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ABSTRACT In order to avoid motor saturation in turning maneuvers, an iterative Lamé-trajectory planning
scheme is proposed to generate a smooth curvature-bounded transition trajectory for a differential-driving
wheeled mobile robot (DWMR) switching from one straight path to another. The scheme consists of Lamé-
curve blending, inverse-kinematics computation, peak-torque positioning and torque-saturation avoidance.
Firstly, a Lamé-curve blending procedure based on affine transformations, is formulated to generate a
smoothG2-continuous transition trajectory for connecting two straight paths. Secondly, the platform twist is
calculated according to the curvature of the Lamé-curve trajectory, then transformed into the actuated-joint
rates by means of the inverse-kinematics model. Thirdly, a peak-torque positioning technique is developed
to estimate the peak torques of the driving wheels when the DWMR tracks the trajectory, by combining the
computed-torque method and the inverse-dynamics model. Finally, an iterative r-step saturation-avoidance
prediction planning strategy is devised to suppress the peak motor torques, by means of two torque limitation
schemes via adjusting trajectory curvature and robot speed. The simulation results show that, compared with
the conventional planning techniques for circular arcs, our trajectory planning scheme can generate a smooth
saturation-free transition trajectory with feasible curvature and traveling speed. The scheme is significantly
beneficial for trajectory tracking under finite actuation torque in turning maneuvers, thereby preventing any
possible path deviation caused by insufficient torque.

INDEX TERMS Mobile robot, trajectory planning, curve blending, torque computation, motor saturation.

I. INTRODUCTION
Automated guided vehicles (AGVs) have been typical indus-
trial mobile robots, used for repeated transportation tasks
in factories for decades [1]–[3]. Guidance, navigation and
control (GNC) are essential factors in mobile robots [4].
Guidance involves defining a trajectory for a mobile robot
from its position and orientation in order to follow a given
path. Given paths, also termed guide paths, the target to be fol-
lowed by the robot, can be generated in various possible ways:
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path planning in a map (environment model) [5]–[8]; a virtual
reference in a fixed coordinate frame [9]–[11]; and a physical
landmark (wire, tape, stripe) on the ground [12]–[14].

In order to have a mobile robot follow the target trajec-
tory planned by the guidance system, trajectory tracking
techniques can be used for real-time motion control. The
controller design mainly falls into two categories: simple
controller based only on the kinematics model; and integra-
tion of the former via robot dynamics. Kinematics models
usually lead to velocity-driven, first-order differential equa-
tions [2], [5], [11], [12]. Sometimes these models are turned
into geometric equations based on the instantaneous centre
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of curvature or trajectory approximation at each sampling
instant [7], [15]. As pointed out by Fierro and Lewis [16],
the kinematic controller can simplify the nonholonomic
tracking problem. However, the actual twist1 is generated
based on the assumption of ‘‘perfect twist tracking’’, which
does not hold in reality.

Formulation of the nonholonomic controller at the dynam-
ics level makes it realistic and practical for industrial
applications. Dynamics models are normally force-driven,
second-order differential equations relating wheel forces
to robot acceleration [9], [12]. When motor dynamics is
included, dynamics models evolve to composite models.
In these models, the platform twist can be associated with
the time-derivative of motor-armature voltage [10], or with
the duty ratio of pulse-width modulation (PWM) of motor
voltage [17], or even with the motor current [18].

Generally speaking, mobile robots only need to con-
sume low actuation power in constant-speed straight motion.
However, the peak actuation torque is required for curvilinear
maneuver with fast variation of speed and direction [19]–[21].
For example, the control torque has a high peak value and a
series of sharp fluctuations in the transient state when a robot
tracks a step reference trajectory [19], or when a robot tracks a
circular reference trajectory with large initial position and/or
orientation deviations [21]. It is known that the peak torque
needed in sharp curvilinear maneuvers may exceed dozens of
times, or even hundreds of times, the torque in steady-state
straight motion. Actuator saturation tends to happen in the
presence of agile maneuvers.

Essentially, actuator saturation is caused by the con-
straints on electrical actuation capacity, in the presence of
highly demanding robot maneuvers. Typical constraint fac-
tors include: battery voltage constraint on the duty ratio
of PWM for motors [17]; battery voltage constraint on a
curvature-bounded smooth path [22]; actuator-velocity sat-
uration restricting the decoupling between translation and
rotation of an omnidirectional MR [23]; minimum-jerk
velocity-planning for a parametric path [24]; and a torque-
bounded controller based on one-step-ahead backstep-
ping [25]. Besides, actuator saturation is possible to occur
in any practical system, as the amplitude and the operating
rate of actuators are limited by environment and machine
structure [26].

In the literature, the actuator-saturation avoidance schemes
formobile robots canmainly be classified into two categories:
torque-bounded controller design and curvature-bounded
trajectory planning. For the former category, a new virtual
control law, which is a function of both state variables,
was designed by Do [25]. Consequently, the magnitude of
the control input can be bounded by an arbitrarily small
positive constant by choosing appropriate controller con-
stants. Xu [20] proposed a nonlinear robust control algorithm
that was chatter-free, saturation-avoidance with asymptotic

1The rigid-body twist is a vector array that includes point velocity and
angular velocity.

stability. For the latter category, under bounded control inputs
due to the battery voltage, the curvature-bounded path based
on a smooth clothoid curvewas generated for the translational
motion of mobile robots [22]. The trajectory planning prob-
lem for a differential-driving wheeled mobile robot (DWMR)
traversing a crank-shaped path with two corners was con-
verted into a process of duration-time planning of PWM
inputs [17].

Other than the two approaches mentioned above, Wu et al.
proposed a towing-mechanism design method to prevent
the actuator-saturation problem [12]. A rotational degree of
freedom between the tractor and the vehicle allowed the
tractor to follow the guide paths rapidly. It is noteworthy
that the actual torques of the driving wheels did not show
much difference, no matter what kind of paths, straight or
curvilinear, the robotic vehicle tracked, as shown in Fig.14 in
the foregoing reference. This is totally different from the
variation process of motor torque needed by conventional
DWMRs, as described in the literature [19]–[21]. However,
this rotational degree of freedom also results in the difficulty
of controlling the pose of the robotic vehicle precisely on the
guide path.

As the causes of actuator saturation are not always known
or predictable, such as external disturbance, model nonlin-
earity and parameters uncertainties, many constrained con-
trol strategies have been used to cope with these factors
robustly [20], [25], [26]. However, if we already know that
target trajectory is the dominant factor that leads to actu-
ator saturation, curvature-bounded trajectory planning will
be the most pertinent method to avoid saturation effectively
[17], [22]. The problem addressed in this paper is oriented
to motor-saturation avoidance in turning maneuvers. Therein,
the shape and curvature of the transition trajectory influence
the robot motion directly. Thus, the focus of the paper is
mainly the trajectory planning scheme, without explicit con-
sideration of disturbance factors.

It is noteworthy that when a smooth saturation-free tran-
sition trajectory with feasible curvature is given to a robot,
it is significantly beneficial for trajectory tracking controllers,
including the pure kinematics controller, since the computed
motor torques do not exceed the rated value theoretically. The
underlying motivation behind this paper lies in developing a
curvature-bounded, saturation-avoidance trajectory planning
scheme for guidance control of a DWMR in turning maneu-
vers between two straight paths. Needless to say, our research
work pertains to the second category of actuator-saturation
avoidance schemes. The main contribution of this paper is
threefold:

(1) A novel straight line-Lamé curve-straight line (SCS)
path generation procedure based on affine transformations
is proposed for the guidance control of a robot upon turn-
ing maneuvers. Compared with the clothoid curve used for
connecting two straight lines [22], the Lamé curve can pro-
vide the full trajectory with G2-continuity, especially smooth
bounded curvature, which is inclined to only need moderate
torque outputs in trajectory tracking.
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(2) A peak-torque positioning technique is devised by
combining the computed-torque method with the dynamics
model. Rather than determining the time-optimality condition
relating robot acceleration to battery voltage inputs [22],
torque limits are directly adopted as a benchmark in our
technique. Hence, the actuation torque needed by the DWMR
at any point can be readily computed based on the dynamics
model; then, motor saturation will be efficiently detected in
advance.

(3) An iterative r-step saturation-avoidance prediction
planning strategy is developed based on two torque limita-
tion schemes: adjusting trajectory curvature and robot speed.
Two different objectives for guidance control, motor satu-
ration and time efficiency, are taken into account. Instead
of constructing a set of optimal voltage input vectors,
as done by Kim and Kim [22], a smooth Lamé curve
with feasible curvature is provided by our strategy as the
transition trajectory, free of motor saturation in the ensu-
ing control cycles. Common trajectory tracking techniques
[9], [10], [21], [27], [28] can be integrated with our scheme
seamlessly.

The balance of the paper is organized as follows:
problem description and methodology overview are pro-
vided in Section II; the SCS path generation procedure is
formulated in Section III; the motor-torque computation
technique is investigated in Section IV; the iterative r-step
saturation-avoidance prediction planning strategy is devel-
oped in Section V; simulation results with data analysis are
reported in Section VI, while conclusions and recommenda-
tions for future research work are included in Section VII.

II. PROBLEM FORMULATION
A. SCS PATH PLANNING
The problem under study lies in planning a smooth transition
trajectory to prevent motor saturation, in the presence of
turning maneuvers from one straight path to another. The
platform of the DWMR is depicted as a triangle-shaped rigid
body in Fig. 1.

FIGURE 1. Diagram of a DWMR.

Two coaxial wheels are coupled to the platform by means
of revolutes of axes passing through points O1 and O2. Let
C be the centre of mass of the platform. Point M is the
midpoint of segmentO1 O2. Moreover, the position vectors of
C ,O1 andO2 in an inertial frame are denoted by c, o1 and o2,
respectively. Additionally, let ω be the scalar angular velocity

of the platform about a vertical axis. In order to proceed with
the kinematics analysis of this system, we define a moving
frame F , of axes X ,Y ,Z , attached to the platform, with Z
pointing in the upward vertical direction. Unit vectors i, j, k
are defined parallel to axes X ,Y ,Z , respectively.

As shown in Fig. 2(a), two straight paths, path 1 and path 2,
intersect at point Mk , making an angle 6 CMkTk = 2ψ . The
DWMR is moving along path 1, then switching to path 2.
Point C is used as a reference point on the robot chassis,
indicating its position on a path or trajectory. Point Tk is the
first point that the robot tracks when it enters path 2. If the
transition trajectory is symmetric as assumed henceforth, then
CMk = MkTk . In this case, the position of point Tk on path 2
is determined by that of point C on path 1.

FIGURE 2. Turning maneuver between two straight paths: (a) SCS path;
(b) Curve blending.

Several turning maneuvers are optional for the DWMR to
change its path. One simple way is to stop at the intersection
pointMk , then turning about it in order to orientate the robot
according to path 2. Apparently, this way requires to interrupt
the continuous movement of the DWMR, thereby decreasing
the turning efficiency significantly.

For non-stop turning maneuvers, it is necessary to plan
a curvilinear transition trajectory connecting two straight
paths. A group of paths, consisting of a first straight line,
a curve and a second straight line, are merged into one single
turning path at the connecting points, which we term a SCS
path. Several types of curves can be used here to blend
two straight paths. Compared with circular arcs and clothoid
curves, Lamé curves can provide the full trajectory with
G2-continuity, meaning that position, tangent and curvature
are all continuous along the full trajectory, including the
blending points [29].

As shown in Fig. 2(b), the transition trajectory, on which a
robot moves from path 1 toward path 2, can be obtained by
curve transformation. C1 is a standard Lamé curve, intersect-
ing the X - and Y -axes at points A1 and B1, respectively. The
difference of the orientation angle at these two points is a right
angle, 6 A1 E1 B1, formed by their tangent lines at point E1.
Affine transformations are used to convert Lamé curve C1
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into the transition trajectory, by mapping points B1, E1 and A1
into points C ,Mk and Tk , respectively. Consequently, path 1,
the smooth transition curve, and path 2 are combined at the
blending points C and Tk , thereby generating a SCS turning
path.

Essentially, the shape of transition trajectories is deter-
mined by the positions of points C and Tk on paths 1 and 2
when affine transformations are used. It is noteworthy that
point C , indicating the robot position, moves along path 1.
This means that a set of transition trajectories can be
obtained in terms of the time-varying positions of the DWMR
on path 1. Since these trajectories are all smooth, with
G2-continuity, the motor torques needed by the robot to
track the trajectories are, consequently, smooth and contin-
uous. However, trajectories with different shapes will have
different peak curvature distributions, thereby influencing
the peak torques of a robot travelling on different transi-
tion trajectories. In order to verify whether the peak torques
exceed the rated torque, the planned trajectories should be
integrated with the computed -torque method based on the
inverse-dynamics model. Therein, a methodology overview,
based on both the kinematics and dynamics models of the
robot, is required.

B. METHODOLOGY OVERVIEW
In order to avoid motor saturation in turning maneuvers from
one straight path to another, an iterative Lamé-trajectory plan-
ning scheme is proposed for mobile robots. The methodology
overview for the guidance control architecture is illustrated
in Fig. 3. Electric motors, the actuators of choice in most
mobile robots, are assumed in the paper. A typical motor
servo control system includes a feedback subsystem with
three cascaded loops, i.e., the outer position loop, the interme-
diate velocity loop and the inner current/torque loop. Nowa-
days, many commercial off-the-shelf motor drives provide
the complete control capability for all three loops. Thus,
the motor drives can carry out the control instructions on
speed and torque, generated by kinematics or dynamics con-
trollers, as shown in Fig. 3.
In the guidance control architecture, the trajectory planning

scheme is integrated with the tracking control method to
maneuver a mobile robot bymeans of motors and their drives.
A target trajectory is provided by the planning scheme to
the tracking controller, either kinematics or dynamics. The
former generates the joint-rates command to themotor drives,
while the latter produces the torque command to them. When
the mobile robot is actuated to move in the environment,
the external disturbances, as well as the model nonlinearity
and parameter uncertainty, will deteriorate its motion accu-
racy and stability. Hence, a number of constrained control
strategies have been used to cope with these disturbance
factors robustly [20], [25], [26].

However, it is noteworthy that trajectory tracking control
is outside of the scope of our paper. As mentioned above,
the theme of our paper is oriented to the dominant factor
of motor saturation in turning maneuvers. The key point

lies in the generation of a smooth saturation-free transition
trajectory for two straight paths. The trajectory planning
scheme consists of Lamé-curve blending, inverse-kinematics
computation, peak-torque positioning and torque-saturation
avoidance, as highlighted in the golden dotted-line block
in Fig. 3.

FIGURE 3. Guidance control methodology.

According to the two straight paths, detected by a local-
ization system, a Lamé-curve blending procedure, based on
affine transformations is formulated to generate a smooth
G2-continuous transition trajectory, as the first-layer output.
Then, when the robot tracks the transition trajectory at a
given speed, the robot twist, as the second-layer output, will
be influenced by the curvature of the transition trajectory.
Moreover, the inverse-kinematics model can transform the
twist into the actuated joint-rate vector, as the third-layer
output. Furthermore, the desired torque is calculated based
on the inverse-dynamics model for the motor drives, as the
fourth-layer output. If the desired torque is higher than the
rated torque, the motor will be saturated. In order to avoid
motor saturation, an iterative r-step prediction planning strat-
egy is devised to suppress the peak motor torques, by means
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of two torque limitation schemes via adjusting blending point
and decreasing robot speed.

It is noteworthy that the trajectory planning scheme is
implemented online iteratively. This means that before the
robot approaches the intersection of the two straight paths,
the iterative planning scheme has been already used to predict
the trajectory curvature and motor torques. This is done for
each upcoming initial point of curve blending in turning
maneuvers. Hence, the scheme can help the robot deter-
mine the appropriate moment or adjust the feasible speed in
advance before it starts the turning maneuver.

III. SCS PATH GENERATION
A. LAMÉ-CURVE BLENDING
The cubic Lamé curve, the lowest order of this curve family
with a variable curvature, is chosen as the transition trajectory
for turning maneuvers. This curve is defined as [29]( x

gx

)3
+

( y
gy

)3
= 1 (1)

where 0 ≤ x ≤ gx , 0 ≤ y ≤ gy, while gx and gy denote
one-half the side lengths of the circumscribing rectangle.
In this case, we use a symmetric Lamé curve, which means
gx = gy.
As shown in Fig. 2(b), the orientation angle of an arbi-

trary point on the standard Lamé curve C1 is defined as the
angle φ that the position vector of the point makes with the
X -axis. The explicit parametric equations of this curve can be
expressed in terms of the parameter φ (0 ≤ φ < π/2) as

x(φ) =
gx

(1+ tan3 φ)1/3
, y(φ) =

gy tanφ
(1+ tan3 φ)1/3

(2)

Lamé curve C1 in Fig. 4 is defined as in Eq. (2). In order to
blend two straight lines on a SCS path, affine transformations
are exerted on Lamé curve C1 to both conform its shape and
change its location in frame F . These operations result in a
set of new offspring Lamé curves Cj, with blending points
Aj and Bj, and intersection point Ej, where j = 2, 3, 4.
Finally, a smooth transition trajectory is generated, tangent to
paths 1 and 2 at pointsC and Tk , the tangent lines intersecting
at point Mk .

The homogeneous coordinates of Lamé curve Cj (j =
1, 2, 3, 4) and of the transition trajectory are stored in arrays
pj (j = 1, 2, 3, 4) and p5. The rotation, scaling and dis-
placement matrices are R(ϕ), S(sx , sy) and D, where ϕ is
defined in Fig. 2(b), sx and sy being the scaling factors along
the X - and Y -axes. The first two matrices are given below,
while the third matrix will be obtained as a product of affine
transformations.

R(ϕ) ≡

cosϕ − sinϕ 0
sinϕ cosϕ 0
0 0 1

 (3)

S(sx , sy) ≡

Sx 0 0
0 Sy 0
0 0 1

 (4)

The position vectors of an arbitrary point on the para-
metric equations of the Lamé curves Cj (j = 1, 2, 3, 4) are
denoted as pj. The homogeneous coordinates of points Bj,
Ej, Aj, C , Mk and Tk are stored in arrays bj, ej, aj, ck , mk
and tk , respectively. Moreover, five homogeneous coordinate
matrices: Nj = [bj ej aj] (j = 1, 2, 3, 4), and N5 = [ck mk
tk ], are defined. Among them, vector blocks are all three
dimensional—their entries are the homogeneous coordinates
of the corresponding points in the planar frame F . Matrices
N1 and N5 can be obtained from the homogeneous coordi-
nates of the starting points B1, E1 and A1 on curve C1, and
of the desired points C , Mk and Tk on the final transition
trajectory, namely,

N1 =

0 1 1
1 1 0
1 1 1

 , N5 =

0 0 l2 sin 2ψ
0 l2 l2(1− cos 2ψ)
1 1 1


(5)

The corresponding affine transformations follow:
Step 1: Rotate Lamé curve C1 through π/4 about point C

counterclockwise to obtain Lamé curve C2. Hence, the para-
metric equation of Lamé curve C2 can be obtained by using
a rotation transformation, Eq. (3), from that of curve C1,
i.e., p2 = R(π/4)p1.
Step 2: Conform Lamé curve C2 to curve C3 in order to

make the difference of the orientation angles 6 A3 E3 B3 =
2ψ . Since y3 = y2 and x3 = x2 tanψ , as shown in Fig. 4,
the parametric equation of Lamé curve C3 can be obtained by
using a scaling transformation, Eq. (4), from that of curve C2,
i.e., p3 = S(tanψ, 1)p2.

FIGURE 4. Affine transformations of Lamé curves for SCS path.

Step 3: Isotropically scale2 Lamé curve C3 to curve C4
according to the distance l2. Let the scaling factor be k1, and
the length of segment B3 E3 be l1, where k1 = l2/l1. Hence,
the parametric equation of Lamé curve C4 can be obtained
by using a isotropically scaling transformation, Eq. (4), from
that of curve C3, i.e., p4 = S(k1, k1)p3. It is noteworthy
that isotropic scaling changes the size of Lamé curve C3 but

2An isotropic planar scaling is a resizing of a planar figure by means of
identical scalar factors in two orthogonal directions.
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preserves its shape. In this step, Lamé curve C4 has the size
and shape required by the final transition trajectory.

Step 4: Displace Lamé curve C4 to the final transition tra-
jectory, making points B4, E4 and A4 coincide with points C ,
Mk and Tk , respectively. Find a homogeneous displacement
matrix D satisfying N5 = DN4.

In order to simplify the calculation, steps 3 and 4 are com-
bined to obtain the homogeneous coordinates of the transition
trajectory from Lamé curve C3 directly [30], i.e.,

p5 = N5N−13 S(tanψ, 1)R(π/4)p1 (6)

with matrix N3 given by

N3 = S(tanψ, 1)R(π/4)N1 (7)

According to Eqs. (5)–(7), the composite affine transfor-
mation matrix is calculated as

T5 ≡ N5N−13 S(tanψ, 1)R(π/4) =

0 −l3 l3
l2 l4 −l4
0 0 1

 (8)

with l3 and l4 defined as

l3 = l2 sin 2ψ, l4 = l2 cos 2ψ (9)

B. ROBOT KINEMATICS
As shown in Fig. 1, the radius of the driving wheels is r ,
the distance between the wheels being 2l. Let the distance
between C and M be a. The scalar angular velocity ω of the
platform can be obtained in terms of the angular rates of the
driving wheels, θ̇1 and θ̇2, namely,

ω =
r
2l
(θ̇2 − θ̇1) (10)

Similarly, the velocity ċ of point C can also be expressed
in terms of θ̇1 and θ̇2, according to the robot kinematics [31].

ċ =
ar
2l

(θ̇1 − θ̇2)i+
r
2
(θ̇1 + θ̇2)j (11)

Moreover, the planar twist t of the platform and the
two-dimensional vector θ̇ of actuated joint rates are defined
as

t ≡
[
ω

ċ

]
∈ R3, θ̇ ≡

[
θ̇1
θ̇2

]
∈ R2

the forward kinematics model of the platform then being
expressed as

t = Tθ̇ (12)

with the 3× 2 matrix T defined as

T ≡
[

−r/(2l) r/(2l)
(ar/2l)i+ (r/2)j −(ar/2l)i+ (r/2)j

]
Furthermore, the inverse kinematics model of the platform

can also be readily calculated based on Eq. (11):

θ̇ = C−1ċ (13)

with C−1 given by

C−1 =
[
((l/ar)i+ (1/r)j)T

(−(l/ar)i+ (1/r)j)T

]
(14)

Consequently, the scalar equations of the inverse kinemat-
ics model can be expressed as

θ̇1 =
vc
r
−
l
r
ω, θ̇2 =

vc
r
+
l
r
ω (15)

where the longitudinal speed is vc ≡ ċT j, the speed of the
centre of mass.

C. VELOCITY PLANNING
Let the curvature of the Lamé curve Cj and of the trajectory
be κj and κ5, respectively. When the DWMR moves along
the transition trajectory at a speed vc, the robot twist is
constrained by

ω = −κ5vc (16)

The curvature of an arbitrary planar curve defined in para-
metric form is formulated as a function of the derivatives of
a point coordinates with respect to the given parameter [32],
namely,

κ =
x ′y′′ − y′x ′′

((x ′)2 + (y′)2)3/2
(17)

with primes indicating differentiation with respect to the
given parameter.

Upon substitution of Eqs. (2) into Eq. (8), one obtains

x5 =
−l3tφ

(1+ t3φ)
1/3
+ l3

y5 =
l2

(1+ t3φ)
1/3
+

l4tφ
(1+ t3φ)

1/3
− l4 (18)

with tφ defined as tφ ≡ tanφ.
Moreover, the first and second derivatives of x5 and y5 with

respect to the parameter tφ are

x ′5 =
−l3

(1+ t3φ)
4/3
, x ′′5 =

4l3t2φ
(1+ t3φ)

7/3

y′5 = −
l2t2φ − l4

(1+ t3φ)
4/3
, y′′5 =

2l2t4φ − 4l4t2φ − 2l2tφ

(1+ t3φ)
7/3 (19)

Substitution of Eqs. (19) into Eq. (17) yields

κ5 =
2l2l3tφ(1+ t3φ)

4/3

(l23 + (l2t2φ − l4)
2)3/2

(20)

The derivative κ ′5 of the curvature with respect to tφ is,
in turn,

κ ′5 =
k2(−l22 t

4
φ(t

3
φ+5)−4l2l4t

2
φ(t

3
φ−1)+(l

2
3+l

2
4 )(1+ 5t3φ))

(l23 + (l2t2φ − l4)
2)5/2

(21)

with k2 defined as

k2 ≡ 2l2l3(1+ t3φ)
1/3 (22)
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Upon substitution of Eqs. (9) into Eqs. (20) and (21), one
readily obtains

κ5 =
2 sin(2ψ)tφ(1+ t3φ)

4/3

l2(t4φ − 2 cos(2ψ)t2φ + 1)3/2
(23)

κ ′5 =
2k3 sin(2ψ)(1+ t3φ)

1/3

l2(t4φ − 2 cos(2ψ)t2φ + 1)5/2
(24)

with k3 given by

k3 ≡ −t4φ(t
3
φ + 5)− 4 cos(2ψ)t2φ(t

3
φ − 1)+ 5t3φ + 1 (25)

Based on Eqs. (15) and (16), when the DWMR moves
along the transition trajectory, the actuated joint rates follow
in terms of κ5:

θ̇1 =
vc
r
(1+ lκ5), θ̇2 =

vc
r
(1−lκ5) (26)

If the DWMR tracks the transition trajectory at a
time-varying speed vc(t), the time-derivatives of the actuated
joint rates are

θ̈1 =
v̇c
r
(1+ lκ5)+

vc
r
lκ̇5, θ̈2 =

v̇c
r
(1−lκ5)−

vc
r
lκ̇5

(27)

the time-derivative of the curvature being

κ̇5 = κ
′

5 ṫφ (28)

Furthermore, we introduce θ̇a, θ̇b, θ̈a and θ̈b, defined as

θ̇a =
vc
r
, θ̇b =

l
r
vcκ5

θ̈a =
v̇c
r
, θ̈b =

l
r
(v̇cκ5 + vcκ̇5) (29)

Thus, the actuated joint rates and their time-derivatives can
be expressed as

θ̇1 = θ̇a + θ̇b, θ̇2 = θ̇a − θ̇b

θ̈1 = θ̈a + θ̈b, θ̈2 = θ̈a − θ̈b (30)

As shown in Fig. 2(b), let ϕ denote the angle made by
the tangent to the Lamé curve, at an arbitrary point, with
the X -axis. When the robot moves on the curve, according
to Eqs. (9) and (19), the slope of the longitudinal line of the
platform is expressed as

tanϕ =
y′5
x ′5
= −

t2φ − cos(2ψ)

sin(2ψ)
(31)

Upon differentiation of both sides of Eq. (31) with respect
to time, one readily obtains

(1+ tan2 ϕ)ϕ̇ = −
2tφ

sin(2ψ)
ṫφ (32)

As shown in Fig. 2(b), the time rate of change of the
slope angle, ϕ̇, actually amounts to the angular velocity of the
DWMR, ω. Substitution of Eqs. (16) and (31) into Eq. (32)
leads to

ṫφ =
t2φ − 2 cos(2ψ)tφ + 1

2 sin(2ψ)tφ
κ5vc (33)

Upon substitution of Eqs. (24) and (33) into Eqs. (28),
we obtain the time-derivative of the curvature in terms of tφ :

κ̇5 =
2k3vc sin(2ψ)(1+ t3φ)

5/3(t2φ − 2 cos(2ψ)tφ + 1)

l22 (t
4
φ − 2 cos(2ψ)t2φ + 1)4

(34)

Based on Eqs. (30), the actuated joint rates and their time
rates of change have all been derived for the DWMR to
track the transition trajectory at a given speed vc. In order
to calculate the motor torques, the inverse-dynamics model is
formulated in section IV.

IV. TORQUE-SATURATION PREDICTION
A. ROBOT DYNAMICS
Within the Newton-Euler formulation applied to multibody
systems, we distinguish three rigid bodies, one platform
with two driving wheels, composing the DWMR, as shown
in Fig. 1. The 6×6 inertia dyad [33] of the two driving wheels
are denoted M1 and M2, with a corresponding notation for
their six-dimensional twists, t1 and t2. Since the platform
undergoes planar motion, its counterparts are the 3× 3 dyad
M′3 and the three-dimensional twist vector t′3. Besides, the lin-
ear transformation matrices of the three moving bodies are
expressed as T1, T2 and T′3, which relate the body twists with
the actuated joint rates, based on kinematics analysis [34].
There are

T1 =

[
−i− r/(2l)k r/(2l)k

rj 0

]
T2 =

[
−r/(2l)k −i+ r/(2l)k

0 rj

]
T′3 =

r
2

[
−1/l 1/l

(a/l)i+ j (−a/l)i+ j

]
(35)

By means of the natural orthogonal complement [34],
the generalized dynamics model is derived from the
Newton-Euler equations for the DWMR, which leads to

Iθ̈ = −Cθ̇ + τ + δ + γ (36)

where I is the positive-definite 2×2 generalized inertia
matrix, Cθ̇ being the 2-dimensional vector of Coriolis and
centrifugal-force terms. Furthermore, τ , δ and γ denote the
2-dimensional vectors of generalized active, dissipative, and
gravity forces, respectively.

The 2×2 generalized inertia matrix I is obtained as

I = Iw + Ip =
2∑
i=1

TTi MiTi + (T′3)
TM′3T

′

3 (37)

where Iw and Ip are the inertia matrices of the two driving
wheels and of the platform, respectively.

In order to expand the foregoing matrices, we let Ix , Iy
and Iz be the three principal moments of inertia of the two
driving wheels, respectively. Moreover, I3 denotes the scalar
moment of inertia of the platform at its center of mass,
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under planar motion. Therefore,

Ii =

Ix 0 0
0 Iy 0
0 0 Iz

 , Mi =

[
Ii O3
O3 mi13

]
, i = 1, 2

M′3 =
[
I3 0T2
02 m312

]
(38)

where 12 and 13 are the 2×2 and 3×3 identity matri-
ces, respectively. Moreover, because of wheel symmetry,
Ix = Iy ≡ I .

Substitution of Eqs. (35) and (38) into Eq. (37) leads to

Iw =
[
H1 H2
H2 H1

]
, Ip =

[
H3 −H3
−H3 H3

]
(39)

where H1, H2 and H3 are given by

H1 = I +
1
2

( r
l

)2
Iz + m1r2, H2 = −

1
2

( r
l

)2
Iz

H3 =

( r
2l

)2
(I3 + m3a2) (40)

Moreover, from Eqs. (30) and (39), we obtain the
inertia-force term of the inverse-dynamics model, namely,

Iθ̈ = (Iw + Ip)θ̈a =
[
H4θ̈a + H5θ̈b
H4θ̈a − H5θ̈b

]
≡

[
f1
f2

]
(41)

where H4 and H5 are defined below:

H4 ≡ H1 + H2 = I + m1r2,

H5 ≡ H1 − H2 + 2H3

= I + (
r
l
)2Iz + m1r2 +

1
2
(
r
l
)2(I3 + m3a2) (42)

The coefficient matrixC can be expanded in a similar way.
When the time histories of the actuated joint rates are given,
the torque requirements at the different actuated joints are
determined.

Moreover, the dissipative-force term of the inverse-
dynamics model, associated with linearly viscous effects,
is linear in the vector of actuated joint rates, i.e.,

δ = −β θ̇ (43)

where β is the coefficient of viscous friction.

B. PEAK-TORQUE POSITIONING
Although the foregoing Lamé-curve trajectory is planned
geometrically withG2-continuity, it is not essentially guaran-
teed that the robot motors will be able to supply the torques
required by the turning maneuvers. If any of the computed
torques, τi (i = 1, 2), exceeds the rated torque τr , the transi-
tion trajectory is then unfeasible. In order to find the peak
torque required on the transition trajectory, the maximum
curvature and its rate of change (RoC) should be computed
in advance.

Since the transformation of the Lamé curve in step 2 is
symmetrical with respect to the Y -axis, the shape, the tra-
jectory curvature κ5 and its RoC κ̇5 follow this symmetry
about the midpoint, as shown in Fig. 5. Apparently, when

FIGURE 5. The curvature and its RoC for the Lamé-curve trajectory of
Fig. 4.

φ = 0 or π/2, the curvature vanishes, i.e., κ5(0) = 0
and κ5(π/2) = 0, while its RoC attains extreme values,
i.e., κ̇5(0) = κ̇max and κ̇5(π/2) = −κ̇max. When φ = π/4,
the curvature attains its maximum value, κ5(π/4) = κmax,
while its RoC vanishes.

According to Eqs. (23) and (34), the maximum curvature
and its RoC are calculated as

κmax =
25/6 sin 2ψ

l2(1− cos 2ψ)3/2
, κ̇max =

2vc sin 2ψ

l22
(44)

When the DWMR moves along a Lamé-curve trajectory
towards path 2 at a constant speed vc, the actuated joint rates
are θ̇1 = vc(1 + lκ5)/r and θ̇2 = vc(1 − lκ5)/r , implying
that the dissipative force of one driving wheel increases while
that of the other wheel decreases.Which wheel needs a higher
torque depends on whether the DWMR is turning left or right.
Since v̇c = 0, the corresponding time-derivatives are θ̈1 =
vclκ̇5/r and θ̈2 = −vclκ̇5/r .
At the starting point of the transition trajectory,

κ5(0) = 0 and κ̇5(0) = κ̇max. Hence, θ̇1(0) = θ̇2(0) = vc/r .
Since θ̈1(0) = vclκ̇max/r and θ̈2(0) = −vclκ̇max/r , the inertia
forces are f1(0) = H5 vclκ̇max/r and f2(0) = −H5 vclκ̇max/r ,
which require higher motor torques.

At the midpoint of the transition trajectory, κ5(π/4) =
κmax and κ̇5(π/4) = 0. Thus, the inertia-force term vanishes,
while θ̇1(π/4) = vc(1+ lκmax)/r , θ̇2(π/4) = vc(1−lκmax)/r ,
thus resulting in an additional dissipative-force term,
δ0(π/4) = βvclκmax/r .
Therefore, the point on the trajectory, at which the peak

torque is needed, is determined by comparison of the mag-
nitudes of the additional inertia-force term f1(0) and the
additional dissipative-force term δ0(π/4). Let λ denote the
ratio of the magnitude of these two terms:

λ =

∣∣∣∣ f1(0)
δ0(π/4)

∣∣∣∣ = ∣∣∣∣H5κ̇max

βκmax

∣∣∣∣ = k4

∣∣∣∣H5vc
βl2

∣∣∣∣ (45)

where k4 is defined as

k4 ≡ 21/6(1− cos 2ψ)3/2 (46)

with k4 > 1 for all ψ ∈ [π/4, 3π/4].
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For most common mobile robots, the inertia coefficient
and speed term H5 vc is usually greater than the friction
coefficient and the geometrical term βl2. As a result, a peak
torque is required at the starting point of the trajectory. If the
DWMR turns right, i.e.,ψ ∈ [π/4, π/2), then the left driving
wheel needs the peak torque, i.e., τ1(0) = τmax. When
ψ ∈ (π/2, 3π/4], the right wheel needs the peak torque,
i.e., τ2(0) = τmax.

For the right-turning trajectory shown in Fig. 4, the left
motor is saturated if the computed torque of the left driving
wheel at the starting point is higher than the rated torque,
i.e., τ1(0) > τr . Obviously, the magnitude of the actuated
joint rates and their time-derivatives, θ̇1(0), θ̇2(0), θ̈1(0) and
θ̈2(0), are all proportional to the given speed vc. In this
sense, the DWMR tracking the transition trajectory at a low
velocity vc only needs low torques τi. However, this low speed
should achieve a constant value before the robot arrives at the
first blending point.

If the current travelling speed vc at the starting point has
already caused motor saturation, it is impossible for the robot
to mitigate the saturation even if its speed is reduced imme-
diately. Let us assume that the robot begins to decrease its
speed vc by means of a deceleration profile from the starting
point. Since κ5(0) = 0 and κ̇5(0) = κ̇max, the dissipative
forces remain the same as those on the straight path, while
the inertia forces are f1(0) = H4v̇c/r + H5 vclκ̇max/r and
f2(0) = H4v̇c/r − H5 vclκ̇max/r . Compared with the inertia
forces needed at a constant speed vc, an extra inertia-force
term H4v̇c/r is caused by the deceleration profile, which
requires even higher motor torques than at a constant speed,
thereby exacerbating motor saturation.

V. TORQUE-SATURATION AVOIDANCE
From the above analysis follows that motor saturation is
unavoidable when the DWMR moves along a Lamé-curve
trajectory with a high curvature at a high speed. Therefore,
the robot should begin a Lamé-curve trajectory towards path 2
before its curvature becomes too high, else the speed should
be decreased to a suitable level before the robot enters the
transition trajectory. These two torque limitation schemes are
both based on saturation prediction, i.e., anticipating whether
a particular curvature or speed will result in motor saturation,
and moreover, preventing it by adjusting the robot actions
appropriately in advance.

The first torque limitation scheme can be used to determine
the position of the first blending point C on path 1, as shown
in Fig. 4. It is not difficult to analyze the relation between
the maximum curvature and its RoC, κmax and κ̇max, with the
distance l2 of the first blending point C and the intersection
pointMk . According to Eqs. (44), the magnitudes of κmax and
κ̇max are inversely proportional to l2. In Fig. 4, if the DWMR
continues to travel along path 1 instead of switching to a
Lamé-curve trajectory, l2 decreases gradually, which tends
to make |κmax| and |κ̇max| higher. Hence, motor saturation
definitely occurs when the distance l2 becomes too small.
On the other hand, it is not necessary for the robot to start

a Lamé-curve trajectory prematurely when the distance l2 is
significantly large, as this kind of turning maneuvers have a
low motion efficiency.

Taking both aspects into account, it is reasonable to set
the upper and lower limits of the distance l2 for trajectory
generation based on Lamé-curve blending. The fundamental
criterion relies on robot dynamics and motor torques. For
given robot motors, the lower and upper threshold of motor
torques, τa and τb, are prescribed with respect to the rated
torque, τr . An iterative r-step saturation-avoidance prediction
planning strategy is illustrated in Fig. 6.

FIGURE 6. Saturation-avoidance prediction strategy.

When the localization system measures the current posi-
tion of the robot on path 1, the distance l2(0) is used as the
time-varying parameter for affine transformations of a Lamé
curve to blend paths 1 and 2. Then, the maximummagnitudes
of the Lamé-curve trajectory curvature and its RoC, κ5(0)
and κ̇5(0), are calculated by means of Eqs. (44). Thirdly,
the inverse dynamics model is utilized to compute the motor
torques τi(0) required.
Meanwhile, the future position of the robot on path 1 is

estimated in the next r-step control instants. The distance
l2(r) is employed to generate a new Lamé-curve trajectory,
and then κ5(r), κ̇5(r) and τi(r) are calculated accordingly.
Furthermore, several different robot actions are carried out,
based on the relation between the computed torques and their
thresholds.

(1) If τa ≤ τi(0) ≤ τb, the currently required torques lie
within the suitable torque range. Hence, the robot can follow
the Lamé-curve trajectory properly, without motor saturation.
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(2) If τi(0) > τb, the computed torques exceed the upper
threshold of motor torque. Motor saturation is inevitable,
no matter whether a deceleration profile is taken. Conse-
quently, the robot cannot track the trajectory closely, thereby
resulting in overshooting on the SCS turning path.

(3) If τi(0) < τa, compare the torques, τi(r), antici-
pated after r steps, with the torque thresholds. τi(r) > τb
implies that motor saturation will occur at the upcoming
instant. In order to avoid this, the robot should change to
the Lamé-curve trajectory immediately at the current instant.
If τi(r) ≤ τb, the robot should keep moving along path 1
instead of trajectory switching, thus resulting in a continuous
decrease of l2.
On the other hand, the deceleration control scheme can

be employed additionally, if the robot runs in a cramped
space that does not allow for a large turning radius. In order
to avoid motor saturation, a deceleration profile is to be
adopted on path 1 before the robot enters the Lamé-curve
trajectory. A non-dimensional 3-4-5 polynomial is used as the
profile [34], namely,

p(s) = 6s5 − 15s4 + 10s3 (47)

for s ∈ [0, 1], to ensure that its first and second derivatives are
both smooth, vanishing at the two ends of the interval [0,1].

Let v1 and v2 denote the previous and the new constant
speed, the former being reduced to the latter in a period Td .
Thus, the deceleration profile is designed as

vc(t) = v1 + (v2 − v1)p
( t
Td

)
(48)

for t ∈ [0,Td ].
Moreover, the time-derivative of the speed function is

v̇c(t) = (v2 − v1)
30
Td

[( t
Td

)4
− 2

( t
Td

)3
+

( t
Td

)2]
(49)

The actuated joint rates and their time-derivatives are
then obtained by substituting Eqs. (48) and (49) into
Eqs. (26) and (27). Finally, the time-histories ofmotor torques
τi can be computed based on the inverse-dynamics model,
Eq. (36).

VI. SIMULATION TESTS
In order to validate the foregoing iterative Lamé-trajectory
planning scheme for motor-saturation avoidance of a robot
upon turning maneuvers, a circular arc and a set of
affine-transformed Lamé curves are used to generate SCS
turning paths. Then, the peak torques of the two driving
wheels are calculated by means of the computed-torque
method, based on the inverse-dynamics model. Lastly,
the torque-saturation avoidance schemes are implemented by
adjusting trajectory curvature and robot speed according to a
r-step prediction planning strategy. The geometric, kinematic
and inertial parameters of the DWMR at hand are given
in Tables 1 and 2. Moreover, the friction coefficient is β = 2
Ns/rad. The rated torque of the onboard motors is τr = 20
Nm, while the upper and lower threshold of motor torques

TABLE 1. Geometric and kinematic parameters.

TABLE 2. Inertial parameters.

are τa = 6 Nm and τb = 20 Nm. In fact, for the sake
of reliable torque-saturation avoidance, a more conservative
value, i.e., significantly lower than the rated torque, can
be used as the upper threshold τb, if external disturbance,
model nonlinearity and parameter uncertainty are all taken
into account.

A. BLENDING CURVE SCHEME
As shown in Fig. 2(b), let us assume that paths 1 and 2 inter-
sect at point Mk , with ψ = 60◦ and l2 = 1.6 m. The
transition trajectory for a robot to transfer from path 1 to
path 2 is obtained by means of different curves: one is a
circular arc, the other an affine-transformed Lamé curve. The
trajectory curvature and its RoC are illustrated for the two
curves in Figs. 7 and 5, respectively.

FIGURE 7. The curvature and its RoC for the circular arc.

In Fig. 7, the curvature κ of the circular arc has a positive
step change at the starting point—corresponding to the first
blending point C of the SCS path in Fig. 2(b), followed by a
negative step change at the ending point—corresponding to
the second blending point Tk of the SCS path, and a constant
value on the trajectory in-between. On the contrary, in Fig. 5,
the curvature κ5 of the Lamé curve has a smooth increment
from the starting point, to a significantly flat section at the
middle point, followed by a smooth decrement from the
middle point to the ending point. Consequently, one positive
and one negative impulses occur on the curvature RoC κ̇ for
the circular arc at these two end-points, while the curvature
RoC κ̇5 of the Lamé curve remains smooth, with finite initial
and terminal values.
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For a constant speed, vc = 0.5 m/s, the actuated joint rates
and their time-derivatives on different trajectories are calcu-
lated based on Eqs. (26) and (27). Then, the required torques
of the two driving wheels are computed for the DWMR by
means of the inverse-dynamics model, Eq. (36), as shown
in Figs. 8 and 9, respectively.

FIGURE 8. Required motor torques of the DWMR on the circular arc.

FIGURE 9. Required motor torques of the DWMR on the Lamé curve.

In Fig. 8, the motor torque of the left wheel has a positive
impulse at the starting point, a negative impulse at the ending
point, and a constant value on the trajectory in-between. It is
noteworthy that the amplitude of the torque impulse is higher
than 50 Nm, exceeding the rated torque of robot motors.
On the contrary, in Fig. 9, the motor torque of the left wheel
for the Lamé curve is always smooth, its amplitude remaining
below the rated torque.

B. CURVATURE-BOUNDED SCHEME
As mentioned above, a series of Lamé-curve trajectories can
be obtained on the basis of the robot position on path 1 or,
more accurately, of the distance of the robot to the intersection
point, l2. The curvature and its RoC in Fig. 5 are calculated
for the Lamé-curve trajectory with l2 = 1.6 m. If the robot
does not initiate the Lamé-curve trajectory at that point until
it arrives at a closer position where l2 = 1 m, the curvature
and its RoC for the new Lamé-curve trajectory are illustrated
in Fig. 10. Compared with Fig. 5, the new Lamé curve has a

FIGURE 10. The curvature and its RoC for the Lamé curve with l2 = 1 m.

higher curvature and RoC, implying that the robot will make
a sharper turning maneuver.

For a constant speed, vc = 0.5 m/s, the actuated joint rates
and their time-derivatives for the robot traveling on different
Lamé curves, with l2 = 1.6 m and l2 = 1 m, are shown
in Figs. 11 and 12, respectively. Obviously, due to a higher
curvature of the new Lamé curve, the maximum actuated
joint rate of the left driving wheel increases from 6.523 to
6.687 rad/s, its maximum time-derivative rising from 0.781 to
1.249 rad/s2.

FIGURE 11. Actuated joint rates and accelerations on the Lamé curve
with l2 = 1.6 m.

FIGURE 12. Actuated joint rates and accelerations on the Lamé curve
with l2 = 1 m.
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Consequently, higher motor torques are required by the
robot to track the new Lamé-curve trajectory of higher cur-
vature, as shown in Fig. 13. The peak motor torque of the left
driving wheel increases from 19.417 to 23.567 Nm, which
exceeds the rated motor torque. In order to avoid motor
saturation, the r-step prediction planning strategy is to be
implemented online iteratively, before the robot reaches the
dangerous position where l2 = 1 m, as shown in Fig. 6.

FIGURE 13. Required motor torques of the DWMR on the Lamé curve
with l2 = 1 m.

The first torque limitation scheme is based on restricting
the Lamé-curve curvature and its RoC, by determining the
position of the first blending point on path 1. In fact, when
the robot moves along path 1, the current distance l2(0) is
detected as the time-varying parameter for its turning maneu-
ver, consisting of curve blending, trajectory planning and
torque computation. Meanwhile, the distance l2(r) is esti-
mated in the next r-step control instants, in order to verify
whether motor saturation will eventually occur. Hence, both
current motor torques τi(0) and their future values τi(r) are
predicted accordingly.

Let us assume that the robot arrives at the location where
l2 = 1.6 m, and its position and state 1.2s later are pre-
dicted. As shown in Figs. 9 and 13, τa ≤ τi(0) ≤ τb,
but τi(r) > τb. This implies that if the robot initiates the
Lamé-curve trajectory at the current position, it will have an
efficient and saturation-free transition trajectory; otherwise,
motor saturation will occur 1.2s later, when the robot enters
a sharper Lamé-curve trajectory. According to the iterative r-
step prediction planning strategy, shown in Fig. 6, the most
appropriate action for the robot is to begin the Lamé-curve
trajectory at the current position immediately.

C. VELOCITY-BOUNDED SCHEME
The second torque limitation scheme aims to decrease the
actuated joint rates and accelerations for the robot moving
on Lamé curves of higher curvature, by reducing the trav-
eling speed. Let us assume that, when l2 = 1 m, the robot
initiates the sharper Lamé-curve trajectory at a lower speed,
vc = 0.4 m/s. Since the lower speed does not change
the geometric attributes of trajectory planning, the transition
trajectory remains the Lamé curve of identical shape and

curvature, as shown in Fig. 10. However, the kinematic and
dynamic attributes of the trajectory depend on the robot
speed. The actuated joint rates, their time-derivatives, and the
requiredmotor torques are recalculated accordingly, as shown
in Figs. 14 and 15.

FIGURE 14. Actuated joint rates and accelerations of the DWMR at a
lower speed vc = 0.4 m/s.

FIGURE 15. Required motor torques of the DWMR at a lower speed
vc = 0.4 m/s.

Comparing Figs. 11, 12 and 14, we can find somemeaning-
ful results: (1) since the curvature of the starting point on the
transition trajectory vanishes, the actuated joint rates depend
only on the robot speed, i.e., 6.25 rad/s in Figs. 11 and 12 for
a high speed vc = 0.5 m/s, while 5 rad/s in Fig. 14 for a low
speed vc = 0.4 m/s; (2) due to the differential driving model,
the actuated joint rates of the robot are symmetric about their
average value, which is also determined by the robot speed,
i.e., 6.25 rad/s for vc = 0.5m/s while 5 rad/s for vc = 0.4m/s;
and (3) the accelerations of the driving wheels are influenced
by both vc and κ̇5, so that they attain the maximum value,
1.249 rad/s2, in Fig. 12, because of both high robot speed and
high curvature RoC.

Moreover, similar dynamics results can be drawn by ana-
lyzing Figs. 9, 13 and 15. (1) Due to the differential driv-
ing model, the motor torques of the two driving wheels are
symmetric about their average value, which is determined
by the robot speed as well, 12.5 Nm in Figs. 9 and 13 for
vc = 0.5 m/s while 10 Nm in Fig. 15 for vc = 0.4 m/s.
(2) The peak torque depends on both the maximum curvature
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RoC κ̇max and the robot speed vc. For motor saturation, occur-
ring in Fig. 13, two different torque limitation schemes can be
adopted, in order to bring the highest motor torque below the
upper threshold τb. One scheme is oriented to the trajectory
curvature, beginning a Lamé-curve trajectory earlier when the
corresponding curvature is still low, as shown in Fig. 9. The
other scheme focuses on the deceleration, slowing down the
robot to a low constant speed before it enters the Lamé-curve
trajectory, as shown in Fig. 15.

The simulation tests validate the effectiveness of the itera-
tive Lamé-trajectory planning scheme to avoid motor satura-
tion for turning maneuvers of a robot moving on SCS paths.
It is noteworthy that when the curvature-bounded scheme is
used to decrease the peak motor torques of the two driving
wheels, the robot has to adopt a larger turning radius, which
requires more free space in the surroundings.

It should be pointed out that only trajectory shape and robot
speed are considered as the main factors for motor-saturation
avoidance in the iterative Lamé-trajectory planning scheme.
Other factors, such as external disturbances, model nonlin-
earity and parameter uncertainty, are not included explicitly
in our planning scheme. Hence, it is advisable to use a robust
trajectory tracking control approach, following our planning
scheme, to handle these factors.

VII. CONCLUSIONS
Schemes for actuator-saturation avoidance in mobile robots
are mainly oriented to torque-bounded controller design or
curvature-bounded trajectory planning. As the causes of
actuator saturation are not always known or predictable,
many constrained control strategies have been used to cope
with external disturbances, model nonlinearity and param-
eter uncertainty. However, the dominant factor for actuator
saturation can be estimated in some specific operation sce-
narios. For example, the shape and curvature of the transition
trajectory influence the robot state significantly in turning
maneuvers between two straight paths.

In order to avoid motor saturation in turning maneuvers,
an iterative Lamé-trajectory planning scheme is proposed
that offers a smooth curvature-bounded transition trajec-
tory for tracking control of mobile robots. Firstly, a smooth
G2-continuous transition trajectory is generated by means of
a Lamé-curve blending procedure based on affine transfor-
mations. Then, a peak-torque positioning technique is for-
mulated to estimate the peak torques of the robot on the
trajectory, by combining the computed-torque method and
the inverse-dynamics model. Finally, a saturation-avoidance
trajectory planning strategy is developed to suppress the peak
torques, by means of the r-step prediction procedure and two
torque limitation schemes. One scheme restricts the Lamé-
curve curvature by determining the positions of the blending
points, while the other decreases the actuated joint rates
by reducing the robot speed. Simulation tests validate the
effectiveness of our scheme for torque-saturation avoidance
in turning maneuvers.

In future research work, our trajectory planning scheme
will be integrated with a robust trajectory tracking control
method. The effectiveness of torque-saturation avoidance is
further verified on a robot under external disturbances, model
nonlinearity and parameter uncertainty.
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