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ABSTRACT Grey wolf optimizer (GWO) is a new meta-heuristic algorithm. The GWO algorithm mimics
the leadership hierarchy and hunting mechanism of grey wolves in nature. Three main stages of hunting
include: encircling, tracking and attacking. It is easy to fall into local optimum when used to optimize
high-dimensional data, and there is imbalance between exploration and exploitation. An improved grey
wolf optimizer based on tracking mode and seeking mode is proposed to improve the diversity of the
population and the ability of the algorithm to balance exploration and exploitation. The algorithm is verified
by simulation experiments in three parts. Firstly, the proposed grey wolf optimizer based on tracking
mode (TGWO), the improved grey wolf optimizer based on seeking mode (SGWO), the improved grey
wolf optimizer based on tracking and seeking mode (TSGWO), Grey Wolf Optimizer (GWO), Particle
Swarm Optimization (PSO), Salp Swarm Algorithm (SSA), Sine Cosine Algorithm (SCA), Ant Lion
Optimizer (ALO), Whale Optimization Algorithm (WOA) and Moth-flame Optimization (MFO) are adopted
to optimize 21 typical benchmark functions respectively, and the obtained statistical simulation results are
compared; Secondly, the improved algorithm proposed in this paper is compared with Binary Grey Wolf
Optimizer (BGWO), Hybrid PSOGWO Optimization (PSOGWO) and GWO Algorithm Integrated with
Cuckoo Search (GWOCS); Finally, it is applied to the lightest design engineering problem of pressure
vessels. Simulation results show that the superior performance of the proposed algorithm for exploiting the
optimum and it has advantages in terms of exploration. The improved grey wolf optimizer based on tracking
mode and seeking mode can better solve function optimization and classical engineering problems with
constraints. It was found the improved grey wolf optimizer based on tracking mode has the high precision
and the characteristics of balanced exploration and exploitation.

INDEX TERMS Grey wolf optimizer, tracking mode, seeking mode, function optimization.

I. INTRODUCTION

There are more and more demands for solving various com-
plexity problems. In recent years, the emergence of meta-
heuristic algorithms for bionics has emerged in an endless
stream, and there is a faster way to solve many complex
optimization problems. This kind of meta-heuristic algorithm
has become a research hot-spot in solving optimization prob-
lems in recent years [1]. The concept of bionic algorithm
was first introduced in the genetic algorithm (GA) [2]. Since
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then, Popular algorithms in this field include: Particle Swarm
Optimization (PSO) [3]-[5]. Artificial Bee Colony algorithm
(ABC) [6], [7]. Cuckoo Search Algorithm (CS) [8]-[11].
Ant Lion Optimizer (ALO) [12], [13], Sine Cosine Algo-
rithm (SCA) [14], [15], Salp Swarm Algorithm (SSA) [16],
Whale Optimization Algorithm (WOA) [17], [18], Moth-
Flame Optimization (MFO) [19], Poor and Rich Optimiza-
tion (PRO) [20], Meerkats-inspired algorithm (MEA) [21],
Kidney-inspired Algorithm [22], SailFish Optimizer (SFO)
[23], Tree Growth Algorithm (TGA) [24], Squirrel Search
Algorithm [25], Earthworm Optimization Algorithm [26]. So
far, complex optimization problems have emerged endlessly,
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and it is difficult to obtain optimal solutions. This is also an
important reason why researchers are committed to practical
optimization problems. There are many swarm intelligence
algorithms that are widely used in combinatorial optimiza-
tion [27], function optimization [28], muti-objective function
optimization [29], three bar truss problems [30], cantilever
beam design problems [31], gear system design problem [32].
However, there are still some limitations and unreliability in
solving the practical optimization problems. Because of these
limitations, many scholars have made further researches and
improvements.

In the research of many scholars, the meta-heuristic algo-
rithm is improved to avoid the problem of falling into local
optimum. The Grey Wolf Optimizer (GWO) was proposed
by Mirjalili [33], which is a new heuristic algorithm to solve
the optimization problems. Shahrzad Saremi et al. proposed a
new muti-objective grey wolf optimizer (MOGWO) to solve
the challenging muti-objective optimization problems [34].
Hui Xu et al. proposed an improved GWO combined with
cuckoo search aiming at the disadvantage that GWO is prone
to fall into local optimum, especially when it is applied in
high-dimensional data [35]. Teng Zhijun et al. proposed a
hybrid grey wolf optimizer based on Tent mapping to increase
global search capability [36]. Long and Wen proposed a new
constrained optimization algorithm MAL-IGWO by com-
bining the improved global optimization ability of the grey
wolf optimization algorithm (IGWO) with the improved aug-
mented Lagrangian multiplier method to deal with the con-
straint problems [37]. Li Shuxia et al. proposed an improved
grey wolf optimizer (IGWO) based on evolution and elim-
ination mechanism to achieve an appropriate compromise
between exploration and development, further accelerate the
convergence of exploration and development, and improve
the optimization accuracy of GWO [38]. Kohli and Mehak
introduced chaos theory into GWO to improve the global
convergence rate [39]. MA Mushahhid proposed an improved
typical enhanced grey wolf optimizer (EGWO), which
improved the optimization ability of the algorithm and was
successfully applied in analog circuits [40]. Jian Liu et al.
proposed an improved double grey wolf optimizer [41].
E. Emary et al. proposed a variant of gray wolf optimization
(GWO) that uses reinforcement learning principles combined
with neural networks to enhance the performance [42]. Zaw-
baa et al. propose a combination of antlion optimization and
grey wolf optimization in a new algorithm called ALO-GWO
[43]. E. Emary and Zawbaa HM et al. proposed a novel
binary version of the gray wolf optimization (GWO) and used
it to select optimal feature subset for classification purposes
[44]. Four bioinspired optimization algorithms: antlion opti-
mization, binary version of antlion optimization, grey wolf
optimization, and social spider optimization are used to select
the optimal feature set for predicting the dissolution profile
of PLGA by Zawbaa H M et al. [45]. Zawbaa H M et al.
was found CI model shows that GWO algorithm is the most
accurate method to predict porosity [46]. E. Emary et al
proposed an optimization algorithm based on two chaotic
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FIGURE 1. Mathematical model diagram.

functions that employed to analyze their performance and
impact on grey wolf optimization, ant lion optimizer and
moth-flame optimization [47]. E. Emary et al. proposed a
classification accuracy-based fitness function by gray-wolf
optimizer to find optimal feature subset [48]. Shubham Gupta
et al. proposed a modified algorithm RW-GWO based on
random walk [49]. Akash Saxena et al. presented an adaptive
bridging mechanism based on B-chaotic sequence for the
improvement of Grey Wolf Optimizer (GWO) [50].

Seeking mode and tracking mode were first proposed in
cat swarm optimization (CSO) by Chu et al. [51]. Yang Shi-
da et al. proposed a novel cat swarm algorithm based on
the concepts of homotopy called a homotopy-inspired cat
swarm algorithm (HCSA) [52]. Pei-Wei Tsai et al. inves-
tigated a parallel structure of cat swarm optimization and
called it parallel cat swarm optimization (PCSO) [53]. Sharafi
Y et al. presented a new algorithm binary discrete opti-
mization method based on cat swarm optimization (BCSO)
[54]. Ganapati Panda et al. developed a new learning rule
based on population for the task definition model of IIR
system identification using the recently introduced cat swarm
optimization algorithm (CSO) [55]. An optimization method
of parameter estimation of single diode and double diode
model based on cat group optimization algorithm is pro-
posed by Guo et al. [56]. An improved grey wolf optimizer
based on tracking mode and seeking mode is proposed based
on the three stages of encircling, tracking and attack of
grey wolf aiming at the grey wolf optimizer has the dis-
advantage of easy convergence to local optimal. The algo-
rithm is verified by simulation experiments in three parts.
Firstly, the proposed tracking mode based grey wolf opti-
mizer (TGWO), the seeking mode based grey wolf optimizer
(SGWO), the tracking and seeking mode based grey wolf
optimizer (TSGWO), Grey Wolf Optimizer (GWO), Particle
Swarm Optimization (PSO), Salp Swarm Algorithm (SSA),
Sine Cosine Algorithm (SCA), Ant Lion Optimizer (ALO),
Whale Optimization Algorithm (WOA) and Moth-flame
Optimization (MFO) are adopted to optimize 21 typical
benchmark functions to show the effective of the proposed
algorithms; Secondly, the improved algorithm proposed in
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FIGURE 2. 2D and 3D position vectors and their possible next locations.

this paper is compared with Binary?Grey?Wolf?Optimizer
(BGWO), Hybrid PSOGWO Optimization (PSOGWO) and
GWO Algorithm Integrated with Cuckoo Search (GWOCS);
Finally, it is applied to the lightest design engineering prob-
lem of pressure vessels.

II. BASIC PRINCIPLE OF GWO

Grey wolf belongs to canine family. Most grey wolves prefer
to live in groups. The grey wolves rely on a clear division
of labor and cooperation to survive. Due to the clear division
of labor, the gray wolf population is divided into four hier-
archical systems. The leading grey wolf is called o wolf, its
next level is called S wolf, the third level is called § wolf,
and the lowest level of the gray wolf is called w wolf. The
mathematical model established by the characteristics of the
gray wolf swarm intermediate level is shown in Fig. 1. The
grey wolf optimizer is a meta heuristic algorithm proposed
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FIGURE 3. Attacking prey versus searching for prey.

in 2014. Grey wolf optimizer uses the characteristics of grey
wolf social class to simulate its hunting mechanism. It is
considered that three levels of wolves «, 8 and § correspond
to the three solutions with the best fitness. In each iteration,
three wolves lead all wolves to a deeper exploration of the
most likely searching space until the best position was found.
The formula for the grey wolf surrounding the prey can be
described as follows.

—> - = —

D=|C -X,(t)—X (1) (1)
— — - —
Xt+H)=X,t)—A-D 2)

where ¢ represents the algebraic number of the current E}era—
tion, X, (¢) characterizes the position vector of the prey, X ()
is the position vector reflecting the grey wolf, where both A

and C refer to the coefficient vector, and they are calculated
by:

A=23.-7m-7 3)
C =27 ()
t
a=2-2 (5)
()

69863



IEEE Access

M. W. Guo et al.: Improved GWO Based on Tracking and Seeking Modes to Solve Function Optimization Problems

- e
.---.'

FIGURE 4. Location update of GWO.

where ¢ represents the current number of iterations, Tmax
is the embodiment of the maximum number of iterations.
It can be seen from the above formula that as the number of
iterations increases, the convergence factor @ represents a
value that gradually exhibits a linear decreasing trend from
210 0. 7{ and 75 are random variables that are represented in
the interval [0, 1].

According to Eq. (1) and Eq. (2), the updating rule of the
position of surrounding prey by grey wolves is presented.
Fig. 2(a) shows the possible areas around the wolf when
re-updating the position. It can be seen from Fig. 2(a) that
the grey wolf in position (X, Y) can re-position the posi-
tion according to the location (X*, Y*) of the prey. At each
iteration, the position vector of the grey wolf is updated by
constantly adjusting the values of A and C, so that the
grey wolf can go anywhere near the prey. The 3-dimensional
position update of the grey wolf is shown in Fig. 2(b). The
presence of the random variables 71 and 75 allows the grey
wolf position to be updated to any position according to
Eq. (1) and (2).

It is worth noting that the convergence factor @ is a vari-
able that decreases linearly Wi_til the number of iterations from
2to 0. According to Eq. (3), A is arandom variable between
[—2a, 2a]. In this case, it is Decessary to divide into two cases
according to the range of A . It can be seen from Fig. 3(a)
that When A is between [—1, 1], the next generation can
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update the position arbitrarily between the current location
and the location of the prey. When |A| < 1, the grey wolf
attacks the prey at this time. This situation is more indicative
of the development capability of gray wolf, but these random
vectors proposed so far may make it easy to fall into local
optimal. I_t)can be seen from Fig. 3(b) that when the random
variable A is between [—oo, —1] or [1, oo], the grey wolf
will not attack the prey. That is to say when |A| > 1, the grey
wolf will force the current agent to stay away from th_e)prey
and search for more suitable prey. Random variable C can
also improve the exploratigl ability of the algorithm. It can
be seen form Eq. (4) that C is a random variable, and there
is no random linear reduction. The randomness is maintained
from the initial iteration to the final iteration, which improves
the global optimization ability of the final iteration.

The grey wolf population is divided into four grades «, 8, §
and w. The first three grades «, B and § are in corresponding
to the three solutions with the best fitness. Then the wolf
positions with these three grades are updated by adopting the
following formula.

— - > =
Da:’CyXa—X‘ 6)
— - > =
Dﬁ:‘cz-xﬂ—x‘ %)
— - > =
D3=IC3-X5—X‘ (8)
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where )7; is the position vector of o wolf, )?; is the position
vector of 8 wolf, and z represents the position vector of §
wolf.

Under normal circumstances, it is assumed that the first
three levels of grey wolves know the general position of the
prey on the way of hunting. After obtaining the above position
vector, the wolves will perform the final update according to
the obtained position by adopting the following formula.

X1 = [Xo — A1 Dy )

X> = |Xp — Ay - Dg| (10)

X3 = |Xs — A3z - Ds| (11)
X1 +Xo+X3

X+ = S — (12)

The position update principle of the algorithm is shown
in Fig. 4. During each iteration update, the position of the grey
wolf is estimated by the best three levels of positions. X4 1)
is the updated position of the next generation of wolves,
and each candidate solution will update the distance between
them and the prey [57]. In summary, the grey wolf optimizer
begins to randomly initialize the population, and then updates
the position of the candidate solution each according to the
three wolves with the best fitness, namely, o wolf, 8 wolf, and
6 wolf. The range of the random variable |A| < 1 determines
that the wolf is approaching the prey, |A| > 1 indicates that
the wolf is forced to stay away from the prey to find a more
suitable prey, and converges to the optimal solution in the last
iteration.

ill. IMPROVED GREY WOLF OPTIMIZER BASED ON
TRACKING MODE AND SEEKING MODE

A. TRACKING MODE AND SEEKING MODE

According to the high alertness of cats in idle state and
the characteristics of tracking dynamic targets, a cat swarm
algorithm based on seeking mode and tracking mode was
proposed in 2006. In this paper, tracking mode and seeking
mode are integrated into grey wolf optimizer to improve the
randomness of its search. The improved algorithm realizes
the balance of exploitation and exploration, and is not easy to
fall into the local optimal solution.

The tracking mode is a kind of simulation of the state of a
wolf when it is tracking a dynamic target. It mainly applies the
update of velocity and position of each dimension to change
the position with random disturbance. The tracking mode is
implemented by adopting the following steps.

Step 1: Calculate the speed of the iy, Wolf in each dimen-
sion according to the following formula:

Via t+1D)=vig ) +r x C X (Xpest.a 1) —xia (1)) (13)

where Xpes,q (t) is the best position for the wolf currently
available, d = 1,2,---M, x; 4 (¢) indicates the location of
the i, wolf, r and C are random variables located in the scope
[0, 1].

Step 2: Update the location by the following formula:

Xig(t+1D) =xig@) +vigt+1) (14)
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FIGURE 5. Flowchart of GWO based on tracking mode and seeking mode.

where x; 4 (¢ + 1) represents the updated position of the wolf
at the next iteration.

The seeking mode is recorded by the four elements (mem-
ory pool SMP, the change field SRD, the change number
CDC, and the judgment of its own position SPC). The mem-
ory pool (SMP) describes the size of each wolf’s search
memory, which is mainly used to find the location with the
best fitness. The variation domain (SRD) generally has a value
of 0.2, which plays a decisive role in the changing range of
each dimension. The number of changes (CDC) is the number
of dimensions of the wolf variation in each generation. SPC
is defined as a Boolean value that determines whether the
position passed by the current iteration can be used as a
candidate solution. However, No matter the value of SPC
is true or false; the value of SMP will not be influenced.
The specific steps of the seeking mode can be described as
follows.

Step 1: Put the complete positions in the current iteration
into the memory pool (SMP) with N copies, where N is the
size of the memory pool. If SPC is true, then let N = SMP—1;
if SPC is false, then let N = SMP and use the position in the
current iteration as a candidate solution.

Step 2: Change the dimension of each wolf in the memory
pool (SMP). So a perturbation is produced in the dimension,
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TABLE 1. Parameter settings for each algorithm.

Algorithm Main parameters Settings
PSO Particle number n=30; Learning factor ¢, =2, ¢, =2 ; Inertia weight W, =0.9, w,; =0.9
SSA Population size n=30
SCA Population size n=30; a=2

ALO Population size n=30

WOA

Population size n=30; b=1;a variable decreases linearly from 2 to 0 (Default)

a2 linearly decreases from -1 to-2 (Default)

MFO population size n =30

GWO Wolves number n =30 ; a variable decreases linearly from 2 to 0 (Default)
TGWO Wolves number n =30
SGWO Wolves number n=30; SRD=0.25;SMP =5 ;CDC = 0.65
TSGWO  Wolves number n=30; SRD=0.25;SMP =5 ;CDC = 0.65
that is to say: and the seeking mode (TSGWO). The tracking mode is used
dim = (1 % rand - SRD) - dim,y, (15) to update the position X, of the « wolf, the seeking mode

where dimg,; is the number of dimensions selected to be
changed, SRD represents the control range of the dimensional
change of each individual, SRD = 0.25 in this paper, rand is
a uniformly distributed random number between [0, 1].

Step 3: Calculate the fitness values of all the found candi-
date solutions in the memory pool.

Step 4: Among the optimal candidate values of the calcu-
lated fitness values, the position of the optimal candidate is
taken as the position of the current individual.

According to the grey wolf optimizer, Each iteration will
update the position of o wolf, 8 wolf and § wolf. As the
iteration continues and the problem has the higher dimension,
grey wolf optimizer may fall into local optimum. In this paper,
tracking mode and seeking mode are used to interfere the
grey wolf optimizer algorithm randomly, and three improved
strategies are proposed. The first strategy is the grey wolf
optimizer based on tracking mode (TGWO). Integrate the
tracking mode into the grey wolf optimizer using Eq. (13)
and (14) to make the wolf’s position X, X, and X5 interfered
and updated to increase their global search ability. The sec-
ond strategy is the grey wolf optimizer based on seeking
mode (SGWO). This specific method is to separately add
the seeking mode to the grey wolf optimizer. The best three
solutions plus the disturbance. After using the seeking mode
to determine its position, Eq. (15) is adopted to randomly
change the candidate solution, and select the candidate with
the highest fitness value to replace the current wolf position.
The third strategy is the grey wolf optimizer based on tracking

69866

is used to update the positions Xg and Xs of the 8 wolf and
the § wolf. The improved grey wolf optimizer improves the
convergence accuracy and avoids the situation of falling into
local optimum.

B. IMPROVED ALGORITHM FLOW

The algorithm procedure of the grey wolf optimizer based
on the tracking mode and the seeking mode is described as
follows.

Step 1: Initialize the algorithm control parameters: popula-
tion size (SearchAgents_no), the maximum iteration number
(Max_iteration), memory pool (SMP), number of changes
(CDC), each individual’s change domain (SRD), random ini-
tialization speed, random positions of o wolf, 8 wolf and §
wolf (Alpha_pos, Beta_pos, Delta_pos).

Step 2: update the positions of « wolf, g wolf and § wolf
using Eq. (9) - (11). Calculate the fitness value of all wolves,
Set the X, as the best search agent, and calculate the fitness
value f (Xy).-

Step 3: TGWO algorithm uses Eq. (16) and (17) to update
the positions of « wolf,  wolf and § wolf. AGWO algorithm
updates the o wolf using the seeking pattern and updates
wolf and & wolf with the tracking mode by using Eq. (16)
and Eq. (18); SGWO algorithm uses the seeking mode to
update the positions of @ wolf, 8 wolf and § wolf, Copy the
individuals in the current seeking mode to generate a series of
individuals to fill the search memory pool: X1, X> and X3 are
liberated into the memory pool as candidates, setting SMP =
5, At this time, the candidate solution is copied N copies by
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TABLE 2. Benchmark functions.

Function Dim Range finin
Fox =20 30,100 [-100,100] 0
P = X 30,100 [-10,10] 0
Pox =X R e 30,100 [-100,100] 0
F4 X m’ax |x",ls[sn 30,100 [—100,100] 0
_y ol e,
Fy x - LlOO X X x 1 J 30,100 [-30,30] 0
Fox =X xtos 30,100 [-100,100] 0
Fox =X !t random 0.1 30,100 [-1.28,1.28] 0
Fox =X —ilsin |y 30,100 [-500,500]  -418.9829xDim
F,ox =27 [ " 10ces 27x, *10] 30,100 [-5.12,5.12] 0
F, x :’ZOexp[ ’ x; ]‘exp[LZLIcos 27x, [t20te 30,100 [-32,32] 0
-1 LN 3
TR v ﬁ] ] 30,100 [-600,600] 0
F, x =1 10 sin ”yv +2:: v, 1 z[l*l()sin: L ] +2:‘x1 x,.10.100.4
roo
e J Ex. " a x 30,100 [-50,50] 0
y,:l"' - suoxak.m T 0 Ta
4 |
[k Tx, " a " x
F,, x =0.1{sin® 3%y *2’:‘ x, 1 1[1+siul ELB ]
TR R CIPY I T JLISIPRTII 30,100 [-50,50] 0
,( 1 > 1 1
Fuox Sloa 75 S 2 [-65,65] 1
[ soo j+zﬁ 5, "a, )
Fox =2 [ x-a x-a o] 4 [0,10] -10.1532
Fox =2 [ x7a, x4 *e] 4 [0,10] -10.4028
Fox =X x-a x4 "] 4 [0,10] -10.5363
Fyx Sxiti0f 2 s 30,100 [-10,10] 0
Fyx =2 e[ 30,100  [-100,100] 0
P D T N D AT 30,100 [-5,10] 0
Fyox =sin® T #2710 [t rosin® T b1 ] o0 T[4 sin®
— 30,100  [-10,10] 0
Where w,:l+<’ ,vi:l,~~,D
4
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FIGURE 6. Three-dimensional images of the test functions.
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FIGURE 6. (continued.) Three-dimensional images of the test functions.
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Parameter space

Parameter space

Parameter space

FIGURE 6. (continued.) Three-dimensional images of the test functions.

Eq. (18), N = SMP — 1; the fitness values of all candidate
points in the memory pool are calculated separately; Execute
mutation operator. The change range of each dimension is
determined by the change field SRD, setting SRD = 0.25;
For each individual in the memory pool, set CDC = 0.65
according to the size of the CDC, and select the dimension
to be randomly changed by Eq. (19); Add a disturbance to
the original position according to Eq. (15) and reach the
new position to replace the original position; Recalculate
the fitness values of all candidate solutions in the memory
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pool after changing dimensions; The candidate point with
the highest fitness value is selected from the memory pool
to replace the current wolf position.

vit+1) =vi(@)+rixCx X () —x @) (16)
Xit+1) =Xi (1) +vi(t+1) 17)
Wolf _C = repmat (X1(i,:), SMP—1,1) (18)
Dims_Changed = round (CDC x size (Wolf _C,2)) (19)
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FIGURE 7. Simulation results of function F,-F;3 and F;g-F,; with 30 dimension.
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FIGURE 7. (continued.) Simulation results of function F;-F;3 and F,g-F,; with 30 dimension.
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TABLE 3. Running results of functions under 30 dimension.
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Function TGWO TSGWO SGWO GWO SSA SCA PSO ALO WOA MFO
Best 0 0 2.79E-100  5.82E-29 2.90E-08 0.195332 6.54E-06  0.0001169  4.214E-85  0.9075692
r Ave 0 1.00E-18 6.60E-99 1.617E-27 1.83E-07 8.96E+00  0.0001746  0.0003982  2.026E-80  13.227273
‘ Std 0 3.160E-18  1.171E-98  1.283E-27 1.732E-07  9.968776  0.0001937  0.0001835  3.692E-80  34.808477
Best 0 0 6.37E-53 3.21E-17 0331969  0.0005744  0.003112  0.9350286  5.583E-59  0.1153384
r Ave 0 4.092E-11  1.405E-52  7.721E-17 2.20282 0.0144625  0.039973  8.9422360  1.010E-51  14.205513
) Std 0 5.215E-11  5.872E-53  3.527E-17  2.362473  0.0329405  0.040444  6.3196253  2.953E-51  11.893920
Best 0 0 5.34E-79 9.66E-10 654.5558 2883.83 32.34513  956.78993  27204.033  4377.5296
r Ave 0 9.13E-09 2.88E-75 8.63E-07 1578.76 9.15E+03 79.96155  2741.9721  36445.254  15790.589
‘ Std 0 2.564E-08  7.51E-75 1.52E-06 662.842 5806.795 45.02691 96597079  6384.1601  6863.0973
Best 0 0 1.30E-43 1.84E-07 8.755386 15.25491 0.6785 10.554740  2.4053186  53.187134
r Ave 0 7.573E-11  6.204E-43  8.045E-07 13.74441 29.38021 1.068826  17.782633  40.535836  63.724796
' Std 0 1.203E-10  6.830E-43  6.057E-07  4.111726 9.476234 0255725  4.2971303  26.586182  6.5448995
Best 2.37E-07 4.49E-06 25.8829 26.17555 24.87873 107.4604 2231532 29.363885  27.278986  248.41469
r Ave 7.92E-05 1.62E-03 2.74E+01 2.73E+01 9.93E+01 1.88E+04  6.74E+01 122.54220  28.051537  1838.5286
‘ Std 8.479E-05  0.002978 0.864968 0.619309 124.7004 38383.24 35.68103 119.98182  0.5417770  1460.2483
Best  3.117E-09  7.323E-09  0.002881 0.500383  3.263E-08  7.176993 1.56E-05  0.0002658  0.1983505  0.1853476
r Ave 1.599E-06  5.149E-06  0.053341 0.817699  1.108E-07 38.5008 0.000269  0.0008498  0.3813812  2002.8560
' Std 2.065E-06  1.148E-05 0.10519 0.246303  8.103E-08  94.14311 0.000402  0.0004004  0.1357736  5999.5029
Best  5.690E-07  4.086E-05  0.000475 0.001117 0.059648 0.006006 0.103299  0.1532049  0.0007624  0.0881736
r Ave 8.692E-05  0.0001210  0.001414 0.001959 0.136926 0.060517 0.181315  0.2351979  0.0041435  0.5147165
7 Std 6.968E-05  7.908E-05  0.000815 0.000819 0.068898 0.062791 0.054078  0.0996353  0.0036105  0.8451515
Best -12569.5 -12569.5 -6735.106  -6768.172 -8784.57 -3882.597  -7638.091  -5537.590  -12566.06  -10612.57
r Ave -11503.5 -11148.1 -6001.571  -6018.928 -7428.52 -3627.486  -5091.296  -5441.481  -10397.33  -9073.564
h Std 1716.379 1834.979 55223408 647.88616  1080.204  204.48845 15782801  47.615282  1809.0471  803.08254
Best 0 0 0.00E+00 5.68E-14 32.8336 3.16E+00 38.96274  53.727837 0 89.635451
r Ave 0 1.022E-07  1.50E+00  3.35E+00 52.63324 5.07E+01 S5.77E+01  78.404866  5.684E-15  141.58554
) Std 0 3.234E-07 1.956328 4.822554 13.20332 41.38622 12.1188 26.289854  1.705E-14  29.697473
Best 8.88E-16  8.881E-16  7.99E-15 8.62E-14 1.646224 5.33E-02 0.004539  2.1216717  8.881E-16  14.825173
r Ave 8.881E-16  2.467E-11 7.99E-15 1.12E-13 2.609253 1.11E+01 4.33E-01 5.8435695  5.506E-15  19.112821
) Std 6.573E-32  3.587E-11 1.05E-30 1.76E-14 0.71748 9.765001 0.733236  3.6294184  2.274E-15  1.5395566
Best 0 0 0.00E+00  0.00E+00 0.002536 7.98E-01 1.25E-06  0.0148542 0 0.7097404
r Ave 0 0 1.99E-03 3.81E-03 0.022256 1.02E+00 5.94E-03  0.0500318 0 9.9293107
' Std 0 0 0.006293 0.008481 0.019856 0.195334 0.007173  0.0213329 0 27.033086
Best  3.355E-10  1.279E-09  9.17E-05 2.39E-02 1.974136 0.657465 1.55E-07  6.5800303  0.0069047  1.7587933
r Ave 6.281E-08 2.118E-07  3.39E-03 4.27E-02 5.568869 1.30E+01 1.04E-02 15.667029  0.0352640  61.055105
: Std 8.530E-08 4.813E-07  0.004651 0.023455 3.737769 16.90091 0.032783  8.6447598  0.0296122  161.65207
Best 1.007E-08  2.353E-09  5.35E-03 4.05E-01 0.078634 5.034696 3.33E-05 1.2976399  0.2485014  4.0542760
P Ave 3.200E-06  2.360E-06  3.01E-01 6.34E-01 13.225 3.51E+01 4.70E-03  31.658018  0.6593188  22.715000
’ Std 6.437E-06  2.437E-06  0.172903 0.17847 17.28735 44.81446 0.006002 18.746344  0.2655951  18.883737
Best 0 0 9.53E-97 1.671E-25  0.0228640  2656.0544  11.676115  9.5131894  1.373E-77  5619.4238
F Ave 0 3.922E-16  4.45E-95 1.352E-23  9.7245396  82075.585  64.877262  22.582116  1.926E-73  4.00E+07
Std 0 8.764E-16  5.11E-95 1.723E-23  12.321145  86580.211  46.176499  10.482903  5.382E-73  48982034.
Best 0 0 1.30E-249  2.220E-89  7.55E+08  510.48341  0.0003005 4.91E+11  3.69E-112  1.00E+28
F, Ave 0 1.793E-20  3.44E-242  2.242E-78  3.15E+18  2.71E+14  0.1459996  3.20E+20  3.294E-90  3.04E+41
Std 0 5.204E-20 0 5.879E-78  7.74E+18 8.15E+14  0.2481978  8.15E+20  9.883E-90  4.57E+41
Best 0 0 2.84E-76  6.936E-09  15.172861  6.1371052  53.555629  111.52966  332.19479  75.268451
F,, Ave 0 4.759E-17  6.86E-74  2.507E-07  43.390398  34.184845  73.272650  175.80574  500.04063  345.30546
Std 0 9.517E-17 1.60E-73  5.086E-07  28.924671  21.178262  15.970529  47.438025 105.47726  137.10210
Best 3.95E-09 2.34E-09 7.06E-03 7.25E-01 3.08E+00  2.19E+00 2.19E-03 4.57E+00 2.22E-01 5.77E+00
F,, Ave 3.07E-06 7.49E-06 2.06E-01 1.06E+00  8.14E+00  6.10E+00 5.82E-01 1.11E+01 4.97E-01 2.61E+01
Std 3.856E-06 1.513E-05 0.1057708  0.2888095  2.9963920  3.2495081  0.6219507  4.0583341  0.15373838  10.040314
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TABLE 4. Running results of functions under 100 dimension.
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Function TGWO TSGWO SGWO GWO SSA SCA PSO ALO WOA MFO
Best 0 0 3.61E-84 3.15E-13 964.8583 5704.004  13.820168  2420.1172  1.452E-78  37415.634
r Ave 0 6.379E-19 1.71E-83 1.42E-12 1538.093 1.39E+04  21.191807  4695.8036  1.211E-71  62663.591
l Std 0 1.509E-18 ~ 8.903E-84  8.495E-13  461.7767 5796.002  4.6512093  1496.3256  2.896E-71  18826.414
Best 0 0 7.56E-44 2.31E-08 39.92937 1.63E+00  23.665525  63.383628  1.820E-52  189.48425
F Ave 0 3.547E-10 1.83E-43 4.33E-08 46.13192 6.146539  31.594800  1.79E+11 1.203E-50  246.48627
7 Std 0 4.940E-10  6.92E-44 1.47E-08 4.191445 3310207  5.5472839  5.37E+11  2.000E-50  54.195437
Best 0 0 1.10E-69 5.02E+01 16499.36 208749.8  7930.8531  59213.238  693861.26  158097.27
F Ave 0 6.620789 1.51E-67 573.2178 48375.58 263542 18226.556  94690.572  1025333.6  245488.28
' Std 0 20.79827 1.92E-67 522.0657 16688.81 6861625 65452962  22103.828 160818.64  46743.454
Best 0 0 3.72E-38 0.079339 22.24432 86.09819 10.540775  26.705430  7.5631922  92.129072
r Ave 0 6.191E-10  7.45E-38 0.884038 27.34708 89.73383 12.339939  34.814183  73.350592  95.448008
' Std 0 1.489E-09  4.45E-38 0.63817 3.14129 2.373459 1.2215607  6.3318671  26.591124  1.5698057
Best 5.28E-08 7.68E-05 9.70E+01 9.69E+01 92212.47 27461817  13583.896  302430.82  98.076028 51057038
r Ave 2.94E+01 19.60225 9.81E+01 97.82901 1.76E+05 1.2E+08 17540.139  836144.95 98.238416  1.72E+08
ﬁ Std 47.33739 41.31913 0.489007 0.710188 77177.2 78347258 2990.5381  467773.61  0.0963157  7.08E+07
Best  3.489E-08  2.093E-09  3.49E-03 6.09E-05 5.89E-08 9.93E+00  13.990453  1376.1928  1.1054568  57584.751
r Ave 1.979E-06  3.285E-06  0.416697 8.601334 949.9288 5245.439 18.107006  3968.5463  3.7735170  69747.960
' Std 3.077E-06  2.829E-06  0.360974 4.129012 632.1247 3761.676  3.9466099  1747.6287  1.4503542  10333.888
Best  1.239E-05 1.257E-05  2.71E-03 3.40E-03 2.046461 53.10694  909.51642  3.1638287  9.158E-05  124.19764
£ Ave 7.255E-05  9.029E-05  0.005387 0.008377 2.854522 138.0998 1532.9279  5.5269820  0.0029899  229.15439
Std 7.463E-05  8.484E-05  0.002386 0.004266 0.917 78.46461 303.54847  2.0478468  0.0034302  90.021884
Best -41898.3 -41898.3 -20042.99  -1.72E+04  -25038.3 -8190.019  -19228.12  -18058.91  -41885.26  -28149.37
r Ave -40713.4 -35976.3 -17378.96  -15245.46 -22211.6 -6689.748  -10590.02  -18058.91  -38153.02  -22689.77
“ Std 3745.167 6242233 1517.1949  3274.6650 1717.341 612.26232  4496.3193 0 5006.9570  2209.7822
Best 0 0 0.00E+00 1.14E-13 34.82354 9.19E+00  459.24644  338.22941 0 706.01226
r Ave 0 0.015555 1.704361 9.080816 156.386 190.2263  555.89989  382.08080 0 870.60070
) Std 0 0.049188 2.370799 8.850257 89.52753 201.4854  69.102650  27.356883 0 78.100450
Best  8.881E-16  8.881E-16 1.51E-14 5.06E-08 8.230765 2.06E+01  3.0896730  12.991437  8.881E-16  19.356818
r Ave 3.039E-13  7.198E-10 1.51E-14 1.14E-07 10.30827 20.61045  3.6912913  14.163230  5.151E-15  19.829773
’ Std 7.689E-13  1.550E-09 0 3.6E-08 0.909994 0.040982  0.4144887  0.7287450  2.658E-15  0.1819103
Best 0 0 0 1.27E-13 6.864723 3.05E+01  0.2625824  16.345451 0 349.95748
r Ave 0 0 0 0.00489 14.51732 102.2161  0.3892669  55.266971 0 554.60813
’ Std 0 0 0 0.010459 5.56931 58.154 0.0875299  19.086261 0 162.55324
Best 1.513E-09  4.498E-10 1.82E-04 1.33E-01 17.54964 6.04E+08  2.6028788  60.699030  0.0350445  89021494.
P Ave 4.263E-08  6.338E-08  0.009242 0.275197 34.20209 3.04E+08  4.7539232  102.63958  0.0464105  3.05E+08
’ Std 5.423E-08 1.219E-07  0.006104 0.064826 16.1037 1.84E+08  1.8028623  64.657189  0.0097312  1.63E+08
Best 1.944E-11  6.468E-07  3.84E+00 5.26E+00 185.2117 9.91E+07  46.904865 8991.9040 1.8107712  3.18E+08
r Ave 4.482E-06  7.181E-06  4.172949 6.586583 15005.95 4.87E+08  68.382338 27184437  2.8794325  8.29E+08
’ Std 7.553E-06  7.503E-06  0.262911 0.596286 16114.56 2.71E+08  18.677153  215499.71  0.7574214  2.47E+08
Best 0 0 3.65E-80  3.184E-09 4.78E+06  2.69E+07  9292662.1 19252004  7.036E-80  3.78E+08
Fp, Ave 0 3.15E-13 1.55E-79 1.740E-08 10926546 1.03E+08 19227042 42599449  4.336E-69  6.09E+08
Std 0 5.97E-13 6.42E-80 1.221E-08 2998518 6.25E+07 51456563 16751582  7.989E-69  1.62E+08
Best 0 0 1.39E-242  6.959E-51 1.82E+91 1.00E+87  4.01E+48 9.8E+115  3.38E-103 1E+150
F, Ave 0 499E-22  2.07E-232  1.508E-36  1.1E+105 1.3E+130  7.05E+58 5.6E+134  2.346E-76  2.0E+167
Std 0 1.38E-21 0 3.029E-36  3.4E+105 3.9E+130  2.08E+59 1.6E+135  4.601E-76 Inf
Best 0 0 7.02E-55  48.012577 12323292 340.84209  2532.2144  1130.4518  1392.5935  2207.0720
Fy, Ave 0 5.93E-17 1.22E-47 118.89830  1753.3642  627.04210  4271.2554  1552.4654  1748.1748  2703.4246
Std 0 9.51E-17 3.64E-47  63.707794  350.21936  157.96121  1568.9721  263.67070  438.87525  250.68542
Best  5.665E-08  3.26E-07  0.2235947  5.6208522  16.104337  118.19971  30.223553  32.900658  0.9377225  202.01800
F,, Ave 2.223E-06  2.73E-06  0.5525457  6.3960533  29.740545  215.20804  64.435702  46.509961  2.0783121  248.50364
Std 2.538E-06  3.32E-06  0.2805374  0.4403291  9.1181074  67.873437  25.612469  10.719822  0.7990147  35.678386
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TABLE 5. Running results of functions Fy;-F5.

Function TGWO TSGWO SGWO GWO SSA SCA PSO ALO WOA MFO

Best  0.9980038  0.9980038  9.98E-01  9.98E-01  0.998004  9.98E-01  0.998004  0.9980038  0.9980038  0.9980038
F,  Ave 09980038 0.9980056 2.77E+00  1.69E+00 1295028  1.99E+00  4.94E+00  2.2835654  3.7446797  5.9640292
Std  2.729E-09  5.849E-06 2977148  1.148984  0.939274  1.045544  2.735905  1.7083279  3.6196920  5.5425399
Best -10.1532  -10.1532  -1.01E+01 -1.02E+01 -10.1532  -4.603159  -10.1532  -3.862782  -3.862664  -3.862782
F,  Ave  -101513  -10.1513  -1.0IE+01  -9.64E+00 -8.14865  -2.28E+00 -2.42E+00 -3.862782  -3.853880  -3.862782
Std  0.002921  0.004428  0.0671368 1.6114947 3295489  1.6732426  4.0786647 4.334E-14  0.0167595  4.440E-16
Best -10.4028  -10.4028  -1.04E+01  -10.40249  -10.4029  -5.181506  -10.40294  -10.40294  -10.40180  -10.40294
F,  Ave  -103765  -10.3759  -1.03E+01 -1.04E+01 -7.90301  -3.81E+00 -2.96E+00 -7.679150  -8.528151  -6.908247
Std 0082006  0.078698  0.0719013  0.0790012  3.30238 14767779 4.0236917  3.4151929  2.8697701  3.5544514
Best -10.5363  -10.5363  -1.05E+01  -1.05E+01 -10.5364  -5.02E+00 -10.53641  -10.53640  -10.53473  -10.53640
f Ave  -10.5361  -104062  -1.05E+01 -1.05E+01 -8.91347  -321E+00 -2.82E+00 -6.048479  -6.575206  -10.53640
Std  0.00025 0.408012  0.0363459  0.0011528  3.421448  1.6401118  3.2734334  3.0513984  3.9749297  3.979E-14

Step 4. Update X of using Eq. (16); Update the position X’ end if

of each wolf using Eq. (20). Update Xy
/ / / I=1+1
Output X,

Step 5:1f f (X') < f (X), then f (X) = f (X'), otherwise
unchanged. If f (X) < f (Xy), thenf (Xy) =f (X).

Step 6: Meet the conditions for stopping the algorithm and
output the optimal solution f (X,,), otherwise return to Step
2.

The pseudo-code for the grey wolf optimizer based on the
tracking mode and the seeking mode is described as follows.
Random initialization of grey wolf population
Initialize a, A, C, SMP, CDC, SRD and velocity
Set the Xy, Xg, Xs
Calculate the fitness values of wolves
Set the X,, as the best search agent
=1
While (! < Max_iter)

for each wolf
Update the position by Eq. (12) f (X)
end for
Compute the fitness of each search agents in the pack
Update the X1, X2, X3 using Eq. (9) - (11)
Update the X using Eq. (12)
for X1, X5, X3
Update X{, X3, X;by Eq. (16) - (17)
Update X’ using Eq. (20)

end for
for every wolfi=1,...,N
iff (X') <f X)
FX) =f(X)
end if
end for
if f (Xo) <f (X)
f X)) =f X)

69876

The flow chart of the grey wolf optimizer based on the
tracking mode and the seeking mode is shown in Fig. 5.

IV. SIMULATION EXPERIMENTS AND RESULTS ANALYSIS
A. TEST FUNCTIONS

The numerical efficiency of the improved algorithm devel-
oped in this study was tested by solving 21 mathematical
optimization problems. Three groups of test functions are
employed with different characteristics to test the perfor-
mance of the improved algorithm from different perspec-
tives: unimodal (F'|-F7, F13-F19), multi-modal (Fg-F3, Fag-
F>1), and fixed-dimension multimodal functions (F4-F17)
[58], [59]. The main parameter settings for each algorithm
are shown in Table 1. The expressions, dimensions, ranges,
and minimum values of the benchmark functions are shown
in Table 2. The 3D images of the test functions are shown
in Fig. 6.

B. SIMULATIONS AND PERFORMANCE ANALYSIS WITH
OTHER ALGORITHMS

The proposed tracking mode based grey wolf optimizer
(TGWO), the seeking mode based grey wolf optimizer
(SGWO) and the tracking and seeking mode based grey
wolf optimizer (TSGWO) were compared with GWO, PSO,
SCA, SSA, ALO, WOA and MFO. For each benchmark
function, the improved algorithm was run 10 times starting
from different populations randomly generated. The average
and standard deviation of the best approximated solution in
the last iteration are reported in Tables 3-5. The average and
standard deviation can compare the overall performance of
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TABLE 6. The improved algorithm optimizes the results of the 30-dimensional function.
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Function TGWO TSGWO SGWO BGWO PSOGWO GWOCS
Best 0 0 2.79E-100 5 1.88961E-16 3.99731E-30
r Ave 0 1.00E-18 6.60E-99 7 0.049629179 1.47132E-28
‘ Std 0 3.160E-18 1.171E-98 1.483239697 0.127023545 1.12178E-28
Best 0 0 6.37E-53 3 2.0732E-09 5.02453E-18
r Ave 0 4.092E-11 1.405E-52 5.6 0.007774751 1.88763E-17
1 Std 0 5.215E-11 5.872E-53 1.8 0.015618749 8.89867E-18
Best 0 0 5.34E-79 185 1.25799E-05 1.57766E-09
r Ave 0 9.13E-09 2.88E-75 502.3 4.608906444 1.40931E-06
‘ Std 0 2.564E-08 7.51E-75 256.9198513 7.252954603 2.28232E-06
Best 0 0 1.30E-43 1 3.77393E-05 2.52007E-08
r Ave 0 7.573E-11 6.204E-43 1 0.729861244 2.1322E-07
4 Std 0 1.203E-10 6.830E-43 0 1.221175949 1.99851E-07
Best 2.37E-07 4.49E-06 25.8829 0 25.31980581 26.10097689
Fy Ave 7.92E-05 1.62E-03 2.74E+01 0 62.12265685 26.74332933
Std 8.479E-05 0.002978 0.864968 0 102.9002693 0.461726892
Best 3.117E-09 7.323E-09 0.002881 19.5 0.000481476 7.19782E-05
r Ave 1.599E-06 5.149E-06 0.053341 245 159.8841388 0.557912659
' Std 2.065E-06 1.148E-05 0.10519 3 472.565808 0.331016433
Best 5.690E-07 4.086E-05 0.000475 0.000253305 0.004717094 0.000424824
r Ave 8.692E-05 0.0001210 0.001414 6.600137944 1.068608901 0.002365787
1 Std 6.968E-05 7.908E-05 0.000815 5.102896724 2.708482798 0.001791564
Best -12569.5 -12569.5 -6735.106 -3155.885543 -7469.99332  -12344.03835
r Ave -11503.5 -11148.1 -6001.571 -2138.982573  -6624.528358  -10339.23391
' Std 1716.379 1834.979 552.23408 559.1964687 938.6038237 1908.396224
Best 0 0 0.00E+00 2 17.50227002 1.13687E-13
r Ave 0 1.022E-07 1.50E+00 4.8 115.8175334 6.034148685
) Std 0 3.234E-07 1.956328 1.886796226 115.0012646 4.520819251
Best 8.88E-16 8.881E-16 7.99E-15 1.408535097 8.28345E-10 7.54952E-14
r Ave 8.881E-16 2.467E-11 7.99E-15 1.755853846 3.284355766 9.21929E-14
: Std 6.573E-32 3.587E-11 1.05E-30 0.259866302 4.136470497 1.12403E-14
Best 0 0 0.00E+00 0.166751283 4.75014E-11 0
r Ave 0 0 1.99E-03 0.374193812 0.804843829 0.013210018
| Std 0 0 0.006293 0.129772823 1.059620133 0.011403883
Best 3.355E-10 1.279E-09 9.17E-05 2.271109689 3.91787E-05 0.013827828
. Ave 6.281E-08 2.118E-07 3.39E-03 3.083996788 2.852364277 0.047446508
: Std 8.530E-08 4.813E-07 0.004651 0.510330886 4.737506748 0.029619738
Best 1.007E-08 2.353E-09 5.35E-03 1.34978E-32 0.000564359 0.211372421
r Ave 3.200E-06 2.360E-06 3.01E-01 1.34978E-32 2.06254927 0.685494006
’ Std 6.437E-06 2.437E-06 0.172903 2.73691E-48 4.446537626 0.314622226
Best 0 0 9.53E-97 4000001 4.6268E-14 2.18016E-25
F, Ave 0 3.922E-16 4.45E-95 6500000.6 0.737248788 1.31177E-24
Std 0 8.764E-16 5.11E-95 1360147.051 2.185265963 1.29778E-24
Best 0 0 1.30E-249 2 7.35088E-40 2.25068E-90
F, Ave 0 1.793E-20 3.44E-242 72 1.27944E-05 5.44741E-82
Std 0 5.204E-20 0 2.441311123 3.65265E-05 1.1497E-81
Best 0 0 2.84E-76 94099.3125 2.71788E-07 7.48432E-11
F,, Ave 0 4.759E-17 6.86E-74 9828384.45 7.558252449 2.41419E-09
Std 0 9.517E-17 1.60E-73 16504621.19 20.1593206 1.51874E-09
Best 3.95E-09 2.34E-09 7.06E-03 1.49976E-32 0.536473405 0.903940717
F,, Ave 3.07E-06 7.49E-06 2.06E-01 1.49976E-32 6.992322825 1.124191417
Std 3.856E-06 1.513E-05 0.1057708 0 7.913296549 0.141795884
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TABLE 7. The improved algorithm optimizes the results of the 100-dimensional function.
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Function TGWO TSGWO SGWO BGWO PSOGWO GWOCS

Best 0 0 3.61E-84 30 6.73746E-06 1.30389E-13

r Ave 0 6.3799E-19 1.71E-83 373 7.394621123 2.43173E-13
l Std 0 1.5090E-18 8.9035E-84 3.1 19.42607375 1.2376E-13
Best 0 0 7.56E-44 27 0.000762856 8.47777E-09

£ Ave 0 3.5470E-10 1.83E-43 33.6 0.217546133 1.60677E-08
Std 0 4.9404E-10 6.92E-44 3.720215048 0.339386549 5.15434E-09

Best 0 0 1.10E-69 38722 2047.862647 14.33208648

r Ave 0 6.620789 1.51E-67 43360.6 7152.121285 105.5136212
‘ Std 0 20.79827 1.92E-67 2993.462751 7268.753252 106.8155241
Best 0 0 3.72E-38 1 1.893272533 0.021874338

r Ave 0 6.1918E-10 7.45E-38 1 15.76811389 0.041048417
' Std 0 1.4893E-09 4.45E-38 0 8.079216746 0.02662816
Best 5.28E-08 7.68E-05 9.70E+01 0 96.90472603 95.84690088

r Ave 2.94E+01 19.60225 9.81E+01 0 141.2640239 97.85584126
5 Std 47.33739 4131913 0.489007 0 80.26195064 0.868132965
Best 3.4897E-08 2.0939E-09 3.49E-03 89 2.634523913 8.253228447

r Ave 1.9794E-06 3.2853E-06 0.416697 97.2 578.4037303 9.638204668
' Std 3.0775E-06 2.8299E-06 0.360974 3.944616585 1704.349276 0.817473379
Best 1.239E-05 1.2572E-05 2.71E-03 189.0000342 0.042651213 0.002283741

r Ave 7.255E-05 9.0298E-05 0.005387 372.4001785 164.9966173 0.005989512
7 Std 7.4631E-05 8.4848E-05 0.002386 104.1548134 317.1606282 0.002165213
Best -41898.3 -41898.3 -20042.9941 -5691.493273  -23073.07237  -40633.83537
r Ave -40713.4 -35976.3 -17378.9666  -4065.909849  -19008.28404  -39327.23192
' Std 3745.167 6242.233 1517.194984 1196.588468 2363.793417 1047.634022
Best 0 0 0.00E+00 26 166.3720835 1.56888E-11

r Ave 0 0.015555 1.704361 29.9 382.8816321 7.957748514
) Std 0 0.049188 2.370799 2.62488095 223.4891332 6.529549527
Best 8.8817E-16 8.8817E-16 1.51E-14 2.107583099 0.000227698 2.46445E-08

r Ave 3.0393E-13 7.1983E-10 1.51E-14 2.259019836 7.775703249 4.71199E-08
: Std 7.6893E-13 1.5501E-09 0 0.09883011 7.229476725 1.59377E-08
Best 0 0 0.00E+00 0.43951543 2.25948E-06 5.78426E-14

r Ave 0 0 0 0.507559301 5.095451798 0.004785819
” Std 0 0 0 0.04016556 9.328217949 0.009609256
Best 1.5134E-09 4.4986E-10 1.82E-04 2.947206608 0.057114866 0.180396426

P Ave 4.263E-08 6.3383E-08 0.009242 3.414322166 2.884802048 0.257993117
: Std 5.4236E-08 1.2194E-07 0.006104 0.28599502 3.624982625 0.054333808
Best 1.9441E-11 6.4682E-07 3.84E+00 1.34978E-32 6.18778232 5.605733819

. Ave 4.4824E-06 7.1816E-06 4.172949 1.34978E-32 21.61387691 6.671631216
’ Std 7.5534E-06 7.5033E-06 0.262911 2.73691E-48 27.40040914 0.514790859
Best 0 0 3.65E-80 3000000 4.1732E-13 2.83609E-26

F Ave 0 3.14717E-13 1.55E-79 6100000.3 6.714019181 1.20438E-24
Std 0 5.96723E-13 6.42E-80 1920937.099 19.83210843 1.83099E-24

Best 0 0 1.40E-242 4 5.12125E-31 1.6418E-90

F, Ave 0 4.98808E-22 2.08E-232 73 0.034175483 2.06792E-82
Std 0 1.37553E-21 0 1.734935157 0.102521563 6.04161E-82

Best 0 0 7.02E-55 23750.3407 3.7378E-07 5.39683E-11

F,, Ave 0 5.93055E-17 1.22E-47 6215031.09 9.952808369 1.23347E-08
Std 0 9.50593E-17 3.64E-47 9400066.398 22.34136311 2.15696E-08

Best 5.66523E-08 3.25515E-07 0.223594734 1.49976E-32 0.76339015 0.823589727

F,, Ave 2.22324E-06 2.72592E-06 0.55254576 1.49976E-32 8.758266648 1.082573416
Std 2.53823E-06 3.32381E-06 0.280537452 0 8.08317627 0.155778232
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FIGURE 9. Simulation results of function Fy4-F,5.

the algorithm. The convergence curve can intuitively show the
optimization performance of the algorithm. The convergence
curves of 30-dimensional unimodal and multimodal functions
are shown in Fig. 7, and The convergence curves of 100-
dimensional unimodal and multimodal functions are shown
in Fig. 8. The convergence curves of fixed-dimension multi-
modal functions are shown in Fig. 9. The simulation results
show that the proposed improved algorithms are superior to
other algorithms for most test cases of unimodal functions
and multimodal functions.

According to the results of the algorithms on the unimodal
test functions in Table 3 and the convergence curves of the
30-dimensional unimodal functions, Fig. 7(a)-(g) and Fig.
7(n)-(0), it is evident that the TGWO algorithm outperforms
other algorithms on the majority of unimodal benchmark
functions, followed by SGWO. TGWO can converge to the

69882

Best score obtained so far

Iteration
b. A,

Objective space
T T T

Best score obtained so far

optimal value O by optimizing the unimodal functions Fi-
F4 and Fg-F9; For functions F5 and F9, TGWO has the
best optimization effect, followed by TSGWO; The aver-
age value of the optimization function Fg of the SSA algo-
rithm is the closest to the optimal solution and the standard
deviation is the smallest. The convergence curves of the
100-dimensional unimodal functions are shown in Fig. 8(a)-
(g) and Fig. 8(n)-(0). From results of in Table 4, it can
be concluded that the optimal value obtained by TGWO
algorithm for optimizing unimodal functions F|-F4, F7, F13
andFpg is the closest to the optimal solution; the conver-
gence towards the optimum only in final iterations as may
be observed in F5 and Fg, but the average value obtained
by the TSGWO algorithm is the closest to the optimal
value of the function, and its standard deviation is also the
smallest.
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FIGURE 10. Simulation results of function F,0F;3 and F,g-F,; with 30 dimension.
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FIGURE 10. (continued.) Simulation results of function F, 0F;3 and F,g-F,; with 30 dimension.

For 30-dimensional multimodal functions, it can be seen
from Fig. 7(h)-(m) and Fig. 7(p)-(q). This figure shows that
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the TGWO shows the fastest convergence on the composite
test functions as well. From the average and standard devia-
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FIGURE 10. (continued.) Simulation results of function F, 0F;3 and F,g-F,; with 30 dimension.
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FIGURE 11. (continued.) Simulation results of function F,-F;3 and F;g-F,; with 100 dimension.
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FIGURE 11. (continued.) Simulation results of function F;-F,3 and F,g-F,; with 100 dimension.

VOLUME 8, 2020

69887

IEEE Access



lEEEACCGSS M. W. Guo et al.: Improved GWO Based on Tracking and Seeking Modes to Solve Function Optimization Problems

Objective space Objective space
~ ‘ ‘ ' ' i i X e TR =k SR e K2k K% K XK % ]
N ~ —%—TGWO 0 - o Towo
Wy oy — 6 —SGWO 1071 3 —e-sewo |]
\ 1 Ve O—TSGWO J —&—TSGWO
100 Ry O =0~ O~ Ofo*o———o%-gxq¢_ X~ BOWO o~ —-%-—BGWO
. : — % —PSOGWO c o O =Y — % —PSOGWO [
2 i — — —GWOCS £ 100F N T~ ——_ |- —-awocs ||
2 i 5 2 Q _
3 i 3 h
'% 10 i 'g b\
Eqo0r 1 8 1040t “a 1
S| : °
= ' [0]
5 | pust AN
® i 8 o
i (2]
2 a0l | 3 1007 N 1
m 10771 . o] ~
. m Q
i ~N
! S
! ~N
i 10780 - RN 1
| o
1030 | i N
: % % ¢ * ¥ 3¢ * 3 K L L L L L L 1 L 1 9
50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500
Iteration Iteration
m. Fy n. Fy
105 . . _ Objective space . . Objective space
N TGwo A X e XX e - XX e e — X3 3¢ l TGWIO
— © —sGWOo o= HFoHm R - %~ %l o -sewo |/
10 [S) - —
«|—0—Tsewo | ] ;S - —&— TSGWO
—**-—BGWO " |-=-Bowo |
s — % —PSOGWO [~ . (SN — % —PSOGWO
! — — —GWOCS & N — — —GWOCS
2 -50 | N ~ g 9 ©
@ 10 ® 44-20 N E
oS Q T~ 10 oo
@ N T - B N
5 o, i o
2 100 [ N i a
ao) 10 @\ S E)\
o o o,
Q N 5 -40 L 4
3 Q g " “a
% 10150 L g a ~
é 10 SN 3 o,
o @ ©
o h
40200 | heS g 1060 | ™ 1
o hey
oo oY
1 1 1 1 1 1 1 1 |e\ Pe ! N L ! 1 ! ! 1 Il o
50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500
Iteration Iteration
0. F, p- Fa
Objective space
— K= KT — ¥ T K —F T F—~ T — ¥ — F % — o]
100 8e—o0—6-—0-0—-0 -~ JTFTGWO |
: TOTO-O 0 0-4_ 5 _sawo
—&—TSGWO
! F R HRFR I RRRZH_ x-—BGWO
. " — % —PSOGWO ;E
w — — —GWOCs
8 |
o 10710F 1
o |
£
© |
8 I
o |
< i
8 .
Z00r ! 1
] |
[0
o |
|
I
I
10%0F | 1
‘ 3¢ 3¢ 3¢ Y- 3¢- 3¢ 3¢ 3¢ 3¢
50 100 150 200 250 300 350 400 450 500
Iteration
q- Fy,

FIGURE 11. (continued.) Simulation results of function F,-F;3 and F;g-F,; with 100 dimension.
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FIGURE 13. Structural diagram of pressure vessel.

tion in Table 3, it can be concluded that the TGWO algorithm
is superior to other algorithms in most function optimizations.
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The result obtained by the optimization function F; indicate
that there are three algorithms that can achieve the optimal
value, including TGWO, TSGWO and WOA. The result of
optimization function F'13 of TSGWO algorithm is the best of
these algorithms. For the fixed-dimension multimodal func-
tions of F4-F17, The convergence curve of fixed-dimension
multimodal functions is shown in Fig. 9(a)-(d), it can be seen
from Table 5 that the improved algorithms can obtain the opti-
mal solution. To sum up, the results verify the performance of
the improved GWO algorithms in solving various benchmark
functions compared to well-known meta-heuristics.

C. SIMULATION EXPERIMENTS AND PERFORMANCE
ANALYSIS OF IMPROVED ALGORITHMS

This section compares the improved algorithm with other
improved grey wolf optimizer algorithms including Binary
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TABLE 8. Improved algorithm optimizes the results of functions Fy4-Fy5.

Function TGWO TSGWO SGWO BGWO PSOGWO GWOCS
Best 0.998003838 0.998003838 9.98E-01 12.67050581 0.998003838 0.998003838
F,, Ave 0.998003839 0.99800569 2.77TE+00 12.95493596 1.908235292 4.911929929
Std 2.72902E-09 5.84957E-06 2.977148 0.434474232 1.78872777 4.353425284
Best -10.1532 -10.1532 -1.01E+01 -3.761842352  -3.862781107  -3.862778314
F,, Ave -10.1513 -10.1513 -1.01E+01 -3.488992552  -3.860772748  -3.862455843
Std 0.002921 0.004428 0.06713686 0.205679176 0.003047333 0.000741534
Best -10.4028 -10.4028 -1.04E+01 -5.087666505  -10.40258777  -10.40195538
F,, Ave -10.3765 -10.3759 -1.03E+01 -5.087666505  -8.465836669  -9.342167177
Std 0.082006 0.078698 0.07190131 8.88178E-16 2.930322062 2.117232978
Best -10.5363 -10.5363 -1.05E+01 -5.12847104 -10.5364025 -10.53571613
F,, Ave -10.5361 -10.4062 -1.05E+01 -5.12847104 -8.822871396 -8.91725517
Std 0.00025 0.408012 0.036345902 0 2.997096053 2.470741477
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FIGURE 14. Optimal convergence curve of pressure vessel.

Grey Wolf Optimizer (BGWO), Hybrid PSOGWO Opti-
mization (PSOGWO) and GWO Algorithm Integrated with
Cuckoo Search (GWOCS). Optimization of 21 functions
fully proves the superiority of the algorithm proposed in this
paper. To further prove the merits of the proposed improved
algorithms, this subsection solves the 30-dimensional and
100-dimensional versions of the unimodal and multimodal
test functions. The experimental results are composed of
some statistical parameters, such as best, average and stan-
dard deviation. Statistical results are reported in Tables 6-8.
The convergence curves of 30-dimensional unimodal mul-
timodal functions are shown in Fig. 10, The convergence
curves of the algorithms on some of the 100-dimensional
multimodal test functions are illustrated in Fig. 11. It can be
seen from Table 6-7 that TGWO is very competitive with
other improved algorithms. In particular, it was the most

69890

FIGURE 15. The improved algorithm optimizes the convergence curve of
pressure vessel.

efficient optimizer for functions F-F4, Fg-F12 and F»g, and
at least the second best optimizer in most test problems. The
improved algorithm can hence provide very good exploita-
tion. Another fact that can be seen is the accelerated trend in
the convergence curves.

The convergence curves of the TGWO, TSGWO, SGWO,
BGWO, PSOGWO and GWOCS are provided in Fig. 12 to
see the convergence rate of the algorithms. Tables 8 include
the results of fixed-dimension multimodal functions. As the
results presented in Table 8, the TGWO algorithm outper-
forms others in all of the composite test functions. This proves
that improved algorithms can well balance exploration and
exploitation phases.

As a summary, the results of this section revealed the
superiority of the proposed improved algorithm.
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TABLE 9. Operation results of pressure vessel optimization.

TGWO SGWO TSGWO GWO SSA SCA PSO ALO WOA MFO
rx 5903.0960 5956.6969 8682.2527 5953.6976 6756.4863 6551.4757 6253.5260 6734.9635 7838.9070 5936.103
X, 0.7819978 0.7842694 1.1387159  0.81413593  0.9397063 0.8559054 0.9518984 1.1095405 1.3722880  0.806804
X, 0.3879695 0.3887739 0.6085798 0.40220529  0.4644977  0.4218888 0.4705238 0.5484547 0.5853596  0.398803
X, 40.500745 40.570703 54.401659  42.1552733  48.689440  42.627307  49.321162 57.488976 61.282916  41.80331
X, 197.71148 198.783657  95.639283 175.982998  126.16258 182.55069 103.82387  48.345247 28.133430 180.3283
TABLE 10. Statistical results of pressure vessel optimization.
TGWO SGWO TSGWO GWO SSA SCA PSO ALO WOA MFO
Best 5895.8638  5911.6415  7167.5627 59003391  6014.6869  6543.7810  6130.2524  5980.6877  6783.9231  5885.3332
Ave 5909.2125 6411.4448 8706.1373  6021.1199  6903.8324  6748.2716  6319.6555 6875.7872  8791.6244  6486.1927
Std 12.550257  385.57122  859.65909  225.62690  670.41450  133.09074  214.13735 1173.4103  1430.4332  640.50406
TABLE 11. Operation results of pressure vessel optimization.
TGWO SGWO TSGWO BGWO PSOGWO GWOCS
fx 5903.0960 5956.6969 8682.2527 7242091207  6176.218874 6069.815262
X, 0.7819978 0.7842694 1.1387159 3.777627474  0.919529633 0.869011589
X, 0.3879695 0.3887739 0.6085798 3.411969403  0.454876589 0.43111171
X, 40.500745 40.570703 54.401659 78.64237079  47.64237381 45.00190716
X, 197.71148 198.783657  95.639283 5491091476  118.2610832 143.7695802
TABLE 12. Statistical results of pressure vessel optimization.
TGWO SGWO TSGWO BGWO PSOGWO GWOCS
Best 5895.8638 5911.6415 7167.5627 5900.3391 6014.6869 6543.7810
Ave 5909.2125 6411.4448 8706.1373 6021.1199 6903.8324 6748.2716
Std 12.550257 385.57122 859.65909 225.62690 670.41450 133.09074

D. OPTIMAL DESIGN OF PRESSURE VESSELS
The lightest design of pressure vessel is a common optimiza-
tion problem in practical engineering. Pressure vessel design
is to reduce the cost on the premise of safety. The structure of
the pressure vessel is shown in Fig. 13.

Objective Function:
f (X)) =0.6224X X3X4 + 1.7781X2X32 + 3.1661X12X4

+ 19.84X7X;

Constraint Condition:

g1 (X) =0.0193X3 —X; <0
g2 (X) = 0.00954X3 — X, <0
g3 (X) = 1296000 — mX3X4 — Y/37X35 < 0

VOLUME 8, 2020

84(X) =X4—-240=<0

where X1 and X, are head (Th) and cylinder wall thickness
(Ts), 0.0625 < X1, X» < 6.1875; X3 is the radius of the
cylinder and head (R), X4 is the cylinder length (L), 10 <
X3, X4 < 200. Of the four variables, X| and X> are uniformly
discrete variables with an interval of 0.0625, X3 and X4 are
continuous variables.

Grey wolf optimizer and the improved grey wolf optimizer
based on tracking and seeking modes to solve function
optimization problems are used for the optimal design of
pressure vessels. The maximum number of iterations is set to
500, the results of 10 times of operation are recorded and the
optimal value is obtained. The experimental results are shown
in Table 9 and 11, the statistical results of average value and
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variance are shown in Table 10 and 12. Convergence curves
of improved algorithms TGWO, SGWO, TSGWO, GWO,
PSO SSA, SCA, ALO, WOA and MFO for pressure vessel
optimization are shown in Fig. 14. The convergence curves
obtained by TGWO, SGWO, TSGWO, BGWO, PSOGWO
and GWOCS optimized pressure vessels are shown
in Fig. 15.

According to the results of the convergence curve and the
running data, it can be concluded that the improved grey wolf
optimizer based on tracking mode (TGWO) has the best effect
on the pressure vessel under the condition of meeting the
strength, and the variance also has a good stability perfor-
mance. The application of the improved algorithm in pressure
vessel optimization design shows that the algorithm is also
suitable for solving challenging practical engineering prob-
lems.

V. CONCLUSION

This study presented an improved grey wolf optimizer based
on tracking mode and seeking mode. The performance of the
proposed improved algorithm was benchmarked on 19 test
functions. The results showed that TGWO was able to provide
highly competitive results compared to well-known heuris-
tics such as GWO, PSO, SSA, SCA, ALO, WOA, MFO,
BGWO, PSOGWO, GWOCS. The simulation results show
that the TGWO achieves the balance between exploration
and exploitation, and effectively overcomes the lack of grey
wolf optimizer in local search ability. The limitation of the
improved algorithm in this paper is that it does not opti-
mize discrete engineering problems. Moreover, the results
of pressure vessel engineering design problems show that
the TGWO algorithm has high performance to solve real
problems with unknown and challenging search spaces as
well. For future work, these advantages will be applied to
other algorithms, such as ant lion optimizer (ALO) and
firefly algorithm (FA), to improve the population diversity,
reduce the possibility of falling into the local optimum and
improve the ability of the algorithm to balance exploration
and exploitation.
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