on three real data. We have
three datasets, the first is Queen Mary University of London
(QMUL), the second is texture data (Brodatz), and the third
is face data (FERET). The first step of the experiment is to
test the effect of the parameters of the algorithm model on
the experimental results, so as to determine better param-
eters. The second step of the experiment is to compare
with other algorithms on three commonly used public data
sets. The basic kernel function and data-dependent binary
function used in this paper are Gaussian kernels based on
Log-Euclidean metric. Our accuracy was measured by linear
classifier based on ridge regression and classification method
based on minimum reconstruction error, represented by CRR
and 1-NN respectively.

TABLE 1. Distribution of the QMUL dataset.

A. COMPARISON ALGORITHMS
The comparison algorithms are RSR [17], TSC [33] and K-
LE-DLSC [13]. In RSR, RKHS is generated by using a kernel
function and SPD data are transformed to RKHS by using
the kernel function. Two kernel functions are used in RSR:
kJ (x, y) = e−αJ (x,y) and kS (x, y) = e−αS(x,y), where J (x, y)
and S(x, y) are Jeff and Stein divergence respectively, both
of them are developed from Bregman divergence. The main
difference between RSR and our algorithm is that the kernel
functions in RSR are not learnable. By the way, our algorithm
uses Riemannian metric, not divergence.

In TSC, dictionary learning and sparse coding are per-
formed directly in the SPD space, instead of transferring to
RKHS. Since the linear combination of SPD matrices is not
necessarily an SPD matrix, TSC stipulates that the combina-
tion coefficient must be non-negative. The main difference
between TSC and our algorithm is that TSC is not based
on RKHS. In addition, the kernel functions in TSC are not
learnable either.

As well known, SPD dataset does not form a linear space
under the usual matrix addition and scalar multiplication.
K-LE-DLSC defines a special matrix addition and scalar
multiplication to make SPD dataset become a linear space,
and then defines inner product to make SPD dataset become
inner product space. Then, K-LE-DLSC defines kernel func-
tions by using these newly-defined inner products. The main
difference between K-LE-DLSC and our algorithm is that the
kernel functions defined in K-LE-DLSC are not learnable.

B. EXPERIMENTS ON QMUL DATASET
In this section, we do two experiments on the QMUL dataset.
The first experiment is to select appropriate parameters to
make the algorithm better. The accuracy of the classifica-
tion experiment was calculated to determine our parameter
selection. The second experiment is to compare the algorithm
proposed in this paper with other algorithms on the QMUL
dataset, so as to verify the reliability of the algorithm pro-
posed in this paper.

The QMUL dataset [51] is a dataset composed of pictures
of the human head, and the pictures are collected from the
terminal camera of the airport. This dataset has 20005 images.
Image is divided into five types of ‘back’, ‘background’,
‘front’, ‘left’ and ‘right’, each category represents a direction
of the head picture. ‘Back’ represents back image, ‘back-
gound’ represents background image, ‘front’ represents posi-
tive image, ‘left’ represents left image, ‘right’ represents right
image. Some sample pictures are shown in Fig. 1. The dataset
has been divided into training set and test set in advance.
The number of pictures in each type of QMUL dataset and
the specific division of training set and test set are shown
in Table 1. In this experiment, each picture is represented by
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FIGURE 1. QMUL sample picture.

a 13× 13 SPD matrix, which means each position of the pic-
ture can be expressed by the 13-dimensional feature vector.
Meanwhile, the 13-dimensional feature vector is calculated
by the following formula:

f (x, y) = [IL(x, y), Ia(x, y), Ib(x, y),
√
I2x + I2y ,

arctan(
|I2x |
|I2y |

),G1(x, y), · · · ,G8(x, y)] (61)

where IL(x, y), Ia(x, y) and Ib(x, y) are the three channel val-
ues of the CIElab color space. Ix and Iy is one-step-degree
value respectively in the directions x and y of IL(x, y), and
Gi(x, y), i = 1, · · · , 8 is the response value of 8 DOOG
(Difference of Offset Gaussian) fifilters at the position (x, y).
Then by calculating the covariance matrix of all eigenvectors,
we can get a 13 × 13 SPD matrix. During the experiment,
200 pictures from each class were randomly selected from
the training set as training data to learn the dictionary and
kernel parameters. Later, 300 pictures from each class were
randomly selected from the test set, where 200 pictures were
used as training data for the classififier and the remaining
100 pictures were used as the testing data to calculate the
classification accuracy rate.

For ease of reading, the number of dictionaries is denoted
as KD, and the number of data dependencies selected is
denoted as KZ . Because the length of the encoding vector
is consistent with the number of dictionaries KD, KD will
have a great impact on the encoding result. When KD is
too small, the encoding will be so short that the information
may be missing. When KD is too large, the computational
complexity will increase first, and then the encoding vector
may contain redundant information, so that the number KD is
not necessarily as large as possible. Hence, in order to find
out the KD impact on the encoding result, we can change
the value KD but keep other settings of the algorithm model
fixed. We can change KD to find the impact according to
the classification accuracy of the encoding result. In terms of
experimental parameter settings, the number of data samples
is 200 per class. The basic kernel function used is the kernel
function based on Riemannian metric. The parameter of this
kernel function alpha is set to 0.1. The kernel function of
the data dependencies is also the kernel function based on

FIGURE 2. Relationship between classification accuracy and number of
dictionaries.

Riemannian metric. The parameter alpha is also set to 0.1,
and KD is in steps of 10, from 10 to 100. The changes in the
encoding result are shown in Fig. 2. It can be seen that the
number of dictionaries is not as large as possible. When the
number of dictionaries reaches a certain number, the effect of
classification has no longer increase significantly.

In the data-dependent kernel function, data dependency is
affected by two aspects, where one is the parameter, and the
other is the data sample. Both the distribution and the number
of data samples will affect the results of data dependency
and functions. In order to explore the effect of the number of
data samples KZ on the encoding results, we can keep other
settings of the algorithm model fixed, and only change the
values KZ . And then we can find the impact of KZ based on
the classification accuracy of encoding results. In terms of
experimental parameter settings, the number of dictionaries
is 50. The basic kernel function used is the Stein kernel
function. The parameter alpha of the kernel function based
on Riemannian metric is set to 0.1. The kernel function of
the data dependency is also the kernel function based on
Riemannian metric. KZ is set in steps of 10, from 10 to 100.
The variation of coding results with KZ is shown in Fig. 3.

FIGURE 3. Relationship between classification accuracy and KZ .

Finally, on the QMUL dataset, the proposed method
is compared with dictionary learning and sparse coding
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TABLE 2. QMUL dataset classification accuracy rate (%).

algorithms on SPD manifold in recent years, including
K-LE-DLSC [13], RSR-S [17], and Riem-DLSC [1], which
are all introduced in related section above. The classification
accuracy results of each algorithm are shown in Table 1.

KLRM-DL have higher classification accuracy. Hence,
Rime-DLSC has a much lower classification accuracy than
the method based on the kernel method directly in SPD. How-
ever, in the kernel method, the RSR-S using the Stein kernel
function. KLRM-DL has a higher classification accuracy rate
than K-LE-DLSC-Gaussian using LE Gaussian kernel func-
tion. Meanwhile, the proposed method KLRM-DL showing a
better effect than using the Stein kernel function only. Thus,
it can be considered that KLRM-DL are effective.

C. EXPERIMENTS ON THE BRODATZ DATASET
In this section, we perform a classification experiment on the
Brodatz dataset [52]. There are 112 texture photos in this
dataset, each photo representing one type of texture. In this
paper, two experiments will be performed on the Brodatz
dataset, one is a grouping experiment with selected textures,
and the other is a classification experiment for all texture
images.

FIGURE 4. Brodatz dataset sample texture picture.

In the experiment of partial texture classification, we set
up the same experiment as [31]. A total of several groups of
classification experiments are set, and each group of experi-
ments contained multiple sets of data. The pictures of some
participating experiments are shown in the Fig. 4 above. The
categories and numbers selected for each group of experi-
ments are different, as shown in the Table 3 below.

For each set of data in each set of experiments, each picture
is first down-sampled to size 256 × 256, and then divided
into 64 non-overlapping local regions of size 32 × 32. For
each position I (x, y) of each local region, the feature vectors
are calculated on I (x, y). The vector uses the 5-dimensional
feature vector, and then calculates the covariance matrix of
all feature vectors in each local area, and obtains a matrix
of size as the 5 × 5 SPD matrix representing this area.

TABLE 3. Brodatz group experiment data selection.

The generation of a 5-dimensional feature vector follows the
following formula:

f (x, y) = [I (x, y), ∂I/∂x, ∂I/∂y, ∂2I/∂x2, ∂2I/∂y2] (62)

where (x, y) is the position coordinate, I (x, y) is the gray value
of the position, ∂I/∂x and ∂I/∂y are a step in the x and y
directions, ∂2 I/∂x2 and ∂2I/∂y2 are two steps in x and y
directions respectively. A 5× 5 SPD matrix can be obtained
for each local area, and each SPDmatrix can generate 64 SPD
matrices. That is, each type of texture has 64 SPD data.

In order to keep consistent with the experimental settings
in [17], 14 SPD matrices are selected as data-dependent
samples for each type of texture. The data-dependent samples
remain unchanged in all experiments. During the classifica-
tion experiment, 10 SPD matrices are randomly selected for
each type of texture. Dictionaries are randomly selected 20 of
the remaining 40 SPD matrices as the reference set of the
nearest neighbor classifier, and the remaining 20 as the test
set, sparsely encode the reference set and all SPD matrices
in the test set with the learned dictionary. Finally the 1-NN
classifier was used to calculate the classification accuracy
rate. The classification results of each group of experiments
are shown in Table 4.

TABLE 4. Grouping experiment of the dataset Brodatz classification
accuracy rate (%).

In the packet texture classification experiment, the
KLRM-DL proposed in this paper are compared with the
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FIGURE 5. Comparison of algorithms for 1-NN classification accuracy in
Brodatz dataset.

existing sparse coding methods on SPD manifold. The com-
parisonmethods are TSC [31], RSR-S [16], K-LE-DLSC [14]
and Riem-DLSC [1].

It can be seen from Table 4 that the KLRM-DL pro-
posed in this chapter have better performance on Brodatz
dataset than existing SPD manifold sparse coding methods.
The classification accuracy of KLRM-DL is the highest in
most groups, and the classification accuracy of Riem-DLSC
directly modeled on SPD manifold is lower than that of SPD
manifold converted to RKHS. In grouping experiments with
a large number of categories, the classification accuracy rate
of methods such as RSR-S using the Stein kernel function
and K-LE-DLSC-Gaussian using the LE kernel function is
lower than that of grouping experiments with a small number
of categories. However, the KLRM-DL method proposed in
this chapter can still maintain a high classification accuracy
rate when the number of categories is increased. On the
16-texture-1 group, KLRM-DL is 2.1% higher than the high-
est value of the othermethods. KLRM-DLon the 16-texture-2
group2 is similar to the highest value of the existing method,
and KLRM-DL can be considered to be effective.

In the classification experiments of all textures, the exper-
imental setup is consistent with [1]. There are 112 texture
images in the Brodat dataset. Each image represents a type of
texture. In all texture classification experiments, all texture
images will be used for experiments. The way to generate
SPD data for each texture picture is consistent with the pre-
vious grouping experiments with selected textures.

In the experiment, 14 SPD matrices are selected as data
samples for each type of texture, so the total number of data
samples is 1568, the number of data samples actually used
is 400, and the data samples are fixed, leaving 50 for each
type of texture. We randomly select 20 SPD matrices as the
training set learning dictionary and kernel function, randomly
select 20 SPD matrices as the reference set for the classifier
from the remaining 30 SPD matrices, and use the remaining
10 as the test set to calculate the classification accuracy.
Using the learned dictionary to encode all SPD matrices in

the reference set and test set, and then use the 1-NN classifier
to calculate the classification accuracy rate.

TABLE 5. Accuracy of all texture classifications of Brodatz (%).

The method proposed in this chapter is compared with
the existing sparse coding methods on SPD manifold in the
experiments on the classification of all texture pictures in
the Brodatz dataset. The comparison methods are TSC [31],
RSR-S [15], K-LE -DLSC [14], Riem-DLSC [37], and
GDL [33]. The classification accuracy of each method on the
Brodatz dataset is shown in Table 5. As can be seen from
the table above, the KLRM-DL method achieves the highest
classification accuracy rate when all texture pictures are clas-
sified, which is 0.3% higher than the highest value RSR-S
in the other methods, which is 2.1% better than building
directly on SPD manifold Rime-DLSC method. In addition,
the KLRM-DL method is much higher than the Fro-DLSC
method directly modeled in symmetric matrix space and the
K-LE-DLSC method using the LE kernel function. It can
be seen that the KLRM-DL method is still effective in
multi-class classification.

D. EXPERIMENTS ON THE FERET DATASET
In this section, a face recognition experiment is performed
on the FERET dataset [53]. The experiment uses the ‘b’
subset of the FERET dataset. The ‘b’ subset contains a total
of 2000 face pictures from 200 people. The direction devia-
tion angle of the face is divided into 10 directions ‘ba’, ‘bb’,
‘bc’, ‘bd’, ‘be’, ‘bf’, ‘bg’, ‘bh’, ‘bi’, ‘bk’. The picture is a
grayscale image, the original size is 256 × 384. For each
picture, the area is first extracted where the face is located,
and then down-sampled to 64 × 64. Some sample pictures
can be seen in Fig. 6.

FIGURE 6. Partial picture display of the ’b’ subset of the Feret dataset.

In the experiment, in order to maintain the experimental
setting consistent with [17], the pictures in the direction of
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‘ba’, ‘bc’, ‘bh’, ‘bk’ are used as the training set. We are
not need dictionary learning is performed that is because the
training set pictures have category labels and the dictionary
is labeled. The pictures in the direction of ‘bd’, ‘be’, ‘bf’,
‘bg’ are the test set. The data depends on the sample points
randomly selected from the training set. The experimental
dictionary on FERET has been fixed and has class labels,
and dictionary learning is not required. Therefore, the exper-
iments proposed by the algorithm on the FERET dataset
only use the kernel learning strategy. In the experiment, each
picture can be represented by an SPD matrix of size 43× 43.
The generation of eigenvectors follows the following
formula:

f (x, y) = [I (x, y), x, y, |G0,0(x, y)|, · · · , |G4,7(x, y)|] (63)

Among them, (x, y) is the position coordinate, I (x, y) is
the gray value of the position, and Gu,v(x, y) is the response
value of the two-dimensional wavelet filter (Gabor Filter) at
the position (x, y). The direction u of the wavelet filterGu,v is
from 0 to 4, and the scale v is from 0 to 7. There are 40wavelet
filters in total.

Calculate the encoding result of the test set, and then use
the sparse encoding-based classification method described to
calculate the recognition accuracy rate. The results are shown
in Table 6.

TABLE 6. Correct rate of face recognition in Feret dataset (%).

The algorithm proposed in this paper is compiled and
run on the Matlab platform. The computer processor
used is Intel’s 8th-generation 8-core processor i5-8265U.
In 20 experiments, the average sample training time of the
code is 706.54s and the classification test time is 5.68s. It can
be seen that the training and testing time of the algorithm is
relatively short. And it is compared with the existing sparse
coding methods on SPD manifold. The comparison methods
are TSC [31], LogEuc-SC [20], SRC [2], GSRC [3] and
RSR [17]. It can be seen from Table 6 that the KLRM-DL
method proposed in this chapter has a higher face recognition
accuracy rate in the ‘bd’ and ‘bg’ subsets of the Feret dataset
than the comparison algorithm. The recognition accuracy rate
on the ‘be’ subset differs from the highest value by 6.5%, and
the recognition accuracy rate on the ’bf’ subset differs from
the highest value by 4.5%, both of which are not much differ-
ent. It can be seen that the performance of KLRM-DL on each
subset is more stable and is not affected by the direction of the
face picture. The performance on the set is more stable and is
not affected by the orientation of the face image. In addition,

KLRM-DL’s average recognition accuracy rate in Feret’s face
set is much higher than the existing sparse coding method on
SPD manifold, which is 0.9% higher than the second one.
It can be considered that KLRM-DL is effective.

VII. CONCLUSION
RKHS is a commonmathematical platform for various kernel
methods in machine learning. The learning mechanism of
kernel approach is to embed the original data space into
RKHS via kernel function, where the Euclidean computa-
tions apply. The so-called kernel learning is to choose the
most suitable RKHS according to the specific application
of machine learning (dictionary learning, transfer learning,
etc.) and a given learning sample. Since RKHS can only be
generated by kernel functions, kernel learning is also kernel
function learning. The current dilemma of kernel learning is
that there are not many types of kernel functions that can be
learned, and there are notmany parameters that can be learned
in these kernel functions, such as exponential parameters
in Gaussian kernel functions, or combination coefficients in
multi-kernel learning, and so on. The first contribution of this
paper is to propose a kernel framework that calls dictionary
learning based on kernel learning and Riemannian metric,
where the SPD matrix in the positive definite quadratic form
is the learnable part of KLRM-DL and Riemannian metric
can really represent the true distance between two points.

At present, the use of regional covariance descriptors to
generate SPD matrix feature data from images or videos is
increasingly common in machine learning. However, SPD
data itself does not constitute a linear space, and most
machine learning algorithms (such as dictionary learning
algorithms) involve a large number of linear operations.
At present, a common method is to transform the SPD data to
RKHS and perform machine learning in RKHS. The second
contribution of this paper is to apply the KLRM-DL proposed
in this paper to dictionary learning of SPD data. This article
first transforms the given SPD learning samples to the RKHS
generated byKLRM-DL, and then learns KLRM-DL and dic-
tionary simultaneously on RKHS according to the dictionary
learning criteria. The RKHS learned in this way provides the
most suitable working space for dictionary applications (such
as dictionary coding and dictionary-based recognition, etc.).
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