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ABSTRACT We consider the scenario where two pursuers are required to intercept an enemy evader that
launches a decoy. Under the assumption that all four aircrafts have first-order linear dynamic characteristics,
a cooperative guidance law is designed in two stages: the unidentified decoy stage and the discriminated
decoy stage. In the unidentified decoy stage, the predictive guidance law is designed based on the method of
the highest probability interval (HPI). This guidance law canmaximize the probability of intercepting the real
target despite the decoy’s presence, thus providing an interception maneuver advantage for later cooperative
guidance to the real target. In the discriminated decoy stage, based on the optimal control theory, an optimal
guidance law considering the detection configuration is designed, which reduces the estimation error in the
detection process and improves the interception performance. Simulation results verify the feasibility of the
phased cooperative guidance law.

INDEX TERMS Cooperative guidance, predictive guidance, highest probability interval, optimal control,
detection configuration, estimation error.

I. INTRODUCTION
In recent years, the use of multiple interceptors (pursuers) to
target maneuvering evaders has been widely studied. These
studies involve the design of a guidance law and the esti-
mation of a target state. For designing the guidance law,
optimal control theory [1], [2], theory of differential game [3],
and sliding mode control [4] have been employed. However,
earlier studies have designed the guidance law on the premise
that the motion of the maneuvering target is known. There-
fore, a number of studies were conducted where the state
of target is estimated in real time in the guidance process.
The methods for estimating the target state is often designed
with the implementation of the Kalman filter [5], [6]; some
examples are the extended Kalman filter [7], multiple model
adaptive filtering [8], and interactive multiple model filter-
ing [9]. These filter based techniques, in combination with the
aforementioned control methods, for designing the guidance
law are all based on the separation theorem (ST) [10]. The
separation theorem states that the controller and estimator
of linear Gaussian system can be designed independently.
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However, for nonlinear non-Gaussian systems, the separa-
tion theorem cannot be proved to be effective. To solve this
problem, some scholars proposed the method of general-
ized separation theorem (GST) [11]. In addition, during the
interception of the target using multi-aircraft, the geometric
configuration of the relative positions of multiple aircraft has
great influence on the estimation error. When the distance
information is combined with cooperative angle measure-
ment of multiple aircraft [7], the relative distance between
the multiple aircraft and the target cannot be estimated when
they are collinear, and the estimation error is very large when
they are approximately collinear. Therefore, the problem of
detection configuration [7], [8], [12]–[14] should also be con-
sidered in the process of multi-interceptor guidance design.

In linear systems, the controller and estimator can be
designed separately based on the separation theorem. In a
previous study [8], a multi-model adaptive filter was added
to the three-body cooperative guidance model to estimate and
match the model of the incoming missile from an existing
model set, and the defender intercepts the incoming missile
in accordance with the model. In order to better track the
maneuvering target, interactive multi-model filtering has also
been incorporated in the design of a phased cooperative
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guidance strategy of missiles [9]. The extended Kalman filter
has also been used to estimate the target state [7], [12], [13],
and optimal control, in combination with a linear kinematic
model, is employed to constrain the interception angle of
the endgame. All of the approaches discussed above use
the separation theorem to design the controller and the
estimator.

GST allows for the design of the estimator to be developed
independently in the terminal guidance system. However,
the probability density function (PDF) obtained by the esti-
mator needs to be considered during the design of the guid-
ance law [15] to [19]. The non-Gaussian PDF is calculated
for the first time by using the multi-model state estimator
introduced by [15]. The concept of model predictive control
is used to propose the predictive control guidance law, which
is then extended to the case of multiple targets. The concept of
miss-set is proposed in [17], and the guidance law is proposed
based on the design criterion of the optimal guidance law,
in which the missile’s miss-set contains the target’s miss-set
at all times. When compared with the techniques where the
theory of differential game is used, the results show that the
method has obvious advantages in performance. Building on
the results of [15], the concept of the highest probability inter-
val (HPI) was proposed by Dionne et al. [18]. HPI represents
the regional value of the maximum probability of the missile
intercepting the target. In [18], HPI is taken as the criterion to
realize the design of the optimal guidance law of the missile,
and the effectiveness of the method was verified by simula-
tions. Compared with the conventional predictive guidance
law, the method greatly improves the guidance performance
as a smaller miss distance is obtained. Based on the results
of [19], the study by [20] developed a more detailed optimal
guidance law design scheme utilizing the HPI, and enhanced
it to be capable of multi-target interception. On comparing the
performance of optimal guidance law based on HPI and pre-
dictive guidance law, the results show that the former offers
better performance and stronger adaptability for the purpose
of intercepting multiple targets. While designing a many-
to-many cooperative guidance law, [21] also used this idea
to select a new performance index and verified the feasibility
of this method through simulations.

In order to obtain more accurate target information and
achieve better interception performance, it is necessary to
measure or estimate other information beyond the line-
of-sight (LOS) angle. Factors such as target acceleration,
approach velocity, time-to-go and relative distance of the
target can prove useful for this purpose. With the exception
of the LOS angle and its rate of change, almost all of these
factors depend on the measurement of the relative distance
between the interceptors and the target. Therefore, themethod
of using multiple interceptors for cooperative measurement
of relative distance has received extensive attention. In a
previous study [22], the research objects were specified as
two interceptors that could only measure LOS information.
Based on interactive multiple model filtering and multiple
model particle filter algorithms, real-time estimation of the

target motion is obtained using cooperative detection. While
their results show that the cooperative detection method can
significantly improve the interception performance, there is
a requirement of improved real-time data processing. In the
cooperative estimation of target motion information by mul-
tiple interceptors, the accuracy will be affected by the geo-
metric configuration between the multiple interceptors and
the target. In [7], the relative distance between the intercep-
tors and the target was calculated by using the method of
double line of sight measurement, which is also used as the
input information for estimating the state of target motion.
By increasing the LOS between the two interceptors and the
target, the estimation accuracy of target motion information
improves. On this basis, the cooperative guidance law of
multiple aircraft was designed. On the basis of Liu et al. [7],
Fonod and Shima [12], [13] further studied the influence
of configuration on estimation accuracy and guidance per-
formance. From the side of interceptors, [12] shows that
applying different interception angles will affect the perfor-
mance of estimation and guidance. When the interception
angle between 30◦ and 65◦ is applied at the terminal of the
guidance, better estimation and guidance performance can
be generated for the target. Reference [13] established the
research object as evader, and designed the ‘‘blind and evade’’
guidance law that canmake the LOS angle of two interceptors
consistent, which results in a decline in the estimation preci-
sion of the two interceptors. In order to allow for the evader to
have a higher chance of survival, the evader was specified to
adopt an escape strategy with bang-bang structure at the end.

The remainder of this paper is organized as follows:
Section II, the cooperative interception engagement model
is described, and the detection estimation error model is
introduced. In Section III, the whole guidance process is cate-
gorized into unidentified and discriminated decoy stages. For
the two stages, the predictive guidance law based on HPI and
cooperative guidance law based on optimal control consid-
ering the detection configuration are designed respectively.
In Section IV, the proposed guidance law is implemented in
simulations, and the results are verified. The main findings of
this paper are summarized in Section V.

II. PROBLEM STATEMENT
When an enemy’s evader is engaged by our multi-pursuer,
it could launch a decoy having similar characteristics in order
to interfere with our pursuer Our multiple pursuers need to
identify the decoy and effectively target the enemy evader.
The duration in the terminal guidance phase is very short,
which is not advantageous as it needs take some time to iden-
tify the decoy. In addition, the relative guidance configuration
of multiple pursuers will affect the detection accuracy of the
evader during the cooperative guidance process. Therefore,
in this work, we divide the final guidance law method into
two stages: before and after identification of the decoy

The dynamic and kinematic models are established in the
inertial coordinate system XI −OI − YI , as shown in Fig.1 is
the planar engagement geometry of the evader and the two
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FIGURE 1. Planar engagement geometry.

pursuers. We denote the variables associated with the evader
and pursuers by E and Pi respectively The normal accel-
eration, speed, line-of-sight, range and flight-path angle are
denoted by a, v, λ, r , and γ respectively.

A. KINEMATICS AND DYNAMICS
Neglecting the influence of gravity, the engagement process
between the pursuer and the evader can be expressed in the
form of polar coordinates (r, λ) as follows:

ṙPiE = vPiE = −vE cos(γE − λPiE )− vPi cos(γP0 + λPiE );

i = {1, 2} (1)

λ̇PiE =
vE sin(γE − λPiE )− vPi sin(γPi0 + λPiE )

rPiE
;

i = {1, 2} (2)

Above, ṙPiE is the relative velocity between the two air-
craft, and λ̇PiE is the LOS velocity between the two aircraft.

The normal acceleration of the aircraft, perpendicular to its
motion (velocity), is a. During the entire guidance process,
the speed of evader and pursuer is maintained constant. The
relationship between the normal acceleration and flight-path
angle of each aircraft can be obtained as:

γ̇i =
ai
vi
; i = {E,P1,P2} (3)

Remark 1: When the flight process of the two pursuers is
approximately a nominal collision triangle, the above pro-
cess can be linearized. In the engagement situation depicted
in Fig.1, there are two collision triangles, formed between the
evader and each of the pursuers.

After linearization, we can select the state vector as

xi =
[
x1 x2 x3 x4

]T
=

[
yi

dyi
dt

aE aPi

]T
; i = {1, 2} (4)

yi , yE − yPi is the lateral displacement between the decoy
and the pursuer, and dyi

dt is the lateral relative velocity.
Assuming that pursuers and evader are approximately

first-order dynamic models, the state equation of the relative

motion of the aircraft can be written as

ẋ1 = x2

ẋ2 = x3 − x4

ẋ3 =
acE − x3
τE

ẋ4 =
acPi − x4
τPi

; i = {1, 2} (5)

Above, τPi and τE is the actuation time constant of the
pursuer Pi and evader E dynamics respectively.
The matrix form of the equation set (5) is

ẋi = Aixi(t)+ BiuPi(t)+ CacE (t)+ w(t); i = {1, 2} (6)

where,

Ai =


0 1 0 0
0 0 1 −1

0 0
−1
τE

0

0 0 0
−1
τPi

, Bi =


0
0
0
1
τPi

,

C =


0
0
1
τE
0


uPi is the control input for pursuer Pi, and satisfies the con-
dition |uPi| ≤ umax

Pi . acE is the command acceleration of the
evader E , and w is the noise in the guidance process.
After discretization of the linear system in equation (6),

we get

xi(k + 1) = Fix(k)+ GiuPi(k)+ EiacE (k)+ w(k)

w(k) ∼ N (0,Qw(k)) (7)

It is assumed that the simulation time interval of the dis-
crete system is 1. The matrices in equation (7) Fi, Gi, Ei,
and Qw are as follows:

Fi = 8i(1)

=


1 1 τE (1− ϕE ) −τPi(1− ϕPi)
0 1 ϕE −ϕPi
0 0 e−1/τE 0
0 0 0 e−1/τPi

 (8)

Gi =
∫ 1

0
8Pi(1− τ )Bi =


τPi(1− ϕPi)−12/2

ϕPi −1

0
1− e−1/τPi

 (9)

Ei =
∫ 1

0
8Pi(1− τ )Cdτ =


−τE (1− ϕE )−12/2

−ϕE +1

1− e−1/τE
0


(10)

Qw =
∫ 1

0
8Pi(τ )Q8T

Pi(τ )dτ (11)
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where, ϕE = τE (1− e−1/τE ), ϕPi = τPi(1− e−1/τPi ), and Q
is a tuning matrix.

The initial range between the evader and the pursuers are
denoted by rP1E0 and rP2E0 . Under the assumption of that
in the nominal collision triangle, the deviation between the
flight-path angle γi and the LOS λPiE is small. As a conse-
quence, the time of interception of the pursuer to the evader
is fixed:

tfPiE =
−rPiE0
ṙPiE0

=
rPiE0

vE cos(γE0 − λPiE0 )+ vPi cos(γPi0 + λPiE0 )
;

i = {1, 2} (12)

Remark 2: This paper considers the case where two pur-
suers intercept evaders at the same time such that the inter-
ception time of two pursuers to evaders is equal, i.e., tfP1E =
tfP2E . Therefore, the range between two pursuers and evaders
is specified to be also equal, rP1E0 = rP2E0 .

B. MEASUREMENT MODEL
Each pursuer measures LOS angle λPiE using an IR sensor.
In addition, each sensor is contaminated by thewhite gaussian
noise vPi which is mutually independent during the measure-
ment. We assume that the LOS angle measurement noise of
each pursuer obeys the distribution

vλPi ∼ N (0, σ 2
Pi,λ); i = {1, 2} (13)

It can be seen from Fig.1 that during the engagement a
measurement baseline can be formed between the two pur-
suers relative to the evader. Assuming that the pursuers can
accurately measure its relative state, and that the measure-
ment information can be shared between the two pursuers,
the relative position information (r, λPiPj), i, j = 1, 2, i 6= j
between them can be obtained

Therefore, the relative distance between the pursuers Pi
and the evader E can be calculated through the known infor-
mation that relative distance r between the pursuers and the
LOS angle λPiPj as follows:

r̃PiE = r
sin(λPiPj − λPjE )
sin(λPiE − λPjE )

(14)

where,

r =
√
(xP1 − xP2)2 + (yP1 − yP2)2 (15)

λPiPj = arctan 2(yPj − yPi, xPj − xPi) (16)

(xPi, yPi) and (xPj, yPj) in (15) and (16) can be obtained
from the pursuer’s respective equation of state, namely,

ẋPi = APixPi + BPiuPi (17)

where, the selected state vector is xPi =
[
yPi ẏPi aPi

]T ;
APi =

 0 1 0
0 0 1
0 0 −1

τPi

, BPi =
 0

0
1
τPi

.
Similarly, taking the state vector xE =

[
yE ẏE aE

]T ,
the equation of state of the evader can be obtained
as

ẋE = AExE + BEacE (18)

where, AE =

 0 1 0
0 0 1
0 0 −1

τE

, BE =
 0

0
1
τE

, acE ≤ amax.

By using the assumption that linearization under the
nominal collision triangle is satisfied, the lateral displace-
ment yi perpendicular to the initial LOS can be expressed
as

yi ≈ (λPiE − λPiE0 )rPiE (19)

rPiE ≈ vPiE tgo (20)

where, tgo is defined as time-to-go of endgame,

tgo ,

{
tfPiE − t, t ≤ tfPiE
0, t > tfPiE .

(21)

Combined with (14), the measurement equation of the
pursuer can be obtained as

zi = Hxi + v
y
Pi = yi + v

y
Pi (22)

where, H =
[
1 0 0 0

]
,

Remark 3: From the below (23) and (24), as shown at the
bottom of this page, it can be seen that when the separation
angle

∣∣λPiE − λPjE ∣∣ between the two pursuers and the evader
decreases, the measurement variance of the lateral displace-
ment yi will increase, resulting in a decrease in the accuracy
of state estimation. Therefore, in designing the guidance law,
it is necessary to control the separation angle between the two
pursuers and the evader at the appropriate stage.

III. DESIGN OF COOPERATIVE GUIDANCE
Here, we give a more detailed description of the engage-
ment problem proposed in Section II where multi-pursuers
can cooperatively intercept an enemy evader that is capable
of launching a decoy. There are two main problems to be
considered in the design of guidance law. First, in addition
to a real target a false target with real target characteristics
appears in the field of view of our pursuers after the evader
launches the decoy. In this case, our aircraft needs to adopt an
effective guidance method, which can take into account two

σPi,y =
rλPiE

√
sin2(λPiPj − λPiE )σ 2

Pj,λ + sin2(λPiPj − λPjE )cos2(λPiE − λPjE )σ 2
Pi,λ

sin2(λPiE − λPjE )
(23)

vyPi ~ N (0, σ 2
Pi,y) (24)
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targets simultaneously and maximize the probability of inter-
cepting the real target. Second, after identifying the decoy,
the guidance configuration of the aircraft affects the detec-
tion accuracy of the target, i.e., the separation angle of the
two pursuers affects the measurement variance of the lateral
displacement. In this case, our pursuers need to control the
separation angle of LOS at the guidance terminal such that
it can meet the requirements of accuracy of detection and
interception.

A. NO DECOYS IDENTIFIED
At this stage, we adopt a predictive control method which
often called model predictive control (MPC), and it employs
a receding horizon. The guidance problem has acceleration
set as control input and miss distance as output error. The
problem has two features: 1) The prediction horizon is the
interception time, which varies with the future maneuvers and
with the accuracy of the predicted missile and target states.
2) This method needs to estimate the target’s state in real time
and predict its state at the time of interception. The guidance
law based on GST takes into account the PDF output of the
estimator, denoted as p(zE

∣∣yk).
For a single target, although the maneuvering form is

difficult to predict, the PDF output by the estimator can be
approximately considered to be normally distributed. For the
special situation of target releasing decoy, the PDF output by
the estimator may be multimodal. At this point, it may be
assumed that the PDF output by the estimator is a summation
of one or more PDFs subject to normal distribution. It can
be assumed that these PDFs subject to normal distribution
correspond to the state estimation of each target and decoy.
In Fig.2, the flow diagram of the predictive guidance law is
shown.

The guidance control problem at this stage mainly involves
two aspects. One is the transition from the state at moment tk ,
solved by the receding control constraint, to the prediction
state at the interception time tf . The other is to solve the
piecewise-constant optimal controller while satisfying the
receding control constraints within the receding time inter-
val [tk , tk+1]. The main idea of the guidance law design
at this stage is to maximize the probability density of the
target in the reachable set of the interceptor; this is shown
in Fig.3

1) CALCULATION OF THE RECEDING CONTROL
CONSTRAINT
The receding control constraint is obtained by maximizing
the probability of the target’s state in the pursuer’s reachable
set. Let RPi(tf , tk+1) be the set of states reachable by the
pursuer at time instant tf , given that the state was xPi(tk+1)
at time instant tk+1. In addition, let βPi(tf , tk+1) be the set of
positions reachable by the pursuer at time instant tf provided
the state was xPi(tk+1) at time instant tk+1, that is

βPi(tf , tk+1) , DβRPi(tf , tk+1)

= [βmin
Pi (tf , tk+1), βmax

Pi (tf , tk+1)] (25)

FIGURE 2. Flow diagram of the proposed predictive guidance law.

Above, Dβ =
[
1 0 0

]
. Assume β̄Pi(tf , tk+1) is a subin-

terval of βPi(tf , tk+1) that can be expressed as

β̄Pi(tf , tk+1) , [βmin
Pi (tf , tk+1)+ θ (tf , tk+1),

βmax
Pi (tf , tk+1)− θ (tf , tk+1)] (26)

where βmin
Pi (tf , tk+1) and βmax

Pi (tf , tk+1) are the upper and
lower limits of the state that the pursuer can reach from time tk
to time tf subject to the condition of the maximum command
acceleration. θ (tf , tk+1) is the maximum displacement of the
peak of the probability density function of target state from
time tk+1 to time tf .

As can be seen in Fig.3, the required receding control
constraint condition is

xPi(tk+1) = xoptPi (tk+1 |tk ) (27)

where, xoptPi (tk |tk+1 ) satisfies the optimization problem

xoptPi (tk |tk+1 ) = arg max
xPi(tk+1|tk )∈R

U (xPi(tk+1 |tk )) (28)

U (xPi(tk+1 |tk )) ,
∫
βPi(tf ,tk+1)

p(zE
∣∣∣yk )dzE (29)

Here, U is the probability that the target is in the reachable
set at time tk+1.
In Fig.3, the control input u(τ ), τ ∈ [tk , tk+1] can make the

state xPi(tk ) reach different values xPi(tk+1) within the range
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FIGURE 3. Receding horizon optimization.

of reachable set at the next moment tk+1; the optimal solution
xoptPi (tk+1 |tk ) can maximize the probability U that the target
is in the reachable set at time tk+1.
Remark 4: An approximate method to solve the optimal

solution can be obtained. From a number of reachable sets
β̄Pi(tf , tk+1) with different state values xPi(tk+1) as the center
starting point, the interval that can make the probability U
reach the maximum is found. This interval is also called
the highest probability interval (HPI), and the corresponding
central starting point is the optimal solution xoptPi (tk+1 |tk ).

2) CALCULATION OF THE CONTROL COMMAND
When solving for the control command u(τ ), τ ∈ [tk , tk+1],
it is necessary to calculate the control command u(τ ) in each
time interval [tk , tk+1]. Therefore, in the whole guidance pro-
cess, the control command u(τ ) is a piecewise-constant func-
tion composed of many control commands in the subinterval
[tk , tk+1].

A performance index JOL(tk ) related to the piecewise con-
trol command u(τ ) can be expressed as:

JOL(tk ) ,
∣∣∣zHPIPi (tk )− z(tk+1 |tk )

∣∣∣ (30)

zHPIPi (tk ) , Dβ8Pi(tf , tk+1)x
opt
Pi (tk+1 |tk ) (31)

z(tk+1 |tk ) , Dβ8Pi(tf , tk+1)xPi(tk+1 |tk )

= Dβ (8Pi(tf , tk )xPi(tk )

+

∫ tk+1

tk
8Pi(tf , τ )BPi(τ )uOL(τ )dτ ) (32)

In the above, zHPIPi (tk ) and z(tk+1 |tk ) are the projection of
the position given by the state xoptPi (tk+1 |tk ) and xPi(tk+1 |tk )
from time tk+1 to time tf .

From equations (30) to (32), only the function z(tk+1 |tk ),
related to the control command u(τ ), is known. In addition,
we don’t need to calculate xoptPi (tk+1 |tk ) to get zHPIPi (tk ).
As zHPIPi (tk ) is the projection point of x

opt
Pi (tk+1 |tk ) at time tf ,

it is the center point of the HPI; hence, we can get zHPIPi (tk ) by
simply calculating the HPI at time tf .

In order to solve the performance index JOL(tk ), The-
orem III.1 is introduced, and we set g(tk ) = zHPIPi and
f (tk+1) = Dβ8Pi(tf , tk+1).
Theorem 1: Consider a linear system with state variables

xPi(τ ) ∈ R, transition matrix 8Pi, control input uOL(τ ) ∈ R,
and input matrix BPi. Now we look at the following control
problem:

inf
uOL∈Au

|g(tk )− f (tk+1)xPi(tk+1)| (33)

Au ,
{∣∣∣uOL(τ )∣∣∣ ≤ umax

Pi , t ∈ [tk , tk+1]
}

(34)

where, only xPi(tk+1) is the function related with the control
input uOL(τ ) ∈ [tk , tk+1].
Define the function

ξ (τ ) , f (tk+1)8Pi(tk+1, τ )BPi(τ ), τ ∈ [tk , tk+1] (35)

Assuming 8Pi and BPi are matrices that are continuous
in time, ξ (τ ) is not equal to zero and does not change sign.
Then, there is an optimal control command uOL(τ ) = u∗d (tk ),
τ ∈ [tk , tk+1] satisfying uOL ∈ Au in each time interval
[tk , tk+1] to make (33) reach the optimal condition.
Therefore, the optimal control command can be obtained

as

u∗d (tk ) =

{
K (tk )/ζ (tk ), |K (tk )/ζ (tk )| ≤ umax

Pi

umax
Pi sgn(K (tk )/ζ (tk )), otherwise

(36)

where,

K (tk ) , g(tk )− f (tk+1)8(tk+1, tk )xPi(tk ) (37)

ζ (tk ) ,
∫ tk+1

tk
ξ (τ )dτ (38)

Proof: Assuming that the value of (33) is equal to a
constant c, we get

c = inf
uOL∈Au

∣∣∣K (tk )+ ρ(uOL)
∣∣∣,

ρ(uOL) , −
∫ tk+1

tk
ξ (τ )uOL(τ ) dτ (39)

Case 1: Assume c 6= 0. Due to the uncertainty of the
uOL(τ ), we have

c = min
{∣∣∣K (tk )+ ρmin

∣∣∣, ∣∣K (tk )+ ρmax∣∣} (40)

where,

ρmin , inf
uOL∈Au

ρ(uOL), ρmax , sup
uOL∈Au

ρ(uOL) (41)
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By virtue of the assumption that ξ (τ ) is not equal to zero
and does not change the sign all the way through, we can get

ρmin
= −umax

∣∣∣∣∫ tk+1

tk
ξ (τ )dτ

∣∣∣∣ = −umax
|ζ (tk )| (42)

ρmax
= umax

∣∣∣∣∫ tk+1

tk
ξ (τ )dτ

∣∣∣∣ = umax
|ζ (tk )| (43)

Consequently, when K (tk ) > 0 and c 6= 0, we can get
the infimum of c as c =

∣∣K (tk )+ ρmin
∣∣. According to (39),

the optimal control input can be obtained as

uOL(τ ) =

{
umax if ζ (tk ) > 0
−umax if ζ (tk ) < 0

τ ∈ [tk , tk+1], if c 6= 0, K (tk ) > 0 (44)

When K (tk ) < 0 and c 6= 0, we can the infimum of c as
c = |K (tk )+ ρmax|. Then, the optimal control input can be
obtained as

uOL(τ ) =

{
−umax if ζ (tk ) > 0
umax if ζ (tk ) < 0

τ ∈ [tk , tk+1], if c 6= 0, K (tk ) < 0 (45)

Therefore, the optimal control input can be expressed as

u∗d (tk ) = umaxsgn(K (tk )/ζ (tk )) (46)

Case 2: Assume c = 0. Then we have

inf
uOL∈Au

∣∣∣K (tk )+ ρ(uOL)
∣∣∣ = 0 (47)

As ρ(uOL) , −
∫ tk+1
tk

ξ (τ )uOL(τ ) dτ , and ξ (τ ) is not equal
to zero, the optimal control input can be obtained as

u∗d (tk ) = K (tk )
/

(
∫ tk+1

tk
ξ (τ )dτ ) = K (tk )

/
ζ (tk ) (48)

Hence, it can be proved that the optimal control command is
given by equation (36).

3) APPLICATION TO MODEL
Using (25), the reachable set of position components in the
state vector of the linear system in equation (17) can be
obtained as:

βmin
Pi = Dβ (8Pi(tf , tk )xPi(tk )− umax

Pi

∫ tf

tk
8Pi(tf , τ )BPidτ )

(49)

βmax
Pi = Dβ (8Pi(tf , tk )xPi(tk )+ umax

Pi

∫ tf

tk
8Pi(tf , τ )BPidτ )

(50)

The target randomly launches a decoy with similar char-
acteristics to the target within the time interval τ ∈ [0, tf ]
for the interception by the pursuer, and applies the maximum
reverse command acceleration to interfere with the pursuer.
Therefore, the pursuer has two similar targets in the field
of view. PDFs of two similar target states can be calculated
by the Kalman filter. Before the decoy is launched, the PDF

of the target state follows the Gaussian distribution. After
the decoy is launched, the PDF of the target state can be
approximated as the sum of the M Gaussian densities with
equal probability. At any given time, the value of M is

M (tk ) = 1+ Nd (tk ) (51)

where Nd is the number of unidentified decoys.
The maximum change of the peak value of the probability

density function of the target position from time tk to time
tf is θ . The estimated value of state X̂k and variance Pk|k ∈
R5×5 of (6) can be obtained throughKalman filtering. Assum-
ing that the pursuer’s lateral displacement yPi, lateral veloc-
ity ẏPi, and command acceleration uPi are known, the current
estimated state value X̂

AT
k of the target can be expressed as[

yPi + X̂k (1) ẏPi + X̂k (2) X̂k (3)
]T

. The current estimated
value of variance can be expressed as

PATk|k = I3×5Pk|k IT3×5, I3×5 , [IT3×3 |03×2 ] (52)

where I3×3 is the identity matrix.
Using the values of the current mean and variance of the

target state, and combining the kinematic equation of the
target, the mean and variance of the position in the target state
at the terminal moment tf can be obtained, as given below

X̂
AT
p (tf ) = Dβ8E (tf , tk )X̂

AT
k (53)

PATp (tf |tk ) = Dβ8Pi(tf , tk )PATk|k 8T
Pi(tf , tk )D

T
β (54)

θ is composed of two parts - θ1 and θ2. θ1 is the change
in value of the target position from time tk to time tf under
the maximum command acceleration, and θ2 is the standard
deviation of the estimated value of position in the target state.

θ (tk ) = θ1(tk )+ αθ2(tk ) (55)

θ1(tk ) , amaxDE

∫ tf

tk
8E (tf , τ )BEdτ

= amax

(
t2go
2
− τE tgo + τ 2E (1− e

−tgo/τE )

)
(56)

θ2(tk ) ,
√
PATp (tf |tk ) =

√
Dβ8Pi(tf , tk )PATk|k 8T

Pi(tf , tk )D
T
β

(57)

Using (36), the optimal solutionfor the linear system in (17)
while obeying the condition of (30) can be given by the
following two equations:

K (tk ) = zHPIPi (tk )−
(
yPi(tk )+ ẏPi(tk )tgo + aPi(tk )

×

[
τPitgo + τ 2Pi(e

−tgo/τPi − 1)
])

(58)

ζ (tk ) = 1(tgo − τPi)+ τ 2Pie
−tgo/τPi (e1/τPi − 1)−

12

2
(59)

B. BDECOYS IDENTIFIED
When the decoy is identified, if the guidance law designed in
Section III.A is adopted continuously, the separation angle
of the two pursuers may become smaller as the predictive
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guidance law cannot control the LOS angle. According to
Remark 3, in this case, the accuracy of state estimation will
become worse. After the decoy is identified, if the pursuer
with a large initial LOS angle maximizes its LOS angle and
the other one minimizes its LOS angle, then the separation
LOS angle of the two pursuers will become larger and the
estimation accuracy will be enhanced.

Therefore, an optimal control approach will be adopted in
this stage to achieve the conditions discussed above by taking
miss distance and energy consumption into consideration.

1) COST FUNCTION
Assuming small deviation under the nominal collision trian-
gle condition, the lateral displacement of the pursuer can be
approximated as

yi ≈ (λPiE − λPiE0 )rPiE (60)

rPiE ≈ vPiE tgo (61)

Then, LOS angle λPiE can be approximated as

λPiE ≈ λPiE0 +
yi

vPiE tgo
(62)

Therefore, the term yi
tgo

is introduced and the performance
index of the optimal control is set as

J y=
1
2
ay2i (tf )+

1
2
b
∫ tf

tk
u2Pidτ+

1
2
c
∫ tf

tk

yi(tf )
tgo+1t

dτ (63)

where 1t > 0, is a small quantity close to zero.
Remark 5: We use yi(tf )

tgo+1t
instead of yi(tf )tgo

to avoid a singu-

larity in the following derivation. When 1t → 0, yi(tf )
tgo+1t

→

yi(tf )
tgo

. Letting a → ∞ yields a perfect guidance law. Note
here that if the weight c > 0, the LOS angle is minimized,
and the LOS angle is maximized when c < 0.

2) ORDER REDUCTION
In order to reduce the order of solving the optimization
problem and to obtain an analytical solution for the control
input, the terminal projection method [23] is introduced. This
requires us to introduce new state variables Zi(t), defined as
follows:

Zi(t) = D8i(tf , t)xi(t) (64)

where 8i(tf , t) is the state transition matrix related to (6),
D is constant vector used to separate elements in the state
variables xi(t). For instance, when D =

[
1 0 0 0

]
, we can

separately retrieve the lateral displacement yi from the state
vector xi. We also have

8̇i(tf , t) = −8̇i(tf , t)Ai (65)

Combining (65) with the time derivative of the new state
variable, we can obtain

Żi(t) = D8̇i(tf , t)xi(t)+ D8i(tf , t)ẋi(t)

= D8i(tf , t)BiuPi(t) (66)

Equation (66) indicates that Żi(t) is state independent and
only related to the designed controller, and D8i(tf , t)Bi is
denoted as B̂i.
Using the terminal projection method to reduce the order,

the objective function of (63) can be expressed as

JZ =
1
2
aZ2

i (tf )+
1
2
b
∫ tf

tk
u2Pidτ+

1
2
c
∫ tf

tk

Zi(tf )
tgo+1t

dτ (67)

3) OPTIMAL CONTROLLER
The Hamiltonian function of the performance index is

H =
1
2
bu2Pi +

1
2
c
Zi(t)
tgo
+ λZ Żi(t) (68)

The time derivatives of the new state variables are state
independent, simplifying considerably the adjoint equations

λ̇Z = −
∂H
∂Zi
= −

c
2tgo

(69)

λZ (tf ) = aZi(tf ) (70)

Integrating (69) fromto, and substituting (70) in it, we get

λZ (t) = aZi(tf )+
1
2
c ln

tgo
1t

(71)

From the control equation, we can get

∂H
∂uPi

= 0

⇒ uPi = −
B̂i
b

[
aZi(tf )+

c
2
ln
tgo
1t

]
(72)

Substituting (72) into (66), we have

Żi(t) = −
B̂2i
b
aZi(tf )−

cB̂2i
2b

ln
tgo
1t

(73)

Integrating (73) fromto, we have

Zi(tf )− Zi(t) = −
a
b
Zi(tf )B̂i1 −

c
2b
B̂i2 (74)

where B̂i1 =
∫ tf
t B̂2i dτ , B̂i2 =

∫ tf
t B̂2i ln

tgo
1t dτ .

The Zi(tf ) is solved as

Zi(tf ) =
Zi(t)− c

2b B̂i2

1+ a
b B̂i1

(75)

Substituting Zi(tf ) into (72), and the optimal controller is
obtained as

uPi = −B̂i

[
Zi(t)− c

2b B̂i2
b
a + B̂i1

+
c
2
ln
tgo
1t

]
(76)

Letting a → ∞, we can get a perfect intercept guidance
law, i.e

uPi = −B̂i

[
Zi(t)− c

2b B̂i2

B̂i1
+
c
2
ln
tgo
1t

]
(77)

66298 VOLUME 8, 2020



S. Wang et al.: Cooperative Guidance Considering Detection Configuration Against Target With a Decoy

IV. SIMULATION ANALYSIS
In this section, numerical simulation is used to analyze the
proposed phased guidance law First, we set the simulation
parameters and analyze the engagement of the four aircraft.
We then use Monte Carlo (MC) simulations to evaluate the
estimated accuracy and guidance performance of the pur-
suer on the proposed phased guidance law; these results are
compared with the pure predictive guidance methods based
on HPI and augmented proportional navigation (APN) based
on minimum mean square error (MMSE), both of which are
proposed by Dionne et al. [20]. The difference between HPI
and MMSE lies in the processing of target (including decoy)
state. HPI fully considers PDF of target state, while MMSE
only performs simple processing.

A. INTERCEPTION SCENARIO AND PARAMETERS
For the guidance law designed for Section III, the following
simulation parameters are set: Pursuer 1 and pursuer 2 are
both launched at the same time, and the initial range from
the evader is rPiE0 = 10000 m The initial lateral separa-
tion are yP1E0 = −400 m and yP2E0 = −300 m. The
speed of the pursuer and the evader is vPi = 700 m/s and
vE = 300 m/s Neglecting the effect of gravity, the max-
imum command acceleration for the pursuer and evader is
umax
Pi = 15 g and amax

E = 3 g; the pursuer’s and evader’s
actuation time constants are τPi = 0.2 s and τE = 0.2 s.
The measurement simulation time interval is1 = 0.01s, and
the standard deviation of LOS angle measurement noise is
σPi,λ = 0.1 mrad. The decoy employs the reverse maximum
acceleration command with amax

D = 3 g.
In order to realize MC simulation, the initial condition of

filtering is sampled from a Gaussian distribution:

x̂i0 ∼ N (xi0 ,P0) (78)

where, xi0 is the true initial state defined by equation (4). P0
is the initial covariance matrix of the filter,

P0 = diag{502, 102, 12, 102} (79)

Fig.4 shows the engagement trajectories between the
evader, pursuer1, pursuer2, and decoy. The evader fires a
decoy at 2s to interfere with the pursuers. If the discrimination
delay of the decoy is 3s, the pursuer can only identify the real
target after 5s. According to the guidance law designed in
Section III, before the deployment of the decoy, the pursuer
adopts the guidance law in Section III.A, which can take
two targets into account at the same time Following the
deployment of the decoy, the pursuer adopts the guidance law
in Section III.B, which can control the separation angle of
LOS.

Fig.5 shows the change of lateral displacement of the
evader with respect to pursuer 1 and pursuer 2. The lateral
separation of pursuer1 and pursuer2 with respect to evader
is seen to change from around 400 m and 300 m to zero
respectively. However, after the evader launches a decoy to
distract the pursuers, the lateral separation between pursuers
and evader within the discrimination delay of 3 s becomes

FIGURE 4. Multi-aircraft cooperative interception engagement trajectories
with a decoy whose deployed and discriminated time are 2s and 5s.

FIGURE 5. Lateral separation of pursuer1 and pursuer2 whose initial
separation are −400 m and −300 m.

larger gradually Until the decoy is identified, pursuer 1 and
pursuer 2 use the guidance law in Section III.B, and the lateral
separation between them and the evader begins to decrease
until zero.

In Fig.6, we plot the acceleration profiles of the evader,
pursuer1 and pursuer2. While subject to the limit of max-
imum acceleration command umax

Pi = 15, the change in
the acceleration of pursuer 1 and pursuer 2 is basically the
same for the first 5 seconds. After the launch of the decoy,
their acceleration changed dramatically and reached the limit
value soon. It should be noted that the acceleration trends
of pursuer 1 and pursuer 2 are different before and after 5 s
because of the different guidance laws adopted.

B. ESTIMATION PERFORMANCE EVALUATION
In Fig.7, we show a variation curve of the lateral separation
measurement noise between pursuer1 and the evader for dif-
ferent guidance laws. Fig.8 shows the variation curve of LOS
separation angle between the two pursuers when using differ-
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FIGURE 6. Acceleration profiles of evader, pursuer1, and pursuer2 whose
maximum value are 3g, 15g, and 15g. The pursuer1 and pursuer2 switch
guidance law at 5s.

FIGURE 7. Measurement noise of pursuer1 in the pure predictive
guidance law, APN MMSE and the proposed guidance law.

ent methods. It can be seen the two figures that, before 5 s,
the separation angle of LOS is small, and that makes their
lateral separation detection error larger. This is because the
predictive guidance based on HPI and APN guidance law

FIGURE 8. LOS separation angle of pursuer1 in the pure predictive
guidance law, APNMMSE, and the proposed guidance law.

FIGURE 9. Variance of state estimation errors of pursuer1 evaluated
based on 500 MC runs in the pure predictive guidance law, APNMMSE,
and the proposed guidance law.

based on MMSE (APNMMSE) cannot control the LOS angle
between pursuers and evader. After 5 s, the separation angle
of LOS based on pure predictive guidance law and APNMMSE

is still small, but the proposed guidance law that can control
the separation angle of LOS and make it larger than before.
The measurement noise becomes smaller with the increase
of the separation angle of LOS and finally reaches near zero.
Thus, the proposed guidance law can decrease the detection
error for the pursuer.

Fig.9 show the variance of state estimation error through
500MC simulations. The variance increases with time at first
before gradually decreasing. The variance in the case where
the pure predictive guidance law was used is seen to be larger.
In addition, the proposed guidance law can make the variance
of state estimation finally approach to zero, which meets our
requirements for estimation accuracy. However, it is to be
noted that the pure predictive guidance law and APNMMSE

cannot ensure the variance decrease to zero, which can yield
the detection error.
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FIGURE 10. Miss distance cumulative distribution function of pursuer1 in
the pure predictive guidance law, APNMMSE, and the proposed guidance
law.

FIGURE 11. Miss distance cumulative distribution function of pursuer2 in
the pure predictive guidance law, APNMMSE, and the proposed guidance
law.

C. MISS DISTANCE EVALUATION
Here, we analyze the closed-loop interception performance
of the pure predictive guidance law, APNMMSE, and the pro-
posed guidance law through 500 MC simulations.

Fig.10 and Fig.11 present the miss distance cumulative
distribution function (CDF) of the pursuer1 and pursuer2,
which is defined by the minimum of the miss distances of
pursuers. The required warhead lethality ranges (WLR) to
ensure a 95% kill probability as summarized in TABLE 1
Taking pursuer1 as an example, the required WLR of the
proposed guidance law is 2.91 m compared to 19.63 m
required WLR of pure predictive guidance law and 15.68 m
required WLR of APNMMSE at the condition of ensuring
a 95% kill probability respectively As can be seen from
the Fig.10 and Fig.11, the required WLR of the proposed
guidance law is much lower than the pure predictive guidance
law and APNMMSE. The results show that the interception

TABLE 1. Required warhead lethality ranges of pure predictive guidance
law, ApnMMSE, and proposed guidance law to ensure a 95% kill
probability.

FIGURE 12. Miss distance cumulative distribution function of different
unidentified delay in the proposed guidance law.

TABLE 2. Required warhead lethality ranges of proposed guidance law
with different unidentified delay to ensure a 95% kill probability.

performance of the proposed guidance law is better than the
pure predictive guidance law and APNMMSE.

Taking pursuer1 as example, Fig.12 present the miss dis-
tance distribution function for different unidentified delay.
The required WLR of the proposed guidance law with dif-
ferent unidentified delay to ensure a 95% kill probability are
summarized in TABLE 2. The requiredWLR of the proposed
guidance law with 1s, 2s, 3s, and 4s unidentified delay are
2.23 m, 2.69 m, 2.91 m, and 3.08 m respectively. As can
be seen from Fig.12, with the increase of unidentified delay,
the pursuer needs to get the required WLR much more. This
illustrates that the short unidentified delay can reduce the
miss distance and strength guidance accuracy.

V. CONCLUSION
This paper proposes the use of a phased cooperative guidance
law to handle scenarios in which an enemy evader deploys a
decoy in response to engagement by two pursuers. During the
unidentified decoy stage, a predictive guidance law based on
HPI is employed. An optimal guidance law, which takes into
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account detection of the geometric configurations, is used in
the discriminated decoy stage.

For the first stage, due to the existence of the unidentified
decoy, the PDF of the targets is multimodal and is composed
of the state of the real target and false target. Therefore,
we use the predictive guidance law introducing the concept
of the GST to design the controller, which account for the
real target and the false target at the same time in guidance
process This approach provides the interception maneuver
advantage for the later cooperative guidance towards the real
target. For the second stage when the decoy is discriminated,
we use a guidance law based on optimal control to increase
the LOS separation angel between the pursuers and the target
to reduce the estimation error and to improve the guidance
accuracy.

Using MC simulations, we compare the performance
between the proposed guidance law, APNMMSE, and the
pure predictive guidance law The results indicate that
the proposed model has a lower estimation error and
higher guidance accuracy than the pure predictive guid-
ance law and APNMMSE. In addition, a short discrim-
inated delay can improve the interception performance,
and hence, it is necessary to design a fast and effective
detector
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