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ABSTRACT Based on small sample of fatigue test data, a new method to obtain p-S-N curve for fatigue
reliability analysis using non-intrusive polynomial chaos (NIPC) is proposed to lower test cost. Parameter C
in Basquin S-N model is regarded as random variable. Samples of C are calculated through inverse analysis
based on small sample of fatigue test life. Then non-intrusive polynomial chaos expansions ofC with respect
to fatigue life are constituted under different stress levels. Statistics of C can be calculated directly by
polynomial coefficients. A fast large-sample ofC can be obtained based onNIPC and probability distribution
type can be determined through EDF test. Then samples of C under the stress levels can be obtained and
substituted into S-N model to calculate corresponding fatigue life samples. The fatigue life under different
reliabilities are calculated for fitting p-S-N curve. Fatigue test of Al 2024-T3 plate with hole is performed.
p-S-N curves are obtained by proposed method and compared with that obtained by linear regression based
on least square method. Almost all relative errors are less than 5%, which show that the proposed method
can predict p-S-N curve effectively.

INDEX TERMS Fatigue reliability analysis, non-intrusive polynomial chaos, p-S-N curve, small sample,
Basquin S-N model, aluminium alloy 2024-T3.

I. INTRODUCTION
Metal are widely used as primary load-carrying components
in engineering structure [1]. Fatigue damage caused by cyclic
loading in long-termworking period is one main failure mode
of metal components [2], which is still the focus of safety and
reliability study [3]–[6]. Researchers have proposed various
fatigue damage and life prediction models [7]. The studies
were focus on deterministic life prediction before 1990s. The
most classic and still widely used models are S-N model and
Palmgren-Miner rule [8], [9].

Numerous fatigue test data show fatigue life has great
dispersion, which is caused by randomly distributed micro-
scopic defects and uncertainty of workpiece process. Fatigue
reliability design becomes more significant in engineering
structure design. p-S-N curve is the most straightforward
way, which can predict fatigue life for given reliability under
constant amplitude loading. In general, p-S-N curve is fitted
by linear regression and maximum likelihood method based
on groups of fatigue test data [10], which is time-consuming
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and costly. In many pratical situations, only fewer samples
of fatigue test life are avaiable. In such circumstances, many
studies that focus on small sample based technique to lower
time and test cost are carried out [11]–[14]. Gao et al. [15]
proposed a method for obtaining P-S-N curves under the
condition of small sample from a perspective of geometry.
Based on the failure trajectory concept and backwards statisti-
cal inference technique, Xie et al. [16] designed experimental
programs to fit P-S-N curve with a small number of test data.
Xiong and Shenoi [17] proposed two new randomizedmodels
of time-dependent processes for estimating the P-a-t and
P-S-N curves.
In recent decades, approximate response surface method,

based on spectral representation of the uncertainty, developed
rapidly. Non-intrusive polynomial chaos method is the rep-
resentative one. It has been widely applied in computional
fluid mechanics and reliability analysis [18]–[20], because
probability properties of output response can be obtained
accurately with smaller smaple size of input random variables
in comparison to Monte Carlo [21].

The contribution of this paper distinguishes from publica-
tions in previous paragraph. The study is based on Basquin
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S-N model, which is randomized by regarding model param-
eter C as random variable. To lower test cost, non-intrusive
polynomial chaos method is used to calculate statistical char-
acteristics of C .

The paper is organized as follows: basic formulas for non-
intrusive polynomial chaos are briefly introduced in section 2.
Algorithm framework to randomize Basquin S-N model and
predict p-S-N curve are given in section 3. Validation of
proposed method through fatigue test data of Al 2024-T3
plate with hole is provided in section 4. We summarize the
paper and draw conclusions in section 5.

II. NON-INTRUSIVE POLYNOMIAL CHAOS METHOD FOR
STOCHASTIC ANALYSIS
The polynomial chaos method [21], [22], based on the spec-
tral representation of the uncertainty, provides a random func-
tion with an approximate response surface with respect to
its control random variables, the advantage of which is that
statistic characteristics of random function can be obtained
with smaller sample of input random variables.

Define ξ ={ξ1,. . . , ξn} is a set of standard orthogonal
random variables. Random function ϕ can be expanded as a
truncated series of polynomials,

ϕ ≈

Npc−1∑
k=0

Ckψk (ξ ) (1)

whereNpc is number of terms in polynomial chaos expansion,
which is also the minimum number of samples required to
determine coefficient Ck . Eq. (1) indicates that random func-
tion ϕ can be decomposed into deterministic and stochastic
components. The expansion coefficients Ck are deterministic
components, and the basis functions ψk ( ξ ) denote stochastic
components. Number of terms Npc can be given by [19],

Npc =
(p+ n)!
p!n!

(2)

where p is the order of polynomial chaos and n denotes the
number of random variables in ξ .

TABLE 1. Some continuous probability distributions and corresponding
polynomial basis.

To improve convergence of polynomial chaos expansion,
basis function ψk ( ξ ) should be chosen according to Askey
rule [23] such that their orthogonal weight function matches
the probability density function of random variables ξ . The
polynomial basis for some commonly used continuous prob-
ability distributions are listed in Table 1.

In engineering application, each set of samples of
ξ ={ξ1,. . . , ξn} can lead to a corresponding response ϕ.
Enough accurate statistics of ϕ can be achieved while the
order of polynomial chaos is no less than 3 [19]. With the
left side of Eq. (1) obtained from experiment or the solutions
of deterministic evaluations at the chosen random points, a
linear system of equations can be obtained:
ψ0 (ξ0) ψ1 (ξ0) · · · ψNpc−1 (ξ0)

ψ0 (ξ1) ψ1 (ξ1) · · · ψNpc−1 (ξ1)
...

...
...

ψ0 (ξM ) ψ1 (ξM ) · · · ψNpc−1 (ξM )




c0
c1
...

cNpc−1



=


ϕ (ξ0)

ϕ (ξ1)
...

ϕ (ξM )

 (3)

where M is no less than Npc. The above linear equations are
calculated using a single linear least squares solution. Based
on the polynomial coefficients, the statistic characteristics,
such as the mean, variance, skewness and kurtosis, of the
random response ϕ can be achieved. The mean of the random
response ϕ is given by,

ϕ̄ =

∫
Dϕ

Npc−1∑
k=0

Ckψk (ξ )

 fξ (ξ )dξ

= C0

∫
Dϕ
ψ0(ξ )fξ (ξ )dξ +

Npc−1∑
k=1

Ck

∫
Dϕ
ψk (ξ )fξ (ξ )dξ

= C0 +

Np−1∑
k=1

Ck

∫
Dϕ
ψ0(ξ )ψk (ξ )fξ (ξ )dξ = C0 (4)

The variance of the random response ϕ is given by,

σ 2
ϕ =

Npc−1∑
k=1

C2
k

〈
ψ2
k (ξ )

〉
(5)

Similarly, the skewness, which represents quality or condition
of being skew, can be calculated by,

u =
E (x − E (x))3

σ 3

E (x − E (x))3 =
Npc∑
i=1

Npc∑
j=1

Npc∑
k=1

E(ψi · ψj · ψk ) · ϕi · ϕj · ϕk

(6)

The kurtosis, which is a measure of the concentration of a
distribution around its mean, can be calculated by,

k =
E (x − E (x))4

σ 4

E (x − E (x))3 =
Npc∑
i=1

Npc∑
j=1

Npc∑
k=1

Npc∑
l=1

E(ψi · ψj · ψk · ψl)

·ϕi · ϕj · ϕk · ϕl (7)
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where,

E(ψi · ψj · ψk )

= Di1,j1,k1 · Di2,j2,k2
E(ψi · ψj · ψk · ψl)

= Di1,j1,k1,l1 · Di2,j2,k2,l2
Di,j,k = Ci,j,k · k!

Di,j,k,l =
∑
q≥0

Di,j,q · Ck,l,q (8)

Ci,j,k =
i!j!

[(i+ j− k)/2]![(j+ k − i)/2]![(i− j+ k)/2]!

if

{
(i+ j+ k)even
k ∈ [|i− j| , i+ j]

(9)

The calculus results show that the statistics are related with
coefficients of polynomial chaos and weight function of
polynomial basis. The weight function of polynomial basis
contains probabilistic properties of random variables, which
is reason that NIPC can calculate statistics based on small
sample of random variables.

III. RANDOMIZATION METHOD OF S-N MODEL
Basquin S-N model [8] is most widely used to predict middle
fatigue life for metallic materials, which is written as,

Sm · N = C (10)

where S is stress amplitude, N is fatigue life, m and C
are model parameters. Eq. (10) can be written in terms of
logarithm,

lgN = −m lg S + lgC (11)

Fatigue life has great dispersion under given stress ampli-
tude loading, and is always thought to obey lognormal dis-
tribution. It is reasonable to regard parameter of S-N model
as random variable. In this paper, we regard C as random
variable to present randomness of fatigue life while m is
still material constant, which can be determined by fitting
mean value of fatigue life through Eq. (11) in advance. One
sample of lgC can be obtained for one fatigue test life through
Eq. (11). In the view of statistics, numerous samples of
fatigue test life are needed to obtain probabilistic properties of
lgC with enough accuracy. Non-intrusive polynomial chaos
method introduced in Section 2 is used to lower test cost in
this study. Nowwewill use non-intrusive polynomial chaos to
establish stochastic analysis framework on the basis of small
sample of fatigue test life.

For our problem, the random functions ϕ in Eq. (1) is
the S-N model parameter lgC , and the random variables
ξ ={ξ1,. . . , ξn} are one-dimensional, because there is only
one random variable, i.e. fatigue life N , which is assumed
to obey lognormal distribution in this study. As listed in
Table 1, there is no direct polynomial basis for lognormal
distribution. So we should calculate the logarithm of fatigue
life N in advance, which obeys normal distribution. Then

TABLE 2. Fatigue test results under constant amplitude loading.

polynomial chaos expansion can be established with Hermit
orthogonal polynomial basis. The samples of fatigue life
N{N1, N2,. . . , Nn} with an appropriate sample size(no less
than Npc) are obtained by fatigue test under some constant
amplitude loading. The corresponding samples of lgC{ lgC1,
lgC2,. . . ,lgCn} are calculated through Eq. (11). Then, the
coefficients {C0,C1, . . . ,CNpc−1} of the polynomial chaos
expansion for lgC are achieved by solving Eq. (3). At this
point, the polynomial chaos expansion for the random func-
tion lgC with respect to random variable N is constituted.
The statistics of lgC , such as the mean, variance, skewness
and kurtosis, can be calculated directly from the polynomial
coefficients.

Only the statistics are not enough. The distribution type is
also needed to determine. It can be seen from Eq. (11) that
lgN is linearly related to lgC . In the view of probabilistic
properties of normal distribution, it is reasonable to assume
lgC also obeys normal distribution. Besides, a fast large-
sample of the parameter lgC can be achieved based on the
NIPC response surface at a significantly lower computational
cost. Then probabilistic distribution type of lgC can also be
determined by EDF test [24]. EDF test is more effective than
χ2 test, especially for small sample. We will primarily do
the EDF test of normal distribution for lgC . The analysis
process of non-intrusive polynomial chaos approach used for
stochastic analysis is given in Fig.1.

Once probabilistic properties of lgC are achieved, big
sample of which can be easily obtained. One sample of lgC
represents one ‘specimen’. Substituting samples of lgC into
S-N model Eq. (11), we can get samples of fatigue life, and
fatigue life under different reliabilities can be calculated for
fitting p-S-N curve.

IV. VALIDATION OF PROPOSED METHOD
In general, p-S-N curve for metallic material is obtained by
fatigue test of simply standard specimen, such as standard
coupon or plate with a hole. In this section, fatigue test of
aluminum alloy 2024-T3 plate with hole, which is represen-
tative component in engineering structure, under 4 groups of
constant amplitude stress loading are performed. Stress ratio
R = 0.06. Test machine is Instron 8802. The specimens
are shown in Fig.2. The fractured specimens are illustrated
in Fig.3. Test results are listed in Table 2, where the stress
amplitude is nominal.
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FIGURE 1. Stochastic analysis process of NIPC method.

FIGURE 2. Configuration of specimen.

FIGURE 3. The fractured specimens.

The minimum number of specimens to constitute NIPC is
Npc = 4 under each stress amplitude, which is calculated
by Eq. (2) with number of random variable n = 1 and
polynomial expansion order p = 3.Wemake 2 plans to verify
proposedmethod. All of the 8 test lives in each group are used
to constitute NIPC in plan 1. Only the first 4 test lives in each
group are used to constitute NIPC in plan 2.

For plan 1, the NIPC of lgC with respect to logarithm of
fatigue life are constituted under 4 groups. The statistics mean
and standard deviation of lgC are calculated and listed in
Table 3. A fast large-sampling of lgC is performed based on
NIPC. The EDF tests of normal distribution for lgC based
on large-sampling are achieved and results are also listed in
Table 3, where

√
means passing the EDF test with 95% confi-

dence. It can’t be rejected that lgC obeys normal distribution.
So lgC is regarded as normal distribution random variable.
Now big sample of lgC under each stress level can be

obtained by random sampling. The sample size is 5000 in
this paper. Substitute samples of lgC into Eq. (11) to calculate

TABLE 3. Statistics of lgC and EDF test results (plan 1).

TABLE 4. Predicted life N for different reliabilities by NIPC (plan 1).

TABLE 5. Fitted m and lgC for different reliabilities (plan 1).

samples of fatigue life. Then fatigue life under different reli-
abilities can be achieved by statistical analysis. Results are
listed in Table 4.
mp and lgCp, coefficients of p-S-N curve under different

reliabilities p, can be fitted by least square method with cor-
responding fatigue life in Table 4. Results are listed in Table
5. Besides, traditional method uses all test fatigue lives to fit
p-S-N curve. mp and lgCp obtained by traditional method are
also listed in Table 5.

Based on results in Table 5, the logarithmic p-S-N curve is
illustrated in Fig.4, where scatters are test fatigue lives.

For plan 2, NIPC can also be constituted with sample size
Npc = 4 in the same way. Fatigue life N under different
reliabilities are predicted and listed in Table 6.

The fitted mp and lgCp are listed in Table 7. It can be
seen that almost all relative errors are less than 5%, which
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FIGURE 4. Fitted p − S − N curves by proposed method and traditional
method (plan 1).

TABLE 6. Predicted life N for different reliabilities by NIPC (plan 2).

TABLE 7. Fitted m and lgC for different reliabilities (plan 2).

FIGURE 5. Fitted p − S − N curves by proposed method and traditional
method (plan 2).

is acceptable in engineering. The logarithmic p-S-N curve is
illustrated in Fig.5.

Compare results obtained by 2 plans. The p-S-N curves
are more accurate when the samples used to constitute NIPC
are closer to population. Besides, it should be noticed that
the two-parameter Basquin model studied in this paper is
always applied for middle fatigue life. For long fatigue life, it

is suggested to use bilinear Basquin model. The segmented
p-S-N curve can be fitted independently by the proposed
method.

V. CONCLUSIONS
In this paper, Basquin S-N model is randomized by regarding
model parameter lgC as random vaiable. For the purpose of
lowering test cost, non-intrusive polynomial chaos method
is implemented to obtain statistical characheristics of lgC .
The fast large-sample of lgC is achieved based on constituted
NIPC response surface at significantly lower computational
cost. Then distribution type of lgC are determined by EDF
test.

4 groups of fatigue test of Al 2024-T3 plate with hole
are performed. Two plans of sample size are designed to
constitute NIPC and obtain p-S-N curves under different
reliabilities. The results comparision with traditional method
show that the proposed randomization method of S-N model
based on small sample of fatigue test life is effective. p-S-
N curve can be obtained based on small smaple by proposed
method.
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