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ABSTRACT This paper presents the exponential synchronization for a class of memristive Cohen-Grossberg
neural networks (MCGNNs) with mixed delays via a new hybrid control strategy. This new hybrid control
strategy combines pinning control and periodic intermittent control. According to the feature of memristor,
the memristive terms of the MCGNNs with mixed delays are normalized by a simple linear transformation.
Then the designed periodic intermittent control is added to selected partial network nodes. Based on
the stability theory of memristive neural networks and the exponential synchronization rule, the new
synchronization conditions are given. Finally, numerical simulations are provided to show the effectiveness
of the theoretical method.

INDEX TERMS Memristive Cohen-Grossberg neural networks, exponential synchronization, pinning

control, periodic intermittent control.

I. INTRODUCTION

In the past few decades, neural networks have been exten-
sively studied in such diverse fields as associative mem-
ory, classification, parallel computation, pattern recognition,
signal processing, decision aid, and artificial intelligence
[1]-[4]. In 1983, Cohen-Grossberg neural networks (CGNNs)
were proposed by Cohen and Grossberg [5], which can be
described by:

21(t) = ¢ (@) {—di (zi(1)) z(2)
N
+ D an @) fi () + ). (1)

k=1

where [,k = 1,2,---N, N > 2 is the number of neurons
in the CGNNSs. z;(#) is the state variable associated with the
[-th neuron at the time ¢. ¢;(-) and d;(-) represent the amplifi-
cation function and the behaved function, respectively. aj(-)
denotes the neuron interconnection weights. The activation
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functions f;(-) map the input of the neuron to the output.
The constants Jj represent the external inputs of the CGNNSs.
Since it includes a large class of models from the view of
neurobiology, population biology, and evolutionary theory,
as well as the well-known Hopfield neural networks [6]-[10]
and recurrent neural network [11]-[18], the model of CGNNs
[19]-[32] is quite general.

Due to the speed limitations of amplifier processing, signal
transmission and conversion, time delays are ubiquitous in the
hardware implementations of neural networks. Marcus and
Westervelt pointed [33] out time delays were easily ignored in
theoretical models and firstly proposed the stability of Hop-
field neural networks with a constant time delay T > 0. After
that, the stability of neural networks with multiple delays [19]
7 > 0 was studied. However, the unknown and bounded
delay 0 < tj(#) < t is more suitable in the neural net-
works. Thus, the dynamics of various neural networks with
the time-varying delays [15]-[17], [20]-[27], [34]-[37] are
taken into consideration. On the other hand, due to a special
characteristic of neural networks formed by a large number of
neurons through parallel channels, the distributed delay exists
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in signal transmission between the different axon size and
size of neurons. Thus, the unbounded distributed delay [18],
[28], [38], [39] has also attracted much attention and has been
extensively studied. Particularly, it can be used to solve some
practical problems such as the dynamics analysis of neural
networks with constant delays or time-varying delays [27],
[29]-[32], [40]-[42].

In 1971, Chua [43] proposed the fourth basic circuit
elements, called memristor. However, the physical model
of the memristor has not been proposed in the next few
decades. Until 2008, HP researchers observed memristance
in nanoscale electronic devices [44]. Due to its characteristic,
memristor has wide application prospect such as: non-volatile
random access memory (NVRAM), synapses of artificial
neural network, chaos control and secret communication.

Especially, the studies on memristive CGNNs (MCGNNs)
in the stability [27], [29], [30] and synchronization [24], [25],
[31], [32] attract more attention. Among them, it is worth
studying on synchronization for a class of MCGNNS in the
field of secure communications, image and data encryption.
Based on a simplified MCGNNs with mixed delays obtained
by a non-linear transformation, Yang et al. [32] deals with
the problem of exponential synchronization for the networks
through a state feedback controller. Abdurahman et al. [25]
proposed a controller consisting of three switching open-loop
controls and a linear feedback control to achieve exponential
function projective synchronization for MCGNNSs with time-
varying delays. Chen et al. [31] designed a feedback control
to complete the finite-time synchronization for MCGNNs
with mixed delays by using the same non-linear transforma-
tion as Yang.

Noted that there are different control methods have been
applied to achieve synchronization for neural neworks such
as feedback control [13], [15], [23]-[25], [31], [32], adap-
tive control [45], pinning control [46]—[48], impulsive con-
trol [49], sliding mode control [50], fuzzy control [51] and
intermittent control [23], [51]-[54]. Abdurahman et al. [23]
studied that the exponential lag synchronization of CGNNs
with mixed time-delays via periodically intermittent con-
trol. In [53], the exponential synchronization of memristive
neural networks with time-varying delays was proposed via
designing a pinning aperiodic intermittent control. Feng et al.
[54] considered the asymptotic synchronization of memris-
tive neural networks with mixed delays via quantized inter-
mittent control. To achieve synchronization of MCGNNS,
the continuous control is added in every nodes of networks
[24], [25], [31], [32]. Obviously, in practical neural networks,
it is impossible to control each node. And the continuous
control may cost more. Thus, the use of pinning intermittent
control can solve this problem. Pinning control enables the
entire MCGNN s to have the desired behavior by selectively
applying control to partial nodes in the MCGNNS. In order to
further reduce resource consumption, intermittent control is
applied to selected nodes to achieve synchronization.

Based on the description above, the exponential synchro-
nization was presented via hybrid control for a class of
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MCGNNSs with mixed delays. Currently, the new study will
arise new challenges. (1)How to reduce the complexity of
the MCGNNSs solution caused by the time-varying delays and
distribution delays. (2)How to determine the control gain and
the control duration to achieve exponential synchronization
for MCGNN s with mixed delays. In this paper, to balance the
control parameters, some new synchronization conditions are
given. The main contributions are described as follows:

(1) The memristive terms of the MCGNNs with mixed
delays are normalized by the feature of memristor and a
simple linear transformation. Compared with the previous
methods, the control gain is more accurate.

(2) The hybrid control is designed by pinning control
and periodic intermittent control. By selecting part of the
MCGNNSs with mixed delays for periodic intermittent con-
trol, the exponential synchronization of the networks are
achieved. Moreover, the hybrid control is general. According
to changing the control parameter and amplification function,
the exponential synchronization of the MCGNNSs with time-
varying delays or the memristive neural networks with time-
varying delays or mixed delays can be achieved.

(3) At present, there are few researches on the synchro-
nization control system by combining pinning control and
intermittent control. In addition, as far as we known, there
is no literature study the synchronization of MCGNNS via a
pinning periodic intermittent control. To expand synchroniza-
tion researches on memristive neural networks, it is of great
significance on the synchronization on MCGNNs with mixed
delays by a hybrid control.

The rest of this paper is organized as follows. The model of
the MCGNNs with mixed delays and some definitions, lem-
mas and assumption are given in Section 2. Then, in Section 3,
the exponential synchronization conditions are given. And
the control gain and the control duration are proposed.
In Section 4, to illustrate the feasibility of the main results,
some simulations are given. Finally, the conclusion is given
in Section 5.

Notation: R and R" donate the space of real numbers and
the n-dimensional Euclidean space. exp{-} means exponential
function with base natural exponential e. ||x;||= Z?:o(xlz)l/ 2
means 2-norm.

Il. PRELIMINARY
In this paper, the MCGNNs with mixed delays is chosen,
which can be described by:

N
zi(t) = c@i(t)) | —di(zi(t)zi(t) + Z |:aij(zz'(t))]}(2j(l))
=1
+ bij(zi(1))gj(zj(t — Tj(1))) + wij(zi(1))

t
X/ h./'(Zj(S))dS:| +J,~}, ij=1,2,---,N.
t—1(t)
(2)

with the initial conditions: z(s) = W(s) € (¥i(s), Wi(s)), - ,
Vi(s) € C(s,R"), s € (-1, 0], where term g;(z;(t — 7;(¢)))
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and h;(zj(s)) denote the activation functions. Term 7;;() rep-
resents the time-varying delay function. Term b;;(z;(¢)) and
w;j(zi(t)) describe the connection weights of MCGNNs. And
di(zi(1)), a;jj(zi(1)), bij(zi(¢)) and w;j(z;(¢)) can be described as
follows:

1 1
di(zi(1)) = f[z (D + 00 + ML) x sgny; + =
1 1
aii(zi(0) =~ X sgny,
1
ms, h
L 1
bij(zi(1)) = F/ x sgnij,  wij(zi(t)) = FJ X SgNjj,
1 1
1,  ifi=j
sgnj =
SMZN_pL ifi )

where fm’;, img and smh donate the memristance of memris-
tors Wf Wg and Whrespectlvely Wf represents the memris-
tor between ]j(zj(t)) and z;(1). Wg represents the memristor
between g;(z;j(t — 7;(¢))) and z](t 7;j(1)). Wl;’ represents
the memristor between h;(z;(t)) and z;(¢), R; represents the
resistance corresponding to the capacitor C;.

According to the feature of the memristor and current-
voltage characteristics, we can brief these MCGNNs and get:

diCzi(1)) = Z . :jg;:f; 3
aj(zi(t)) = Zj ii :Egi:i @)
biai(t)) = Zj ii :Egi:i 5)
wizi(t) = ::j i :Egi:f; ©)

where d7?, d?°, af}, af}c’, b3e, b3? wi, wi and T; are known
constants, 7; > 0 are the voltage thresholds.

To finish the main results in this paper, the MCGNNs
satisfies the following assumptions:

Assumption 1: The amplification functions c;(-) are con-
tinuous and bounded, i.e., for each i € I there exist two
positive constants ¢; and ¢; such that: 0 < ¢; < c¢j(u) < ¢,
Yu € R.

Assumption 2: The activation functions f;(-), g;(-) and h;(-)
are Lipschitz continuous and bounded, i.e., for each jel
there exist positive constants Lf s Ljf s L]g', L]g2 and Lh2
such that:

L < Jiw) — fi(v) 1
j U—v j
L/gl < gj(u) - gj(v) < ng7
; u—v
hj(u) — hy (V)
h

Assumption 3: The delay functzons rlj(t) are bounded and
satisfy the inequations 0 < t;(t) < t and T;(t) < Tjj.
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Based on previous works [29], the memristive

behaved function is defined as follow:

1 — sgn(z;(t))

[591,

1 + sgn(z;i(1))

di(zi(t)) = dio > + dioo S ’
dii (] <0
where d;(z;(t)) = 1, 1z <
dyi, |zi(®)] > 0.

Let x;(t) = z;(t) — T; and z;(¢) = xi(),
-1, <0
sgnl(n)) = {1 Ao

Similarly, the memristive functions d;(z;(t)),
bij(zi(t)) and wy;(z;(t)) can be rewritten:

a;j(zi(1)),

1 — sgn(xi(?)) 4 d 1 + sgn(x;(1))

di(zi(1) = d 5 i 3

= S )+ A ) X sent@), ()
ai(ai(t)) = af— sg;(xi(t)) +arit Sg;(x"(t))

= 1(a +al) + (a — ) x sgn(xi(t),  (®)
A sg;(xm) 4 28

- %(bf} +b) + %(b;" — b3 x sgnCu(). (9
wyai(0) = w;}l - Sg;”t(xi(t)) wee 1+ sg;(xi(t))

= SO O W) kgt (10)

For simplicity, the notations shown below are given to brief
the parameters:

o' = %(df +d°), o = %(d;’" —dp),
o;‘ = l(al] + a°°) 032 = %(a;-" — a;-),
o = (b° +bY), o) = %(b;;f’ — b).
0;;.' = (w +wi), ogz = %( wi = wg).

Based on the description above, the MCGNNs(2) can be
rewritten as follows:

xi(t) = citi(t) + Tp) { - (0141 + 0?2 x sgn(xi(1)))

N
X (xi(1) +T) + Z
j=1
x filxj(®) + Tj) + (O-b-1 + OZ-Z X sgn(x,-(t)))
x gj(xi(t — 7;j(1) + Tj) + (0 W2

t

[(a,‘-}l + 0y x sgn(xi(1))

xsgn(xi(1))) hj(xj(s) + Tj)dsi| + Ji} ;

(11)

t—1(t)

ij=1,2,-,N.
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Obviously, the differential equation of the MCGNNSs(11) is
discontinuous at the right hand side and solutions of the clas-
sical sense are not applicable to all MCGNN:Ss in this paper.
So in the following we define solutions of the discontinu-
ous MCGNNS in Filippovifs sense [55], [56]. By using the
theories of set-valued maps and differential inclusions [57],
[58], from the MCGNNs(11) we can obtain the following
differential inclusion:

(1) € cixit) + Ti): — (0" 4+ 0" x [~1, 1))

N
x )+ T+ [(oi}l +oif x [-1,1])

j=1
X fi05(0) + T)) + (0! + 0 x [—1,1])
o ~|—O;;2 x [—1,1]

x gj(xj(t — 7;j(1)) + Tj) + (o5

t
x / hy(xi(s) + T)) ds] n J,-} ,
t_fij(t)
ij=1,2--,N. (12)

Or equivalently, there exists ¢, € [—1, 1], such that

%i(t) = cita(t) + Ty) { — (0" + 0P 5)(xi(1) + T)

N
b b
+y [(ogl + 03 (1) + T) + (07 + 0 )
j=1

wo

x (it — Ty(1) + T)) + (0" + 0} 6

t
X / hj(xi(s) + Tj) ds:| + Ji} ;
1—1j(t)
ij=1,2,---,N. (13)

Consider networks (2) as the drive networks and the
response networks are given as follows:

N
vi(t) = ci(vi(t)) ¢ — di(i(t)zi(t) + Z [aij(vi(l))ﬁ(vj(t))
=1
+bij(vi(1))gj(vi(t — 7i(1))) + wi(vi(t))

t
x / hi(vi(s) ds:| + J,»} + Uio),
t—1jj(t)
i,j=1,2,---,N. (14)

with the initial conditions: v(s) = W' (s) € (W] (s), ¥5(s)), - - - ,
W (s) € C(s, R"), s € (—t, 0], where U;(t) denotes the con-
trol law that will be designed to achieve the synchronization
between MCGNNS (2) and (14).

Let y;i(t) = vi(t) — T; and v;(t) = y;(2),
~1, Iyl <0

, we have:
1, lyi(®)| > 0

sgn(yi(t)) =

yi(t) = ci(i(t) + Tj) : - (Of-il + 0?2 x sgn(yi(1)))
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N
xGit)+T)+ Y [(oﬁ}‘ + oy x sgn(yi(1)))
j=1
x fiyi(t) + Tp) + (oﬁ;l + 05}2 x sgn(yi(1)))
x g0yt — 7)) + T)) + (0} + 0}
t

x sgn(yi(t))) ( )hj(yj(S) + 1)) dS] + ]i}
1=t

+Ul(t)a l?J: 1725 e 5N' (15)

Similarly, we can obtain the following differential inclu-
sion from MCGNNs(15):

Jilt) € ci(yit) + Ty) { — (0" 4+ 0 X [~ 1, 1Dit) + T)

N
+> [(aﬁ;l + 02 x [=1, 1Dfi(;() + T))
j=1

+ (0 + 07 x [=1, 1gj(t—T(t)+T)+ (o}
t

+o;7 x [=1, 1] hj(yj(s)+Tj)ds} —i—Jl-}
t_fij(t)

+ Ui(t),i,j=1,2,--- ,N. (16)
Or equivalently, there exists ¢, € [—1, 1], such that

3i(t) = ¢i(yi(t) + T;) { — (0" + 0 ) ilt) + To)

N
+) [(OZ‘ + 0y 6)i0i(1) + T))
j=1

‘ b b
+ (0] + 0l 6)gi it — (1) + T) + (0}
t

+o¥}’2gy X / hi(yi(s) + Tj) ds:| +J,~}
t—‘[,'j(t)
+Ul(t)a l7]=1’25 aN (17)

Remark 1: Usually, the neuron interconnection weights
of memristive neural networks [13], [15], [16], [24], [25],
[29]-[32], [34], [35] are expressed as cola;j(-)] or colayj(-)]
in the sense of Filippov. To obtain more accurate control
gain, the memristive terms of MCGNNs with mixed delays are
normalized by a simple linear transformation. And the mem-
ristive terms can be expressed as ¢, € [—1, 1]. Moreover,
the control gain depends on ¢, and each weight of MCGNNs
with mixed delays, instead of picking the maximum or mini-
mum value of the memristive terms.

Then, the synchronization error of networks (2) and (14) can
be represented by: e;(t) = vi(t) — zi(t) = yi(t) — x;(z) with
the initial conditions e(s) = WV(s) — W(s).

Definition 1: Networks (2) and Networks (14) are said to
be globally exponentially synchronized, if there exist con-
stants M > 1 and o such that

vi(t) — zi(t)| < Mexp{—ot}i=1,2,--- ,n,
where M = y||WY(s) — Vi(s)|,y is a constant and the
constant 0 > 0 is said to be the degree of exponential
synchronization.
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Lemma 1 ( [32]): If the Assumption2 holds,then for any
i,j €l f(0) = g0) = h(0) = 0, there exist the following
inequations:

Syfii(0) — sxfj(xi(?)) < §Lf|yz(t) xi(2)],

Sy&gi(i(1)) — cxgj(xi(1)) < §Lg|yl(t) — xi(),

Sy Ji gy WOi(S)ds — 6 f[,g,, hy(ei(s))ds

< SL [, its) = xi(s)],

where ¢ = max{gy, Gx}, L max{Lf] sz} Lg =
max{Lg1 ng} and Lh = max{Lhl Lhz}

Ill. MAIN RESULTS

In this paper, the hybrid control with periodic intermittent
control and pinning control is designed. The first n(1 < n <
N) nodes of the response networks (14) are selected and
pinned. Moreover, the periodic intermittent control is applied
to n nodes networks to achieve the synchronization between
drive networks (2) and response networks (14). The hybrid
control is designed as follows:

ui(t), lei(r)] >0
0, lei(t)] =0

where u;(t) = —Bi()(vi(t)—zi())sgn(vi(t)—z;(t)), 1 <i <n,
the control gain

; Bi, ml <t <ulT +0
At 0, uT+60<t<(@u+DT’
control period, 6 is the control duration, © =0, 1,2, ---.

Remark 2: At present, the synchronization of neural
networks often uses global feedback control [13], [15],
[23]-[25], [31], [32]. And the control is continuously applied
to the response networks. Firstly, in practical applications,
the use of continue control will increase costs. Intermittent
control can reduce control costs. Secondly, in a large and
complex network, it is impractical to control each network
node. The use of pinning control can reduce network control
nodes and control complexity. Obviously, combining inter-
mittent control with pinning strategy can further reduce the
control cost and control complexity.
If lej(t)] > Oand uT <t < uT + 6, the error dynamical
networks can be written:

Ui(t) = (18)

T > 0 is the

éi(t) = ciyi(t) + To) { — (0" + 0 ) i(t) + To)

+ Z |:(0;] -

X g](y](t —Ti() +Tj) + (OU + OU Sy

b b
0;2 SO + T)) + (0} + 0,7 5y)

t
X / ()hj(y/'(s)"‘ Tj)d{| +Ji} — Bilei(?)|
I*‘E,:,‘ t
— ci(xi(t) + T) { — (0" + 0P (1) + T))
+ Z [(o‘” 0% () + T)) + (0] +0}? )

55680

%)

x gi(xi(t — Tj(t) + Tj) + (0 + 0,7 6x

t
X / hi(xj(s) + Tj) dsj| + J,-} .
t—1(t)

If lei(t)] = Oor uT +6 < t < (u—+ 1T, the error
dynamical networks can be written:

(19)

ei(t) = ci(yi(t) + Tp) { - (0?1 + 0?2 s)i) + Tp)
+ Z |:(0”1 + 0;] Fo i) + Tj) + (ol-bj1 + oibj2 Sy)
=1

x gyt — +0;7 6y

t
X / hi(yi(s) + T) ds:| + J,'}
t—1(t)

— ci(Tixi(t) + T;) { — (0" + 0P 5)i(1) + T))

(1) +T) + (0;;'

n
b b
+> [(of}l + 0 S5 + T)) + (07! + 07262

X gt = T(0) + T)) + (0] + 0} x

t
X / hi(x;j(s) + Tj) dsj| + Ji} .
tf‘E,_','(t)

Theorem 1: Let the Assumptionsl-Assumptions3 hold,
under the hybrid control Ui(t), the drive networks(2) can
be globally exponentially synchronized with response net-
works(14), if there exists constants B > ay + a3 + 68, p1 > 8
and p> satisfying the following conditions:

-B <0,
p <0,

(20)

(CH—a1+oar+az+pi
(C2) —a; +ax+a3 —
0
(C3)o =€ —(p1 + p2)(1 — =) > 0. 2D
where € > 0 is the unique positive solution of the equation

€ — p1 + dexpler} = Proof: Consider a proper
Lyapunov function as follows:

V() = Vi) + V2(0) (22)
where

= (YO sgn(yi(r) — xi(1))

Vv = —_—— " ds,
1) ;fxi(1)+T~ ci(s)

Va(t) = ZZ( o +0 g)Ljh

i=1 j=1

/ / o1 =1) yj(u) — x;(u) _yw =5 e
—7;i(t) Jt+s Sgn()’j(”) xj(”))

According to Assumptionl, the boundary values of
ViO+Ti sgn(yi()—xi

(4T ) ) 45 can be obtained:

lei(D)] _ /W)”f sgni() = x(®) | _ lei(t)

Ci (4T ci(s) <
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Firstly, calculating the upper right derivative of V,,(¢), m =
1, 2 along the trajectory of error networks e;(t), we have

DTVI(r)
¥ 4 v &)
- ; sgntei(t) (Ci(yi(t) +T)  cilxi(t) + Ti))

=Y sgn(ei(t)) { — (0" + 05t + T))

i=1

+y° [(o“1 + 0 (1) + T)) + (0,, + 0,, 26y)
=1

x gi(yj(t — Ti(1) + T)) + (0" + 0,76y
! Ui(t)
) /”,,m s+ T’)ds} Tt + 1)

n
+ 0" + oo + Ty = [(OZ-I + i 6x)
j=1
by by
X [0 + Tp) + (07 + 077 6x)
8i(xi(t — (1)) + Tj) + (0" + 0} 6

t
x / hj(x;(s) + Tj) ds:| } (23)
t—1(t)

According to Assumptionl,
tion3 and Lemmal, we get

Assumption2, Assump-

DTVI(1)
<2
i=1

b b
x L |ej(0)] + (0]} + 0] $)LE[ej(t — Ty(1))]

n
_(0;.11 + 0;.125-)|ei(t)| + Z |:(0?jl + 0;25_)

J=1

t
+ (0" + ogzg)Lf x / le;(s)| ds:|
t—‘L’l'j(t)

" T;Ui(®)
<
= —Z(o‘“ + 0 )leit)] + ZZ [(o o s
i=1 j=I

x Ljf lef (O] + (0]} + 077 S)LE|ej(r — (1))

t
+ (og' + og.zg)LJﬁ X / lej(s)] ds:|
t_fij([)
Ui(t
A0} ). (24)

C:
i=1 -t

Leta) = min{(odl d2 St

a) :max{zﬂzl( +0 g)L ;}, and
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£¢.}, we have

§ = max{) ., (ojl.’i1 + ojl-’f g) L

DI < (e + o1+ )i +8 Y leitt = G

i=1 =

+ Z Z(ow1 + 0} )L / lej(s)| ds
i=1 j=I 1=7i(0)
U( )
Z —= = p1Vi(). (25)
Based on Assumption3, we have
®+V2(t)
[0
_ ZZ (o + o g) L / le;(s) s
= 1] 1 - ij(t)
0
- ZZ (o + o g) Lf/ "5 1ei(t + 5)|ds
i=1 j=1 i)
— Pl Vz(t)
n n n
< Z ( i+ oy g) Litie ) = > (0};‘
i=1 j=1 i=1 j=1
t
+ol? g) L / ()ef’”|e,-(s)|ds — o1 Va(0). (26)
1—1;(t

Let o3 = max{} (0;;1 + 0;;25‘) L'z¢;}, we have

DTV(©)
<(—ao1+ax+a3+p)Vi(t)+6  sup

t—T1;(1)<s<t
OHACETBHTY

l]]] t—1(t)

V()

(1 — e”)|ej(s)|ds

Ui
Z Q — 1 (Vi(t) + Va (1)) (27)

Obviously, 1 — e”* < 0, we have

DTV(t) < (—ay + oz + a3 + p)Vi(t) — p1 V()

+8  sup (V(s))—i—ZU(t). (28)

1—T(1)<s=<t <

Then for |e;(t)] > Oand uT < t < uT +60,u =
0,1,2,---, applying the control system U;(t) = u;(z),
we have

DFV(t) < (a1 + o + a3 + p1 — BVi(D)
—p,V(@E)+56 sup

1—Tyj(1)<s<t

V(s). (29)
where 8 = max {8;}.
Applying the condition C1, we have

DTVE) < —p V() +8  sup

t—T;j(1)<s<t

(V(s) (30)
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Similarly, for |e;(¢)] > Oand u7T +6 < (u+ DT, u =
0,1,2,---, applying the control system U;(t) = 0 and the
condition C2, we have

DYV < (—ay + a2 + a3 — p)Vi(1) + p2Vi(1)
—pVa()+68  sup  (V(s))
t—Tyj(t)<s<t
=p,V@®+5 sup  (V(s). (€29
l*t,:j(l)fsff

Secondly, we will prove the MCGNNs (2) and (14) can
achieve the exponential synchronization, if there exist three

constants pp, 0, and § such that:

DTV(@©)
-, V(@)+46  sup
t—T;(1)<s<t

pV@)+6  sup  (V(s), uT +6 < (u+ DT.

1—1jj(1)<s<t

V), uT <t <uT +06
<

(32)

Define two functions g(€) = e —p1+§ exp{et}and W(¢r) =
exp{er}V(¢). Using p; > §, we have g(0) < 0. When ¢ —
~+00, we have g(€) = +oo and ¢'(¢) = 1 + Se explet} > 0.
There exists a unique positive solution € > 0 satisfying the
equation € — p1 + dexp{et} = 0. Let Mo = sup (V(s))

—7<5<0

and P(t) = W(t) — hMy, where h > 1 is a constant. It can be
easily obtained:

P(t) <0, forall t € [—t,0] (33)

Stepl. According to inequations (32) and Lemmal,
the exponential synchronization for MCGNNs (2) and (14)
can be proved in the first period 0 <t < T.

For |e;(#)] > 0and 0 <t < T, we prove that P(r) < 0
holds for all ¢ € [0, ), otherwise there exist a 0 < 1y < 6
such that

P(ty) =0,
P(t) <0,
P(1p) > 0,

—T<t<t (34)

It can be easily obtain from (30) and (34) that

P(19) = e exp {etg) W(to) + exp {eto} DTV (19)
< eexp{eto} W(to) — p1 exp {eto} W(t)
+8expleto} sup  (V(s)

1 —T=<85<0ly

= (e —p1) W(to) +8explero} sup (V(s)) (35)

fo—Ts<o
Using(34), we have W(t) < hMy, for all —t <
t < to, and W(t9) = hMy. Then we obtain V() <
hMgyexp {—et}, for all —t < t < 1y, and so
sup  (V(s)) < expfet}hMpexp{—ety}. Therefore,

to—T=<s5=<tpy

we have explefg} sup (V(s)) < exp{et}hMy =
I0—T=<s=<Ilp

exp {et} W(t).
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It follows from (34) that
P(19) < (¢ — p1 + 8exp{et}) W(tp) = 0. (36)

which contradicts with (34) and P(¢) < O holds for all
t € [—1, ty). Therefore,

V(t) < hMyexp {—et}, for all t € [—T, 0). 37
In the following, we prove that forall6 <t < T,
O(t) = W(t) — hMyexp{a(t — 0)} <O. (38)

where @ = p| + p3.
Otherwise, there exist a t; € [@, T') such that
o) =0,
o) <0,
Q1) = 0,
Fort > 0,if0 <t — t < 11, it follows from (39) that

ifo<t<n (39)

sup (V(s))<exp fet }exp{—et 1} hMo exp{w (t —61)} . (40)

H—T<s<n

and if —t <1 — 7 < 6, by (34) and (39), we have

sup  (V(s)) = max{ sup

H—1<s<ti H—1<s<0

(V(s)), sup (V(S))}

f<s<t
< max {exp {e€1} hMy exp {—et1},
exp{e(n —0)} V(@)}
< expfet}V(r) = W(t). 41
Therefore, by (31) and (41), we have

o1)
= eW(t) +explet)} DTV (1)) — hMow exp {w (t — )}

<(e+pm—@)W(t)+8expler} sup  (V(s))
n—1=<s<t1

< (e+py—w +Sexplet}) W(t)

< (e —p1+dexpler}) W(r) = 0. 42)

which contradicts with (39) and Q(r) < 0 holds for all
t € [—6, T). Therefore,

W(t) < hMoexp {@ (t — 0)} < hMyexp {w(l - ;)T} ,
forallt € [—1,T). (43)

Step2. Similar to above proof, in the second period T <
t < 2T, the exponential synchronization for MCGNNs (2)
and (14) can be proved.

Forallt € [T, (1+ 9)T)

W(t) < hMpexp {w(l — ;)T} . 44)
and for all £ € [(1 + )T, 2T)

W(t) < hMgexp {w (T — 0)}exp {w(t -1+ ;)T)}
= hMyexp {w (t — 20)}. (45)
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Step3. By mathematical induction, in the u + 1 period
uT <t < (u+ DT, the exponential synchronization for
MCGNNSs (2) and (14) can be proved.

For for all t € [uT, uT + 0)

0 0
W(t) <hMy exp {uw(l — ?)T} <hMy exp {w(l — ?)t} .
(46)
and forallr € [uT + 60, (u+ 1)T),

W (t) <hMyexp o (t —(u+1)0) <hMyexp {w(l - ;)t} .
(47)

Setp4. Let h — 1, according to W () = exp{et}V(¢) and
@ = pj + p2, we have

0
V(t) < Mpexp {—(6 —w(l— ?))t} ,t>0. (48
Because of \e%_(lt)l < V(t), we have

[vi(#) — zi(£)| < Moc; exp {—(6 —w(l - %))t}
= Mexp{—ot},t > 0. (49)

where M = Myc;and o = € — w (1 — %).

According to C3 and Lemmal, the drive networks(2) can
be be globally exponentially synchronized with response net-
works(14) under the hybrid control U;(t). Finally, the proof is
completed. O

Remark 3: Based on the existing works [13], [15], [16],
[24]-[32], [34], [35], the control parameters can be
expressed as follows:

n
: = 1f
a; = min{d;c;}, ax = maxx{zjz1 a;iL; ¢;},
n o — no_
0= max{X:j:1 bj,-Ll.ggl-}, az = max{X:j:1 wj,-Lihrgi}.

where

d; = max{d;, d{°},
aji = max{ag, a;’},
bji = max{b}, b5°},
Wi = max{ch»’l-, ch»’l-c’}.

= min{d;, d;°},

= min{ag, a;’},
.= min{bﬁ-, b;io},

= min{w}’i, w}’f’},

EEs L

In this paper, the control parameters can be expressed as
follows:

. dy dy
o] = mm{(oi +o0; scits
"o by by \r8
§ = max{ E j=1(0ﬂ + 0} SIL: ¢},
_ n b1 by 8
oy = max{E i1 <0ij +o; §> L;c;}
n wi w2 h
a3 = max{ E 1 0j; +0ji S| Li'tc;}.
. d dy 7. aj a —=..
Obvzbously,bc_li <o; +0;°¢ <d,; a; < 0j; +0;7¢ = aji,
1 2 T, w1 w2 s
éj[ < Oji +0ﬁ [ bjb mji =< Oji + Oj,' S = wj.
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Therefore, the more small control gain B in this paper can
achieve the exponential synchronization on MCGNNs (2) and
(14). This shows the control is more accurate.

From Theoreml1, the control gain B;(¢) satisfies 8 > «p +
az+dand B > —ay + oy + a3+ 1. If B > max{ar + a3 +
8, —a1+ar+a3+ p1},the Cl and 8 > oy + a3 + & can be
satisfied. Moreover, p; is determined by p; > § and C3. € =
O(py) is yielded from the equation € — p; 4+ §exp{et} = 0,
then the Corollaryl can be obtained as follows:

Corollary 1: Let the Assumptionsl-Assumptions3 hold,
under the hybrid control U;(t), p1 > 8, the drive networks(2)
can be be globally exponentially synchronized with response
networks(14), if there exists constants,  and 0 satisfying the
following conditions:

(CHB > max{ar + a3 + 6, —a1 + a2 + @3 + p1},

® 0
Ccs— 2 8y (50)
pr+p2 T
where §, p; and p; are same as in Theorem1.

Remark 4: In Corollaryl, the control period and gain
can be quickly determined. After determining the control
nodes,to achieve the exponential synchronization for a class
of MCGNNS, it is feasible to just confirm the control period
and gain. This facilitates practical operation.

Let c;(x;(t)) = 1, we have

n
zi(t) = —di(zi())zi(t) + Z aij(Zi(1))fj(zj(1)) + bij(zi(1))

j=11L
x gi(zj(t — 7;5(1))) +_Wij(Zi(l))

t
X / hi(zi(s)) ds|+J;,  i,j=1,2,---,n. (51)
—;j(t) |
Networks (50), a special case of MCGNNS (2), are called
memristive neural networks. Let of = max{o?‘ + ofzg},

ay = max{} ;| (0;-1 +0;-2g> L{}, 8 = max{Z;?:l(o]l-’i' +
Ofﬁg)Lf boof = max{d o}jl + o;jz g) x Ljht } Thus,
the Corollary2 can be obtained as follows:

Corollary 2: Let the Assumptionsl-Assumptions3 hold,
under the hybrid control U;(t), p1 > 8, the drive networks(2)
can be be globally exponentially synchronized with response
networks(14), if there exists constants, B and 0 satisfying the
following conditions:

(C6)B > max{a) + a5+ &', —a) + ) + a5+ p1},

C] 0
e -2 0y (52)
pr+p T .
where p; and p, are same as in Theoreml, € = ®(pp) is

yielded from the equation € — p; + 8’ exp{etr} = 0.

Remark 5: In the synchronization conditions, the parame-
ter § denotes the impact of time-varying delay and the param-
eter a3 denotes the impact of unbounded distributed delay.
If a3 = 0, the result can be applied in the synchronization
MCGNNs with time-varying delay [24], [25]. If § = 0 and
a3z = 0, the result can be applied in the synchronization
MCGNNSs without delays. In corollary?2, if ci(x;(t)) = 1, mem-
ristive neural networks can be obtained. Similarly, the result
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can be applied in the synchronization MNNs with mixed
delays [16] or with time-varying delay [ 15] or without delays.
Thus, the method in this paper is universal.

Remark 6: The following steps can fastly determine the
parameters of the hybrid control (18) to achieve the expo-
nential synchronization on MCGNNs with mixed delays
(2) and (14):

Step1.Determine the parameters of MCGNNs with mixed
delays and choose some proper nodes to add the intermittent
control.

Step2.Calculate the value of a1, oz, a3 and 8. Recall o) =
max{(olfl1 + ofzg)gi}, o = max{} ., (oj‘.li1 + o;ig> L{gi},
§ = max{dL, (ojl?i] + 05-?;) Lic} and o3 =
max{(o}lv-l + 0;;'2 g) Llre).

Step3.Determine the value of pi1, p2, % and B. Firstly,
according to C2, po satisfies po > —a1 + ap + «3. Then,
according to C3 and the equation € — p; + Sexplet} =
0, the relationship between p1 and the control ratio % can
be obtained. And choose p1 by the minimum value of %
Finally, according to C1 and C4, the control gain B satisfies
B > max{ay + a3 + §, —a1 + a2 + @3 + p1}. Therefore,
the parameters of hybrid control (18) are determined.

IV. NUMERICAL SIMULATION
The following numerical examples are given to show the
effectiveness of the above theoretical results.Cosider the
three-dimensional memristive Cohen-Grossberg neural net-
work model with mixed delays:

d
ztlit(t) = c1(z1(1) {—d1(21(l)) + Z;zl [aj(z1(1))
3
xfi(zj(1) + ijl b1j(z1(1))gj(zi(t — 7;5(1)))
t
+wij(z1(2)) hi(zi(s)] + i }
l‘*T]j(I)
d
z;t(t) = c2(z2(1)) {—dz(zz(t ) + Zj: ' [a2j(22(1))
3
XY+ D b0t = ()
t
+woi(z2(1)) hj(zj(s))] + Jz}
1—1(t)
d.
z;t(t) = c3(z3(1)) {—d33(z3(t)) + ijl [azj(z3(2))
xfi(zj(1)) + Zj:l b3j(z3(1))gj(zj(t — T;(2)))
t
+w3j(z3(1)) hj(zi($)] + J3 } .
t—13;(t)
(53)
where
J1 =01, J,=02,J3=0.3,

L8 la@l=1 - J165 |20l =1
134 |z > 1, 295 || > 1,
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g 2.67 |z <1 P 14 |z <1
7238 1m0 > 1, 121 o<1’
1.2 |20 <1 3.6 @) <1
ay = a3z = ,
1.5 |z2(0)] < 1, —2.1 Jz@®)] <1
1.8 lz10)] =1 1.6 |z <1
apy = axn =
—-0.92 |z1(0)] < 1, —1.2 |z()| <1,
2.1 |za@®)| <1 —43 |z1(0)) <1
aszp = az =
1.3 lz3(0)| < 1, 3.2 lz1(0)] < 1,
—2.6 |n®| <1 22 |z <1
azs = azsz =
1.1 lz2(0)| < 1, 2.6 |z@)| <1,
=23 |Jz@®)| <1 —1.1 |z <1
b]] = b21 =
—-2.6 |z1(0)| < 1, —1.7 @) <1,
—44 |z <1 1.4 |zi(0) <1
b3 = by =
—4.3 |zz()] < 1, 1.1 |z1(0)] < 1,
1.8 lz2(®)] <1 -39 |z <1
by = b3 =
—1.3 |z@)| <1, 5.3 lz3(2)] < 1,
-39 |z <1 =27 |n@®| <1
biz = by =
—1.5 |z1(0)] < 1, =34 @) <1,
—-3.6 |z@)| <1 09 |a@®| =<1
b3z = wi =
—1.8 |z3()| < 1, 0.7 |z1(0)| < 1,
=35 |n@®| <1 —0.6 |zz() <1
wo = w3l =
-2.1 |z@)| <1, 1.3 |z3(2)] < 1,
0.3 lz1®)] <1 1.3 lz2(®)] <1
Wiy = w22 =
—-0.9 |z1(0)| < 1, —-0.9 |z20)| <1,
—-0.7 |zz@®)| <1 —-1.7 |z1(0) <1
w3p = w13 =
05 |z@)| <1, 1.6 |a@| <1,
" 1.7 |z2@)| <1 —-1.2 |z3@) <1
2 = =
7103 a0 <1, —11 0] <1,

The amplifications function ¢ (z1(¢)) = 2-+sin(|z; ()| — 1),
e (za(t) = 1.8+HOT%5(1),C3(Z3(2‘)) = I+ 5wy the time-
varying delays 7;;(t) = 0.5 + 0.2sin¢,i,j = 1,2, 3 and the
activation functions fj(x) = 0.5 tanh x, g;(x) = 1.18 cos(|x| —
0.2) + 0.2sign(x), h(x) = B G5 — 1 23,

Consider networks (52) as the drive networks and cor-
responding response networks. Also from Al, A2 and A3,
we have ¢; = 3, g} =1,¢ =23,¢c, =18,¢c3 = 14,
¢ = 133 and L' = 0. L = 05 L = -1.179,
L = 1179, L" = 0,L" = 1and 0.3 < 7i(t) < 7 = 0.7,
—0.2 < 1i(t) < 7;; = 0.2. With the random initial conditions
71,22, z3 and vi,v2, v3. Let ¢ = 0.8. The chaotic attractor and
trajectory of networks(52) is shown in Fig.1.

Case(1): According to networks(52), Theorem1 and Corol-
lary1, we can obtain the following numerical results to show
the effectiveness of the hybrid control (18).
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FIGURE 1. The chaotic attractors and trajectory of MCGNNSs.

FIGURE 2. The relationship between and p;.

By simple calculation, o = min{(o?1 + ofzg)g,-} =
1386, @2 = max(YL, (ogﬂ + og?g) Léc} = 38171,
5 = maX{Z"_l( b bzg)L‘-gc-} = 9592, a3 =
max{) ", ( + owzg) Lhrc .} = 0.5586. The relationship
between ? and p; are shown in Fig.2. From Fig.2, we have
p1 = 29.71,0.9498 < % < 1. To satisfy C1 and C2, we have
B = 32.7 and pp = 1. Choosing % = 0.95 and the control
period T = 3s, the condition C3 hold.

The first two network nodes are selected and pinned. And

the corresponding response networks are controlled. More-
over, the C1, C2 and C3 can be satisfied. Therefore, the drive
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FIGURE 3. The synchronization error curves of MCGNNs with mixed
delays.

FIGURE 4. The residual analysis curves of error between control gain
Bg = 35.7 and control gain g = 32.7.

networks (52) can be be globally exponentially synchronized
with the corresponding response networks. Under random
initial conditions, the error curves are shown in Fig.3. The
initial conditions can be any value from —2 to 2.

Case(2): Considered the same networks(52), the accuracy
of control gain is shown by comparing the existing methods of
processing memristive terms [16], [27], [29]-[32] for mem-
ristive weights and the work in this paper.

Based on the existing method, the control parameters are
given as follows:

a; = min{d;¢;} = 1.34 < o1 = 1.386,

W = max{z;’ @il ;) = 4.5885 > ay = 3.8171,

0= max{zj';l biLSc;) = 18.0387 > § = 9.592,

n
a3 = max{ E )
j=1

Considered the same p; = 29.71 and % = 0.95, the con-
trol gain is B, = 35.7 > B = 32.7. Under the same initial
conditions with any value ranging from -2 and 2, the two error
networks are compared by residual analysis. The analysis
results are shown in Fig.4. Obviously, the effect of control
gain B = 32.7 is almost the same as control gain B, = 35.7.
Therefore, under the same control effect, the control gain by a
simple linear transformation on the memristive terms is more
accurate.

Willte,) = 2.772 > a3 = 0.5586.

55685



IEEE Access

M. Hui et al.: Pinning Synchronization via Intermittent Control for MCGNNs With Mixed Delays

V. CONCLUSION

This paper addressed the issue of exponential synchroniza-
tion for a class of memristive Cohen-Grossberg neural net-
works with mixed delays by using a hybrid controller. Firstly,
according to the memristive characteristics, the memristive
terms were normalized by a simple linear transformation.
Then a hybrid controller is designed by the strategies of pin-
ning control and intermittent control. Based on the stability
theory of memristive neural networks and the exponential
synchronization rule, the new synchronization conditions are
established. Finally, to show the effectiveness of the theo-
retical synchronization conditions, numerical simulations are
presented. In the future, we will focus on practical appli-
cations of neural networks, such as traffic network control,
signal encryption, and image encryption.
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