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ABSTRACT Fast quantitative characterization of a rectangular groove with sizes from sub-micrometers to
micrometers on a surface has been demanding in quality control of optical elements. We report a numerical
procedure for retrieval of the geometrical parameters of a rectangular groove, including width and depth,
from the angular distribution of the scattered light generated by launching plane waves on the groove on
a metallic surface from different propagation directions. The far-field intensity of scattering light is first
obtained by numerically solving the electromagnetic problem with the modal theory. Then, a two-stage
inverse modeling approach is developed to retrieve the groove parameters based on the lookup table and
repulsive particle swarm optimization from multi-angle scattering light distribution that is highly sensitive
to the groove parameters. Noise influences are considered in the simulation. Results suggest that our method
can precisely obtain the groove parameters for noisy signals. As the measurement of light scattering can be
conducted with high efficiency, it should be a powerful tool to characterize rectangle grooves on metallic
surfaces.

INDEX TERMS Light scattering, groove parameter, inverse modeling, repulsive particle swarm
optimization.

I. INTRODUCTION
Quantitative evaluation of surface quality is desirable in
quality control of optical elements. In laser optics, surface
defects lead to unexpected scattered light that may sig-
nificantly affect the component’s performance. A natural
approach to evaluate the surface quality is based on the
physical sizes of surface defects. Three-dimensional surface
profiles of defects can be obtained utilizing state-of-the-art
instruments, such as white light interferometry [1], [2] and
atomic force microscopy [3], [4], with which surface quality
can be evaluated reliably. However, the measurements suffer
from low efficiency, which hinders their applications in high-
volume quality control. To date, MIL-PRF-13830B [5] and
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ISO 10110-7: 2008 [6] are usually employed for surface
inspection in industrial applications. The former standard was
developed for manual inspection, where the scratch grade
is determined by comparing the scratch intensity with that
of golden samples. Although the inspection can be easily
adapted to different samples, the measurements suffer from
subjectivity and inconsistency. Scratches of the same grade on
golden samples from different manufacturers exhibit differ-
ent intensity when inspected by commercial instruments [7].
Comparatively, the latter standard measures the defect size
rather than the intensity of scattering light, which is much
more objective and suitable for automatic machine-vision-
based systems. Several systems [8]–[10] have already been
developed to achieve automatic inspection and evaluation of
surface quality. However, to measure scratches with width
less than 60µm, the imaging resolution should be so high that
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it takes a long time to cover the sample surface. It is therefore
desirable to develop a method that can quantitatively evaluate
surface quality in a time-effective manner.

Multi-angle light scattering has been proven to be an effec-
tive tool to measure structures with sub-micrometer size, e.g.
molecular weight of polymers [11]–[13] and flow cytometry
[14]–[16]. In theseworks, the angular distribution of scattered
light is regarded to be the fingerprints of sample proper-
ties. With intensity of scattered light at several angles, the
structure parameters can be retrieved based on a dedicated
numerical model. It inspires us to investigate the possibility
of using multi-angle light scattering to objectively evaluate
the surface scratches. Starting from the assumption of rectan-
gular scratches, several works have been conducted to study
the scattered light distribution generated by launching plane
waves on a groove or random surface [17]–[23]. Results show
that the scattered light distribution is significantly affected by
the groove and surface parameters. In these works, the sub-
strate is usually assumed to be metallic. Since metal mirrors
are widely used in laser optics and reflecting telescopes, these
works can be readily applied in the prediction of scattered
light distribution of a rectangular scratch on metal mirrors.

However, rapid and accurate parameter retrieval from scat-
tered light is still a difficult task in various scenarios. In a
flow cytometry, analytical equations are suitable for classify-
ing cell types rather than precisely determining cell parame-
ters [24]. Evolutionary algorithms are believed to be capable
of getting the structure parameters that agree best with mea-
surements [25]–[28]. Machine learning techniques based on
neural network have attractedmuch attention in various appli-
cations for its ability of nonlinear mapping. It has already
been applied in parameter retrieval of single particle from
scattered light [29], [30]. We have also developed a hybrid
approach to retrieve the sphere parameters from scattering
light based on machine learning and genetic algorithm [31].
In recent years, particle swarm optimization (PSO) that emu-
lating from behavior of animals societies has attracted much
attention in various applications for the advantage of high
efficiency [32]–[35]. As the scattering light is highly sensitive
to scratch parameters, PSO provides a potential approach to
solving the inverse scattering problem.

In this paper, a numerical study is conducted to retrieve
the geometrical scratch parameters from angular distribution
of scattered light. As the lookup table narrows down the
parameter space to be searched, repulsive PSO gives precise
estimation of scratch parameters. The text is organized as
follows. Section II and III respectively present the theory
for forward and inverse scattering problem. Results and dis-
cussions are given in Section IV. Conclusions are drawn in
Section V.

II. FORWARD MODELING
Assuming the surface scratch to be a rectangular groove,
a monochromatic plane wave irradiates an infinitely long
rectangular groove of width 2a and depth d on a metallic
surface and generates scattered light, as shown in Fig. 1.

FIGURE 1. Geometry of the 2D scattering problem.

Scratches with arbitrary shapes will be studied in the future.
In conventional multi-angle light scattering measurements of
particles, the detector rotates around the sample to get the
angular distribution of scattering light. However, it is better
to fix the detector during the surface quality measurement
in order to keep the detector plane and metallic surface in
conjugate positions. On the other hand, although the illumi-
nation angle can be continuously adjusted by mechanically
rotating a single light source by a motorized stage, we adopt
the illumination provided by several plane waves that can be
separately controlled for the sake of efficient measurement.
Therefore, multiple plane waves with different propagation
directions are employed to irradiate the groove and generate
scattering light in accordance with practical measurement
systems. A camera detects the scattered light inside a certain
scattering angle range θd determined by the imaging system.
Assuming N plane waves with different incident angle θi are
used, an intensity vector I0 = [I1, I2, . . . , IN ] is obtained for
each groove, where Ii (i = 1, . . . , N ) is the scattered light
intensity for the corresponding plane wave, given by

Ii =
∫ θd /2

−θd /2
|E (x, z)|2 dθ, (1)

where E(x, z) is the amplitude of electric field.
Plane wave scattering by a rectangular groove has been

extensively studied in the literatures, and therefore, we herein
give a brief description of plane wave scattering by a rectan-
gular groove [22].

Assuming the incident light is a s-polarized monochrome
light and omitting the time-harmonic factor of exp(-iωt) asso-
ciated with the field, the electric field in the upper region is
given by.

E incy (x, z) = exp [j (kxx − kzz)] , (2)

Erefy (x, z) = − exp [j (kxx + kzz)] , (3)

Escay (x, z) =
1
2π

∫
∞

−∞

Ẽscay (ξ) exp (−jξx + jk1z) dξ, (4)

where the superscripts inc, ref, and sca respectively denote the
incident, reflected, and scattered electric field, (kx , kz) are the
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wave vectors in the x and z directions subject to k2x +k
2
z = k20 ,

where k0 = 2π /λ with λ as the wavelength, Ẽscay (ξ) is the

Fourier transformation of scattering field, k1 =
(
k20 − ξ

2
)1/2

.

Based on modal theory, the electric field inside the groove
is given by

Ey (x, z) =
∞∑
m=1

cm sin [ξm (z+ d)] sin [am (x + a)], (5)

where cm is the modal amplitude, am = mπ /2a, ξn =
(k20 − a2n)

1/2. According to the continuity, the electric field
in the upper region and inside the groove should match at
z = 0. After complicated computation, the coefficients cn
are given by

C = (U− P)−1Q, (6)

where C is the column vector containing elements cn, U is
the identity matrix, P is a matrix with elements pnm, Q is the
column vector containing elements qm, given by

pmn =
−janam sin (ςnd) exp (jςmd)

2πaςm
(I1 + I2) , (7)

qn =
2jkzan

[
(−1)nexp(jkxa)−exp (−jkxa)

]
exp(jςnd)

a
(
a2n − k2x

)
ςn

,

(8)

I1 (m, n) =
∫
∞

0
− [v (−2j+ v)]1/2 exp (−2vak0)

·
4j (−1)n exp (2jak0)

k20
[
(1+ jv)2 − α2

] [
(1+ jv)2 − β2

]dv, (9)

I2 (m, n) =
4j

k20

( √
1−α2

α
(
α2−β2

) sin−1 α− √
1−β2

β
(
α2−β2

) sin−1 β),
(10)

α = am
/
k0, (11)

β = an
/
k0,

(12)

With the coefficients cn, the electric field at the interface
z = 0 can be calculated via (5) and the far-field scattered elec-
tric field amplitude is evaluated based on Fresnel-Kirchhoff
diffraction integral, given by

Ey
(
x ′, y′, z0

)
=

1
iλ

∫∫
A

Ey(x, y, 0)
exp

[
ik0r

(
x ′, y′, x, y

)]
r (x ′, y′, x, y)

dxdy,

(13)

where x ′ and y′ are the x-coordinate and y-coordinate at the
observation plane z = z0, A is the area of the aperture,
r(x ′, y′, x, y) is the distance. With the assumption of paraxial
diffraction, r(x ′, y′, x, y) can be approximated to be

r
(
x ′, y′, x, y

)
≈ z0 +

(
x ′ − x

)2
+
(
y′ − y

)2
2z0

. (14)

Substituting (13) into (1), one can numerically obtain the
detected scattering intensity.

FIGURE 2. (a) FEM simulation configuration. (b) FFCS for a perfect
conductor and different metals. 1FFCS: the FFCS deviation between
metals and a perfect conductor.

As rigorous solutions require perfect conductivity, it is
worth evaluating the influences of finite conductivity of a
real metal on the scattering light distribution. A simulation
based on finite element method is performed to study the far-
field scattering light distribution in commercial COMSOL
Multiphysics. Figure 2(a) shows the simulation configuration
of the two-dimensional scattering problem. The illumination
wavelength is set to be 1 µm and the angle between the beam
and the normal direction of surface is 60◦. The groove param-
eters are 2a = 0.2 µm and d = 1 µm. Figure 2(b) shows the
far-field cross sections (FFCS) of scattering light for a perfect
conductor and different metals provided by COMSOL. The
electric conductivities ranges from 3.5e7 S/m for aluminum
to 6.3e7 S/m for silver to infinity for a perfect conductor. The
average absolute FFCS deviations are all less than 0.25 dB
for the four metals. Therefore, despite of the assumption of
perfect conductivity, the modal theory described here can still
work for commonmetals with acceptable precision, including
aluminum, copper, silver and gold. To further extend the
work in optical components made of glass, geometrical optics
approximation in [36] can be used to complement the modal
theory.

III. INVERSE MODELING
As it is difficult to analytically derive the explicit expression
to describe the relationship between groove parameters and
intensity vectors, the inverse modeling is transformed into an
optimization problem by minimizing the deviation between
target and simulated intensity vectors through optimizing the
groove parameters. Since the optimization will suffer from
low efficiency if it searches for the global optimum solution
in the entire parameter space, a two-stage inverse model-
ing approach is developed for improving computational effi-
ciency. In the first stage, a lookup table including groove
parameters and corresponding intensity vectors is built and
the target intensity vector is compared with each item in the
table to get the groove parameters that have the most similar
intensity vector. Subsequently, a repulsive PSO algorithm
optimizes the groove parameters with the initial value pro-
vided by the lookup table in the second stage.
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A. LOOKUP TABLE
A lookup table can be generated by simulating intensity
vectors corresponding to uniformly distributed groove param-
eters inside the parameter space utilizing (1). A metric is nec-
essary to evaluate the similarity between target and simulated
intensity vectors. In this study, it is defined to be

S (a, d) = −
N∑
i=1

|Ii − Ji|, (15)

where I = [I1, I2,. . . , IN] and J = [J1, J2, . . . , JN] are respec-
tively the target and simulated intensity vectors. Groove
parameters with the highest similarity value are transferred
to the second stage as initial value for optimization.

B. REPULSIVE PSO
As a typical heuristic search method, the repulsive PSO has
been applied in various scenarios. It has been proved to out-
perform the efficiency of standard PSO method and genetic
algorithms in the inverse surface radiation problem [37]. It is
employed in this paper to perform the search of optimum
groove parameters. After initializing the particles randomly
in the neighborhood of the initial value from the first stage,
the fitness values are calculated for each particle. For conve-
niences, the fitness value for a specified particle is defined
to be the similarity value S(a, d). With these fitness values,
the local and global optimum particle positions are updated
and the velocity direction of particle movements in the next
iteration can be obtained according to

vk+1i =c0vki +c1r1
(
pki −x

k
i

)
+c2r2

(
pk−xki

)
+c3r3

M∑
j=1

Tij,

(16)

where vki denotes the velocity of the ith particle in the kth
generation.Ci (I = 0, 1, 2, 3) is theweight for each term in the
velocity. Ri (I = 1, 2, 3) is a random variable between (0, 1).
pki and pk are respectively the particle positions associated
with the local and global best fitness values. xki = (a, d)
is the position of the ith particle in the k th generation. M is
the population size. The repulsive and attractive forces Tij are
defined as

Tij =


(
xj − xi

) qiqj∥∥xi − xj∥∥2 , S (xi) < S
(
xj
)

(
xi − xj

) qiqj∥∥xi − xj∥∥2 , S (xi) ≥ S
(
xj
)
,

(17)

where qi denotes the electric charge of the ith particle,
given by

qi = exp−1

 S (xi)− S
(
pk
)

M∑
j=1

[
S
(
xj
)
− S

(
pk
)]
 . (18)

On the right-hand side of (16), the first term represents
the inertial influences, the second and third terms try to pull

the particle towards the direction with higher fitness value,
the fourth term helps to pull the particle away from the
particles with low fitness value.

The velocity for the particle swarm is updated in every
generation, with which the new particle position is estimated
to be

xk+1i = xki + v
k+1
i . (19)

Repeating the update of velocity and particle position until
a certain convergence criterion is met or iteration number
exceeds the predefined value, the particle swarm optimization
algorithm aims to search the particle position with the highest
fitness value in the neighborhood of initial particle position.

IV. SAMPLE RESULTS AND DISCUSSIONS
In this section, sample results of both forward and inverse
modeling will be provided for different groove, illumination,
and inverse modeling parameters. Both forward and inverse
modeling are conducted in Matlab. A personal computer with
a CPU of Intel(R) Core(TM) i7-7700U @ 3.60 GHz and
8.00 GB RAM is employed in the simulation.

A. FORWARD MODELING
The validation of forward modeling code is first examined by
comparing the simulated results with the published results in
the literature. The related groove and illumination parameters
are a = 0.5 µm, d = 0.25 µm, θi = 90◦, λ = 1 µm. Electric
field at the interface between groove and air is shown in Fig. 3
(Solid line), which is symmetric to the xOz plane and agrees
well with that in [21].

FIGURE 3. Magnitude of E-field at the interface between groove and air.

Subsequently, dependence of multi-angle light scattering
on groove and illumination parameters is calculated. The
scattering angle is set to be 5◦ and other involved parameters
are a = 2.4 µm, d = 0.6 µm, λ = 0.5 µm except for
explicit definition. The infinite series in (5) are truncated
at the integer closest to 4a/λ+2 in the following simula-
tion. Figure 4 gives the intensity dependence of on groove
widths and depths. The intensity curve associated with small
width varies smoothly and stronger oscillation is observed
with increase of width. From the viewpoint of geometrical
optics, the scattered light is predominantly determined by the
edge diffraction, indicating the width variation contributes
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FIGURE 4. Dependence of multi-angle light scattering on groove widths
and depths.

little to scattered light. Therefore, the intensity curves change
little for widths much larger than the wavelength, where
geometric optics can be an approximation to the modal the-
ory. As the element number of P depends on groove width,
it takes longer computational time for grooves with larger
widths in the modal theory, which is approximately 1.2 s for
a = 2.4 µm. The computation efficiency can be further
improved by performing the calculation in the C++ lan-
guage. If the width is much larger than wavelength, geo-
metrical optics approximation can be an alternative approach
to model the scattering. Likewise, the groove depths signifi-
cantly affect the multi-angle scattering for oblique illumina-
tion.With the increase of the groove depth, the intensity curve
becomes increasingly oscillated due to the reflection on side
walls of grooves. The intensity at θi = 0◦ and 90◦ changes
little as the side wall has little influences for the normal and
grazing incidences.

Influences of illumination wavelength are presented
in Fig. 5. Larger oscillation is observed for short wavelength
as more modes are included in Pmn and Qm, which suggests
us to use short wavelengths for the measurement of grooves
with small widths, since the intensity oscillation is beneficial
for inverse modeling.

B. INVERSE MODELING
In this section, modeled data is employed to examine the
validation of the proposed inverse modeling approach. The
ranges of a and d are respectively set to be [0.1 µm, 4 µm]

FIGURE 5. Dependence of multi-angle light scattering on wavelength.

and [0.1 µm, 4 µm] in the simulation. Plane waves with
three wavelengths of 0.35 µm, 0.5 µm, and 0.65 µm are
used to provide the illumination. Three incidence angles are
employed for each wavelength, where [λ, θi] = [0.35 µm,
10◦], [0.35 µm, 25◦], [0.35 µm, 40◦], [0.5 µm, 15◦],
[0.5 µm, 30◦], [0.5 µm, 45◦], [0.65 µm, 20◦], [0.65 µm,
35◦], and [0.65µm, 50◦]. 160000 intensity vectors associated
with uniform distribution of 400 widths and 400 depths are
calculated to generate the lookup table. Each intensity vec-
tor contains nine elements corresponding to the nine plane
waves.

TABLE 1. Searched results for a given target intensity vector.

The performance of lookup table is first examined. Asmea-
surement noise can never be completely eliminated in a
practical experiment, it has to be considered in the inverse
modeling. It is shown that the intensity is generally much
less for grazing incidence than the case for normal incidence
in Figs. 4 and 5. The intensity of illumination light with
different incidence angles should be separately adjusted to
get similar intensity of scattered light and extend the dynamic
range of detector. In this case, multiplicative noises are added
by multiplying the intensity Ii with γ = 1 + γ0υ, where υ
is a random quantity uniformly distributed over the interval
[−1, 1] and γ0 is a coefficient defining the standard deviation
of the noise. Table 1 gives the searched results for the intensity
vector corresponding to (a, d) = (1.7431 µm, 1.3922 µm)
after noise pollution (γ0 = 0.05). As expected, the groove
parameters with intensity vectors most similar to the target
intensity vector are in the neighborhood of the target groove
parameters.
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FIGURE 6. Evolution of summed fitness value of particles in the same
generation over iterations in the PSO.

FIGURE 7. Prediction error for noise-polluted scattered light signals.

The groove parameters with the highest similarity value is
then transferred to the repulsive PSO algorithm. The popula-
tion size and generation are respectively set to be 50 and 20.
The first-generation particle positions are generated ran-
domly in the neighborhood of initial particle positions with
1a = 0.1 µm and 1d = 0.1 µm. To demonstrate the
performance of PSO, the fitness value of particle swarm in the
same generation is summed and its evolution over iterations
is illustrated in Fig. 6. The summed fitness value increases
over iterations, indicating that the particles generally move
towards the position with the highest fitness value.

Theoretically, the repulsive PSO algorithm can always
obtain the target groove parameters at high computational
costs as long as the population size and iteration number are
large enough. However, the performance of the repulsive PSO
algorithm still needs to be examined for limited computa-
tional time and noise-polluted intensity vectors. The predic-
tion error of groove parameters is adopted to quantitatively
evaluate the performance, defined to be

1E = [(ar − a0)2 + (dr − d0)2]1/2, (20)

where (ar , dr ) and (a0, d0) are respectively the retrieved and
target groove parameters. The intensity vector associatedwith

the target groove parameters in Table 1 is randomly polluted
by noises and the repulsive PSO is subsequently conducted to
retrieve groove parameters with the first-generation particle
positions randomly generated in the neighborhood of target
groove parameters in Table 1. The procedure is repeated
11 times for each γ0 and an error bar is generated to show
the influences of randomness on prediction error. It takes
approximately 15 minutes for one-time optimization. Further
acceleration based on parallel computing is expected for real-
time measurements. Results are shown in Fig. 7. Although
the prediction error generally increases with increase of γ0,
the average prediction error is less than λ/100 at γ0 = 0.1,
demonstrating that the multi-angle light scattering technique
is a reliable approach to quantitatively characterize the rect-
angular groove even under severe noise influences. However,
high signal-to-noise ratio is still desirable in the measurement
in case the lookup table gives false initial groove parameters.

V. CONCLUSION
In conclusion, a numerical procedure is developed towards
characterization of rectangular grooves on a metallic surface
based on multi-angle light scattering. The program includes
both forward and inverse modeling of light scattering by rect-
angular grooves. In the forward modeling, the modal theory
is adopted to solve the electromagnetic scattering problem.
A two-stage approach using lookup table and repulsive PSO
algorithm is developed to retrieve the groove parameters from
multi-angle light scattering measurements. Both noise-free
and noise-polluted scenarios are simulated to demonstrate the
method. In both cases, the lookup table and repulsive PSO
algorithm can respectively provide rough and precise esti-
mations of groove parameters. As the proposed approach is
designed in accordancewith practical experiments, it can give
indications to experimental systems for quantitative charac-
terization of rectangular grooves on a metallic surface.
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