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ABSTRACT This paper proposed a novel polarimeter for full-Stokes polarization imaging without using any
kind of micro-polarizer array. The key components of the polarimeter are two grooved birefringent crystal
plates with deviate fast axis, which are called Binary Birefringent Crystals (BBCs) in this paper. Mounting
the jointed BBCs in the focal plane of an imaging detector, we manage to obtain the four components
of Stokes vector simultaneously through the method proposed in this paper. We demonstrate the basic
principle of the proposed polarimeter and verify it through numerical analysis. And one of the best-optimized
configurations for the polarimeter is also presented. The proposed polarimeter is simultaneous, compact,
easier in fabrication and capable of full-stokes polarization imaging. It is expected to be of potential use in
a variety of applications.

INDEX TERMS (110.5405) polarimetric imaging, (110.0110) imaging system, (120.0120) instrumentation,
measurement, and metrology.

I. INTRODUCTION
Polarization imaging technologies are capable of recording
light polarization of a scene, which implies certain char-
acteristics of the objects, such as surface features, shapes,
shadows, and roughness. It improves the target recognition
in complicate environment and provides valuable informa-
tion for target detection [1], biomedical imaging [2], [3],
material characterization [4], environmental monitoring [5],
astronomy observation [6] and remote sensing [7]. The
Stokes vector is generally used to describe the state of
polarization (SOP) of incident light, and it can provide
more information about reflecting objects than traditional
intensity-based cameras. The most traditional polarization
imaging technique adopt temporal polarization modula-
tion and time-sequential data acquisition using rotating
elements [8], photoelastic modulators [9], electro-optical
modulators [10], liquid crystal retarders [11], or binary polar-
ization rotators [12]. Such temporal polarimeters need at
least four measurements at different times, which require a
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stationary scene in order to avoid temporal blur. To eliminate
these disadvantages, two kinds of polarimeters, i.e. division
of amplitude [13] and division of aperture [14], were pro-
posed for simultaneous polarization imagingwhich divide the
beam under test into several sub-beams and capture multiple
images simultaneously by using independent cameras or a
single camera. However, the problem converts into spatial
registration of polarization images due to separate optical
paths. Besides, large and complex optical and mechanical
configurations also limit the applications of these kinds of
designs. In contrast of the mentioned designs above, the
polarimeter of division of focal plane (DoFP) [15–[20], which
utilizes four independent micro-polarimeters to obtain full
Stokes vector, is a promising avenue with significant advan-
tages of low cost, compact size, light weight, and stable
performance. The early DoFP polarimeters were realized
with micro-polarizer arrays (MPAs), such as aluminum
nanowire MPA [18], rubbed polyvinyl-alcohol (PVA)
MPA [19] and liquid crystal polymer (LCP) MPA [20].
One limitation of this kind of DoFP polarimeters is that the
micro-polarizer is hard to make and align. Meanwhile they
are only capable of measuring the linear Stokes components.
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Full-stokes DoFP polarimeters were first presented with
patterned LCP polarizers and retarders [21], [22]. However,
the accuracy was not sufficiently high due to certain aspects
of their designs [23]. Moreover, this approach was limited
in a few areas of researches and applications due to the
complicated process in manufacturing and unstable property
of LCP polarizers and retarders [24], [25].

In this paper, a novel DoFP polarimeter for full-Stokes
polarization imaging is proposed without using any kinds of
MPA, which will make the fabrication of DoFP polarimeter
much easier. The core components of the proposed novel
polarimeter are a piece of the jointed Binary Birefringent
Crystals (BBCs), a thin polarizer and a camera, which are
mounted in focal plane of an imaging detector. Different
from current polarimeters, the proposed polarimeter takes
advantages of different retardances with different thickness
of the birefringent crystal and derives the state of polarization
of the incident beam from the camera image. It is expected to
be of potential use in a variety of applications. This paper
is organized as follows. In section II, we will introduce the
concept and theory of the proposed polarimeter; in section III,
we will validate the performance of the proposed polarimeter
by numeric analysis and tolerance analysis; finally, a conclu-
sion and discussion will be made in section IV.

II. CONCEPT AND THEORY
A basic polarimeter for polarization imaging is gener-
ally composed of three fundamental components includ-
ing imaging lens, polarization modulator and photo camera.
Fig. 1 shows the schematic layout of a polarization imaging
system, which consists of imaging lens and the proposed
polarimeter. Different from a general imaging system, a
jointed Binary Birefringent Crystals (BBCs) and a thin polar-
izer are mounted in the focal plane of an imaging detector.
The BBCs are the main components of the polarimeter. They
are two grooved birefringent crystal plates with deviate fast
axis, as shown in Fig. 2. Grooves with equal width to the
bulges are etched into the birefringent crystal plates. The
widths and the depths of the grooves and the fast axis angle

FIGURE 1. Schematic diagram of the proposed polarimeter with a piece
of jointed BBCs.

FIGURE 2. Schematic diagram of the jointed BBCs. θ1/2, angel of the fast
axis of BBC1/2 relative to x axis. ρ1/2, groove width of BBC1/2. d10/d20,
thickness of the BBCs. d11/d21, depth of the grooves. Four black dots,
jointing indicator points.

for these two BBCs can be used to fit the chosen imaging
detector and to optimize the performance of polarization
imaging for different applications. The BBCs are jointed on
the edge by photosensitive glue with the grooves perpendic-
ular to each other, forming periodical groups of four adjacent
retarder pairs with different polarization modulation proper-
ties. Mounting the jointed BBCs together with thin polarizer
in the focal plane of an imaging detector enables four inde-
pendent and simultaneous polarization measurements.

The polarization retardance of each rectangle depends on
the thickness of the BBCs (i.e. d10 and d20), the depth of the
grooves (i.e. d11 and d21), the type of birefringent crystal,
and the angles from the fast axes of BBCs to horizontal
direction (i.e. x axis). The rectangles formed by the jointed
BBCs should have the same size as the pixel of the imaging
detector, which means the width of the grooves of the BBCs
(i.e. ρ1 and ρ2 respectively) should match the width and
length of the pixel of the imaging detector respectively. And
periodical rectangles should align to pixels of the imaging
detector one by one during integration process.

The imaging detector measures the light intensity passing
the four rectangles of a group simultaneously. The values
of the Stokes vector components of the incident light can
be calculated from the measurements. The polarization retar-
dances of the light passing the BBCs can be presented as

δij = mod
[
2π
λ
(noi − nei)dij, 2π

]
, i = 1, 2; j = 0, 1 (1)

where mod [·] is a remainder operator, which gets the remain-
der from the first item divided by 2π . λ is the wavelength
of the incident light. i is the sequence number of BBCi. j
marks the bulges and grooves (0 for bulges, 1 for grooves).
noi and nei are the refractive index of BBCi for o-light and
e-light respectively. For negative birefringent crystal, the noi
is larger than nei, and its polarization retardance δij is negative.
Similarly, the polarization retardance δij is positive for posi-
tive birefringent crystal. To avoid unexpected additional mod-
ulation between adjacent points, a telecentric imaging lens is
suggested.
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FIGURE 3. Polarization modulation process of the proposed polarimeter.
β, the filtering angle of the thin polarizer. Imn, light intensity at four
adjacent pixels of detector when m = 0,1 and n = 0,1. (S, S′ , S′′ , S′′′),
the original Stokes vector of the incident light, and the ones passing
BBC1, BBC2 and the thin polarizer.

Suppose the Stokes vector of the incident light is
S = (S0, S1, S2, S3)T, and the ones passing BBC1, BBC2 and
the thin polarizer are S′ = (S ′0, S

′

1, S
′

2, S
′

3)
T, S′′ = (S ′′0 , S

′′

1 ,

S ′′2 , S
′′

3 )
T and S′′′= (S ′′′0 , S

′′′

1 , S
′′′

2 , S
′′′

3 )T respectively, as shown
in Fig. 3. Take four adjacent pixels of a group for example,
and the position of the pixels are marked by row (m = 0, 1)
and column (n = 0, 1). Then S ′′′ can be expressed as

S′′′m,n =MP(β) ·MBBC2(θ2, δ2n) ·MBBC1(π − θ1, δ1m)S

(2)
where MP(β), MBBC2(θ2, δ2n) and MBBC1(π − θ1, δ1m)
present the Mueller matrixes of the thin polarizer, BBC2 and
BBC1 at pixel (m, n) respectively, and they can be written as
(3)–(5) shown at the bottom of the next page.

Thus the equation (2) can be rewritten as
S ′′′0,(m,n)
S ′′′1,(m,n)
S ′′′2,(m,n)
S ′′′3,(m,n)

 = M(m,n)


S0
S1
S2
S3



=


M (m,n)

11 M (m,n)
12 M (m,n)

13 M (m,n)
14

M (m,n)
21 M (m,n)

22 M (m,n)
23 M (m,n)

24

M (m,n)
31 M (m,n)

32 M (m,n)
33 M (m,n)

34

M (m,n)
41 M (m,n)

42 M (m,n)
43 M (m,n)

44



S0
S1
S2
S3


(6)

where M(m,n) is theMueller matrix for the whole polarization
modulation process, and can be presented as

M(m,n)
=MP(β) ·MBBC2(θ2, δ2n) ·MBBC1(π − θ1, δ1m)

(7)
Only light intensity (i.e. the first component of S′′′) can

be measured by the imaging detector. So the first line of
equation (6) for four adjacent pixels can be presented as
I00
I01
I10
I11

 =

S ′′′0,(0,0)
S ′′′0,(0,1)
S ′′′0,(1,0)
S ′′′0,(1,1)



=


M (0,0)

11 M (0,0)
12 M (0,0)

13 M (0,0)
14

M (0,1)
11 M (0,1)

12 M (0,1)
13 M (0,1)

14

M (1,0)
11 M (1,0)

12 M (1,0)
13 M (1,0)

14

M (1,1)
11 M (1,1)

12 M (1,1)
13 M (1,1)

14



S0
S1
S2
S3

 (8)

Put (3)-(5) into (6), the first-row elements of the Mueller
matrix at position (m, n) can be presented as

M (m,n)
11

= 0.5

M (m,n)
12

= 0.5[cos 2θ2 cos 2(β−θ2)−sin 2θ2 sin 2(β−θ2) cos δ2n](
cos2 2θ1 + sin2 2θ1 cos δ1m

)
− 0.5[sin 2θ2 cos 2(β−θ2)+cos 2θ2 sin 2(β−θ2) cos δ2n]

sin 2θ1 cos 2θ1(1− cos δ1m)

− 0.5 sin 2(β − θ2) sin δ2n sin 2θ1 sin δ1m
M (m,n)

13

= −0.5[cos 2θ2 cos 2(β−θ2)−sin 2θ2 sin 2(β−θ2) cos δ2n]

sin 2θ1 cos 2θ1(1− cos δ1m)

+ 0.5[sin 2θ2 cos 2(β−θ2)+cos 2θ2 sin 2(β−θ2) cos δ2n](
sin2 2θ1 + cos2 2θ1 cos δ1m

)
− 0.5 sin 2(β − θ2) sin δ2n cos 2θ1 sin δ1m

M (m,n)
14

= 0.5 [cos 2θ2 cos 2(β − θ2)− sin 2θ2 sin 2(β−θ2) cos δ2n]

sin 2θ1 sin δ1m
+ 0.5[sin 2θ2 cos 2(β−θ2)+cos 2θ2 sin 2(β−θ2) cos δ2n]

cos 2θ1 sin δ1m
+ 0.5 sin 2(β − θ2) sin δ2n cos δ1m (9)

Equation (8) can be simplified as

I =MdetS (10)

The intensity vector I is measured by the imaging detector.
The modulation matrix Mdet is determined by the optical
properties of the BBCs and the thin polarizer, which can
be calculated referring to (9) or obtained through system
calibration. Finally, the full Stokes vector of the incident light
can be calculated by

S =


s0
s1
s2
s3

 =

M (0,0)

11 M (0,0)
12 M (0,0)

13 M (0,0)
14

M (0,1)
11 M (0,1)

12 M (0,1)
13 M (0,1)

14

M (1,0)
11 M (1,0)

12 M (1,0)
13 M (1,0)

14

M (1,1)
11 M (1,1)

12 M (1,1)
13 M (1,1)

14


−1

I00
I01
I10
I11


= M−1detI (11)

Equation (11) implies that the Stokes vector of the incident
light is calculable when Mdet is invertible matrix (full rank),
which can be easily achieved by selecting a proper set of
parameters (i.e. β, θ1, θ2, δ10, δ11, δ20, and δ21). In fact,
there are infinite selections. However, a judicious selection
of these seven parameters can significantly minimize the
influence of the noise perturbation and systematic error. For
a general purpose polarimeter, the polarimetric modulation
matrix Mdet should be as far from singular as possible, i.e.
it should be well-conditioned. The condition number (CN) is
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a good indicator to determine whether the modulation matrix
is well-conditioned or not [26], which is expressed as

CN = ‖Mdet‖2

∥∥∥M−1det

∥∥∥
2

(12)

where || ·||2 signify the 2-norm of a matrix.
A useful interpretation of the CN of a matrix is that the

reciprocal 1/CN measures how close a matrix is to being
singular [27]. And the magnification of error propagation
is generally proportional to the CN for a linear system of
equations. Our goal in optimizing a Stokes polarimeter is
to minimize the CN of Mdet, which will minimize the rel-
ative errors result from uncertainties in Mdet and I. Thus,
one can measure the complete Stokes components referring
from Equation (11) according to an image obtained through
the proposed polarimeter, and the system parameters can be
optimized referring to Equation (12).

III. PARAMETER OPTIMIZATION AND
NUMERIC ANALYSIS
Equations (8) and (9) suggest that one can select a number
of different polarimeters for polarization imaging by con-
figuring different sets of system parameters (i.e. β, θ1, θ2,
δ10, δ11, δ20, and δ21). For a general purpose polarimeter,
as shown in Equation (12), one should keep the polari-
metric measurement matrix as far from singular as possi-
ble, i.e. it should be well-conditioned by minimizing the
number of CN. In this paper, an optimization algorithm
is also build based on the quasi-Newton method to obtain
the well-conditioned configuration by minimizing the CN
of Mdet similar with optimization studies performed on
rotating-retarder Stokes polarimeters [28] and on a liquid-
crystal-based Stokes polarimeter [29]. The corresponding
optimization processes are also written for optimizing and
optimizing the performance of the proposed polarimeter in
Matlab environment. Initially, a random set of parameters
is substituted into the function. After tens of operations,
the function reaches the minimum CN and the optimized
parameter set. However, sometimes the function may not
reach the global minimum CN value from a random
parameter set. So, it is necessary to substitute more sets

TABLE 1. An optimized parameter set obtained from the optimization
function and a random parameter set (Units-◦).

of random parameters into the function to reach the global
minimum CN.

Generally, there are infinite parameter sets for the mini-
mum CN, corresponding to infinite polarimeters with equiv-
alent performance. Table 1 lists one of the well-conditioned
configurations. And for comparative analysis, it also lists a
random configuration which makes theMdet invertible.

It is convenient and visualized to present the modulation
matrix on a Poincaré sphere. The polarization properties
of the four adjacent rectangles of a group are marked on
the Poincaré sphere as the vertexes of a tetrahedron. The
smaller the CN is, the more regular the tetrahedron gets.
Fig. 4 shows two tetrahedrons on the Poincaré sphere of these
two polarimeters listed in table 1. The side lengths of the
tetrahedrons are (0.121, 2.929, 2.299, 2.854, 2.186, 0.121)
(Fig. 4(a)) and (2.667, 2.667, 2.667, 2.667, 2.667, 2.667)
(Fig.4(b)) respectively. We can see that the well-conditioned
parameter set with minimum CN (1.7321) corresponds to
a regular tetrahedron up on the Poincaré sphere. And the
random parameter set corresponds to an irregular tetrahedron
although the modulation matrixMdet is invertible.
We also generate 1000 incident lights with different

states of polarization (SOPs) to evaluate quantificationally
the performance of the proposed polarimeter. As shown
in Fig. 5(a) and (b), the SOPs are evenly distributed on the
Poincaré sphere, at 20 cross section circles between the north
and the south pole. On each circle, 50 SOPs are located

MP(β) =
1
2


1 cos 2β sin 2β 0

cos 2β cos2 2β sin 2β cos 2β 0
sin 2β sin 2β cos 2β sin2 2β 0
0 0 0 0

 (3)

MBBC2(θ2, δ2n) =


1 0 0 0
0 cos2 2θ2 + sin2 2θ2 cos δ2n sin 2θ2 cos 2θ2(1− cos δ2n) − sin 2θ2 sin δ2n
0 sin 2θ2 cos 2θ2(1− cos δ2n) sin2 2θ2 + cos2 2θ2 cos δ2n cos 2θ2 sin δ2n
0 sin 2θ2 sin δ2n − cos 2θ2 sin δ2n cos δ2n

 (4)

MBBC1(π − θ1, δ1m) =


1 0 0 0
0 cos2 2θ1 + sin2 2θ1 cos δ1m − sin 2θ1 cos 2θ1(1− cos δ1m) sin 2θ1 sin δ1m
0 − sin 2θ1 cos 2θ1(1− cos δ1m) sin2 2θ1 + cos2 2θ1 cos δ1m cos 2θ1 sin δ1m
0 − sin 2θ1 sin δ1m − cos 2θ1 sin δ1m cos δ1m

 (5)
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FIGURE 4. The tetrahedrons on the Poincaré sphere of two polarimeters
listed in table 1. (a) The polarimeter with random parameter set. (b) The
polarimeter with well-conditioned parameter set.

FIGURE 5. The 1000 SOPs of the test lights (a) SOPs shown on the
Poincaré sphere. (b) Normalized Stokes vectors of the 1000 test lights.

FIGURE 6. Performance of the well-conditioned polarimeter (a)
Calculated light intensities for 1000 groups input SOP. (b) The standard
deviations of the Stokes vector, caused by the intensity variance of the
incident lights.

with equal interval. Substitute the well-conditioned param-
eter set from table 1 and the SOPs of the incident lights
into Equations (8)-(10), 1000 sets of intensity values can
be calculated, which are drawn in Fig. 6(a). For each SOP,
we add an independent Gaussian noise to the incident light
and simulate 100 polarization measuring results. In other
word, we test the polarimeter 100 times at each SOP with
an incident light that has 1% standard variance of intensity.
Fig. 6(b) shows the standard deviations of the measured
full Stokes vector components at each SOP, which is about
5 × 10−3 for S0, and 8.7 × 10−3 for S1, S2 and S3. This
is due to systematic error or the error propagation of the
well-conditioned polarimeter caused by noise perturbation.
Comparatively, the standard deviations of full Stokes com-
ponents for random parameter set are about 0.031, 0.037,
0.042 and 0.038 respectively under the same condition.

FIGURE 7. Deviations of CN from the well-conditioned configuration
when fabrication errors and integration errors are existed. (a). fabrication
errors including thickness and depth of BBCs and (b). integration errors.

It indicates that the parameter selection for the proposed
polarimeter will influence its performance greatly.

We also make sensitivity analysis for the well-conditioned
configuration considering possible fabrication and integra-
tion errors for validating the feasibility of the proposed
polarimeter. Assuming that quartz material is used to manu-
facture these two BBCs and the wavelength of incident light
is at 632.8nm, the corresponding refractive indexes n0 and
ne are 1.54264324 and 1.5517112 respectively. The nominal
thicknesses (i.e. d10 and d20) and the depth of grooves (i.e. d11
and d21) are (254µm and 237µm) and (219µm and 215µm)
with three additional wavenumbers. Here we give a relax
thickness or depth errors ranging from−3µm to+3µm rela-
tive nominal values. The range of integration errors including
angle of the fast axes of the BBCs and the filtering angle of the
thin polarizer are ranging from −3◦ to +3◦. The deviations
from the minimal CN due to different fabrication errors and
integration errors are drawn in Fig. 7. As seen from Fig. 7(a),
the CN increases by a quasi-linear tendency with increasing
of thickness and depth errors of the BBCs. And the maxi-
mum CN is still under 2.2 when the fabrication errors are
up to ±3µm. Comparatively, the CN is more sensitive to
the thickness and depth error of BBC2, and the maximum
CN is under 1.87 for the same fabrication errors of BBC1.
In practical application, the thickness and depth errors can be
controlled easily under 1µm, which leads to a maximum CN
of 1.86, which is under 7.5% of the theoretical CN. The CN
has a more relax requirement for integration errors including
angle of the fast axes of the BBCs and the filtering angle of
the thin polarizer. And the maximum CN is not over 2.03
when the integration errors is ranging from −3◦ to +3◦. It is
mature in µm-level fabrication for micro-nano optics. There
are three main steps including mask plate design, mask plate
fabrication using laser direct writing and birefringent crystal
plate etching. In fact, the BBCs and the thin polarizer can
be aligned within ±0.5◦ and even ±0.1◦, which leads to a
maximum CN of 1.77. Sensitivity analysis show that the CN
of the proposed polarimeter is stable under normal fabrication
errors and integration errors. Moreover, these errors can be
calibrated for more accurate polarization imaging.

Sensitivity analysis results illustrates that small deviations
of systematic parameter will not change significantly the CN
of the proposed polarimeter, which means a relative relax
tolerance for fabrication and integration is required. That will
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reduce the cost and complexity of fabrication and integration.
Certainly, chromatic aberration always exists in a transmis-
sion optics system, which means the proposed polarimeter
should work at a limited wavelength coverage. For the given
example, the wavelength coverage is from 557nm to 775nm
for a relaxing requirement CN of 2.5, which will be nar-
rowed furtherly from 613nm to 652nm when three additional
wavenumbers are considered.

IV. SUMMARY AND CONCLUSION
In conclusion, a novel and compact polarimeter is proposed
for full-Stokes polarization imaging without using any kinds
of micro-polarizer array. Instead of making individual array
pixels, the proposed polarimeter adopts two joint pieces of
birefringent crystal with perpendicular grooves to achieve
four different retardances, which facilitates the fabrication
and the integration. Numeric simulation results show that the
measurement errors of full Stokes components are all better
than 1 × 10−2 when 1% variance of incident light inten-
sity is considered, which indicates the proposed polarimeter
has good noise immunity. Besides that, sensitivity analysis
results show that the proposed polarimeter has a relative relax
requirement for possible errors, which leads to easier fabri-
cation and integration. With the advantages of simultaneity,
compactness and easier fabrication, the proposed method
is more attractive to a variety of applications. Certainly,
this paper mainly focuses on demonstrating a new kind of
polarimeter and theoretical proof of its performance by apply-
ing the existing and validated fundamental optics and physics
laws. We will validate the proposed method by experimental
study before developing standard product.
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