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ABSTRACT Cell-free massive multiple-input multiple-output (mMIMO) is regarded as a promising tech-
nology in the future wireless communication. This paper aims to minimize the downlink power consumption
of cell-free mMIMO system under the downlink rate constraints of users and the power constraints of per-
antenna over spatially correlated Rayleigh fading channels. Firstly, this paper studies the performance of two
different downlink transmission modes: non-coherent joint transmission and coherent joint transmission.
Then, for the two transmission modes, the corresponding downlink power optimization model is established
and an efficient power optimization algorithm is proposed based on the Lagrange multiplier (LM) method.
Under the power optimization model, this paper analyzes the impact of different factors on the downlink
power consumption of cell-free mMIMO system. Simulation results show that coherent joint transmission
performs better than non-coherent joint transmission on spectral efficiency (SE) and energy efficiency (EE).
In addition, under the same power control strategy, the downlink power consumption of cell-free mMIMO is
much lower than co-locatedmMIMO.Moreover, the total transmission power decreases whenmore antennas
are utilized at each access point (AP) or spatial correlation of channels becomes weak.

INDEX TERMS Cell-free mMIMO, energy efficiency, non-coherent joint transmission, coherent joint
transmission, power optimization and spatial correlation.

I. INTRODUCTION
Massive multiple-input multiple-output (mMIMO) technol-
ogy can provide services for multiple users simultaneously
in the same time-frequency resource by deploying a large
number of antennas at the base station and using beamform-
ing technology [1]. The application of this technology not
only makes the capacity of the traditional cellular network
greatly improved, but also makes fifth-generation (5G) com-
munication gradually progress from theoretical research to
reality [2], [3]. However, with the further study of mMIMO
technology, researchers have found that the inherent cell
mode in traditional cellular networks makes the edge users
more vulnerable to serious inter-cell interference, and the
quality of service will be greatly affected [4]. In order to
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overcome the capacity limitations of the cell mode, cell-free
mMIMO emerged as a new concept [5].

In cell-freemMIMO, a large number of access points (APs)
equipped with single or multiple antennas provide services
to all users at the same time by exploring local channel state
information (CSI) and performing joint transmission [6]. APs
transmit the received uplink data to the central processing
center (CPU) through the backhaul link, and CPU sends
the downlink data and the power control coefficient to APs.
Through the backhaul link between APs and CPU, CPU can
use a centralized processing method to efficiently allocate
various resources, thereby greatly improving the quality of
service for users [7].

Compared with conventional mMIMO, cell-free mMIMO
breaks through the design concept of ‘‘cell-centric’’. By intro-
ducing a ‘‘user-centric’’ approach, all users can get better and
more uniform services. Its advantages are mainly reflected in
the following aspects:
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• In cell-free mMIMO, there is no cell boundary, so users
can be served by all APs, which brings huge diversity
gain to users.

• With the increase of AP density, the distance between
the user and the AP is shortened. And the path loss is
greatly reduced.

• Since APs are randomly distributed and the number of
antennas per AP is limited, the size of the AP can be
further reduced, making it easier to configure in certain
space-constrained scenarios.

Based on the above advantages, cell-free mMIMO is very
suitable for hot-spot scenarios such as railway stations, air-
ports, stadiums, large shopping malls, and smart factories,
which also provides a direction for the research of next-
generationmobile communication networks [6]. It was shown
in [5] that cell-free mMIMO can increase the users’ rate
several-folds compared with conventional small cell model
by applying the matched filtering in the uplink and conjugate
beamforming in the downlink. In addition to high spectral
efficiency (SE), cell-free mMIMO can also play a significant
role in reducing transmission power consumption [9].

With the concept of ‘‘green communication’’, how to fur-
ther improve the energy efficiency (EE) of the system or
reduce the power consumption has become a hot issue [8].
The authors in [9] proposed the power control strategy of
cell-free mMIMO to improve the overall EE, and the AP
selection strategy to further reduce the system’s backhaul
power consumption. A novel power control strategy was
proposed in [10] for cell-free mMIMO system and the system
EE was maximized by using the zero-forcing (ZF) precoding
algorithm. In [11], the effect of hardware impairments on
the EE of cell-free mMIMO had been studied, and it was
concluded that the negative impact of hardware impairments
can be eliminated by deploying more APs. It was shown
in [12], [13] that the loss and error caused by hybrid beam-
forming and channel estimation can be compensated by
applying power control strategy reasonably in millimeter-
wave communication, thus improving the EE performance of
cell-free mMIMO. The EE performance of cell-free mMIMO
and cellular mMIMO in urban and rural scenarios were intro-
duced in [14], simulation results showed that the EE of cell-
free mMIMO is much better than that of the cellular mMIMO
by applying max-min power control strategy.

Most of recent work on cell-free mMIMO considered
coherent joint transmission, different APs must send the
same data symbol to the same user [9]–[15]. The major
difficult of coherent joint transmission is that all APs must
keep strict phase-synchronization during downlink transmis-
sion [4]. In order to alleviate the difficulty of strict phase-
synchronization in coherent transmission, researchers have
proposed the concept of non-coherent joint transmission in
the research on coordinated multipoint (CoMP) transmission
and heterogeneous networks [18], [19]. In non-coherent joint
transmission, different APs can send different data symbols
to the same user, and there is no need for strict phase-
synchronization and phase calibration between APs, which

reduces the complexity of the system [21]–[23]. It can be seen
that the advantage of coherent joint transmission lies in higher
spectral efficiency, but the disadvantage lies in high syn-
chronization requirements. The advantages of non-coherent
joint transmission are that it does not require strict phase-
synchronization and is easy to achieve balancing load [20].
Therefore, in addition to coherent joint transmission, it is also
of practical significance to study the performance of cell-free
mMIMO in non-coherent joint transmission.

In addition, in the existing articles about the EE of cell-free
mMIMO, only the total power constraint of all transmission
antennas at the AP have been considered [9]–[14]. Although
this method is relatively simple in analysis, this kind of power
constraint is often impractical in implementation [24]. In the
actual deployment process of a multi-antenna AP, since each
antenna has an independent power amplifier, it is often sub-
ject to the linear constraint of its own power amplifier [25].
Therefore, it is of great practical significance to study the
effect of the per-antenna power constraints on the EE of cell-
free mMIMO.

Based on the above analysis, we investigate the down-
link performance of cell-free mMIMO in different scenarios
and propose the corresponding transmission power optimiza-
tion method. The main contributions of this paper are as
follows:
• For non-coherent joint transmission and coherent joint
transmission, we obtain the expressions for the downlink
SE of cell-free mMIMO over the spatially correlated
Rayleigh fading channels.

• Under the constraint of per-antenna power and the con-
straint of the user’s SE, we have established down-
link transmission power optimization models for non-
coherent joint transmission and coherent joint transmis-
sion, respectively. These problems are solved efficiently
using the Lagrange multiplier (LM) method and the
bisection method.

• In the proposed power optimization model, we study
the influence of various factors such as the number of
antennas, the constraint of user’s SE and channel corre-
lation on the total downlink transmission power of cell-
freemMIMO.And its performance is compared with co-
located mMIMO.

• Finally, we obtain that cell-free mMIMO can save more
downlink transmission power than co-located mMIMO,
and coherent joint transmission can achieve better EE
than non-coherent joint transmission.

The rest of this paper is organized as follows. In Section II,
we model the channel model and uplink training of cell-
free mMIMO. In Section III, we analyze the downlink SE of
cell-free mMIMO under the non-coherent joint transmission
scenario. Section IV optimizes the total downlink transmis-
sion power under the non-coherent joint transmission sce-
nario. We analyze the downlink SE of cell-free mMIMO
under the coherent joint transmission scenario in Section V.
In Section VI, we optimize the total downlink transmis-
sion power under the coherent joint transmission scenario.
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FIGURE 1. Cell-free mMIMO system.

The specific simulation results are given in Section VII.
Finally, we summarize the full text in Section VIII.
Notation: Vectors and matrices are denoted with lowercase

boldface and uppercase boldface, respectively. ‖·‖ denotes
the Euclidean norm. E {·} and |·| denote expectation and
absolute value, respectively. [·]T , [·]H and tr (·) denote the
transpose operator, conjugate operator and trace operator,
respectively.

II. SYSTEM MODEL
A. CHANNEL MODEL
We consider a cell-free mMIMO model where L APs simul-
taneously serve K users in the same time-frequency resource.
Each user has a single antenna, each AP has N antennas,
and all APs are connected to CPU through backhaul link, see
Fig. 1. In addition, we assume that the system is work in time-
division duplex (TDD) mode. The length of a TDD block is
τc, where the length τd for downlink data transmission and
the length τp = τc − τd for pilot sequences transmission.
And hkl ∈ CN×1 denotes the channel vector between the k-th
user and the l-th AP.

This paper considers the spatially correlated Rayleigh fad-
ing channel model [16], which can be expressed as

hkl ∼ CN (0N ,Rkl) (1)

where Rkl = E
{
hklhHkl

}
and Rkl ∈ CN×N denotes the spatial

correlation matrix for describing channel spatial correlation.
Because the strong spatial correlation has the characteristics
of large eigenvalue changes, we can know which directions
are more likely to contain strong signal components from the
spatial correlation matrix Rkl .
For the spatial correlation matrix Rkl , we apply the local

scattering model based on Gaussian angular distribution [16].
The (m, n)th element of Rkl can be calculated as

[Rkl]m,n = βkl

∫ 20σφ

−20σφ
e2π jdH (m−n) sin(φ+δ)

1
√
2πσφ

e
−

δ2

2σ2
φ dδ

(2)

where φ is the standard angle, representing the incident angle
of the line of sight (LOS) path from user to AP, and βkl
denotes the large-scale fading coefficient. dH = λ/2 denotes
the antenna spacing, where λ denotes the carrier wavelength.
δ ∼ N

(
0, σ 2

φ

)
is the deviation between the incident angle

of different paths and the standard angle. And σφ denotes
the angular standard deviation (ASD). It can be seen from
(2) that as σφ increases, the spatial correlation of the channel
gradually decreases.

B. UPLINK TRAINING
Suppose that there are τp mutually orthogonal pilot
sequences, which are respectively expressed as √τpϕ1,
√
τpϕ2, · · · ,

√
τpϕτp , where

∥∥ϕt∥∥2 = 1 and ϕt ∈ Cτp×1,
∀t ∈ {1, · · · , τp}. The pilot used by the k-th user is denoted
as√τpϕtk , where tk ∈

{
1, 2, · · · , τp

}
is the pilot index of the

k-th user. The subset of users with the same pilot as the k-th
user is denoted as Ak ⊂ {1, 2, · · · ,K }.

When all users transmit their pilot signals, the pilot signal
received by the l-th AP is

ypl =
K∑
i=1

√
ρiτphilϕT

ti + Nl (3)

where ρi denotes the uplink pilot power of the i-th user,
Nl ∈ CN×τp denotes the received noise matrix with indepen-
dent and identically distributed CN (0, σ 2) components. And
σ 2 denotes the noise power.
In order to estimate channel hkl , the l-th AP first multiple

the normalized pilot signal ϕtk with the received signal ypl ,
and the processed received pilot signal can be expressed as

yptk l = ypl ϕ
∗
tk

=

K∑
i=1

√
ρiτphilϕT

tiϕ
∗
tk + Nlϕ

∗
tk

=

∑
i∈Ak

√
ρiτphil+Nlϕ

∗
tk (4)

Then, according to channel estimation method in [16],
we can get the minimum mean square error (MMSE) esti-
mation of hkl as

ĥkl =
√
ρkτpRkl9

−1
tk l y

p
tk l=Ukl9

−1
tk l y

p
tk l (5)

where 9 tk l = E
{
yptk l
(
yptk l
)H}

=
∑
i∈Ak

τpρiRil + IN

represents the correlation matrix of the received signal, and
Ukl =

√
ρkτpRkl .

The channel estimation error is denoted as h̃kl = hkl −
ĥkl , which follows the normal distribution CN (0N ,Ckl). The
estimation error covariance matrix is as follows

Ckl = E
{
h̃kl h̃Hkl

}
= Rkl − ρkτpRkl9

−1
tk l Rkl

= Rkl − Ukl9
−1
tk l Ukl (6)

And according to [16], the MMSE estimate ĥkl and the
estimation error h̃kl are mutually independent.
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III. NON-COHERENT DOWNLINK JOINT TRANSMISSION
In this section, we assume that non-coherent joint transmis-
sion is used in cell-free mMIMO, that is, different APs send
different symbols to the same user, thereby alleviating phase-
synchronization problems between APs.

A. NON-COHERENT DOWNLINK DATA TRANSMISSION
Assuming that the downlink signal sent by the l-th AP to
the i-th user is sil , which follows a normal distribution. And
sil ∼ CN (0, pil), where pil represents the downlink transmis-
sion power of the l-th AP to the i-th user. It can be obtained
that the sending signal of the l-th AP is

xl =
K∑
i=1

wilsil, ∀l = 1, · · · ,L (7)

where wil ∈ CN×1 represents the precoding vector of l-th AP
to the i-th user.
According to the transmitted signal xl , we can get the

received signal of the k-th user as

ydk =
L∑
l=1

hHklwklskl+
K∑

i=1,i 6=k

L∑
l=1

hHklwilsil + nk (8)

where nk ∼ CN
(
0, σ 2

k

)
represents the received noise of the

k-th user.

B. DOWNLINK SPECTRAL EFFICIENCY
After receiving the signals sent by all L APs, in order
to detect the signals sent by different APs, the k-th user
needs to use successive interference cancellation technology
[21]–[23]. The specific idea is that the user first detects the
signal sent by the first AP, and treats the remaining signal as
interference. By analogy, the user detects the signal sent by
the l-th AP, and regards the signal sent from the (l + 1)-th
AP to the L-th AP as interference, thus detecting the signal
skl . Through successive interference cancellation technology,
we can obtain the downlink SE and signal-to-interference and
noise ratio (SINR) of the k-th user as follows

SEdk =
τd

τc
log2

(
1+ SINRdk

)
(9)

SINRdk =

L∑
l=1

pkl
∣∣E {hHklwkl

}∣∣2
K∑
i=1

L∑
l=1

pilE
{∣∣hHklwil

∣∣2}− L∑
l=1

pkl
∣∣E {hHklwkl

}∣∣2+σ 2
k

(10)

The proof of (10) is given in Appendix A.

Remark: In this paper, we have mainly considered the
following for non-coherent downlink transmission:

1) Non-coherent downlink transmission is a transmission
method relative to coherent downlink transmission.
The strategy used may be NOMA or other transmission
technologies.

2) In the downlink transmission, since the CPU has com-
pleted power allocation, the power allocation result will
have an impact on the calculation of SINR.

3) We do not consider the effect of the power allocation
result on the order of successive interference cancella-
tion. If NOMA technology is used, the power allocation
will affect the AP sequencing.

Theorem 1: In the case of non-coherent downlink joint
transmission, by using conjugate beamforming precoding,
that is, wkl = ĥkl , the downlink SINR of the cell-free
mMIMO system is given in (11) at the bottom of this
page.

Proof: Please see Appendix B.

IV. THE POWER OPTIMIZATION FOR NON-COHERENT
JOINT TRANSMISSION
A. TOTAL DOWNLINK TRANSMISSION POWER
According to [9], we can get the downlink transmission power
consumption model of cell-free mMIMO as follows

Ptotal =
L∑
l=1

Pl (12)

where Pl represents the transmission power consumed by the
l-th AP.
The average transmission power consumed by the l-th AP

is

Pl =
1
αl

E
{
‖xl‖2

}
=

1
αl

K∑
i=1

pilE
{
‖wil‖

2
}

=
1
αl

K∑
i=1

pilE
{∥∥∥ĥil∥∥∥2}= 1

αl

K∑
i=1

pil tr
(
Uil9

−1
til Uil

)
(13)

where 0 < αl ≤ 1 is the efficiency of the power amplifier.
By substituting (13) into (12), and we can rewrite (12) as

follows

Ptotal =
L∑
l=1

1
αl

K∑
i=1

pil tr
(
Uil9

−1
til Uil

)
=

L∑
l=1

1
αl

K∑
i=1

pilηil

(14)

where ηil = tr
(
Uil9

−1
til Uil

)
.

SINRdk =

L∑
l=1

pkl
∣∣∣tr (Ukl9

−1
tk l Ukl

)∣∣∣2
K∑
i=1

L∑
l=1

pil tr
(
Uil9

−1
til UilRkl

)
+

L∑
l=1

pkl

{
E
{∥∥∥ĥkl∥∥∥4}− tr

([
Ukl9

−1
tk l Ukl

]2)
−

∣∣∣tr (Ukl9
−1
tk l Ukl

)∣∣∣2}+ σ 2
k

(11)
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B. DOWNLINK SPECTRAL EFFICIENCY CONSTRAINTS
In the actual communication process, in order to enable all
users to get good and fair service, it is necessary for each
user’s downlink rate tomeet certain quality of service require-
ments. Therefore, this paper takes the minimum SE of user’s
downlink transmission as a measure of its quality of service.
It can be obtained that the SE constraint that the k-th user
needs to meet is given as follows

SEdk =
τd

τc
log2

(
1+SINRdk

)
≥ µk , ∀k = 1, · · · ,K (15)

and the downlink SINR is limited as follows
SINRdk ≥ 2

τc
τd
µk
− 1 (16)

where µk represents the minimum SE required by the k-th
user.

Let ξk,i,l = tr
(
Uil9

−1
til UilRkl

)
, χkl = E

{∥∥∥ĥkl∥∥∥4} −
tr
([

Ukl9
−1
tk l Ukl

]2)
−

∣∣∣tr (Ukl9
−1
tk l Ukl

)∣∣∣2, and further sim-

plify (11), then we can get the SINR of the k-th user as

SINRdk =

L∑
l=1

pklη2kl

K∑
i=1

L∑
l=1

pilξk,i,l +
L∑
l=1

pklχkl + σ 2
k

(17)

Then let µ̃k = 2
τc
τd
µk
− 1, and bring (17) into (16). After

simplification, we can get the downlink SE constraint of the
k-th user as follows
1
µ̃k

L∑
l=1

pklη2kl−
L∑
l=1

pklχkl−
K∑
i=1

L∑
l=1

pilξk,i,l−σ 2
k ≥ 0 (18)

C. PER-ANTENNA POWER CONSTRAINTS
Due to cost considerations when designing the antenna, its
power amplifier can only amplify the signal within a certain
power range. If it exceeds this power range, the signal will
have serious distortion. Therefore, in actual use, it is often
necessary to set the power constraint of an antenna to ensure
that the signal will not be distorted due to excessive transmis-
sion power.

In this paper, we consider the per-antenna power con-
straints, i.e.,

1
αl

K∑
i=1

pilE
{
|[wil]n|

2
}
≤ γl,n, ∀l; n (19)

where [wil]n represents the n-th element in the precoding
vectorwil , γl,n represents the power threshold of per-antenna.
The left side of the inequality represents the average transmis-
sion power of the n-th antenna in the l-th AP.

Let gi,l,n = E
{∣∣∣[ĥil]

n

∣∣∣2} and bring it to (19), the new

power constraints can be obtained as follows

1
αl

K∑
i=1

pilE
{
|[wil]n|

2
}
=

1
αl

K∑
i=1

pilE
{∣∣∣[ĥil]

n

∣∣∣2}

=
1
αl

K∑
i=1

pilgi,l,n ≤ γl,n (20)

D. DOWNLINK TOTAL TRANSMISSION POWER
OPTIMIZATION
According to (14), (18), (20), we can get the power optimiza-
tion problem of non-coherent downlink transmission, which
is to minimize the total downlink transmission power of the
system on the premise of satisfying SE constraints and per-
antenna power constraints. The power optimization model is
as follows

min
pil

Ptotal =
L∑
l=1

1
αl

K∑
i=1

pilηil

s.t.
L∑
l=1

pkl

(
η2kl

µ̃k
− χkl

)
−

K∑
i=1

L∑
l=1

pilξk,i,l − σ 2
k ≥ 0 ∀k

γl,n −
1
αl

K∑
i=1

pilgi,l,n ≥ 0 ∀l, n (21)

In the above model, it is assumed that ηil , χkl , ξk,i,l
and gi,l,n can be obtained from statistical CSI. Therefore,
the problem (21) can be regarded as minimizing the total
transmission power of the system by optimizing the downlink
transmission power pil .
In (21), the objective of optimization is a convex function,

and the constraints are all linear functions. According to
the definition of convex optimization [17], the power opti-
mization problem is a standard convex optimization problem.
Because all of the inequality constraints are affine functions,
according to Slatter’s theory [26], the karush-kuhn-tucker
(KKT) condition is a necessary and sufficient condition for
the optimal solution of problem (21). For solving the problem
(21), we can use the KKT optimality conditions and the LM
method following a procedure similar to [26]. The optimal
power allocation scheme is given in Algorithm 1. A applica-
tion of Algorithm 1 is given in Appendix C.

V. COHERENT DOWNLINK JOINT TRANSMISSION
In this section, we assume that the downlink transmission of
cell-free mMIMO adopts coherent joint transmission, that is,
different APs send the same signal to the same user, and the
APs meet the phase-synchronization requirements.

A. COHERENT DOWNLINK DATA TRANSMISSION
Supposing that the downlink signal sent by the l-th AP to the
i-th user is sil =

√
pilqi, which obeys the normal distribution

CN (0, pil). pil denotes the downlink transmission power, and
qi denotes the symbol sent to the i-th user. The sending signal
of the l-th AP is

xl =
K∑
i=1

wilsil (22)

The received signal of the k-th user is

ydk =
L∑
l=1

hHklwklskl+
K∑

i=1,i 6=k

L∑
l=1

hHklwilsil + nk

=

L∑
l=1

√
pklhHklwklqk+

K∑
i=1,i 6=k

L∑
l=1

√
pilhHklwilqi+nk (23)
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Algorithm 1 Downlink Power Allocation for (21)
1. Input: the number of users K, the number of APs L,
the number of antennas N ;
2. Initialization: count = 1; temp = 0; T =(
K + L × N
K × L

)
3. Finding the Optimal Power Allocation Solution
If K + L × N > K × L

Determine the T feasible LM realizations from (22);
while count ≤ T or temp == 0 do
Sovle K × L equalities for count-th realizations of

the LMs, and we can get the power allocation solution pkl ;
if pkl satisfies the remaining K + L ×N inequalities

then pkl is the optimal solution; temp = 1;
else count = count + 1;
end if

end while
Else

Determine the 2K+L×N feasible LM realizations from
(22), and assume that in count-th realizations of the LMs,
the number of non-zero Lagrangian multipliers is S;

while count ≤ 2K+L×N or temp == 0 do
Solve S +K × L equalities for count-th realizations

of the LMs, and we can get the power allocation solution
pkl ;

if pkl satisfies the remaining K +L×N −S inequal-
ities

then pkl is the optimal solution; temp = 1;
else count = count + 1;
end if

end while
End If

B. DOWNLINK SPECTRAL EFFICIENCY
In order to obtain the SE of the user in the coherent downlink
transmission, we rewrite the downlink received signal of the
k-th user as

ydk = DSk · qk + BUk · qk +
K∑
i 6=k

UIki · qi + nk (24)

where

DSk = E

{
L∑
l=1

√
pklhHklwkl

}
(25)

BUk =

L∑
l=1

√
pklhHklwkl − E

{
L∑
l=1

√
pklhHklwkl

}
(26)

UIki =
L∑
l=1

√
pilhHklwil (27)

denote the desired signal (DS), the beamforming uncertainty
gain (BU) and multiuser interference (UI), respectively.

According to the existing results of information the-
ory [16], we can get the downlink SINR of the k-th user as

SINRdk =
| DSk |2

E
{
|BUk |

2}
+

K∑
i=1,i 6=k

E
{
| UIki|2

}
+σ 2

k

(28)

Substituting (25), (26), and (27) into (28), the simplified
SINR expression can be obtained as follows

SINRdk =

∣∣∣∣∣E
{

L∑
l=1

√
pklhHklwkl

}∣∣∣∣∣
2

K∑
i=1

E


∣∣∣∣∣ L∑l=1√pilhHklwil

∣∣∣∣∣
2
−

∣∣∣∣∣E
{

L∑
l=1

√
pklhHklwkl

}∣∣∣∣∣
2

+σ 2k

(29)

where the proof of (29) is given in Appendix D.
Theorem 2: In the case of coherent downlink joint

transmission, by using conjugate beamforming precoding,
the downlink SINR of the k-th user can be obtained as (30),
shown at the bottom of the next page.

Proof: Please see Appendix E.

VI. THE POWER OPTIMIZATION FOR COHERENT JOINT
TRANSMISSION
A. DOWNLINK SPECTRAL EFFICIENCY CONSTRAINTS
If ηil , χkl and ξk,i,l are introduced into (30) and further sim-
plified, the SINR of the k-th user can be obtained as follows

SINRdk =

∣∣∣∣ L∑
l=1

√
pklηkl

∣∣∣∣2
K∑
i=1

L∑
l=1

pilξk,i,l +
L∑
l=1

pklχkl + σ 2
k

(31)

By introducing µ̃k and (31) into (16), we can get the
downlink SE constraints of the k-th user as follows

1
µ̃k

∣∣∣∣∣
L∑
l=1

√
pklηkl

∣∣∣∣∣
2

−

K∑
i=1

L∑
l=1

pilξk,i,l −
L∑
l=1

pklχkl − σ 2
k ≥ 0

(32)

B. DOWNLINK TOTAL TRANSMISSION POWER
OPTIMIZATION
Finally, according to (14), (20) and (32), we can get the
downlink power optimization model under coherent joint
transmission as follows

min
pil

Ptotal =
L∑
l=1

1
αl

K∑
i=1

pilηil

s.t.
1
µ̃k

∣∣∣∣∣
L∑
l=1

√
pklηkl

∣∣∣∣∣
2

−

K∑
i=1

L∑
l=1

pilξk,i,l

−

L∑
l=1

pklχkl−σ 2
k ≥ 0 ∀k

γl,n −
1
αl

K∑
i=1

pilgi,l,n ≥ 0 ∀l, n (33)
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Since the first inequality constraint in (33) is not a standard
linear function, the above problem is a quasi-convex problem.
By rewriting the quasi-convex problem and letting θil =

√
pil ,

we can get the optimization problem as follows

min
θil

Ptotal =
L∑
l=1

1
αl

K∑
i=1

θ2ilηil

s.t.
1√
µ̃k

∣∣∣∣∣
L∑
l=1

θklηkl

∣∣∣∣∣ ≥ ‖zk‖ ∀k
γl,n −

1
αl

K∑
i=1

θ2ilgi,l,n ≥ 0 ∀l, n (34)

where zk =
[
z̄k , z̃k , σk

]T , z̃k = [
θk1
√
χk1, · · · , θkL

√
χkL

]
,

z̄k =
[
θ11
√
ξk,1,1, · · · , θ1L

√
ξk,1,L , · · · , θKL

√
ξk,K ,L

]
.

Algorithm 2 Bisection Algorithm for Solving (34)
1) Initialization: select the initial variables tmin and tmax to

determine the value range of the objective function in
question (34). Choose tolerance δ > 0.

2) Let t = (tmin + tmax)/2 and use CVX to solve the
following convex optimization problems.

L∑
l=1

1
αl

K∑
i=1

θ2ilηil ≤ t

‖zk‖ ≤
1√
µ̃k

∣∣∣∣∣
L∑
l=1

θklηkl

∣∣∣∣∣ , k = 1, . . . ,K

1
αl

K∑
i=1

θ2ilgi,l,n ≤ γl,n, l = 1, . . . ,L,
n = 1, . . .N

θil ≥ 0, i = 1, . . . ,K ,
l = 1, . . . ,L

(35)

3) If there is a feasible solution in (35), then let tmax = t ,
otherwise let tmin = t .

4) If the condition tmax − tmin < δ is satisfied, this loop
is exited, then θil and t are output. Otherwise, return to
step (2) to continue the solution.

Since problem (34) is a second-order cone pro-
gram (SOCP) problem [17], the convex optimization tool can
be used to solve it, such as CVX [27]. To solve this problem,
we use the bisection method in Algorithm 2 to reduce the
solution range of problem (34) and reduce its computa-
tional complexity. In Algorithm 2, we first use the bisection
method to reduce problem (34) to the convex optimization
problem (35). Then we use CVX to solve (35), and get

the minimum transmission power and the optimal power
allocation scheme. Combined with the bisection method,
the solution algorithm is given in Algorithm 2.

VII. NUMERICAL RESULTS AND DISCUSSIONS
A. POWER OPTIMIZATION MODEL IN
CO-LOCATED mMIMO
In order to compare with cell-free mMIMO, we perform the
same power optimization in the co-located mMIMO model.
It is assumed that there is only one base station in co-located
mMIMO, the number of antennasM in the base station is the
same as the total number of antennas in cell-free mMIMO.
And other parameters are the same as the power optimiza-
tion model of cell-free mMIMO. The downlink transmission
power optimization models of co-located mMIMO during
non-coherent joint transmission and coherent joint transmis-
sion are shown in (36) and (37), respectively.

min
pi0

Ptotal =
1
α0

K∑
i=1

pi0ηi0

s.t. pk0

(
η2k0

µ̃k
− χk0

)
−

K∑
i=1

pi0ξk,i,0 − σ 2
k ≥ 0 ∀k

γ0,n −
1
αl

K∑
i=1

pi0gi,0,n ≥ 0 ∀n (36)

min
pi0

Ptotal =
1
α0

K∑
i=1

pi0ηi0

s.t.
1√
µ̃k

∣∣√pk0ηk0∣∣ ≥ ‖zk‖ ∀k
γ0,n −

1
αl

K∑
i=1

pi0gi,0,n ≥ 0 ∀n (37)

where α0, pi0, ηi0, zk , γ0,n and gi,0,n all represent related
parameters in co-locatedmMIMO, and their meanings are the
same as corresponding parameters in cell-free mMIMO.

B. PARAMETERS SETTING
Assuming that all APs and users are randomly distributed
within 0.5 × 0.5 km2 square range, and the downlink
transmission adopts conjugate beamforming precoding [5].
Assuming that the uplink pilot length τp and the number
of users K are the same, there is no pilot contamination in
the system. And the efficiency of the power amplifier αl is
0.4 in Fig. 2 - Fig. 5. We use Monte Carlo simulation method,
the number of simulation is 1000.

SINRdk =

L∑
l=1

pkl
∣∣∣tr (Ukl9

−1
tk l Ukl

)∣∣∣2
K∑
i=1

L∑
l=1

pil tr
(
Uil9

−1
til UilRkl

)
+

L∑
l=1

pkl

{
E
{∥∥∥ĥkl∥∥∥4}− tr

([
Ukl9

−1
tk l Ukl

]2)
−

∣∣∣tr (Ukl9
−1
tk l Ukl

)∣∣∣2}+ σ 2
k

(30)
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FIGURE 2. In coherent and non-coherent joint transmission scenarios,
cumulative distribution of downlink SE for users in cell-free mMIMO.
Here, N = 4, K = 10, L = 40, and M = 160.

FIGURE 3. In coherent and non-coherent joint transmission scenarios,
as the user’s target SE changes, the spatial correlation in cell-free
mMIMO affects its total downlink transmission power. Here, N = 4,
K = 10, L = 40, and M = 160.

The large-scale fading model [16] applied in this paper is
expressed as

βkl [dB] = −30.5− 36.7log10

(
dkl
1m

)
+ Fkl (38)

where dkl denotes the distance between the k-th user and the
l-th AP, and Fkl ∼ N

(
0, 42

)
denotes the shadow fading.

Because the simulation parameters of each figure will
be different, most of the general parameters will be given
in Table 1, and the specific parameters of each figure will be
given in the diagram and discussion.

C. SIMULATION RESULTS
In Fig. 2, we compare the SE differences between
non-coherent and coherent transmission for cell-free
mMIMO under different channel correlations. In the figure,
ASD = 10°represents strong spatially correlated channels,
ASD= 30°represents weak spatially correlated channels, and

FIGURE 4. In coherent joint transmission, the total transmission power
versus the SE target for cell-free mMIMO and co-located mMIMO under
different antenna numbers. Here, N = 1,2,4, K = 10, L = 40, M = L× N
and ASD = 10°.

FIGURE 5. In non-coherent joint transmission, the total transmission
power versus the SE target for cell-free mMIMO and co-located mMIMO
under different antenna numbers. Here, N = 1,2,4, K = 10, L = 40,
M = L× N and ASD = 10°.

TABLE 1. Setting of simulation parameters.

uncorrelated represents spatially uncorrelated channels. Here
we do not consider the problem of power optimization, and
assuming that the AP allocates the same power to all users,
which is 50 mW. It can be seen that under the same spatial
correlation, the cumulative distribution function (CDF) curve
of coherent transmission is located on the right side of the
non-coherent transmission curve, which indicates that the
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FIGURE 6. In coherent joint transmission, the total transmission power
versus the efficiency of the power amplifier for cell-free mMIMO and
co-located mMIMO under different user numbers. Here, N = 4, K =
10,20,40, L = 40, M = 160 and ASD = 10°.

probability of obtaining high SE by the coherent joint trans-
mission method is greater than that of the non-coherent joint
transmission. Therefore, Fig. 2 indicates that coherent joint
transmission is superior to non-coherent joint transmission
in terms of SE. In addition, with the decrease of spatial
correlation, the CDF curve of the user’s SE is shifted to the
right, that is, the probability of the user obtaining high SE is
gradually increasing. This shows that the cell-free mMIMO
system performs transmission under weak spatial correlation,
which is beneficial to improving the user’s SE.

Fig. 3 shows that the power consumption differences
between non-coherent and coherent transmission for cell-free
mMIMO under different channel correlations. It can be seen
that under the same user’s target rate, the power consumption
of coherent joint transmission is about 5-15 dBm less than
that of non-coherent joint transmission, indicating that the
coherent joint transmission is more conducive to reducing
energy. As can be seen that when SE target = 1.2 bit/s/Hz,
for non-coherent joint transmission, the uncorrelated channel
can save about 12 dBm of power than the strongly correlated
channel. For coherent joint transmission, the difference in
power consumption is less than 5 dBm. This indicates that
for coherent joint transmission, the channel spatial correlation
has little effect on its power consumption. However, for non-
coherent joint transmission, the influence of channel spatial
correlations on the power consumption is more obvious. The
reason is that cell-free mMIMO can achieve higher downlink
SE when transmitting on spatially uncorrelated channels.

In Fig. 4 and Fig. 5, we compare the total transmission
power of cell-free mMIMO and co-located mMIMO under
different user’s SE constraints with the change of antenna
number. Fig. 4 shows that in the coherent joint transmission
scenario, the total downlink power consumption of cell-free
mMIMO and co-located mMIMO keeps a growth relation-
ship with the increase of user’s target rate. This shows that the
selection of the user’s target rate has a greater impact on the

FIGURE 7. In non-coherent joint transmission, the total transmission
power versus the efficiency of the power amplifier for cell-free mMIMO
and co-located mMIMO under different user numbers. Here, N = 4, K =
10,20,40, L = 40, M = 160 and ASD = 10°.

total transmission power consumption. In addition, whether
cell-free mMIMO and co-located mMIMO, the total down-
link transmission power will decrease with the increase of the
total number of antennas. This shows that under the same ser-
vice conditions, more antennas are deployed in the AP, which
is conducive to reducing the total downlink power consump-
tion. Of course, this does not take into account factors such as
the circuit’s power consumption in the AP itself. Moreover,
the total downlink transmission power required by cell-free
mMIMO is much lower than that of co-located mMIMO,
which can save about 10-20 dBm of power consumption. The
conclusion in the non-coherent joint transmission scenario
in Fig. 5 is basically the same as that in Fig. 4.

Fig. 6 and Fig. 7 depict that the influence of different user
numbers and the efficiency of the power amplifier on the total
downlink transmission power of cell-free mMIMO and co-
located mMIMO. We assume that the SE constraint of each
user is 0.5 bit/s/Hz. Fig. 6 shows that in the coherent joint
transmission mode, with the improvement of the efficiency
of power amplifier αl , the downlink power consumption of
cell-free mMIMO and co-located mMIMO shows a down-
ward trend. And when αl > 0.5, the energy efficiency
gain is gradually weakened. In addition, as the number of
users increases, the transmission power consumed by the
system also increases. In Fig. 7, the conclusions of cell-free
mMIMO and co-located mMIMO in non-coherent downlink
transmission are basically the same as those in Fig. 6. The
biggest difference is that when K = 40, the transmission
power consumption of the system will increase significantly.
This indicates that under non-coherent joint transmission,
the increase in the number of users has a greater impact on
the power consumption.

D. ALGORITHM COMPLEXITY ANALYSIS
Because the problems solved by Algorithm 1 and
Algorithm 2 are not the same, the complexity of the two
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FIGURE 8. Average simulation time versus the number of APs for
Algorithm 1 and Algorithm 2 under spatially uncorrelated channels. Here,
N = 4, K = 10.

cannot be directly compared. Therefore, we compare the
average simulation time of the two algorithms to analyze the
complexity. Fig. 8 shows that the changes in the average sim-
ulation time of Algorithm 1 and Algorithm 2 as the number
of APs changes. The simulation parameters are as follows:
the computer’s CPU is Intel Core i3-2350M, the memory is
4 GB, the number of simulations is 1000 times and the SE
constraint of each user is 0.4 bit/s/Hz. As can be seen that
the average simulation time of Algorithm 2 is significantly
higher than Algorithm 1. This shows that under the same
conditions, the complexity of Algorithm 2 is higher than
Algorithm 1. In addition, with the increase in the number
of APs, the average simulation time of both algorithms
has increased to varying degrees. For Algorithm 2, when
L = 10, the average simulation time is 3.048 s, and when
L = 50, the average simulation time is 14.633 s, which is
more than 4 times increase when compared with L = 10. For
Algorithm 1, the growth rate is more than 2 times, which is
smaller than Algorithm 2. This shows that the increase in
the number of APs will significantly increase the complexity
of Algorithm 2, and its influence on Algorithm 2 is greater
than that on Algorithm 1.

VIII. CONCLUSION
This paper investigates the total downlink transmission
power optimization problem in cell-free mMIMO system
with the antenna power constraints and the user’s down-
link rate constraints. Two power optimization schemes are
proposed for the coherent joint transmission and non-
coherent joint transmission scenarios. The results show that
coherent joint transmission can save about 5-15 dBm of
power consumption compared to non-coherent joint trans-
mission in cell-free mMIMO. This indicates that even if
non-coherent joint transmission is helpful to solve the phase-
synchronization problem in cell-free mMIMO, from the per-
spective of user’s rate and energy consumption, coherent joint

transmission is still the better choice. In addition, simula-
tion results also show that under the same user’s target rate,
cell-free mMIMO can save more energy than co-located
mMIMO. And by deploying more antennas on the AP or
controlling the number of users, the downlink transmission
power of the system can be reduced. Finally, by analyz-
ing the influence of spatial correlation, it can be seen that
cell-free mMIMO requires more energy to be transmitted
on spatially correlated channels than spatially uncorrelated
channels.

APPENDIXES
APPENDIX A
PROOF OF (10)
Firstly, using successive interference cancellation technol-
ogy [21]–[23], the k-th user detects that the signal sent by
the first AP is

ydk1 = E
{
hHk1wk1

}
sk1 +

(
hHk1wk1 − E

{
hHk1wk1

})
sk1

+

L∑
l=2

hHklwklskl+
K∑

i=1,i 6=k

L∑
l=1

hHklwilsil + nk (A.1)

Then, the k-th user separates the signal sent by the next AP
from the remaining signals, and thus the signal sent by the
j-th AP is

ydkj = ydk −
j−1∑
l=1

E
{
hHklwkl

}
skl

= E
{
hHkjwkj

}
skj +

j∑
l=1

(
hHklwkl − E

{
hHklwkl

})
skl

+

L∑
l=j+1

hHklwklskl+
K∑

i=1,i 6=k

L∑
l=1

hHklwilsil + nk (A.2)

where, E
{
hHkjwkj

}
skj represents the desired signal and the

remaining terms are uncorrelated noise, which is denoted
with vkj.

Thus, the SINR of the j-th AP transmitted signal demodu-
lated by the k-th user is

SINRdkj

=

pkj
∣∣∣E {hHkjwkj

}∣∣∣2
E
{∣∣vkj∣∣2}

=

pkj
∣∣∣E {hHkjwkj

}∣∣∣2
K∑
i=1

L∑
l=1

pilE
{∣∣hHklwil

∣∣2}− j∑
l=1

pklE
{∣∣hHklwkl

∣∣2}+ σ 2
k

(A.3)

Combined with the above formula, we can get that the total
downlink SE of the k-th user as follows (A.4), as shown at the
bottom of the next page.

According to (A.4), so we can obtain (10).
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APPENDIX B
PROOF OF THEOREM 1
By substituting wkl = ĥkl into (11), we can get

SINRdk =

L∑
l=1

pkl
∣∣∣E {hHkl ĥkl}∣∣∣2

K∑
i=1

L∑
l=1

pilE
{∣∣∣hHkl ĥil ∣∣∣2}− L∑

l=1
pkl
∣∣∣E{hHkl ĥkl}∣∣∣2+σ 2

k

(B.1)

For the numerator term in (B.1), we can get∣∣∣E {hHkl ĥkl}∣∣∣2
=

∣∣∣E {tr(ĥklhHkl )}∣∣∣2=∣∣∣E {tr(Ukl9
−1
tk l y

p
tk lh

H
kl )
}∣∣∣2

=

∣∣∣√ρkτptr (Ukl9
−1
tk l E

{
hklhHkl

})∣∣∣2 = ∣∣∣tr (Ukl9
−1
tk l Ukl

)∣∣∣2
(B.2)

Then, for the first denominator term in (B.1), we need to
discuss in two cases.

1) If i = k ,

E
{∣∣∣hHkl ĥil ∣∣∣2}
= E

{
hHkl ĥkl

(
hHkl ĥkl

)H}
= E

{(
ĥkl + h̃kl

)H
ĥkl ĥHkl

(
ĥkl + h̃kl

)}
= E

{
ĥHkl ĥkl ĥ

H
kl ĥkl

}
+ E

{
tr(ĥkl ĥHkl h̃kl h̃

H
kl )
}

= E
{∥∥∥ĥkl∥∥∥4}+ tr

(
Ukl9

−1
tk l UklCkl

)
= E

{∥∥∥ĥkl∥∥∥4}+ tr
(
Ukl9

−1
tk l Ukl

(
Rkl − Ukl9

−1
tk l Ukl

))
= tr

(
Ukl9

−1
tk l UklRkl

)
+E

{∥∥∥ĥkl∥∥∥4}− tr
([

Ukl9
−1
tk l Ukl

]2)
(B.3)

2) If i 6= k ,

E
{∣∣∣hHkl ĥil ∣∣∣2} = E

{
hHkl ĥil

(
hHkl ĥil

)H}
= tr

(
E
{
ĥil ĥHil

}
E
{
hklhHkl

})
= tr

(
E
{
Uil9

−1
til y

p
til

(
Uil9

−1
til y

p
til

)H}
Rkl

)
= tr

(
Uil9

−1
til E

{
yptil
(
yptil
)H}(

Uil9
−1
til

)H
Rkl

)
= tr

(
Uil9

−1
til UilRkl

)
(B.4)

Finally, substituting (B.2), (B.3) and (B.4) into (B.1),
we can obtain (11).

APPENDIX C
A APPLICATION EXAMPLE OF ALGORITHM 1
Here, we consider a special case of cell-free mMIMO, that
is, the number of users K = 2, the number of APs L = 2,
and the number of AP antennas N = 2. Then the downlink
power optimization problem in (21) can be expressed as
follows,

min
pil

Ptotal =
2∑
l=1

1
αl

2∑
i=1

pilηil

s.t.
2∑
l=1

pkl

(
η2kl

µ̃k
− χkl

)

−

2∑
i=1

2∑
l=1

pilξk,i,l − σ 2
k ≥ 0 k = 1, 2

γl,n −
1
αl

2∑
i=1

pilgi,l,n ≥ 0 l = 1, 2, n = 1, 2 (C.1)

SEdk =
L∑
j=1

SEdkj =
L∑
j=1

τd

τc
log2

(
1+ SINRdkj

)

=
τd

τc
log2

(
L∏
J=1

(
1+ SINRdkj

))

=
τd

τc
log2


L∏
j=1

1+
pkj
∣∣∣E {hHkjwkj

}∣∣∣2
K∑
i=1

L∑
l=1

pilE
{∣∣hHklwil

∣∣2}− j∑
l=1

pklE
{∣∣hHklwkl

∣∣2}+ σ 2
k




=
τd

τc
log2

1+

L∑
l=1

pkl
∣∣E {hHklwkl

}∣∣2
K∑
i=1

L∑
l=1

pilE
{∣∣hHklwil

∣∣2}− L∑
l=1

pkl
∣∣E {hHklwkl

}∣∣2 + σ 2
k

 (A.4)
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By using LM method [17], the above optimization prob-
lems can be converted to

L (p, λ, µ) =
2∑
l=1

1
αl

2∑
i=1

pilηil

+

2∑
k=1

λk

(
2∑
l=1

pkl

(
η2kl

µ̃k
− χkl

)
−

2∑
i=1

2∑
l=1

pilξk,i,l − σ 2
k

)

+

2∑
l=1

2∑
n=1

µl,n

(
γl,n −

1
αl

2∑
i=1

pilgi,l,n

)
(C.2)

where λ,µ are LMs. By calculating the partial derivative
of (C.2), we can obtain the KKT conditions:

∂L
∂p11

=
1
α1
η11 + λ1

(
η211

µ̃1
− χ11

)

−

2∑
k=1

λkξk,1,1−
1
α1

2∑
n=1

µ1,ng1,1,n≥0 if p∗11≥0

(C.3)

∂L
∂p12

=
1
α2
η12 + λ1

(
η212

µ̃1
− χ12

)

−

2∑
k=1

λkξk,1,2−
1
α2

2∑
n=1

µ2,ng1,2,n≥0 if p∗12≥0

(C.4)

∂L
∂p21

=
1
α1
η21 + λ2

(
η221

µ̃1
− χ21

)

−

2∑
k=1

λkξk,2,1−
1
α1

2∑
n=1

µ1,ng2,1,n≥0 if p∗21≥0

(C.5)

∂L
∂p22

=
1
α2
η22 + λ2

(
η222

µ̃1
− χ22

)

−

2∑
k=1

λkξk,2,2−
1
α2

2∑
n=1

µ2,ng2,2,n≥0 if p∗22≥0

(C.6)

∂L
∂λ1
=

2∑
l=1

p1l

(
η21l

µ̃1
− χ1l

)

−

2∑
i=1

2∑
l=1

pilξ1,i,l−σ 2
1 ≥0 if λ∗1≥0 (C.7)

∂L
∂λ2
=

2∑
l=1

p2l

(
η22l

µ̃2
− χ2l

)

−

2∑
i=1

2∑
l=1

pilξ2,i,l − σ 2
2 ≥ 0 if λ∗2 ≥ 0 (C.8)

∂L
∂µ1,1

= γ1,1 −
1
α1

2∑
i=1

pi1gi,1,1 ≥ 0 if µ∗1,1 ≥ 0 (C.9)

∂L
∂µ1,2

= γ1,2 −
1
α1

2∑
i=1

pi1gi,1,2 ≥ 0 if µ∗1,2 ≥ 0 (C.10)

∂L
∂µ2,1

= γ2,1 −
1
α2

2∑
i=1

pi2gi,2,1 ≥ 0 if µ∗2,1 ≥ 0 (C.11)

∂L
∂µ2,2

= γ2,2 −
1
α2

2∑
i=1

pi2gi,2,2 ≥ 0 if µ∗2,2 ≥ 0 (C.12)

In order to obtain the optimal solution p11, p12, p21, p22,
we need to solve (C.3)-(C.12) separately. If λ,µ is positive,
then their corresponding Lagrangian derivatives should be
equal to zero. If the optimal solution p11, p12, p21, p22 is pos-
itive, then their corresponding Lagrange derivatives should
also be equal to zero. Since there are only four unknowns,
only four equations are needed to solve downlink power
p11, p12, p21, p22. Then for (C.7)-(C.12), and there must be
four inequalities to take zero. The remaining two inequalities
can be used as constraints to verify the optimal solution.

By solving any four equations in (C.7)-(C.12), we can
get the optimal power solution p11, p12, p21, p22. Then
(C.3)-(C.6) can solve the required LMs, and further verify the
optimal solution.

APPENDIX D
PROOF OF (29)
In order to get (29) from (28), we need to calculate |DSk |2,

E
{
|BUk |

2} and K∑
i 6=k

E
{
|UIki|2

}
respectively.

|DSk |2

=

∣∣∣∣∣E
{

L∑
l=1

√
pklhHklwkl

}∣∣∣∣∣
2

(D.1)

E
{
|BUk |

2
}

= E


∣∣∣∣∣
L∑
l=1

√
pklhHklwkl − E

{
L∑
l=1

√
pklhHklwkl

}∣∣∣∣∣
2


= E


∣∣∣∣∣
L∑
l=1

√
pklhHklwkl

∣∣∣∣∣
2
−

∣∣∣∣∣E
{

L∑
l=1

√
pklhHklwkl

}∣∣∣∣∣
2

(D.2)

K∑
i 6=k

E
{
|UIki|2

}

=

K∑
i 6=k

E


∣∣∣∣∣
L∑
l=1

√
pilhHklwil

∣∣∣∣∣
2


=

K∑
i=1

E


∣∣∣∣∣
L∑
l=1

√
pilhHklwil

∣∣∣∣∣
2
− E


∣∣∣∣∣
L∑
l=1

√
pklhHklwkl

∣∣∣∣∣
2


(D.3)

Then, substituting (D.1), (D.2), and (D.3) into (28), we can
obtain (29).
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APPENDIX E
PROOF OF THEOREM 2
By substituting wkl = ĥkl into (29), we can get

SINRdk =

∣∣∣∣∣E
{

L∑
l=1

√
pklhHkl ĥkl

}∣∣∣∣∣
2

K∑
i=1

E


∣∣∣∣∣ L∑l=1√pilhHkl ĥil

∣∣∣∣∣
2
−

∣∣∣∣∣E
{

L∑
l=1

√
pklhHkl ĥkl

}∣∣∣∣∣
2

+σ 2k

(E.1)

For the numerator term in (E.1), we can get∣∣∣∣∣E
{

L∑
l=1

√
pklhHklwkl

}∣∣∣∣∣
2

=

∣∣∣∣∣
L∑
l=1

√
pklE

{
hHkl ĥkl

}∣∣∣∣∣
2

=

∣∣∣∣∣
L∑
l=1

√
pkl tr

(
E
{
Ukl9

−1
tk l y

p
tk lh

H
kl

})∣∣∣∣∣
2

=

∣∣∣∣∣
L∑
l=1

√
pkl tr

(
Ukl9

−1
tk l Ukl

)∣∣∣∣∣
2

(E.2)

Then, for the first denominator term in (E.1), we need to
discuss in two cases.

1) If i = k ,

E


∣∣∣∣∣
L∑
l=1

√
pilhHkl ĥil

∣∣∣∣∣
2
=E


∣∣∣∣∣
L∑
l=1

√
pkl
(
ĥHkl + h̃Hkl

)
ĥkl

∣∣∣∣∣
2


= E


L∑

l1=1

L∑
l2=1

√
pkl1pkl2 ĥ

H
kl1 ĥkl1 ĥ

H
kl2 ĥkl2


+E

{
L∑
l=1

pkl h̃Hkl ĥkl ĥ
H
kl h̃kl

}

=

∣∣∣∣∣
L∑
l=1

√
pkl tr

(
Ukl

(
9−1tk l

)H
UH
kl

)∣∣∣∣∣
2

+

L∑
l=1

pklE
{∥∥∥ĥkl∥∥∥4}

−

L∑
l=1

pkl
[
tr
(
Ukl9

−1
tk l Ukl

)]2
+

L∑
l=1

pkl tr
[
Ukl

(
9−1tk l

)H
UH
klCkl

]

=

L∑
l=1

pkl tr
(
Ukl9

−1
tk l UklRkl

)
+

∣∣∣∣∣
L∑
l=1

√
pkl tr

(
Ukl9

−1
tk l Ukl

)∣∣∣∣∣
2

+

L∑
l=1

pklE
{∥∥∥ĥkl∥∥∥4}− L∑

l=1

pkl
[
tr
(
Ukl9

−1
tk l Ukl

)]2
−

L∑
l=1

pkl tr
((

Ukl9
−1
tk l Ukl

)2)
(E.3)

2) If i 6= k ,

E


∣∣∣∣∣
L∑
l=1

√
pilhHkl ĥil

∣∣∣∣∣
2
=E

{
L∑
l=1

pilhHkl ĥil ĥ
H
il hkl

}

=

L∑
l=1

pil tr
(
E
{
ĥil ĥHil

}
E
{
hklhHkl

})

=

L∑
l=1

pil tr
(
E
{
Uil9

−1
til y

p
til

(
Uil9

−1
til y

p
til

)H}
Rkl

)

=

L∑
l=1

pil tr
(
Uil9

−1
til UilRkl

)
(E.4)

Finally, substituting (E.2), (E.3) and (E.4) into (E.1),
we can obtain (30).
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