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ABSTRACT This study is aimed at revealing the dynamic response characteristics of a power-split hybrid
electric vehicle (HEV) during the mode transition process with the engine starting. In this paper, for a
hybrid powertrain system whose engine is directly connected to a compound power-split transmission,
the equivalent lever method is first used to analyze the mode transition process with the engine starting.
Then, based on the theoretical formulations and lookup tables, a dynamicmodel of the compound power-split
HEV is established in detail, taking into consideration the engine ripple torque, battery-motor characteristics,
dynamic meshing force between gears, and shaft spring-damping characteristics. The powertrain dynamic
model is verified by a bench test. Moreover, taking the vehicle jerk and engine starting time as the
evaluation indexes of the dynamic response characteristics, the influencing factors of the dynamic response
characteristics in the engine starting process are analyzed comprehensively from the aspects of the engine,
battery-motor, and engine starting condition. Finally, the engine starting process is synthetically optimized
based on the obtained impact law of different influencing factors. The simulation results show that the
synthesis optimization method can effectively reduce vehicle jerks and the engine starting time and improve
driving comfort during the engine starting process.

INDEX TERMS Dynamic response characteristics, engine starting, powertrain modeling, hybrid electric
vehicle (HEV), power-split transmission.

I. INTRODUCTION
Since a hybrid electric vehicle (HEV) combines an inter-
nal combustion engine, electric drive system, and energy
storage device, it has better fuel economy and lower emis-
sionswhen choosing different workingmodes than traditional
cars [1]–[5]. However, as the hybrid powertrain system adds
an electric power source, the vehicle powertrain structure
becomes more complicated and the complexity of the vehicle
control system is increased. Moreover, owing to the signifi-
cant differences in the transient torque response characteris-
tics of the engine and the motor, the limitations of the battery
charge and discharge power, and the limitations of the motor
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external characteristics, the output torque of the powertrain
system may exhibit sudden changes or fluctuations [6]–[10].
Such transients will worsen driving comfort and reduce the
service life of the powertrain system. Therefore, it is nec-
essary to investigate the influencing factors of the dynamic
response characteristics to improve driving comfort during
the mode transition process, especially when this involves the
engine starting process.

Some scholars have examined the dynamic response char-
acteristics of the mode transition process for hybrid electric
vehicles. Tong [11] and Du et al. [12] found that the power-
train system exhibits obvious shocks when the target torques
of the engine and the motor change significantly or suddenly.
Based on an established parallel HEV, Hong et al. [13] found
that the closing and opening process of the engine clutch

VOLUME 8, 2020 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/ 186585

https://orcid.org/0000-0001-7551-5883
https://orcid.org/0000-0003-3104-6207
https://orcid.org/0000-0001-6728-5045
https://orcid.org/0000-0003-2206-1392


Y. Su et al.: Modeling and Dynamic Response Analysis of a Compound Power-Split HEV During the Engine Starting Process

causes changes in the vehicle speed response and the vibra-
tion of the vehicle transmission system. Zhang et al. [14]
and Hu et al. [15] analyzed the mechanism of the vehicle
jerk produced in the mode transition process according to the
dynamic expression of the vehicle jerk, and found that the
torque change rate of the powertrain system has a significant
impact on the vehicle jerk. Canova et al. [16]–[18] established
a model of the engine pulsating torque and found that the
maximum overshoot and response delay of the engine speed
were the main factors of vibrations during engine starting.
These studies mainly focused on the dynamic characteristics
in themode transition process for a parallel HEVwith a clutch
between the engine and the transmission, and did not take into
account the influence of the battery-motor characteristics and
the engine starting condition points.

For the Toyota hybrid system (THS), Yoshioka [19],
Komada and Yoshioka [20], Yoshioka et al. [21], and Kawa-
bata et al. [22] found that the pump pressure in the cylinder
is the main factor of engine vibration during the engine
starting process, and the engine mount also causes vibration
in the transmission system. Kuang [23], Hwang [24], and
Chen and Hwang [25] established a model of the engine
pulsating torque and found that the main causes of sys-
tem vibrations during engine starting are engine pressure in
the engine cylinder and the engine start initial angle. Tang
et al. [26]–[28] established a vehicle dynamics model includ-
ing the engine pulsating torque, engine mounting system,
transmission system, suspension system, and vehicle body,
and analyzed the resonance characteristics of a power-split
HEV in the processes of engine starting and stopping. Zeng
et al. [29]–[30] established a power-split HEV model includ-
ing an engine model based on a BP neural network, and
found that the torque change rate of the power source is the
main reason for large vehicle jerk during the mode switching
process. Using experimental data from a power-split HEV,
Liu et al.[31]–[32] found that the longitudinal vibration of the
seat track was most affected by the engine initial angle during
the engine starting process. Wang et al. [33] tested vehicle
jerks in the mode transition process with engine starting,
and found that the main reason for the obvious jerk was the
engine ripple torque. Although these studies focused on the
dynamic characteristics of a power-split HEV, they ignored
the limitations of the battery-motor dynamic characteristics
and the influence of the engine starting condition points.

To sum up, the current research studies on the dynamic
response characteristics of the mode transition process
mainly focused on the effects of the torque change rate,
engine ripple torque, engine starting initial angle, and engine
speed overshoot on the jerks and vibrations of the powertrain
system. However, the influence of the engine cooling water
temperature, engine intake manifold pressure, engine intake
valve close timing, and engine demand angular acceleration
on the dynamic response characteristics of the powertrain
system were not considered. In addition, the effects of the
battery-motor dynamic characteristics and engine starting
condition points on the dynamic response characteristics of

FIGURE 1. Structural diagram of compound power-split HEV.

the powertrain system during the engine starting process have
not yet been considered.

Therefore, different from the existing research, for a
power-split HEV whose engine is directly connected to a
compound power-split transmission, this paper comprehen-
sively reveals the dynamic response characteristics during the
mode transition process with the engine starting. There are
three main contributions in this paper: 1) Based on the theo-
retical formulations and lookup tables, a dynamic model of a
compound power-split HEV is established in detail, and the
HEV model is verified by a bench test. 2) Taking the vehicle
jerk and engine starting time as the evaluation indexes of the
dynamic response characteristics, the influencing factors and
law of dynamic response characteristics in the engine starting
process are analyzed comprehensively from the aspects of the
engine, battery-motor, and engine starting conditions points.
3) To improve driving comfort, the engine starting process is
synthetically optimized based on the obtained impact law of
different influencing factors.

The remaining sections of this study are organized as
follows. The mode transition process with engine starting is
analyzed in Section II. Then, a power-split HEV model is
established and verified by bench experiments in Section III.
In Section IV, the evaluation indexes of the dynamic response
characteristics are defined. Based on the defined evaluation
indexes, the influencing factors of the dynamic response
characteristics in the engine starting process are analyzed in
Section V. Further, the engine starting process is synthetically
optimized based on the obtained impact law in Section VI.
Finally, concluding remarks are provided in Section VII.

II. MODE TRANSITION PROCESS ANALYSIS WITH
ENGINE STARTING
As shown in Fig. 1, a compound power-split HEV with two
motors and a Ravigneaux planetary gear train is the subject
of research in this paper. The small motor (MG1) is directly
connected to small sun S1, which can be locked by brake
B2. The large motor (MG2) is directly connected to big sun
S2. The engine is directly connected to carrier C through a
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FIGURE 2. Equivalent lever diagram from EV mode to ECVT mode.

torsional damper spring (TDS), which can be locked by brake
B1. Pa represents the rear planetary gear, and Pb represents
the front planetary gear. Ring R is the power output, which is
connected to the main reducer of the HEV.

Fig. 2 shows the equivalent lever diagram in the mode
transition process from electric vehicle (EV) mode to elec-
tric continuous variable transmission (ECVT) mode. In this
process, the four stages are as follows: (1) EV stage with
B1 locked, (2) EV stage with B1 being opened, (3) motoring
stage before engine ignition, and (4) ECVT stage after engine
ignition.

(1) In stage 1, B1 is locked, and MG2 torque TMG2 will
overcome ring load torque TR to drive the vehicle. (2) In stage
2, B1 is quickly opened by the hydraulic system. MG1 torque
TMG1 and MG2 torque TMG2 will keep the engine still and
drive the vehicle at the same time. (3) In stage 3, B1 has been
fully opened. Based on the original TMG1, MG1 superimposes
T ,MG1 to drag the engine to the engine ignition speed. In order
to eliminate the influence of the MG1 engine start process on
the ring output, based on the original TMG2, MG2 provides a
superimposed compensation torque T ,MG2 to keep the vehicle
driving normally. (4) In the last stage, when the engine preset
speed is reached, the engine starts ignition, and engine torque
TEng and the two motors’ torques drive the vehicle together.

Since the engine starting process mainly occurs in the third
and fourth working stages after brake B1 is fully opened,
the dynamic characteristics in the third and fourth working
stages will be mainly analyzed in this paper. According to
the equivalent lever method [34], the dynamic expressions of
the MG1 and MG2 torques, Eq. (1), can be obtained in the
third and fourth working stages.

TMG1 =
(i2 − 1)Tr_req + i2

(
TEng −

(
IEng + IC

)
θ̈Eng_des

)
i1 − i2

+
(
Is1 + IMG1

) (
i0i1θ̈WH + (1− i1) θ̈Eng_des

)
TMG2 =

(i1 − 1)Tr_req + i1
(
TEng −

(
IEng + IC

)
θ̈Eng_des

)
i2 − i1

+
(
Is2 + IMG2

) (
i0i2θ̈WH + (1− i2) θ̈Eng_des

)
(1)

FIGURE 3. Schematic of single-cylinder engine operation.

where TMG1 is the MG1 torque, TMG2 is the MG2 torque,
Tr_req is the required torque at the ring gear, TEng is the
desired engine torque, IMG1 and IMG2 are the MG1 inertia
and MG2 inertia, and IS1 and IS2 are the inertias of the small
and large sun gear, respectively. θ̈WH is the wheel angular
acceleration. IEng is the engine inertia, IC is the carrier inertia,
and θ̈Eng_des is the engine demand angular acceleration. i0 is
the final drive ratio, and i1 and i2 are the planetary parameters
of the front and rear rows, respectively.

The ‘‘S-curve’’ function f (x, a, b, c) from Eq. (2) is taken
as the engine demand angular acceleration θ̈Eng_des. The
S-curve function f (x, a, b, c) is defined as follows:

θ̈Eng_des = f (x, a, b, c) =
1

1+ e−a(x−c)
· b (2)

where a can change the change rate of θ̈Eng_des, b can change
themaximumvalue of θ̈Eng_des, and c canmove along the time
axis.

III. POWERTRAIN DYNAMIC MODELING
Based on the theoretical formulations and lookup tables,
a dynamic model of the HEV is established using MAT-
LAB/Simulink software. The compound power-split HEV
model includes a dynamic engine model, a TDS model,
battery-motor dynamic model, compound power-split cou-
pling mechanism model, brake model, and vehicle longitu-
dinal dynamic model.

A. DYNAMIC ENGINE MODEL
Fig. 3 shows a schematic of the single-cylinder opera-
tion of the engine, which includes a fuel injector, spark
plug, intake and exhaust, and mechanical movement part.
In this paper, the dynamic engine model includes two main
parts: the in-cylinder thermodynamic model and the engine
ripple torque (ERT) model. The main purpose of the in-
cylinder thermodynamic model is to provide the cylinder
pressure for the ERT model. In the dynamic engine model,
the main experimental data from the engine manufacturer
include the engine cooling water temperature, intake temper-
ature, intake manifold pressure, exhaust pressure, and friction
torque.
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1) IN-CYLINDER THERMODYNAMIC MODEL
For the thermodynamic system shown in Fig. 3, the general
equations for the working process of the internal combustion
engine can be obtained by applying the first law of ther-
modynamics. The gas pressure Pcyl,i (ϕ) in the i-th cylinder
(i = 1, 2, 3, 4) is obtained as follows [35], [36]:

dTtemp
dϕ

=
1

m ∂u
∂Ttemp

(
dQB
dϕ
+
dQw
dϕ
− Pcyl,i (ϕ)

dVcyl
dϕ
+
dmsc
dϕ

hsc

+
dme
dϕ

he − u
dm
dϕ
− m

∂u
∂λ

dλ
dϕ

)

dm
dϕ
=
dmB

dϕ
+
dmsc

dϕ
+
dme

dϕ
Pcyl,i (ϕ)Vcyl (ϕ) = m (ϕ)RTtemp (ϕ)

(3)

Here,

Vcyl (ϕ) =
Vs
2

(
2

εc − 1
+ 1− cosϕ

+
1
λs

(
1−

√
1− λ2s sin

2 ϕ

))
(4)

where Ttemp, ϕ,m, u,Vcyl, λ,R,Vs, εc, and λs are the cylin-
der temperature, crank angle, gas mass, specific thermody-
namic energy, instantaneous working volume, instantaneous
excess air coefficient, gas constant, geometric working vol-
ume, geometric compression ratio, and crank connection
ratio, respectively. Q is the exchange heat with gas, and h
is the specific enthalpy. Subscript sc represents the gas that
flows into the cylinder through the intake valve, subscript
e denotes the gas that flows out through the exhaust valve,
subscript B stands for the heat release term of fuel combus-
tion, and subscript w represents the exchange of heat through
the wall and out of the system. λs = rc/l, where rc is the
crankshaft radius, and l is the connection rod length.

2) ENGINE RIPPLE TORQUE MODEL
For a four-stroke engine, the engine total torque TERT before
the engine flywheel is equal to the superposition of each
cylinder torque with a 180◦ difference [6], [7].

TERT =
∑
i

Tcyl,i =
∑
i

(
TPi + TIi

)
+ TF (5)

where Tcyl,i is the ERT in the i-th cylinder (i = 1, 2, 3, 4), TPi
is the cylinder pressure ripple torque of the engine, in which
the cylinder pressure is obtained by Pcyl,i (ϕ) from the in-
cylinder thermodynamic model. TIi is the inertia torque of the
piston and connecting rod, and TF is the piston and air valve
friction torque obtained by the engine test.

As illustrated in Fig. 4, the ERT of the motoring stage is
plotted at different engine speeds when the throttle position
is 6%. We find that the ERT fluctuates once every 180◦

periodically in a 720◦ cycle and that the ERT curves present
significant periodic fluctuations. This means that the engine
characteristics from the engine steady-state map cannot com-
pletely reflect the actual engine dynamic characteristics.

FIGURE 4. Engine ripple torque.

FIGURE 5. Characteristic curve of torsional stiffness.

FIGURE 6. Maximum charge and discharge power of battery.

FIGURE 7. Speed-torque characteristics and efficiencies of two motors.

B. TORSIONAL DAMPER SPRING MODEL
Based on the characteristic curve of torsional stiffness (shown
in Fig. 5) and the hysteretic damping torque of the tor-
sional damper, a TDS model is established using MAT-
LAB/Simulink as a lookup table.

C. BATTERY–MOTOR DYNAMIC MODEL
Abattery-motor dynamicmodel is established by considering
the influence of the battery state of charge (SOC) and tem-
perature on the battery charge and discharge power in Fig. 6,
the speed-torque characteristics of the two motors, and the
energy conversion efficiency between the battery and motors
in Fig. 7. In this model, the battery is the power supply and
provides the voltage and current for the motor. The internal
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resistance model of the battery is established to reflect the
dynamic characteristics of the battery.

The general equation of an internal resistance model of the
battery is expressed as follows [4], [37]:

Ub = Eb − IbRb (6)

where Ub is the battery bus voltage, Eb is the battery electro-
motive force, Ib is the battery current, and Rb is the internal
resistance of the battery.

A three-phase permanent magnet synchronous motor with
sinusoidal back electromotive force is built in the rotor ref-
erence frame (q-d frame). The basic motor electromagnetic
torque TMG is obtained as follows [7], [37]:

TMG = 1.5 ps [λaiq + (Ld − Lq)id iq] (7)

where ps is the number of pole pairs; λa is the amplitude of
the flux induced by the permanent magnets of the rotor in the
stator phases; Lq and Ld are the q-axis and d-axis inductances,
respectively; and iq and id are the q-axis and d-axis currents,
respectively.

D. COMPOUND POWER-SPLIT COUPLING MECHANISM
MODEL
Considering the dynamic meshing force between gears, a tor-
sional planetary dynamic model is built using the lumped-
parameter method [6], [7], [38]. The motion equations of the
torsional planetary dynamic model are expressed as follows:

Is1 θ̈s1 = Ts1 +
N∑
n=1

Fys1bn · rs1 (8)

Is2 θ̈s2 = Ts2 +
N∑
n=1

Fys2an · rs2 (9)

Iceθ̈C = TC +
N∑
n=1

Fys2an · cosαs2 · rC

+

N∑
n=1

Fys1bn · cosαs1 · rC −
N∑
n=1

FyRbn · cosαR · rC

(10)

IRθ̈R =
N∑
n=1

FyRbn · rR − TTI (11)

Iaθ̈anc = Fyanbn · ra − Fys2an · ra (12)

Ibθ̈bnc = Fyanbn · rb − FyRbn · rb − Fys1bn · rb (13)

where I , r , α, θ̈ and T are the inertia, base circle radius,
meshing angle, angular acceleration, and external torque
corresponding to specific subscriptions, respectively. Fys1bn
is the dynamic engagement force between S1 and Pb, Fys2an
is the dynamic engagement force between S2 and Pa, Fys2an is
the dynamic engagement force between R and Pb, and Fyanbn
is the dynamic engagement force between Pa and Pb. These
dynamic engagement forces are given in [38]. TTI is the actual
load torque at the TI shaft. Note that TI is an elastic shaft
equivalent to the ring for the tire and half shaft in Fig. 25. a

and b are subscriptions of the planetary gears of the rear row
and front row, respectively. N (n) is the planet number, and
Ice = Ic + NIa + NIb.

E. BRAKE MODEL
A brake model is established to reflect the dynamic charac-
teristics of the brake system. The model includes three states:
disengagement, sliding, and engagement [7]. The transmitted
torque TB of the brake is expressed as follows:

TB =



0, disengagement
µslrB(PB − P0)
ABNBsgn(θ̇c_g), sliding

[−µstrB(PB − P0)
ABNBµstrB(PB − P0)ABNB], engagement

(14)

where θ̇c_g is the carrier speed, µsl and µst are the sliding and
static friction coefficients of the friction plate, respectively.
rB is the effective friction radius, PB is the brake oil pressure,
P0 is the prefill pressure, AB is the equivalent friction area,
and NB is the number of friction surfaces.

F. VEHICLE LONGITUDINAL DYNAMIC MODEL
Considering the spring-damping characteristics of the tire
and half shaft, the vehicle longitudinal dynamic model is
formulated as

ṪTI = kTI
(
θ̇R − θ̇L

)
+ CTI

(
θ̈R − θ̈L

)
(15)

mvV̇x = TTI i0/rv − Tf /rv
Tf = rv(0.5CdρAV 2

x sgn (Vx)+
mvgf cosβ + mvg sinβ)

(16)

where kTI andCTI are the equivalent stiffness and damping of
the tire and half shaft at the TI shaft in Fig. 25, respectively.
θ̇R and θ̈R are the speed and angular acceleration at the ring,
and θ̇L and θ̈L are the speed and angular acceleration of
point B in Fig. 25, respectively. mv is the vehicle equivalent
mass, i0 is the final drive ratio, rv is the tire radius, Vx is
the longitudinal vehicle speed, Tf is the load torque at the
wheel, g is the gravitational acceleration, f is the tire rolling
resistance coefficient, β is the ramp angle, Cd is the air
resistance coefficient, ρ is the air density, and A is the vehicle
frontal area.

G. POWERTRAIN MODEL VALIDATION
A compound power-split HEV model is established by
integrating the above component models using MAT-
LAB/Simulink. As shown in Fig. 8, a powertrain test bench
for the power-split HEV is built to validate the effectiveness
of the powertrain model. In the test, the dynamometer speed
is set at 27 rad/s, and the required torque at the ring gear
is set at 30 Nm. Then, the mode transition process with
engine starting is tested. The input variables of the powertrain
model are from the experimental data obtained in the test.
They include the engine cooling water temperature, battery
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FIGURE 8. Powertrain dynamic model validation.

TABLE 1. Main parameters of compound power-split HEV.

FIGURE 9. Powertrain dynamic model validation.

SOC, engine demand angular acceleration, and engine igni-
tion speed. In this paper, many parameters and coefficients
used for modeling are provided by the manufacturers. The
main parameters of the power-split HEV are listed in Table 1.

As shown in Fig. 9(a), in the third and fourth stages, the
torque of the engine output shaft presents obvious torque
fluctuation, and the engine speed presents low frequency and

large amplitude fluctuation. As seen in Fig. 9(b), the speed of
the drive shaft also fluctuates obviously, which may cause the
shock and oscillation of the transmission system. Moreover,
it can be seen from Fig. 9(a) and Fig. 9(b) that in the mode
transition process with engine starting, the change trend of
the torque and speed of the engine output shaft and drive shaft
speed obtained by simulation is basically consistent with the
corresponding results obtained by the bench test. By com-
paring the simulation results and test results, it can be seen
that the powertrain plant model can effectively and accurately
reflect the dynamic characteristics of the powertrain system
during the mode transition process with engine starting.

IV. EVALUATION INDEXES OF DYNAMIC RESPONSE
CHARACTERISTICS
As the vehicle jerk (especially the maximum absolute value
of the vehicle jerk) is synchronous with human feeling and
is not affected by the road bumps or driver operation, it can
better reflect the dynamic characteristics of the vehicle [39].
In addition, the longer the engine starting time, the longer
the time of the shock and vibration in the engine starting
process. Therefore, the vehicle jerk, maximum absolute value
of the vehicle jerk, and engine starting time will be used
as the objective evaluation indexes of the dynamic response
characteristics in the mode transition process with the engine
starting in order to study the influencing factors of driving
comfort and the corresponding dynamic coordinated control
methods.

The vehicle jerk j is the derivative of the vehicle longi-
tudinal acceleration or the second derivative of the vehicle
longitudinal speed, and its expression is as follows:

j =
dav
dt
= V̈x (17)

where av is the vehicle longitudinal acceleration.
The maximum absolute value of vehicle jerk ja−max is

defined as

ja−max = max (|j|) (18)

The engine starting time tstart is expressed as

tstart = tf − t0 (19)

where t0 is the start time of the starting engine, and tf is the
end time of the starting engine.

V. ANALYSIS OF INFLUENCING FACTORS ON DYNAMIC
RESPONSE CHARACTERISTICS
Based on the evaluation indexes of the dynamic response
characteristics, the basic control (BC) method based on
Eq. (1) is used to analyze the influencing factors of the
dynamic response characteristics of the engine starting pro-
cess from the aspects of the engine, battery-motor, and engine
starting condition points. This lays a theoretical foundation
for the corresponding dynamic coordinated control method in
the mode transition process with engine starting. Table 2 lists
the basic simulation parameters of the engine starting process.
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TABLE 2. Basic parameters of model simulation.

FIGURE 10. Engine starting condition points.

FIGURE 11. Vehicle jerks under cold and hot conditions.

A. EFFECT OF ENGINE ON DYNAMIC RESPONSE
CHARACTERISTICS
1) EFFECT OF ENGINE COOLING WATER TEMPERATURE
Using the basic simulation parameters of the engine start-
ing process in Tables 1 and 2, the engine starting process
is simulated under the following conditions of the cooling
water temperature: 25 ◦C (cold start) and 85 ◦C (hot start).
Fig. 11 shows the vehicle jerks during cold and hot engine
starting. It can be seen from this figure that ja−max in the
process of an engine cold start is 109.4 m/s3, and ja−max in the
process of an engine hot start is 106.8 m/s3. This shows that
the vehicle jerk of a cold start and hot start does not change
significantly.

FIGURE 12. Effects of ratio coefficient of ERT on maximum absolute value
of vehicle jerk and engine starting time.

FIGURE 13. Effects of ICA on maximum absolute value of vehicle jerk and
engine starting time.

In addition, the engine cold starting time tstart_cold is
0.663 s, the engine hot starting time tstart_hot is 0.552 s,
and the engine cold starting time is 0.111 s longer than the
engine hot starting time. This is mainly because the engine
ignition speed is higher during a cold start than a hot start,
and the engine friction torque increases with a decrease in the
engine cooling water temperature. Therefore, the time when
the engine speed reaches the ignition speed during the cold
start is longer than that during the hot start.

2) EFFECT OF ENGINE RIPPLE TORQUE
Using the basic simulation parameters of the engine start-
ing process in Tables 1 and 2, the engine ripple torque
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FIGURE 14. Effects of engine intake manifold pressure on maximum
absolute value of vehicle jerk and engine starting time.

(ERT) shown in Fig. 4 is multiplied by the ratio coefficient
to analyze the effect of the ERT on the dynamic response
characteristics of the powertrain system. It can be seen
from Fig. 12 that when the ratio coefficient of the ERT
increases from 0.6 to 1.4, ja−max increases from 75.83 m/s3

to 138.9 m/s3 and the engine starting time increases from
0.609 s to 0.686 s. This shows that ja−max and the engine
starting time increase correspondingly with an increase in
the ratio coefficient of the ERT. This also shows that the
factors that can cause an engine ripple torque change will also
affect the dynamic response characteristics of the powertrain
system.

3) EFFECT OF ENGINE INITIAL CRANKSHAFT ANGLE
The engine initial crankshaft angle (ICA) is the angle between
the position of the first cylinder piston and the bottom dead
center. The effects of different engine ICAs on ja−max and the
engine starting time are simulated under the basic simulation
parameters of the engine starting process in Tables 1 and 2.
It can be seen from Fig. 13(a) that when the engine ICA
increases from 65◦ to 160◦, ja−max decreases from 153.4 m/s3

to 61.1 m/s3, and ja−max decreases by 92.3 m/s3. It can
be observed from Fig. 13(b) that the engine starting time
increases first and then decreases, and the difference between
the maximum and minimum values is only 0.043 s. This
shows that the influence of the engine ICA on the engine
starting time is not obvious. By contrast, the ICA has a more
obvious impact on the vehicle jerk. Because the stop position
of the engine piston directly determines the engine ICA,
controlling the stop position of the engine piston in the proper
range to reduce the vibrations of the engine starting process
has become a hot research topic [40].

FIGURE 15. Effects of IVCT on maximum absolute value of vehicle jerk
and engine starting time.

4) EFFECT OF ENGINE INTAKE MANIFOLD PRESSURE
The effects of the engine intake manifold pressure on
ja−max and the engine starting time are simulated under
the basic simulation parameters of the engine starting pro-
cess in Tables 1 and 2. As shown in Fig. 14(a), when the
engine intake manifold pressure increases from 60 kPa to
101 kPa (ambient atmospheric pressure), ja−max increases
from 62.06 m/s3 to 109.4 m/s3, and ja−max increases by
47.34 m/s3. It can be seen from Fig. 14(b) that the engine
starting time also shows a trend of increasing with an increase
in the engine intake manifold pressure, but the difference
between the maximum and minimum values is only 0.011 s,
which is not obvious.

5) EFFECT OF ENGINE INTAKE VALVE CLOSE TIMING
The engine intake valve close timing (IVCT) is the angle
between the engine piston position and the bottom dead cen-
ter when the intake valve is closed. The effects of the engine
IVCT on ja−max and the engine starting time are simulated
under the basic simulation parameters of the engine starting
process in Tables 1 and 2. It can be seen from Fig. 15(a)
that when the engine IVCT increases from 50◦ to 150◦,
ja−max decreases from 109.4 m/s3 to 24.32 m/s3, and ja−max
decreases by 85.08 m/s3. As shown in Fig. 15(b), the engine
starting time also shows a tendency to decrease as the engine
IVCT increases. However, the difference between the maxi-
mum value and minimum value is only 0.02 s and is not very
obvious.

6) EFFECT OF ENGINE DEMAND ANGULAR ACCELERATION
The engine demand angular acceleration is defined as the
‘‘S-curve’’ function f (x, a, b, c) from Eq. (2). The engine
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FIGURE 16. Effects of parameters a and b on maximum absolute value of
vehicle jerk and engine starting time.

demand angular acceleration is affected by three parameters
a, b, and c. Therefore, the effects of parameters a, b, and c
on ja−max and the engine starting time are simulated under
the basic simulation parameters of the engine starting process
in Tables 1 and 2.

As can be seen from Fig. 16(a), when parameter a is
between 5 and 100, the maximum ja−max appears to be
129.1 m/s3, and ja−max gradually stabilizes at 109.4 m/s3

after parameter a is greater than 100. When parameter b
increases from 50 to 200, ja−max decreases from 206.2 m/s3

to 108.3 m/s3, and then ja−max stabilizes at 109.4 m/s3 as
parameter b increases. As shown in Fig. 16(b), the engine
starting time increases as parameter a increases, and the
engine starting time stabilizes at 0.663 s when parameter a is
greater than 100.When parameter b increases from 50 to 200,
the engine starting time is reduced from 1.934 s to 0.663 s,
and then the engine starting time is basically stabilized at
0.663 s as parameter b increases. As seen in Fig. 17(a),
ja−max increases as parameter c increases. It can be seen
from Fig. 17(b) that the engine starting time also increases
as parameter c increases.

B. EFFECT OF BATTERY-MOTOR ON DYNAMIC RESPONSE
CHARACTERISTICS
1) EFFECT OF BATTERY TEMPERATURE AND SOC
The effects of the battery temperature on ja−max and the
engine starting time are simulated under the basic simulation
parameters of the engine starting process in Tables 1 and 2.
It can be seen from Fig. 18(a) that ja−max is 109.4 m/s3 when
the battery temperature is between 10 ◦C and 50 ◦C, and
ja−max increases significantly when the battery temperature is
lower than 10 ◦C or higher than 50 ◦C. This is mainly because

FIGURE 17. Effects of parameter c on the maximum absolute value of
vehicle jerk and engine starting time.

the battery temperature directly affects the charge and dis-
charge power of the battery when the SOC value is given,
which results in a limitation on the motor output torque. It can
be seen from Fig. 18(b) that when the battery temperature is
in the range of 0 ◦C to 55 ◦C, the engine starting time does not
change significantly. However, when the battery temperature
is −10 ◦C, the engine starting time increases significantly
to 1.763 s. These data show that the low temperature of the
battery at a given SOC will significantly affect the engine
starting time.

The effects of the battery SOC on ja−max and the engine
starting time are simulated under the basic simulation param-
eters of the engine starting process in Tables 1 and 2. It can
be seen from Fig. 19(a) that when the battery SOC is in the
range of 15% to 85%, ja−max is 109.4 m/s3. When the battery
SOC is less than 15% or greater than 85%, ja−max increases
significantly. From Fig. 19(b), it can be seen that the engine
starting time is stable at 0.663 s when the battery SOC is in
the range of 15% to 85%. The engine starting time decreases
to 0.635 s when the SOC is 10% and increases to 0.741 s
when the SOC is 90%. This is mainly because the battery
SOCwill directly affect the charge and discharge power of the
battery when the battery temperature is given, which results
in a limitation on the motor output torque.

2) EFFECT OF BATTERY CHARGE AND DISCHARGE POWER
LIMITATIONS
The effects of battery power limitations on ja−max and the
engine starting time are simulated under the basic simulation
parameters of the engine starting process in Tables 1 and 2.
It can be seen from Fig. 20(a) that the maximum ja−max
reaches 138.4 m/s3 when the battery discharge power
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FIGURE 18. Effects of battery temperature on maximum absolute value of
vehicle jerk and engine starting time.

FIGURE 19. Effects of battery SOC on maximum absolute value of vehicle
jerk and engine starting time.

is limited to 30 kW. When the battery discharge power
limitation increases from 30 kW to 40 kW, ja−max decreases
from 138.4 m/s3 to 109.4 m/s3. Then, when the battery dis-
charge power limitation is greater than 40 kW, ja−max is stable
at 109.4 m/s3. It can be seen from Fig. 20(b) that when the
discharge power limit is increased from 25 kW to 30 kW,
the engine starting time is reduced from 0.72 s to 0.622 s.
When the discharge power limit is increased from 30 kW to
40 kW, the engine starting time is increased from 0.622 s to

FIGURE 20. Effects of battery power limitations on maximum absolute
value of vehicle jerk and engine starting time.

0.663 s. The engine starting time is still 0.663 s when the
discharge power limit is greater than 40 kW. These data show
that the vehicle jerk and engine starting time are no longer
affected by the discharge power limit when the discharge
power limit is greater than 40 kW.

As shown in Fig. 20(a), when the charging power limitation
is increased from 15 kW to 25 kW, ja−max is reduced from
178.4 m/s3 to 109.8 m/s3. With an increase in the battery
charging power limit, ja−max is stabilized at 109.4 m/s3. It can
be seen from Fig. 20(b) that when the charging power limit
is increased from 15 kW to 25 kW, the engine starting time
is reduced from 1.515 s to 0.663 s. When the charging power
limit is greater than 25 kW, the starting time is maintained
at 0.663 s. This shows that when the charging power limit is
greater than 25 kW, the vehicle jerk and the engine starting
time are no longer affected by the charging power limitation.

3) EFFECT OF MAXIMUM TORQUE RATIO OF TWO MOTORS
Based on the basic simulation parameters of the engine start-
ing process in Tables 1 and 2, the maximum torque of the
two motors is multiplied by the ratio coefficient to analyze
the effects of the maximum torques of MG1 and MG2 on the
dynamic response characteristics of the powertrain system.
As shown in Fig. 21(a), when the maximum torque ratio
of MG1 increases from 0.5 to 1.4, ja−max decreases from
199.4 m/s3 to 57.84 m/s3. As can be seen from Fig. 21(b),
the engine starting time first tends to decrease rapidly and
then slowly decreases as the MG1 maximum torque ratio
increases. From Fig. 21(a), it can be seen that when the max-
imum torque ratio of MG2 increases from 0.4 to 0.7, ja−max
rapidly decreases from 142.7 m/s3 to 109.4 m/s3. Then, when
the maximum torque ratio of MG2 is greater than 0.7, ja−max
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FIGURE 21. Effects of maximum torques of MG1 and MG2 on maximum
absolute value of vehicle jerk and engine starting time.

FIGURE 22. Effects of motor torque change rate on maximum absolute
value of vehicle jerk and engine starting time.

is maintained at 109.4m/s3. It can be seen fromFig. 21(b) that
when the maximum torque ratio of MG2 increases from 0.4
to 0.6, the engine starting time increases rapidly from 0.548 s
to 0.661 s. Then, the engine starting time tends toward 0.663 s
when the maximum torque ratio of MG2 is greater than 0.6.

4) EFFECT OF MOTOR TORQUE CHANGE RATE LIMITATION
The effects of motor torque change rate limitations on
ja−max and the engine starting time are simulated under the

FIGURE 23. Effects of motor torque compensation control on vehicle jerk.

basic simulation parameters of the engine starting process
in Tables 1 and 2. It can be seen from Fig. 22(a) that with
an increase in the limitation of the motor torque change rate,
ja−max shows an increasing trend. When the change rate of
the motor torque is greater than 5000 Nm/s, ja−max is kept
at 109.4 m/s3. From Fig. 22(b), it can be seen that with an
increase in themotor torque change rate limitation, the engine
starting time shows a decreasing trend. When the change rate
of the motor torque is higher than 5000 Nm/s, the engine
starting time is basically stable.

5) EFFECT OF MOTOR TORQUE COMPENSATION CONTROL
In the BC method from Eq. (1), the engine torque TEng
required in the engine starting process is obtained by looking
at the map of the engine resistance torque. Because the engine
torque from a map is different from the actual ERT [6],
the ERT cannot be compensated or offset by the torques of the
two motors using the BC method. As a result, the ERT will
directly transmit to the transmission system to worsen driving
comfort and the reduce service life of the powertrain system.
To address this problem, amotor torque compensation control
based the engine torque estimation is used to start the engine.
The actual engine torque is estimated by Eq. (20), which is
obtained by the equivalent lever method [34]. Then, the esti-
mated engine torque TEng_est is substituted for the engine
torque TEng in Eq. (1) to obtain the distributed torques of
the two motors. This can realize motor torque compensation
control when starting the engine.

TEng_est =

(
IEng + IC

) (
i2θ̈MG1 − i1θ̈MG2

)
i2 − i1

+ [TMG1

−
(
Is1 + IMG1

)
θ̈MG1] (i1 − 1)

+[TMG2 −
(
Is2 + IMG2

)
θ̈MG2] (i2 − 1) (20)

where θ̈MG1 and θ̈MG2 are the angular accelerations of
MG1 and MG2, respectively.

The effects of motor torque compensation control on the
vehicle jerk and engine starting time are simulated under the
basic simulation parameters of the engine starting process
in Tables 1 and 2. It can be seen from Fig. 23 that the motor
torque compensation control reduces the engine starting time
from 0.663 s to 0.636 s, but the range of reducing the engine
starting time is not very large. However, the motor torque
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FIGURE 24. Effects of engine starting condition points on maximum
absolute value of vehicle jerk and engine starting time.

compensation control significantly reduces the vehicle jerk,
and reduces the ja−max from 109.4 m/s3 to 61.05 m/s3.

C. EFFECT OF ENGINE STARTING CONDITION POINTS ON
DYNAMIC RESPONSE CHARACTERISTICS
The effects of the engine starting condition points in Fig. 9 on
the vehicle jerk and engine starting time are simulated under
the basic simulation parameters of engine starting process
in Tables 1 and 2. As can be seen from Fig. 24(a), ja−max
from point A to point I shows a trend of first decreasing and
then increasing. Among them, ja−max at point A reaches a
maximum value of 302 m/s3, and ja−max at point E is the
minimum value of 94.04 m/s3. It is shown that the engine
starting point under low-speed and heavy-load conditions has
the largest impact on the vehicle jerk, and the engine starting
point under medium-speed and medium-load conditions has
the smallest impact on the vehicle jerk.

Although the load of engine starting decreases with an
increase in the vehicle speed, the maximum torques of the
twomotors decrease as the speeds of the twomotors increase.
This will cause the motors to have insufficient torques to start
the engine and compensate for fluctuating torques, thereby
causing increases in the shocks and vibrations of the pow-
ertrain system. As shown in Fig. 24(b), the engine starting
time from point A to point I also shows a trend of first
decreasing and then increasing. Among them, the engine start
time of 0.5753 s is lowest at engine starting point E.

This shows that under low-speed and heavy-load con-
ditions and under high-speed and low-load conditions,
the engine starting point has a great influence on the engine
starting time, and the engine can be started more quickly
under medium-speed and medium-load conditions.

FIGURE 25. Synthesis optimization diagram of engine starting process.

FIGURE 26. Optimization results under different engine starting
condition points.

VI. SYNTHESIS OPTIMIZATION OF ENGINE STARTING
PROCESS
Based on an analysis of the above factors, as shown in Fig. 25,
the engine initial crankshaft angle (160◦), intake valve close
timing (150◦), engine demand angle acceleration (a = 100,
b = 200, c = 0.05), and motor torque compensation control
are used to synthetically optimize the engine starting process
under the basic simulation parameters of the engine starting
process in Tables 1 and 2.

Fig. 26 shows the dynamic response results under different
engine starting condition points as obtained by the ‘‘IVCT +
ICA’’ method and the synthesis optimization method. Note
that the ‘‘IVCT + ICA’’ method uses only the engine intake
valve close timing (150◦) and the engine initial crankshaft
angle (160◦). It can be seen from Fig. 26(a) that compared
with the result of ja−max obtained by using the BC method
in Fig. 24(a), ja−max has been significantly reduced by using
the ‘‘IVCT + ICA’’ method. Compared with the ‘‘IVCT
+ ICA’’ method, the synthesis optimization method further
reduces ja−max.

In addition to point A, ja−max is reduced to below 20 m/s3

using the synthesis optimization method. Since the ring
demand torque at engine starting point A is relatively large,
the torques of the twomotors distributed in the engine starting
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process are larger than the maximum torque limitations of the
two motors, which leads to a greater jerk on the transmis-
sion system. In addition, it can be seen from Fig. 26(b) that
the difference between the engine starting time obtained by
the ‘‘IVCT + ICA’’ method and the synthesis optimization
method is not large, but the engine starting time generated by
the two methods is significantly smaller than that generated
by the BC method in Fig. 24(b).

VII. CONCLUSION
Taking the vehicle jerk and engine starting time as the evalu-
ation indexes of the dynamic response characteristics for a
compound power-split HEV, the influencing factors of the
dynamic response characteristics in the engine starting pro-
cess were analyzed comprehensively from the aspects of the
engine, battery-motor, and engine starting condition points.
The analysis results of the dynamic response characteristics
are as follows:

(1) Cold and hot engine starts have little effect on the
vehicle jerk, but the cold-start time of the engine is longer
than the hot-start time of the engine. Under the engine starting
conditions given in this paper, the maximum absolute value
of the vehicle jerk and the engine starting time generally
increase with an increase in the ratio coefficient of the engine
ripple torque, increase in the engine intake manifold pressure,
increase of parameter c of the engine demand angular acceler-
ation, decrease in the engine initial crankshaft angle, decrease
in the engine intake valve close timing, and decrease in the
maximum torque ratio of MG1.

(2) The maximum absolute value of the vehicle jerk and
engine starting time will tend toward a constant value with an
increase in parameters a and b of the engine demand angular
acceleration, increase in the battery charge and discharge
power limitations, increase in the maximum torque ratio of
MG2, and increase in the motor torque change rate limita-
tions. When the battery temperature and SOC are in a certain
range, they do not affect the vehicle jerk or engine starting
time. The motor torque compensation control has no obvious
effect on the engine starting time, but it can effectively reduce
the vehicle jerk.

(3) The engine starting condition points (especially in
the low-speed and heavy-load conditions) have a significant
impact on the vehicle jerk and engine starting time. In addi-
tion, the synthesis optimization method of the engine starting
process can effectively reduce the vehicle jerk and engine
starting time. This will improve driving comfort during the
mode transition process with the engine starting.
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