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ABSTRACT Uniformly accelerated rotation of maneuvering targets can lead to quadratic phase terms,
after translational motion compensation, which causes the cross-range signal in a certain range cell to be
multicomponent linear frequency modulated (LFM) signals. Due to the time-varying Doppler frequencies
of scatterers, ISAR image obtained by the conventional range-Doppler (RD) algorithm is blurred severely.
To solve this problem, a new imaging method based on optimized matching Fourier transform (MFT) is
proposed in this paper. In the new method, the equivalent rotation of targets is described by the rotation
ratio (RR) which is the same for all scatterers on the target. The quadratic phase components caused by
target’s angular acceleration can be compensated by MFT, as soon as the RR is obtained. The estimation
of RR is achieved according to the optimal imaging result with the image entropy as the cost function.
As a result, the blurring of the ISAR image is eliminated effectively and a well-focused image is got.
From the experimental results using simulated data, it can be concluded that the proposed method based
on optimized MFT is effective in ISAR imaging of non-uniform rotating targets in terms of image quality
and computational efficiency.

INDEX TERMS Inverse synthetic aperture radar (ISAR), non-uniform rotating targets imaging, matching
Fourier transform, gradient descent optimization.

I. INTRODUCTION
Inverse synthetic aperture radar (ISAR) imaging is believed
to have the ability for high-resolution imaging and recogni-
tion [1]–[8], and plays an important role in civil and mili-
tary fields. In general, after range compression, translational
motion compensation (TMC), which includes range align-
ment and phase adjustment, is carried out. Then, high-quality
ISAR images can be obtained by range-Doppler (RD) algo-
rithm [9], [10]. To satisfy the condition that the scatterer’s
Doppler frequency is constant during the coherent process-
ing interval (CPI) and can only apply for ISAR imaging
of targets with uniform velocity. However, for targets with
complex motion, the Doppler frequency of each scatterer is
time-varying, which causes the ISAR images obtained by
the RD algorithm smeared severely. ISAR imaging of non-
uniform rotating targets have gained traction in the research
community and many algorithms [11], [12] have been pro-
posed. These algorithms can be divided into two categories:
parametric and nonparametric approaches.

The associate editor coordinating the review of this manuscript and

approving it for publication was Yong Wang .

As for the parametric approach, the received radar echo
in a range cell is modelled as multicomponent linear fre-
quency modulated (LFM) signals or cubic phase signals. The
well-focused instantaneous ISAR image can be reconstructed
by estimating the parameters of the signals. For the low
maneuvering targets, such as satellites and airplanes, the
motion can be regarded as uniformly accelerated rotation
after TMC, and each scatterer can be characterized by an
LFM signal. Several successful estimation algorithms for
LFM signal have been proposed, which contain the stretch
keystone-Wigner transform [13], the fractional Fourier trans-
form [14] and Lv’s distribution (LVD) [15], etc. However,
this approach is computationally extensive and inefficient due
to the demand for estimating the parameters of each LFM
component.

Nonparametric approach is built on joint time-frequency
representations (JTFR) [16]–[19], which is an substitute of
Fourier transform in the cross-range focusing process The
most widely used JTFR encompasses the short-time Fourier
transform (STFT), the Wigner-Ville distribution (WVD) [16]
and the smoothed pseudo-WVD (SPWVD) [17] et al. Due to
the window function, the STFT usually has a low resolution.
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The others have the virtue of computational efficiency;
however, a compromise must be made between the time-
frequency resolution and the ability to suppress the cross-term
interference.

In this paper, we focus on the imaging of non-uniform
rotating targets and proposed a novel imaging method based
on optimized MFT. After TMC, the rotation of the targets
can be described by uniformly accelerated rotation model,
and the cross-range signal in a certain range cell to be multi-
component LFM signals. For targets with rigid body, the ratio
of the chirp rate and centroid frequency of the LFM signals
which is defined as rotation ratio (RR) are identical for all
scatterers and only depends on target’s rotation parameter.
Once the RR is obtained, the quadratic phase components
caused by target’s acceleration can be compensated by MFT.
Based on that, ISAR imaging of non-uniform rotating targets
is converted into a parameter estimation problem. The coarse
estimation of RR is obtained by LVD, and the accurate one is
estimated according to the optimal imaging result by gradient
descent method (GDM). As a result, the blurring of the image
is eliminated effectively and a well-focused ISAR image is
got under a reasonable computational cost.

The remainder of this paper is arranged as follows. The
imaging signalmodel of non-uniform rotating targets is estab-
lished in Section 2. The principles of the proposed imaging
method are elaborated in Section 3. Section 4 validates the
proposed method by simulations and the conclusion is pro-
vided in Section 5.

II. IMAGING SIGNAL MODEL OF NON-UNIFORM
ROTATING TARGETS
Figure.1 shows the typical ISAR imaging geometry. The
radar is located on the target plane along Y -axis, R0 is the
distance from the rotational center to the radar. (xi, yi) is the
coordinates of the i-th scatterer on the target. After range
compression and TMC, the cross-range signal in a certain
range cell can be written as

s (tm) =
Q∑
i=1

σi exp
{
−
j4π
λ
(xi sin θ (tm)+ yi cos θ (tm))

}
(1)

FIGURE 1. The geometry of ISAR imaging.

where Q is the number of scatterers in this range cell, σi is
the reflection coefficient, λ is the wavelength and θ (tm) is
the instantaneous rotational angle of the target.

The Taylor expansion of the rotational angle can be
expressed as follows:

θ (tm) = ωtm +
1
2
αt2m +

1
6
βt3m + . . . (2)

where ω is the equivalent angular velocity, αis the angular
acceleration and β is the angular jerk.

For targets with uniform velocity, the target’s rotational
angle is expressed as θ (tm) = ωtm. In general, θ (tm) is small
during the CPI, so we have the following approximations:

sin θ (tm) ≈ θ (tm) = ωtm
cos θ (tm) ≈ 1 (3)

Substituting (3) into (1) yields

s (tm) =
Q∑
i=1

σi exp
{
−
j4π
λ
(xiωtm + yi)

}
(4)

Obviously, the linear phase component in (4) corresponds
to the cross-range position of the i-th scatterer.

The well-focused ISAR image can be obtained by perform-
ing FT with respect to tm.

As for the non-uniform rotating target, the equivalent angu-
lar velocity is not constant and the rotational angle is θ (tm) =
ωtm + 1

2αt
2
m. In this case, (1) turns into

s (tm) =
Q∑
i=1

σi exp
{
−
j4π
λ

(
xiωtm +

1
2
xiαt2m + yi

)}

=

Q∑
i=1

σi exp
(
−j2π

(
fitm +

1
2
kit2m

))
exp

(
−
j4πyi
λ

)
(5)

where fi =
2xiω
λ

, ki =
2xiα
λ

. Equation (5) indicates that
the cross-range signals are multicomponent LFM signal. The
centroid frequency fi and the chirp rate ki depend on the scat-
terer’s azimuth coordinate and rotation parameters. It is the
quadratic phase term of LFM signals that cause the blurring
of ISAR image, thus it must be compensated. Next, we focus
on the compensation of the quadratic phase terms.

III. IMAGING METHOD BASED ON OPTIMIZED MFT
A. ALGORITHM DESCRIPTION
MFT [21], [22] is developed on the basis of FT and is widely-
used in non-stationary signal processing. For a signal

f (t) =
∑

ai exp(jωiφ(t)) (6)

The MFT is defined as

F(ω) =
∫ T

0
f (t)ejωφ(t)dφ(t) (7)

where φ(t) is the frequency modulation function. It can be
seen from equation (6) and (7) that the spectrum of random
modulated signal can be obtained by MFT.
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Next, we define the RR as

Kαω =
ki
fi
=
α

ω
(8)

Obviously,Kαω is identical for all scatterers and only depends
on target’s rotation parameters: equivalent angular velocity ω
and angular acceleration α.
Now, the equation (5) can be rewritten as Now, the equation

(5) can be rewritten as

s (tm) =
Q∑
i=1

σi exp
{
−
j4π
λ

(
xiωtm +

1
2
xiαt2m + yi

)}

=

Q∑
i=1

σi exp
{
−j2π

(
fitm +

1
2
kit2m

)}
exp

(
−
j4πyi
λ

)

=

Q∑
i=1

σi exp
{
−
j4π
λ
xiω

(
tm +

1
2
Kαωt2m

)}
× exp

(
−
j4πyi
λ

)
(9)

We neglect
Q∑
i=1
σi exp

(
−
j4πyi
λ

)
which correspond to range

position and denote bi = −
j4π
λ
xiω andψ(tm) = tm+ 1

2Kαωt
2
m.

Then (9) turns into

s (tm) =
Q∑
i=1

σi exp [jbiψ(tm)] (10)

It can be noticed that the equation (10) has the same form
as (6) and ψ(tm) is monotonic bounded during the CPI. Thus,
MFT can be utilized to accomplish cross-range compression.

B. COARSE ESTIMATION OF RR BASED ON LVD
The aforementioned analysis is based on an implicit assump-
tion that the RR is already known. However, the assumption
is invalid for noncooperative targets and the RR needs to be
estimated in advance. Equation (5) indicates that the cross-
range signals are multicomponent LFM signals, LVD can be
applied to estimate the RR. For a continuous infinite-time
multicomponent LFM signal

s (tm) =
K∑
k=1

Ak exp
(
j2π fk tm + jπkk t2m

)
(11)

The autocorrelation function is defined as

Rcs (τ, tm)=
K∑
k=1

s
(
tm +

τ + a
2

)
s∗
(
tm −

τ + a
2

)

=

K∑
k=1

A2k exp (j2π fk (τ+a) tm+j2πkk (τ+a) tm)

+

K−1∑
k=1

K∑
l=k+1

[
Rcsk,sl (τ, tm)+ R

c
sl,sk (τ, tm)

]
(12)

where ∗ denotes the complex conjugation, τ is the lag-time
variable, a is the constant time-delay parameter,Rcsk andR

c
sk,sl

are the auto terms and cross terms, respectively.
After scaling process and two-dimensional FT on the auto-

correlation function, the LVD representation is obtained as

Ls (f , k) =
K∑
k=1

Lsk (f , k) =
K∑
k=1

Aδ (f − fk)δ (k − kk) (13)

where A is the amplitude, δ (·) is Dirac delta function repre-
senting the LVD spread function along the representative axis
f and k .

An example of LVD is given in Figure 2. The estimated
carrier frequency and chirp rate of LFM signal are 50 Hz and
40 Hz/s respectively, which are the same as pre setted value.

FIGURE 2. Stereogram of the LVD.

Now, the RR can be obtained through LVD by estimating
the centroid frequency and chirp rate of a selected scatterer.
To improve accuracy, we can utilize several scatterers for
estimation and the average of these values is set as the optimal
result of LVD.

C. ACCURATE SEARCH OF RR BASED ON GDM
Due to the interference of noise and other factors, the average
RR is only a coarse estimation. Usually, the entropy function
[23], [24] is invoked as an indication of ISAR image qual-
ity. When the entropy reaches the minimum, the quality of
ISAR image is best. Hence, the accurate value of RR can be
obtained by parameter search according to the image entropy
principle.

Figure 3 illustrates image entropy versus the RR, which
shows that the change of image entropy is a convex function.
When the image entropy reaches the minimum, the corre-
sponding RR is unique. Therefore, the parameter search of
RR can be regarded as a convex optimization problem, GDM
can be employed to search the global optimization [25]. The
main process can be described as:

ξt+1 = ξt +1ξ where 1ξ = −η
∂ψ

∂ξ
(14)

where ψ is the object function, ξ is the variable and η is the
search step length. According to Figure 3, it can be inferred
that the iteration point can approach the global optimiza-
tion point of the object function through several iterations.
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FIGURE 3. Image entropy versus the rotation ratio.

When the value meets that |1ψ | < ε, the iteration comes
to an end, where 1ψ is the change of the object func-
tion between two adjacent iterations and ε is the threshold.
Compared with the other searching methods like brute force
search, the gradient descent method can obtain the global
optimal solution quickly with low computational complexity.

The detail procedures of the new imaging method can be
conducted as follows:
Step 1) Complete the range compression, the range align-

ment and the phase adjustment of the radar echoes;
Step 2) Extract the cross-range signal of the i-th (where

1 ≤ i ≤ N and N is the number of the range cells) range cell;
Step 3) Estimate the chirp rate and centroid frequency

based on the LVD and obtain the coarse estimation of RR;
Step 4) Set the initial value as the coarse estimation got by

step 3) and proper step length for the GDM and obtain the
true value of RR via minimizing the image entropy;
Step 5)Compensate the quadratic phase terms byMFT and

a well-focused image is got.
In summary, the procedures of the new ISAR imaging

method are shown in Figure 4.

IV. SIMULATION RESULTS
In this section, we will confirm the validity and performance
of the new imaging method with simulated data. Imaging
results of precedent methods are provided as a comparison.

A. RESULTS OF SIMULATED AIRPLANE
The simulation parameter settings and motion parameters are
illustrated in Table 1. The target scatterer model used in the
simulation is an airplane contains 50 scatterers, as shown
in Figure 5(a). The ISAR image obtained by the RD algorithm
is shown in Figure 5(b). It is clear that the image is seriously
blurred in the cross-range direction due to the time-varying
Doppler frequency.

Now, the simulated data is applied to test the proposed
method. Firstly, the signal in 98th range cell is selected and its
parameter distribution got by LVD is shown in Figure 6 and
the estimated RR is 1.70. To improve the accuracy, signals
in four range cells are extracted to obtain an average value.
The estimation results are shown in Table 2, from which we
can see that the average RR is 2.08. Compared with the true

FIGURE 4. Flowchart of the proposed ISAR imaging method.

TABLE 1. Parameters of the radar system.

FIGURE 5. Simulated target model and RD image. (a) Target model; (b) RD
image.

value of 2, the estimated one is inaccurate. Next, GDM is
employed to search the optimal RR and imaging results. The
initial value of RR is set as 2.08 and the search step length is
set as 0.01. The threshold is set as the image entropy variation
between two adjacent iterations is smaller than 10−6. After
113 iterations, the iteration comes to an end. The image
entropy versus the iteration number is shown in Figure 7(a).
The searching result shows that the optimal value is 2, which
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TABLE 2. Rotation ratio estimation based on LVD for different range cells.

FIGURE 6. Parameter estimation of the LFM signal in 98th range cell.

FIGURE 7. Searching for optimal RR and ISAR image through GDM.
(a) entropy versus iteration times; (b) image obtained by MFT.

FIGURE 8. RID images. (a) WVD; (b) SPWVD.

agrees well with the real value. The optimal image is shown
in Figure 7(b). Compared with Figure 5(b), the quality of the
ISAR image in Figure 7(b) has been improved significantly.

RID images are obtained by taking the slices along the
cross-range frequency domain and the method can form a
series of images at different times. Next, RID images are
utilized to compare with the image obtained by the proposed
method. Figure 8(a) is the RID image produced by WVD.
It can be noted that the image is smeared due to the significant
cross-term interference. The RID image obtained by SPWVD

FIGURE 9. ISAR image based on LVD.

algorithm is illustrated in Figure 8(b), in which spurious
scatterers exist in the red ellipse. Compared Figure 7(b) with
Figure 8, it could be seen ISAR image in Figure 7(b) is well-
focused in both range and cross-range directions and much
better than RID images in Figure 8.

The parameter estimation imaging algorithm based on
LVD is also provided to compare with the new imaging
method. Given in Figure 9 is the final image. Although the
image is well-focused, there are still some spurious scat-
terers that exist. Meanwhile, the imaging method requires
estimating the parameters of all the LFM signals, which are
computationally extensive and inefficient.

To evaluate the imaging results obtained by different algo-
rithms, image entropies and contrasts are calculated, as listed
in Table 3. The entropy of the image obtained by optimized
MFT is minimum, which indicates that the effectiveness of
the proposed method. However, the image contrasts indicate
that the image quality got by SPWDmethod is the best. It can
be seen that image entropy and contrast conflict with each
other in this experiment. Hence, a more accurate indicator is
needed to evaluate the ISAR image quality.

TABLE 3. Image entropies and contrasts of different methods.

Comparing the running time of these five methods listed
in Table 4, it is seen that the running time of the new proposed
imaging method is longer than that of RD and WVD, but
shorter than that of SPWVD and LVD. Therefore, the pro-
posed method is effective and efficient.

Next, the performance of RD, WVD and the proposed
method is tested under different signal to noise (SNR) levels.
The Gaussian white noise is added to the radar echoes and the
SNR changes from 5dB to 15dBwith a step length set as 1dB.
100 Monte Carlo simulations are performed to calculate the
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TABLE 4. Computational complexity comparison of simulated data.

FIGURE 10. Average image entropy versus the SNR.

TABLE 5. Computational complexity comparison of boeing B727.

average entropy under each SNR and the result is illustrated
in Figure 10. It can be seen that the proposedmethod performs
best under different SNR. Therefore, it can be concluded that
the proposed method is effective and efficient.

B. RESULTS OF BOEING B727
Next, the data of a Boeing B727 airplane provided by
the U.S. Naval Research Laboratory [26] is applied to
confirm the validity of the new imaging method. The
data contains 256 successive pulses, where the carrier fre-
quency is 9 GHz and the bandwidth are 150 MHz. Range
compression and TMC have been already accomplished.
Figure 11(a) and (b) show the high-resolution range pro-
files (HRRPs) and the corresponding RD image, respectively.
It is clear that the image is seriously blurred in the cross-range
direction due to the non-uniform rotating of the target.

When dealing with the data with the proposed method,
the coarse estimation of RR based on LVD is 105.59.
To obtain the accurate value of RR, the initial value of RR for
GDM is set as 105.59, and the search step length is set as 1.
The threshold is equal to the former experiment. After 208

FIGURE 11. HRRPs and ISAR images. (a) HRRPs; (b) ISAR image based on
RD. (c) ISAR image based on MFT; (d) ISAR image based on WVD; (e) ISAR
image based on SPWVD; (f) ISAR image based on LVD.

iterations, the termination condition is met and the running
results indicate that the optimal value of RR is 108.52. The
optimal image is given in Figure 11(c). Comparing with
Figure 11(b), the blurring is eliminated effectively.

Figure 11(d) is the RID image obtained by WVD algo-
rithm. Due to the significant cross-term, the image is smeared
severely. The image cannot provide much information of the
target. Figure 11(e) shows the RID image based on SPWVD
algorithm. Some weak scatterers especially in the wings and
tail of the airplane lead to the loss of target shape information.

The ISAR image obtained by parameter estimation imag-
ing method based on LVD is shown in Figure 11(f). Com-
pared with Figure 11(c), it can be seen that the two-imaging
method can almost reach the same imaging quality. However,
the simulation times listed in Table 5 indicate that the former
is inefficient. Considering the quality of the ISAR image
and the computational complexity, we can conclude that the
proposed method is more practical.

V. CONCLUSION
Focusing on the ISAR imaging of non-uniform rotating tar-
gets, a new imaging method based on optimized MFT is
proposed in this paper. In the new method, the rotation of
non-uniform rotating target after TMC is described by RR,
which is the ratio of the chirp rate to the centroid frequency
of LFM signal caused by scatterer. Using RR, the blurring
caused by target’s acceleration can be eliminated effectively
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by MFT, and then a focused image can be obtained. Com-
paring with the classic imaging methods of non-uniform
rotating targets, the imaging quality of the new method has
been improved considerably. Moreover, the computational
complexity is much lower than that of parameter estimation
methods. Experimental analysis highlights the effectiveness
and efficiency of the proposed method.
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