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ABSTRACT Some g-rung orthopair fuzzy Bonferroni mean Dombi aggregation operators have been devel-
oped based on the Bonferroni mean, Dombi T-norm and T-conorm in g-rung orthopair fuzzy environment.
The g-rung orthopair fuzzy Bonferroni mean Dombi averaging (-ROFBMDA) operator and the q-rung
orthopair fuzzy geometric Bonferroni mean Dombi averaging (-ROFGBMDA) operator are first developed.
Then the g-rung orthopair fuzzy weighted Bonferroni mean Dombi averaging (q-ROFWBMDA) operator
and the g-rung orthopair fuzzy weighted geometric Bonferroni mean Dombi averaging (-ROFWGBMDA)
operator have been developed. Based on the partitioned operation, the g-rung orthopair fuzzy partitioned
Bonferroni mean Dombi averaging (q-ROFPBMDA) operator and the g-rung orthopair fuzzy partitioned
geometric Bonferroni mean Dombi averaging (q-ROFPGBMDA) operator have been presented. Some
desirable properties of the new aggregation operators have been studied. A new multiple attribute decision
making method based on the -ROFWBMDA (q-ROFWGBMDA) operator is proposed. Finally, a numerical

example of new campus site selection has been presented to illustrate the new method.

INDEX TERMS q-rung orthopair fuzzy sets, Dombi, Bonferroni mean, aggregation operator.

I. INTRODUCTION

Q-rung orthopair fuzzy set is the extension of intuitionistic
fuzzy set and Pythagorean fuzzy set [1], which was first
developed by Yager [2]. In g-rung orthopair fuzzy set, the
sum of the gth power of the membership and the gth power
of the nonmembership is not more than 1. Hence, the q-rung
fuzzy set is more flexible, which has more applica-
tions than intuitionistic fuzzy set and Pythagorean fuzzy
set. The g-rung fuzzy set has attracted broad attentions.
Some aggregation operators have been developed [3]-[14].
Considering correlation of the g-rung orthopair fuzzy values,
Liang et al. [5] developed g-rung orthopair fuzzy Choquet
integral operator. By using the power mean operator, some
g-rung orthopair fuzzy power mean operators have been
developed [6], [7]. Q-rung orthopair fuzzy Maclaurin sym-
metric mean operator has been presented by Wei er al. [8].
Some g-rung orthopair fuzzy Bonferroni mean operators
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have been presented in [9] and [10]. By using the Hero-
nian mean operator, Wei et al. [11] presented some g-rung
orthopair fuzzy Heronian mean operator. Based on Dombi
aggregation, Jana et al. [14] developed q-rung orthopair fuzzy
Dombi weighted averaging operator and g-rung orthopair
fuzzy Dombi order weighted averaging operator. Some
distance measures in q-rung orthopair fuzzy environment
have been investigated [15]-[18]. Peng et al. [18] proposed
g-rung orthopair fuzzy weighted distance-based approxima-
tion method. Q-rung fuzzy set has been further extended
to accommodate uncertain linguistic arguments [19]-[21],
interval values [22]. Q-rung orthopair fuzzy set has been
applied in evaluation of renewable energy problem [23],
teaching quality [24], etc. Since g-rung orthopair fuzzy set
has advantages over existing fuzzy sets, g-rung orthopair
fuzzy values are taken as evaluation values in this paper.
Aggregation operators are very important in decision mak-
ing process [25]-[28]. The Bonferroni mean (BM) was first
proposed by Bonferroni [29], which is interpreted as the
product of each argument with the average of the other
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arguments by Yager [30]. BM operator has been further
studied and applied extensively [31]-[37]. Geometric BM
was developed by Xia et al. [31] and generalized BM was
proposed by Xia et al. [32] by considering correlation of three
aggregated arguments rather than two. Chen et al. [33] gen-
eralized extended BM by a composite aggregation function.
Blanco-Mesa and Merigé  [34] proposed Bonferroni-
Hamming weighted distance operator. Different views of
weighted BM operations have been studied by Mesiarova-
Zemankova et al. [35]. Some intuitionistic fuzzy Dombi
BM operators have been developed by Liu et al. [36].
Some intuitionistic fuzzy interaction partitioned BM oper-
ators have been proposed by Liu et al. [37]. The BM
has been extended to accommodate interval type-2 fuzzy
values [38], Pythagorean fuzzy values [39]-[41], 2-tuple intu-
itionistic fuzzy values [42], hesitant 2-tuple linguistic argu-
ment [43], neutrosophic fuzzy values [44], etc. Dombi [45]
developed Dombi t-norm and Dombi t-conorm, which is more
flexible by a parameter in aggregation process. Dombi aggre-
gation has been studied and applied extensively [46]-[48].
Some aggregation operators based on the Dombi t-norm
and Dombi t-conorm have been studied. Some picture
fuzzy Dombi aggregation operators been developed includ-
ing Picture fuzzy Dombi weighted average operator and
picture fuzzy Dombi weighted geometric average opera-
tor [49], picture fuzzy Dombi Heronian mean operator [50].
Some intuitionistic fuzzy Dombi aggregation operators and
interval-valued intuitionistic fuzzy Dombi aggregation oper-
ators have been presented [51]-[53]. Some bipolar fuzzy
Dombi weighted averaging operator has been proposed by
Jana et al. [54]. Dombi operation has been further extended
to the neutrosophic fuzzy environment [55]-[57], 2-tuple
linguistic neutrosophic fuzzy environment [58], [59], pic-
ture fuzzy environment [60], g-rung picture fuzzy environ-
ment [61], etc. Since g-rung orthopair fuzzy set is more
flexible in evaluation process and Dombi is more flexible
in aggregation, BM operator can consider the correlation
of the arguments to be aggregated, then we develop new
aggregation operators based on the Dombi and BM operator
in g-rung orthopair fuzzy environments to give some more
powerful and flexible aggregation operators. To the best
of our knowledge, Dombi aggregation operation based on
the BM in g-rung orthopair fuzzy environment is yet to be
studied. Hence, the aim of this paper is to develop some
g-rung orthopair fuzzy BM Dombi aggregation operators.
We first developed g-rung orthopair fuzzy BM Dombi aver-
aging (q-ROFBMDA) operator and g-rung orthopair fuzzy
geometric BM Dombi averaging (G-ROFGBMDA) operator.
Then we presented the g-rung orthopair fuzzy weighted BM
Dombi averaging (q-ROFWBMDA) operator and g-rung
orthopair fuzzy weighted geometric BM Dombi averaging
(g-ROFWGBMDA) operator. Considering the partitioned
aggregation operation, we developed the q-rung orthopair
fuzzy partitioned BM Dombi averaging (q-ROFPBMDA)
operator, the g-rung orthopair fuzzy partitioned weighted BM
Dombi averaging (-ROFPWBMDA) operator, the g-rung
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orthopair fuzzy partitioned geometric BM Dombi averag-
ing (q-ROFPGBMDA) operator and the g-rung orthopair
fuzzy partitioned weighted geometric BM Dombi averaging
(qg-ROFPWGBMDA) operator. The new aggregation opera-
tors can provide us a very useful means to deal with MADM
problems in g-rung orthopair fuzzy environments.

The rest of the paper is organized as follows. Some basic
concepts about g-rung orthopair fuzzy set, Dombi T-norm
and Dombi T-conorm have been reviewed in Section 2. Some
g-rung orthopair fuzzy BM Dombi aggregation operators
have been developed including the -ROFBMDA operator,
the -ROFGBMDA operator, the -ROFWBMDA operator,
the q-ROFWGBMDA operator, the q-ROFPBMDA oper-
ator, the g-ROFPWBMDA operator, the -ROFPGBMDA
operator and the -ROFPWGBMDA operator in Section 3.
Some properties have been studied. A new multiple attribute
decision making method based on the q-ROFWBMDA
(q-ROFWGBMDA) has been developed in Section 4. Numer-
ical example is presented in Section 5 to illustrate the new
method. Conclusions are given in the last Section.

II. PRELIMINARIES
Definition 1 [2]: Let X be a fixed set. A g-rung orthopair
fuzzy set (q-ROFS) A on X can be represented as

P = {<x, pa(x), valx) >| x € X}, ey

where pa(x) : X — [0, 1] is the degree of membership and
va(x) : X — [0, 1] is the degree of non-membership of
x € X tothe set A, respectively. For eachx € X, it satisfies the
following condition 0 < (ug(x))? + (va(x)? < 1, (g = 1).
Tax) = (1 — (ua@))? — (va(x))»)/4 is the indeterminacy
degree of x to X.

Definition 2 [4]: Let& =< g, vg > be a g-rung orthopair
fuzzy number. The score function of & can be defined as

S(@) = ul — . ()
The accuracy function of & can be defined as
oy — 4 q
H(@) = pny +v,. 3)

Let@ =< pg,vs > and B =< Mg vg > be two g-rung
orthopair fuzzy numbers, then
If S(&) > S(B), then & > B,
If S(&) = S(B), then
If H@&) > H(B), then & > B,
If H(@) = H(B), then & = B.
Definition 3 [45]: Let (x,y) € (0,1) x (0,1) and y > 0.
The Dombi T-norm Tp, and Dombi T-conorm Sp , are
defined as follows

1
Tp,y(x,y) = — @
’ L+ (57 + (5
1
Spy(x,y)=1-— - . o)
7 L+ (57 + (5517
_ Definition 4 [14]: Let & =< pg, vz > and

B =<upu pr Vg > be two q-rung orthopair fuzzy numbers.
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The operational laws of g-rung orthopair fuzzy numbers
based on the Dombi T-norm and Dombi T-conorm can be
defined as

ey
dop=((1- - L - )"
1+ ((1_az)y + (1_Zg)y) 4
1 1/q
( 1=y vy 1/7/) )
I+ ()" +(54)7)
@)
. 1 /g
a®,3—<( iy Ry 1/1/) 7
1+((u_g) + 7 )")
<1_ vy Vl "6 \r 1/)/)]/[1)’
H ()" + ()"
@ 4
3)
1 1/q
=i |
1+()L(1lj;z)y)1/y
1 1/q
1+(k(1:5q))/)1/7/) )
“

1 1/q
(1 B vl 1/ ) >
a \V\'/Y
L4 ((125)")
Ill. SOME NEW q-RUNG ORTHOPAIR FUZZY DOMBI
BONFERRONI MEAN OPERATOR
Definition 5 [29]: The BM aggregation operator of dimen-
sion n is a mapping (R*)" — R*:

1 - e
BM™(B1. Bo. o ) = (——— 3 BIB)™. (6

nn—1) T
where r,s > 0, B G = 1,2,...,n) is a collection of
nonnegative real numbers.
Definition 6: Let &, (k = 1,2, ...,n) be a collection of

g-rung orthopair fuzzy numbers. The q-rung orthopair fuzzy
BM Dombi averaging (g-ROFBMDA) operator is defined as

q-ROFBMDA(&1, &2, - . . , &)

— (2

1
n(n—1) &fjorig @ ®ED)™ (D

where r, s > 0.
Theorem 1: Let ay =< ug,vg > ((=1,2,...,n) be

a collection of g-rung orthopair fuzzy numbers, g,y > 0.
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The aggregated result of -ROFBMDA operator is still a
g-rung orthopair fuzzy number and

q-ROFBMDA(@1, &7, ..., &)

1 o s\
= <— Bl j=t,igg @ ®“f)> i

nn—1)
_ <( 1 )1/61
o 1+ (-1 1 1y ’
(r—i—s ( ﬁ Zi,j=],i#j ”&ij
1 1/q
(1- ) ®
1+(L( 1 1/y

T
s nn—T1) Z?,j:l,i;éj Véy;
where
1
Uy ..
4 1—#2, 1% 1 sz y’
L
r(hm) 45— )
R 9
1
Vé; o -
& \Y LERY4
r(l—uq) +s(l—v‘1)
i G
Proof:
()
= 7 ,
l I"Ha Ly

1 1/q
(1-———)")
L (s(=5)") "
&
a; ® ¢

1 1/q
<1 B U‘Z_ y Ug. y 1/]/> >.
L+ (r(=i) +s(=2)7)

o aj

n AT ~8
@i i1, ® Q)

1 1/q
=<(1_1+(Zn 1 )1/7) ’

ij=Lig g 1l
.
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Let
1
u&lj = -y " M‘{. s
I‘( lﬂ“:)y —|—S( l{"]))’
i <
1
V&,j vq Vg y.
r(=i)” + (=)

O‘t
n ar ~S
Bij=1,iz (4 @)

1

1
nn—1)

=<(1_1+(
<1+(

1/q
. )1/)’) ’

1 n
A=) D=L Y

1 )1/7/ )l/q)’

1 Hl~_s
(i =1y et @ @)

1
pym—
<l_1+(

1 n
nn—10) Zi J=1,i#j Va

1/q
1/V> ’

))1/V)1/q>'

=< 1’ Mg = l_vg_a

T Lori=Liz Ya
1
1
n(nl—l) Zgj:l,i;éj Vajj

r+v(

Moreover, 0 < ud +vi
] J

vl

q 4
v&j S 1 I‘L&j’

U&j )V
l—ng

1-pd
qaj
9
.
9

<

q
%

i\
(Y (o

i aj

n
Zi,j:l,i;&j Véij

n
Z,’Jg],i#j Ua»

1

o5
lv 1—
1—

1
nn—1)

1
>

“nn—1)
1 n
nn—1) Zi,j:l,i;sj Va;

— )
1

r+s
( 1 n )’

1
TS D =i Yy
1

A

v

1
1
R Lt Vi
1

1+ (755 (

v

207

1

s

1
1 ~Nu
n(n—T) Ztr'l,j:l,i#j gy
1

1+ (

1 1y
T Li=Lis
1

1

n
D=1,k Vi

1
r+s

1+ (

(

+1-

1/y =1
1+ (r+s( (nl—l) ))

Hence, the aggregated result of the g-ROFBMDA operator
is still a g-rung orthopair fuzzy number.

Theorem 2 (Idempotency): Let & =< jug,, v, > (i =1,
2,...,n) be a collection of g-rung orthopair fuzzy numbers.
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If @y = a,thatis < pg,,ve >=< ug,vg > Kk

1,2,...,n),q,y > 0. Then
g-ROFBMDA(a, @3, .. ., &n)

=aq.

Proof: Since g, Ma; = Mas then Uy, =
1 _ 1 _ 1
Ay (R () ()
thenal K
( 1 )1/q
1 1 1 1y
+ (r+s(ﬁ 2. Uiy
_ ( 1 )1/4
o 1 1 1/y
1+ (r+s(ﬁ S  — )
(r+.€)( #go‘)
_ ( 1 )1/t1
)"

((r+é)( :t; )V)
R
= 1/
1 (2 (0 + ) (o i 4)7)
B ( 1 )l/q
= i
()
( 1 )1/11
= ZM
1+ 1;’{2 )
Vo, = Vo = Vo Ve = vl Vl Ty
() (=)
| i 1 & &
7 By )
r(757) +s(22)" (i)
(1 i 1 )l/q
) L1t Wy
+ (r+S ﬁ Y=Lz Vajj
| 1/q
=(1- 1+ (7 1 ))W)
TSN s Y i lv? v
(r+S)(1_D;CZ)

))l/y)l/q

17
1 1/q
- (1 - v 1/ )
L (G (4 () )
1 1/q
- (1 B vl y l/y)
L+ ((25))
1 1/q
= (1 B v = Ve
I+ l—auq
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Hence, g-ROFBMDA (&4, &2, ..., &,) = @&.

Theorem 3: (Monotonicity) Let (ap,@s,...,a,) and

(,31, ﬁz, e, ,3”) be two collections of g-rung orthopair fuzzy
numbers. If @y =< g, , v, >, ,Bk =< g Vp, > k =
2,...,n)and ug, fuBk,v&k >p then

q-ROFBMDA(@&1, @2, . - ., Q)

S q_ROFBMDA(ﬂ]’ﬁ25 LI ﬂn)-
Proof: Since g, < pa, g < pa, b < pb, ub <
o — g ey = g e — g0 My —
P
lfulz‘ lfu,pA‘ l—u,pA_ l—uvﬁ_
Lo =% <0, u’f% > —fand —2 > e
% Bi o) Bj
P 1—u? 1—u? 1—ub

e

K. Mg, B; M,
) s(r )z () () Letug, =

& % Bi B;

1—ub. 1—u2 1-pf 17;;;;
( ug,.a’)y s ugjaj)y’uf?if =r( #lé,.ﬁ‘)y + s ﬂgij)y’

1 n 1
(n(n 1) Zi,j=1,iaéj Zj)

1 n 1
= (n(n —1) Zw:l,i# u_ﬂj)
1 1
r —+—s( _1 1 )
(n(nfl) Z:i,j=1,i;ﬁj u&i}.)
1 1

> ( ),

r+s

1 n 1
(n(n—l) Zi,,/':l,i#j %)

1 1/q
(1_‘_(%( 1 ))1/)/)

§ (n(n 1) le—l i us ])

1 1/q
- (1+(L(( 1 ))1/1/) ’

n(n D Zl/ Li#j ug )
Bij

. P p P p x v
Vai Z Ve Ve Z Vg Vg Z Vo Vg Z Ve (1
1 ve Vg b Vg. v v
o i J J o
a—Z = 0 -2 = 12018 = 10 r(l—v’f_) +
Ot, ; 0(] '3] Ot,
Ve VA A WP
4 \Y Bi \Y i\V R @ \Y
S(l—v‘?_) > r(iZr) + (o) Letvg _r(l—v{") +
@j : ﬁj a;
Vp vp g
& \v _ Bi \r B v
s(lfp) ’Vﬁ _r(l v’f) +S(1 va) :
' Bi Bi

1 Zn 1
nn —1) ij=1,i#] Véy

<Ly L
nn—1) i,j=1,i#j Vi,

1 1 1y
( )
r+s n(n i) le 1,i#j Va
= (

(

1 1
r+s(

1 ))1/)/’

1 n
n(n—1) Zi,j=1 JFE] Vﬁii
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1
1—
1 1 1 1/y
+ (r+~ (n(n 1) le i) va vq ay
> 1 !
—_ - 1 .
T (s (s )

n(n 0 Zl J=Li#E v L/S[j

By using the score function, we can get

g-ROFBMDA(&1, @3, . . ., &)

< q-ROFBMDA(B1, B2, ..., Bn).

Theorem 4 (Boundedness): Let &y =< g, , vy, > (k =

1,2,...,n) be a collection of g-rung orthopair fuzzy num-
bers. @~ =< pu~, vt >=< ming pug, , maxy vy, >, at =<
wt,vT >=< max ug,, minvg, >, then

&~ < g-ROFBMDA(a1, a3, ..., &,) <a™.

Proof: The property of boundedness can be proved
easily by using the property of monotonicity.

Theorem 5: (Commutativity) Let &; =< My s Vg, > and
ap =< '“:ik’ vék > (k =1,2,...,n) be two collection of
g-rung orthopair fuzzy numbers. If &, =< “:ik’ > is any
=< g, Vg, >, then

A
Ay
permutation of &y
q-ROFBMDA(&1, &2, . . . , )
= q-ROFBMDA(&], &, . .., @),).
Proof:
q-ROFBMDA(41, @2, . . . , Gn)

= (ﬁ @,/ Lij (@ ® ”))

1
r+s

1 A~ r+s
= (n(n 1) l] lz;é]((a )r®( /) ))
= q-ROFBMDA(&}, @5, . .., &,).
Definition 7: Let ay (k = 1,2, ...,n) be a collection of
g-rung orthopair fuzzy numbers. The g-rung orthopair fuzzy

geometric BM Dombi averaging (q-ROFGBMDA) operator
is defined as

q-ROFGBMDA’*(&1, &2, . . ., &)

L N .
- r_’_s(@?,j:l,i;éj (rai@saj)n(n—n)’ 9)
where r, s > 0.
Theorem 6: Let & =< pg,, vg, > (i=1,2,...,n) bea

collection of g-rung orthopair fuzzy numbers, g, y > 0. The
aggregated result of -ROFGBMDA operator is still g-rung
orthopair fuzzy number and

q-ROFGBMDA (&1, 42, .. ., &)

1 1/q
=<<1_1+(1 1 )1/V> ’

s S )

1 1 ))1/V)l/q)’

1 n
) 2oij=L.ii V&ly)

(10)

4G
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where

1
vay = ( [y 1-vd )
(G sy
o Otj

Theorem 7 (Idempotency): Let ay =< g, ,vg, > (i =
1,2,...,n) be a collection of g-rung orthopair fuzzy num-
bers. If & = @, thatis < g, vs, >=< Hg, Vg > (k =
1,2,...,n),q,y > 0. Then

q-ROFGBMDA(¢1, &2, . . .

,&n) =a.

Theorem 8 (Monotonicity): Let (&,ds,...,a&,) and
(,31, ,32, ey ﬁn) be two collections of g-rung orthopair fuzzy
numbers. If @y =< pg, . vy, >, Br =< Mg Vg, > k =
1,2,...,n)and pg, < g Vay > Vg then

q-ROFGBMDA(&l, az, ..., 0
< q-ROFGBMDA(B1, B2, - . ., Bn)-

Theorem 9 (Boundedness): Let a; =< s Vo > (k=
1,2,...,n) be a collection of g-rung orthopair fuzzy num-
bers. @~ =< pu~, v >=< ming pg,, maxg vy, >, at =<
utv” >=< max jig, , minvg, >, then

&~ < g-ROFGBMDA(@1, &3, ...,a4,) <a™t.

Theorem 10 (C?mmutativity): Letay =< pg,, vy > k=
1,2,...,n) and @) =< ,u&k,vék > (k=1,2,...,n) be
two collection of g-rung orthopair fuzzy numbers. If &; =<
'“:ik’ vék > is any permutation of & =< g, , v4, >, then

q-ROFGBMDA (&1, &2, . . . , &)

= q-ROFGBMDA (&}, &5, .. ., &,).
Definition 8: Let a; (k = 1,2, ..., n) be a collection of
g-rung orthopair fuzzy numbers and (wy, wa, ..., wy) be the

weight vector of & . The g-rung orthopair fuzzy weighted BM
Dombi averaging (-ROFWBMDA) operator is defined as

g-ROFWBMDA(&1, @3, . . . , &)

1 n AN A8 r%—v
= (m @i,j=l,i;£j (wio;)” ® (Wjaj) )) T (11)
where r, s > 0.
Theorem 11: Let o (k = 1,2, ..., n) be a collection of

g-rung orthopair fuzzy numbers. The aggregated result of g-
ROFWBMDA operator is still g-rung orthopair fuzzy number
and

q-ROFWBMDA(@1, &7, . . ., &)

B —

)1/11

1 ( 1/y ’
1

TS\ D Lij=1in Yy

l 1 1/V>l/q>’ (12)

1 n
nn—1) Zi.j:l.i;&j Va,j

(-
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where
1
Ug.. =
ij 1 1 ’
r 7 +s i
@\ @ 7
w .
'(1,#‘1 ) W'/(lfu(! )
& 9
1
Va;
ij 1 1
r——g— ts 7
—v&_ y I_U&j y
L
Wl( v ) Wj( e )
& &;

Theorem 12 (Commutativity): Let o (k = 1,2,...,n)
be a collection of g-rung orthopair fuzzy numbers. If
(@),&,,...,&,) is any permutation of (&1,@z,...,Q),
then

g-ROFWBMDA(&1, @3, . . ., &)
= q-ROFWBMDA (&7, &5, ..., @)).
Definition 9: Let ay (k = 1,2, ...,n) be a collection of
g-rung orthopair fuzzy numbers and (wy, wa, ..., wy) be the
weight vector of &;. The g-rung orthopair fuzzy weighted

geometric BM Dombi averaging (-ROFWGBMDA) oper-
ator is defined as

g-ROFWGBMDA (a1, &2, .. ., &)

1 n A Wi Wi ST
= r+s(®i*f:1*i#f (ra; @ sa; )t 1)), (13)

where r, s > 0.

Theorem 13: Let ay (k = 1,2,...,n) be a collection
of g-rung orthopair fuzzy numbers. The aggregated result
of ¢-ROFWGBMDA operator is still g-rung orthopair fuzzy
number and

q-ROFWGBMDA(&1, &2, . . . , &)

1 1/q
_<<1_1+(L( 1 ))I/V) ’

r+s n 1
( Do j=1isi )] ”&fj)

5 (= - )l/y)>]/q)’ (1

s (Sf =i 7 Vi)

1

where uz, = : : s Vo =
r((W_IMg;)V)—H(( _"‘gt_,-)l’)
i “g. wj u?
1 [*3

e

y )

‘& \” Y& \Y
() o)

I—ve. 1—v

Theorem 14 (Commjutativity): Letay (k = 1,2,...,n)
be a collection of q-rung orthopair fuzzy numbers. If
(@), a),...,q&,) is any permutation of (a,ds, ..., &),
then
q-ROFWGBMDA(@a1, @2, . . ., Qy)

= q-ROFWGBMDA(&}, &5, . .., &)).

Definition 10: Let @x (k = 1,2,...,n) be a collection
of g-rung orthopair fuzzy numbers, which is partitioned into
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m distinct sorts Py, Pa, ..., P,. The g-rung orthopair fuzzy
partitioned BM Dombi averaging (-ROFPBMDA) operator
is defined as

q-ROFPBMDA(&1, &2, . - ., &p)

R 1
- m(®i=1 (l Ph | EBleph (Oli ®(|Ph| -1
1
Djer,j2id))) ) (15)

where r,5 > Oand r +s > 0. | P, | is the cardi-
nality of P, and m is the number of partitioned sorts and
Yoy 1Pl = n.

Theorem 15: Let a; (k = 1,2, ...,n) be a collection of
g-rung orthopair fuzzy numbers. The aggregated result of the
g-ROFPBMDA operator is still of a g-rung orthopair fuzzy
number and we have

g-ROFPBMDA(a, @3, . . . , &y)

1 1/q
- ((1 B 1 m 1 UV) '
I+ G (L ———))

i=1 (# 1

s 1 . 1
Pyl Zléph u&ij

(1+(izm — )l/y)l/q)' (10

m L—i=1 (L 1
r+s _1 > 1

TP iePy, v~
[Pp| =1€lh e

1—pd
Whereu&ij:r( Mgal)y_i_#Z. .1‘(%)"}5@':

& PAI=T 2jePpii \™ 2,0
o(=41)

%

v
(L 1 r,s >0
(1—1;;1’_) W%Zje}’h,j#[(vq%)’ ’

a; \Y
J
x( )
lfv‘!v

)
and r + s > 0. | Pp | is the cardinality of P;, and m is the
number of partitioned sorts and Y ;' |Py| = n.
Proof:

o 1 /g
I 1—pd ’

1+ ()

M&j
1 1/q
(1- ) )
I+ (s(l_:’f )V) 7
&
Ojepy j#id]
1 1 /g
N (( ) 1 1/}/) ’
+ (Ljepy i ( ol )
(5 ,ﬂj)

J

S
1—vd

1 1/q
(1 + ( Xjep, jui (+))W> >
(o

a;

J
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1
|Pnl =1

:<<1_1+(

. . . )
Djepy.j#i 4

1

1 ))1/)/)1/q’

1
[Pp]—1 ZJ'El"h,jaéi (T

1 1/q
(1+( ))1/)’> >’

1 1
|Ppl—1 ZjePh,j;aéi ( vl

Let
1—pul 1
Uy, = r( ’)y + )
“ ", T Ljepyiri (ﬁg,)y)
K HZ.J
J
Vg, = ( Ugi )V + :
o b
ij 1 — vgi # ZjePh,j;ti( ( vglj y)
§ 1-v?
&

= ((ﬁ)w’ (1- ﬁ)%

ugy.. V(V&l.j
Diery (& © (o Bjeryjpi &
iePy i |Ph| -1 JEPY i j

1 1/q
<<1_1+(Z L)UV) ’

iePy Ugy

1 1/q
(1 +(Xien, %U)W) >
1

1
- D vl s A oS
| Ph | ealeph (al ® (|Ph| -1 @]eph’];ﬁl aj))

_ (3 1 1/q
- (( T 1 1 l/y) ’
+ (7 Ziers i)

Haj

[Ppl

1 1/q
<1+(LZ 1 )1/)/) >’

|Pp| iePy V&zj

1 X 1 oy
(m Dier, (@] ® (|Ph|——1 Bjery.jzi 7))

:((IJF(; : I )l/y)l/q’

r+s

Loy 1
|Ppl ZlGPh u&ij
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1 . 1 ASYVY T
Sicp, (@] ® (|Ph|——1 Djepy. i 7))

m
ATy

1 1/q
((1 B 1+(Zm 1 )1/1’) ’

i=1 ( 1 1
[EEpm S T
TP, | i€ePyp u~
[Py] ~i€Pp u‘"ij

1 1/q
<1+(Zm 1 )1/}’) )’

i=1 ( 1 1
s 1 > T
7P iePp v~
[Ph1 2-i<Ph T,

1, e 1
n_,l(@i:l (m 65lEPh (ai ® (|Ph| —1
1

Djep, J#i&;))) e )

_ (3 1 1/q
_(( N l_l_(l(zlfrl_ 1 ))1/7) ’
m i=1 (L 1
’“ﬁZiePhﬁU

1 1/q
<1+($Zm 1 )1/1/) >

e )

s

s 1 5. 1
Ppl zlEPh V&ij
Moreover, 0 < ng + vgj <1, ,ugj <1- vgj, vgj <1-
a 1—ud 1 1—pug v 1-ug
9 _4 4 GV < Gy, i < =
Rop 7507 = 0T ’S(l—vZ.) =( M, ) 1V T kg,
J T J J l '
q
q 1=
& \V @ \Y
r(l—vq) Sr( nl ) '
&; o
Y )
|Pul — 1 jEP,j#i ng y
s(l—v? )
%
1 1
= P 1Z'GP '?ﬁ'( 1—uf )’
|Pp| — IS Pa;\y
§ q
U«&j
Vg, y !
1
) Ty (—)
G [PhI=T £ejePhj#i \ ™~ T
J
§ lfug_
J
1—pul 1
ai\Y
= V( q ) +

IPhll—l ZjéPhJ#i( 17,142' y)’
i

x( 7 )

%

that is vy, < ug,, then

1 1
|Pp| “—j€Pn.j#i Ve
1 1
2 T . . . _’
|Pp| “—jePp.j#i Ug,;

1 1

1 1
r S — . Ly —
+ [Phl Z]EP;,,];&! V&U
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| |
= 1
S jepnj#i
]

1
(Z Z:il 1 1

s 1y 01
[Ppl—1 ZjePh,ﬁil V&ij

1 m 1 1/
(;Zizl 1 1 ) y’

T

Haj

)l/y

=

s 1y 1
[Pp|—1 ZjePh,];él u&ij
1
2 :
i=1 _T_ 1

rts 1y L
[Pp1—1 Z.lePh,/#t V&ij

= 1 1 1
1_{_(%2?1:1# 1

+ T~ . 1
o [P,—1 ZfEthj#iWij
1
(XL
i= ( 1 1

r+

1+ (4 )

m

)1/)/’

0<1-

)"

1+ (%
§ ‘%mZiePh ﬁ
1
m 1
Zﬁltz___r__j

r+

)l/y <1

14+ (L

m S S —
s 1 j 1
Py ZlGPh vé‘ii

Hence, by using the score function, we can get the aggre-
gated result of the -ROFPBMDA operator is still a g-rung
orthopair fuzzy number.

Theorem 16 (Idempotency): Let &y =< g, , Vs, > (k =
1,2,...,n) be a collection of g-rung orthopair fuzzy num-
bers. If &y = @, thatis < g, ,vs, >=< Hg,vg > (k =
1,2,...,n). Then

q-ROFPBMDA (&1, &, . . ., &,) = &.

Proof: Since g, = Ka; = Ha» Va; = Vo, = Vi, We have

1— 1
Ug; = r( l)y +
" e, BT Liepnizi ()
J
q S Hg] )
1 — s 1
— r( (x)V +
W T Sjernizi (o)
s( uga)
1= ng .y — Mg\ 1= ng .y
(T A =)
q
(1 L (L(y 1 1/V>
+ (m(lel (L 1 ))
s Py ZiEPh ﬁ[j
_( B 1 )l/q
I+ G () = )"
(r+s LZ_ 1 )
[Pp] i€Pp 1—;4‘1 Y
(r+s)( “q"‘)
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(1 1 )l/q ( 1 )1/‘1
L (1 = g
1+ - S
N
( Vg, )Y !
v»’” =r - +
%jj 1—1)2 Pl 1Zj€f’h»ﬁél( "é- V)
§ 17:'1 )
q 1 ’
Va
= r(—2)" +
1— vz |P,,| T L jepy i (%)
ES
v v '
_r(1—w) +s(— v&) (r+s)(1—w) '

Since vg, = vg, = Vg,

( 1 1/q
1 1 1/V)
1+ (n_1 Zi] (L 1 )

_<1+(i2’-”_ L

m fi=1 ( 1 1 )
r+s _1 . 1
TPy ZlEPh v

Hence, g-ROFPBMDA(Q 1, @2, ..., Qy) = @.
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Theorem 17 (Commutativity): Let x =< ug,, vg, > and
a, =< ,uélk, vék > (k = 1,2,...,n) be two collections
of g-rung orthopair fuzzy numbers. If (&, @z, ..., &) is
any permutation of (&, &5, ..., &) and they have the same
partitioned sorts, then

q-ROFPBMDA (&1, &2, . .., &)
= q-ROFPBMDA(&}, &. . .., &)).

Proof:
g-ROFPBMDA(&1, @3, . . ., &)
1 N
:Z(Qam (|P |®16Ph( lr®

1 R L
(|P|—1 Djepyjzi &))) )

1 5

= (el <|p - ®icr, (@) ®
(|Ph|——1 Djep j#i (&})S))) )

= q-ROFPBMDA(&}, @), ..., &,).

Theorem 18 (Monotonicity): Let a4 =< M&,» Ve, > and
By =< b VR > be two collection of g-rung orthopair
fuzzy numbers. If pg, > M, and vg, < Vg, for all
k=1,2,...,n, then
q-ROFPBMDA(&1, &3, - - -, &p)

> q-ROFPBMDA(S1, B2, - - ., Bn)-

Proof: Since g, > pg ., 1 q > M (=Y = _%’

_q 4 4 1— 1

1 }L&k - 1 M&k 1 ,u&i v - Mﬁ; y
7 =7 »I'\—37 =r{—xa >
Mg, K, g, g,

1 1
|Pp| — 1 Zjephvj?éi (1—ng

1
> -
TPy -1 Zjeph,j# =g

B
1
1 1
[Pp|—1 ZJEPh,j#i [N
(=)
J75
g
1
< 3 i )
[Pp|—1 £=jePp,j#i 7“;{?
;
S\
b
1—pud
r( '“a,-)y 1
q l—uq
Mg, Y (—2)
[Pp|—1 £=j€Pp.j#i 7
J
l—pg 1
<r(—5)" + —
'uBi |Ph| IZjePhﬁéz 1— “ﬁ ,
S }J,llj
Bj
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Let
1 — g 1

u&ij:r( qal)y""

I—MA 1

1 1
=T Zjepnini 57
T

N

1 1 1 1
Then 51 > Sicp, wm— = i 2oiep, T
ij

&

1 1 1 1

1 1 :
i Pn—1 ZjePh,j#i 1_,1;1%. ,

<
1 1 — 1
TS Xiervw, T i Lier,

1 m 1
a2i=1 I

r4s 1 D 1
P, i€Pp uj
| h‘ iePy uaij

By
1
1 m 1
145 2z N——
s WZiePh@
1
= 1 m 1 ’
1+ﬁ i=1_1 1
r+. 1

1
s TPy ZiePh Uy
Bij
1

r+s 1 > 1
TP 2-i€P), A
[Pp] ~1€lp u"‘ij

L+ (G (28 ﬁ))w

1
+ (,,_1(2,'=1 (L 1
s ﬁZiePh ﬁ
. . q q Xy 1
Vi < Vo Vg < Vi (=) = T2
ng vgk Y < ng 14 ng Y <
1—v4 ’s(l—le ) _S(l—vq ) ’r(l—v? ) =r
Br G Br 7
LY )
|Pp| — 1 4~jePn.j#i vgj y
s(l—vg.)
J
s Y )
T |Pp| — 1 L—jePuj#i ”Z,- y '
S lfvg)
q J
(o) 1
q 1 1
=g, BT e ( .
s .Iq
lfv&j
Vi v !
1
S r(l _ vq ) 1 Z ( :
Bi [Pp|—1 £—jePy.j#i iz

N
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Let
vg. v 1
_ i
v =) sy
@; [Pul—1 £<jePy,ji i,
J
§ ]—v(Z_
%j
Ug 1
_ i Y
vﬂ,j_r(l_v‘z) + 1 Z ) ( 1 )
Bi [Pp|—1 £=j€Pp.j#i v ,
i
§ lfv({)
bj
1 1 1 1
- - _—,
|Pnl “—i€Pu vg,; — |Pp| “i€Ph vy
1 1 - 1 1
r+sLZ. L_r—ksLZ. 1>
|Pp| iePy v&ij |Pp] i€ePy, vBij
1 Zm 1
m i=1 _L 1 I
s Py ZiePh E
1 & 1
= _Z 1 1 ’
M T Ty . L
1Pl iePy Vﬂ'*__
y
( 1 )1/q
1 1
I+ 5 Y — I
r+ . 1
s Py ZlEPh V‘S’ij
1 1/q
= ( 1 m 1 ) '
L+ 52— T
s ‘}}TZiEPh V+

Bij
By using the score function, we can get

q-ROFPBMDA (&1, &2, . . ., &)
> q-ROFPBMDA(B1, B, . . ., Bn).

Theorem 19 (Boundedness): Let @ =< g, vg, > (k=
1,2,...,n) be a collection of g-rung orthopair fuzzy num-
bers. @~ =< p~, vt >=< ming ug, , maxy vy, >, at =<
wt, VT >=< max jg,, minvg, >, then

&~ < g-ROFPBMDA (G, &2, ..., &,) < &™.

Proof: The property of boundedness can be proved by
using the property of monotonicity.

Definition 11: Let &y =< g, vs, > (k =1,2,...,n)
be a collection of g-rung orthopair fuzzy numbers, which
are partitioned into m distinct sorts Pi, Pa, ..., Py,
Z;”Zl |Pjl = n. The g-rung orthopair fuzzy partitioned
weighted BM Dombi averaging (-ROFPWBMDA) operator
is defined as

q-ROFPWBMDA (&1, &s, . . . , &)
1 o s\
- (ot (Suen (om0 ) ). )

where (wi, wa, ..., wy) is the weight vector of (@1, &2, ...,
@) satisfyingw; > 0 (j=1,2,...,n) and 27:1 wi = 1.
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Theorem 20: Let &y =< g, vs, > (k= 1,2,...,n)
be a collection of g-rung orthopair fuzzy numbers, which are
partitioned into m distinct sorts Py, P2, ..., Py, 27':1 |Pj| =
n. The aggregated result of the -ROFPWBMDA operator is
still a g-rung orthopair fuzzy number, which has the following
form

q-ROFPWBMDA(41, @, . . ., 4n)

:<(1_1+(1Zm 1 L )1/y>1/q’

mlui=1 1T T
r+s ( 1 )
Zz,]ePh Wiwj u&[_j

)"

( 1
1+(%Z?LIL 11

r+s 1
2ijePy Wi”y(va(ij )

1-pd 1-pg, i
ug—a’)y + 5( ,ﬂaj)y’ Vay = r(liauli’ )+

a; @ o

where Ug; = r(
q

UA.
S(l_o;/f’ )y, r,s > 0and r +s > 0. (w,wp,..
5

., Wy) 1S

the wéight vector of (a1,&2,...,4,) and w; > 0 ( =
1,2,...,n),2}':1wj= 1.

Theorem 21 (Idempotency): Let &y = &, < pg,, Vg, >=<
s, vg > ((=1,2,...,n). Then

q-ROFPWBMDA (&1, @2, ..., Q) = @.

Theorem 22 (Monotonicity): Let & =< [ig,, Vg, > and
3;( =< Wj Vg > (k =1,2,...,n) be two collections of
g-rung orthopair fuzzy numbers, which have the same parti-
tioned sorts Py, Pa, ..., Py, Z]m=1 [Pj| = n. (w1, wa, ..., wy)
is the weight vector of (&1, a2, ..., &y,) satisfying w; > 0,
j= 12 ...,nand Y} wj = L If pug < 14, and
Vo, > V3o then

q-ROFPWBMDA(41, da, . . ., @)
< q-ROFPWBMDA(1, o, - . ., Bn).

Theorem 23 (Boundedness): Let @ =< My s Vo > (k=
1,2,...,n) be a collection of g-rung orthopair fuzzy num-
bers. @~ =< pu~, vt >=< ming pg, , max vy, >, a" =<
wt, VT >=< max ug,, minvg, >, then

4~ < ¢-ROFPWBMDA(&1, &, ..., a&y) <a™.

The Boundedness property of G-ROFPWBMDA operator
can be proved easily by using the property of monotonicity.

Definition 12: Let &y =< g, vs, > (K =1,2,...,n)
be a collection of g-rung orthopair fuzzy numbers, which are
partitioned into m distinct sorts Py, P2, ..., Py. The g-rung
orthopair fuzzy partitioned geometric BM Dombi averaging
(qg-ROFPGBMDA) operator is defined as

q-ROFPGBMDA (@41, @2, - - . , @)

= (&) (——(®ijepy iz (&) ® (53) PIFIED)) 7,
(19)

1
r+s
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where r,s > 0 and r +s > 0. | Py, | is the cardinality of P
and m is the number of partitioned sorts and Y ;. |Pp| = n.

Theorem 24: Let &y =< pg,, vy > (k=1,2,...,n)be
a collection of g-rung orthopair fuzzy numbers. The aggre-
gated result of the -ROFPGBMDA operator is still a g-rung
orthopair fuzzy number and

G-ROFPGBMDA(G1, &, . . ., &n)
m 1 A
= (®L1 (o (®ijerniz (ra) &
(s87)) PR )

~(( 1 g
- 1 1 1/ ) ’
1+ (EZ:n:l % 1 ) s

A=y (Siserping ﬁ)

! 1 1/q
( N 1 ~—m 1 I/V) >
1+ (%Zi:l % T )

| (Z-- 4)
PP \ &P i Vg,

(20)
qu "W 1—v?

where ug, = r(] a,g.)y +5(1_a]g.)y’ Vay = r( vl )"+
i J !

s(=r)"

Thjeorem 25 (Idempotency): Let ax (k = 1,2,...,n)be a
collection of g-rung orthopair fuzzy numbers. If ¢; = &, that
is < ug,,vg >=< Mg, vg > (i=1,2,...,n). Then

q-ROFPGBMDA (&1, &2, . . ., &p) = 4.

Theorem 26: (Commutativity) Let & (k = 1,2,...,n)
be a collection of qg-rung orthopair fuzzy numbers. If
(@), a,....,a,) is any permutation of (&, Q&,...., &),
then

q-ROFPGBMDA (&1, &3, . . . , &)
= q-ROFPGBMDA (&), &, . .. ., &,).

Theorem 27 (Monotonicity): Let Gy =< g, Vs >
and ,3;( =< Wgv5 > (i = 1,2,...,n) be two col-
lections of g-rung orthopair fuzzy numbers, which have
the same partitioned sorts Py, P2, ..., Py, ijzl |Pj| = n.
If g, < K, and vy, > V5o then

q-ROFPGBMDA(41, 3, . . ., &)
< q-ROFPGBMDA(B1, B2, .. .. Bn).

Theorem 28 (Boundedness): Let o =< My s Vo, > k=
1,2,...,n) be a collection of g-rung orthopair fuzzy num-
bers. @~ =< p~, vt >=< ming pg,, maxy vy, >, at =<
ut, v >=< max Mg, » minvg, >, then

+

&~ < ¢-ROFPGBMDA(&1, 4, ..., a4y) <&

Some special cases of the g-ROFPGBMDA operator are
considered by considering some special r, s.
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(1) If s — 0, the the ¢-ROFPGBMDA operator reduces to
the following operator

¢-ROFPGBMDA(&1, @, . . ., @)
1 R 1

= (®:~"=1 (—(®iePh (roz,-)) i ))
r

- <<1 +(Lyom : 1 )l/y)l/q’

i=11 T
r

S—

1 1/q
(1_1+(l2'_" - 1 )l/y) >

2n

(2) If s — 0 and all the g-rung orthopair fuzzy numbers are
partitioned into one sort, then the -ROFPGBMDA operator
reduces to the following operator

1

n A R 1 ~\7
q-ROFPGBMDA @1, @, .. . , ) = ;( QL (rozi))

1 1/
:<(1_1+( i )1/y> ’

S

3)Ifs - 0and r = 1, the -ROFPGBMDA operator
reduces to the following operator

q-ROFPGBMDA(&1, &2, . . ., Gp)
1

_ (( 1 )1/4
B 1 AN

L4 (3 X0 gy S, (1))

1
(l - 1 1 Ve, \v
1+ (ﬁ ZT:] m ZiEPh (1_‘)12.) )

(23)

(4)If s — 0,7 = 1 and all the g-rung orthopair fuzzy num-
bers are partitioned into one sort, then the -ROFPGBMDA
operator reduces to the following operator

Ay 1 1/q
(&L &)" = <( 1—p? 1/y> ’
1+, (M_qa')y)
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S)If r = 1 and s = 1, the -ROFPGBMDA operator
reduces to the following operator

q-ROFPGBMDA (41, @s. . . ., &)
: A '\ 1Py : =1 %
et (oo 00
1

1/q
)1/)’> ’

:<(1+(%Z;n_11 11

2 1 Yiiep A 1
[PRI(P,I=T) =tJelp 17 u&ij

1 1/q
(1 B 1 v 1 1/V> >
1+ (5 2 1 T )
2 1 Z .1
TPRITPRI=T) SiePhiz] v

(25)
g i :
where ug. = (11_1;% ) + (I—ZJ‘{ ), Ve = (:;’é )+
o Bj %
(ke
lfp.%j

Definition 13: Let &y =< jg,,vs, > (K =1,2,...,n)
be a collection of g-rung orthopair fuzzy numbers, which
are partitioned into m distinct sorts Pi,Pa, ..., Py,
Z;'n=1 |Pj| = n. The g-rung orthopair fuzzy partitioned geo-
metric weighted BM Dombi averaging (-ROFPGWBMDA)
operator is defined as follows:

q-ROFPGWBMDA (&1, &s, . . . , &)

= (O (o (®ijerniny 04" @
s&;v/‘)) BT )) 0 ) (26)

Theorem 29: Let & =< g, vg > (k= 1,2,...,n)
be a collection of g-rung orthopair fuzzy numbers. The
aggregated result of the -ROFPGWBMDA operator is still a
g-rung orthopair fuzzy number, which has the following form

q-ROFPGWBMDA (&1, &, . . ., &)

’

)l/q

RN T— )17

r+s 1 > I
- i JEPY i#] T,
[PLI(P,I—1) &P, i# Ty

(1_ 1 m : 1
1+(EZ[:1L 1 )

r+s 1 L L
PRITPRT=T) ZhjePhoiAi v

1
l/y) /51)’

(27)
h R 1 1 R 1
where ug, = r——7 +s 7 ,val.j—rT—i—
e T A
Wi\ =g wj % ) A
aj @; o
(%Y
WJ( 1-v7 )
dj R R R
Theorem 30: (Commutativity) Let (ay,dz,...,0q,)

be a collection of q-rung orthopair fuzzy numbers.
If (@],&),...,@a,) is any permutation of (&1, &2, ..., Q).
Then
g-ROFPGWBMDA (¢, &2, . . ., &)

= q-ROFPGWBMDA (&7, &5, .. ., @),).

n
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Theorem 31 (Monotonicity): Let & =< g, ,vs, > and
B =< Mg Vg, > (k = 1,2,...,n) be two collection of
g-rung orthopair fuzzy numbers. If ug, > b andvg, <v be
fori=1,2,...,n,then
q-ROFPGWBMDA(a, 2, . . . , &y)
> q-ROFPGWBMDA(B1, Bs, ..., Bn).
Theorem 32 (Boundedness): Let @, =< My s Vo, > (k=
1,2,...,n) be a collection of g-rung orthopair fuzzy num-
bers. @~ =< pu~, v >=< ming pg,, maxg vy, >, at =<
wt,vT >=< max ug,, minvg, >, then
&~ < q-ROFPGWBMDA (&1, &3, . .
Some special cases of the -ROFPGWBMDA operator are
discussed as follows.

(D) If s — 0, the -ROFPGWBMDA operator reduces to
the following operator

q-ROFPGWBMDA" (&1, @», ..., &)

- (s (2w ) )

—(( 1
1+ (5 20 1+)W
" ﬁZiePh ril

Ly <at.

)1/11’ (1 _

1

1 1/q
), @8)
T+ (AT . )
r I i L
[PLI(P,=1) &ij€Pp,i# rvL-
1
1—pd vl
where u; = wj( M,{"’)y, Vi = wi(l_o;’i, )y.
&

(2) If s — 0 and all the g-rung orthopair fuzzy numbers
are partitioned into one sort, the -ROFPGWBMDA operator
reduces to the following operator

q-ROFPGWBMDA" (&1, @7, ..., &)
1 JETR
- ;( ®ii (m;m))"

=((1- ),
1 1 1 1)y
e ——)
(S

Ml (!

1 1/q

( 1 1 l/y) > (29)

Gy —r—)

N
wi( 17\}‘1_)
(3)If s — 0and r = 1, the -ROFPGWBMDA operator
reduces to the following operator
q-ROFPGWBMDA (@1, &2, ..., &)
N L
= (®L (®icp, &))"
= :
1 I ~m I R 1y
+ (z Zi:l Pl ZiePh Wz( T ) )

m

1

)l/q

’
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(1- )"

Ve
1+ (n% i |pl—,,\ ZiePh Wi(l_a,jg )y)l/y

i

(30)

(4)If s - 0 and r = 1, and all the g-rung orthopair fuzzy
numbers are partitioned into one sort, the -ROFPGWBMDA
operator reduces to the following operator

q-ROFPGWBMDA (&1, s, ..., @)
1
= <®?=1 &zm)

_ 1
- (( I_MZ%

T+ (5300 wi

(-

)1/q
iy
1 n . vgi Y

L+ (5 Zi=lwl(1__vg_) )

1/V)1/q>' GD

) If r = 1and s = 1, the -ROFPGWBMDA operator
reduces to the following operator

q-ROFPGWBMDA (¢, &2, .. ., &)

1 s Wi T %
— <®:V;1 (§< ®1,J€Ph,l;éj (a:’\/l @(XJWJ)> [Ppl(Pp] 1)))

7))

i

< 1 1/q
- (1+(lzm 1 )1/)’) ’
m i=1 % . T ;

PLITPLT=D) Zi.jePh,iaéj @

! /g
(1 - 1 m 1 1/)/) )’
1+ (E Zi:l T I )

2 +Z — 1

[P I(P,T—1) &ij€Py.i#f Ty

(32)

_ 1 1 o=
where Ug; = — + T Vay = 7 +
wi( )’ wi( =)
Mg, uld 1=y
L 0(/

IV. NEW MULTIPLE ATTRIBUTE DECISION MAKING
METHOD BASED ON THE NEW q-RUNG ORTHOPAIR
FUZZY DOMBI BONFERRONI MEAN OPERATORS

In this section, we propose a new multiple attribute decision
making method based on the new g-rung orthopair fuzzy
Bonferroni mean Dombi aggregation operators.

Consider a multiple attribute decision making problem,
which is composed of m alternatives {A1, A, ..., A;;} and n
attributes {C1, Ca, ..., C,}. The weight vector of attributes
is (Wi, wa,...,wy) with w; > O and Y " ;w; = 1. The
alternatives are evaluated using the g-rung orthopair fuzzy
numbers &; =< Méy» Va; > and the decision matrix is
formed as D = (@ij)mxn- The new method is as follows.

Step 1. The qg-rung orthopair fuzzy evaluation value
Qjj =< Way» Va, > 1s given by decision maker when evaluat-
ing alternative A; with respect to the attribute C; and decision
matrix is formed as D = (@i))mxn-
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Step 2. The collective evaluation values &; (i = 1,
2,....,m) of alternatives A; i = 1,2,....,m) are
aggregated by using the g-ROFWBMDA operator or the
g-ROFWGBMDA operator.

&; = ¢-ROFWBMDA(&;1, dp, . -

. &m)
g ——
1+ (5 ( 1 v
r+s ﬁ221;=1,k#/ (ﬁ)

1 1/q
(l_ 1+(L( 1 ))1/7/) )’

r+s 1 1
) 2ok A=k (%)

(33)

— 1 1 . _ 1
g =T nd TS Vo = T3 +

Wk( ik )V w;( aj] Wk( Qi )y
1—uf 1-pnd 7
Yik aj i
s 1

&; = ¢-ROFWGBMDA (&1, &s2, . -

1
:<(1_1+(1 1

o )

. &ll’l)

))1/V)l/q’

Step 3. Calculate the score degree and accuracy degree of
a; (i = 1,2,...., m) by using the Eq.(2)-(3). Rank ¢; (i =
1,2, ...., m) by using Definition 2.

Step 4. Rank alternatives according to the ranking of the
& (i=1,2,....,m)and select the optimal alternative.

V. NUMERICAL EXAMPLE AND COMPARATIVE ANALYSIS
A. NUMERICAL EXAMPLE
In this section, we give a numerical example to illustrate
the feasibility and practical advantages of the new method.
With the development of Chinese higher education, many
universities choose to construct new campuses in suburbs of
cities. Suppose there is a university in Xi’an, which want
to construct a new campus in the suburb of Xi’an. There
are five different locations for further evaluation A;-Chanba,
A,-Caotangsi, A3-Chuangxingang, A4-Lintong, As —Yanliang.
Four attributes are considered including: Ci-development of
city, C-price of land, Cz-environment, C4—transportation.
The proposed method is used to rank alternatives.

Step 1. Decision makers give the evaluation values in the
form of g-rung orthopair fuzzy numbers, which are shown
in Table 1.

Step 2. If the g-ROFWBMDA operator is used as

1 i 1/q Eq.(33), the aggregated results are shown in Table 2.
( 1 1 1/V)) ) (34) Hereq = 2,r — s = 2and y = 1,2,3,4,5,6,8, 10,
1+ (r—ﬂ( (Z" 1 ( BN ))) respectively. The weight vector of the attributes are assumed
RI=LEAL ne=D A to known as (0.20, 0.30, 0.15, 0.35).
Step 3. Calculate the scores S(@;) (i = 1,2,...,5) of
uéikl = r( 171/1 ) + S(#) V:;[ikl = collective evaluation values &; (i = 1,2, ..., 5) by using the
(wk ik )y (wz L )y Eq.(2). The results are shown in Table 3.
r( ! ) n s( ik ! ) il Step 4. Rank ¢; (i = 1, 2,. ... 5) gccording to S(a) (i =
(Wk Yk )y (WI Y )y .1, 2, o 5.) and rank alternatives A; (i = 1,2, ... ; 5) accord-
Hgik 1 vgll ingtoa; (i =1,2,...,5). The results are shown in Table 4.
TABLE 1. Q-rung orthopair fuzzy decision matrix D.
Alternative (& Cy Cs Cy

Aq <0.6,0.8> <0.6,03> <0.7,04> <04,0.3>

Ay <0702> <0704> <0.6,02> <0.3,0.6>

As <0.5,07> <0.6,02> <0.90.2> <0.6,0.3>

Ay <08,0.1 > <06,04> <0.7,03> <0.3,0.5>

As <04,05> <08,0.1> <0506> <0.7,0.2>

TABLE 2. The aggregated results by using the -ROFWBMDA operator forg =2,r =s =2.

vy=1 y=2 vy=3 vy=4
A <0.5687,0.4259 > < 0.5747,0.3880 > < 0.5824,0.3686 > < 0.5878,0.3567 >
Az <0.5713,0.3259 > < 0.6013,0.2911 > < 0.6094,0.2635 > < 0.6335,0.2472 >
A3z <0.6327,0.3054 > < 0.6101,0.2727 > < 0.5904,0.2554 > < 0.5974,0.2441 >
Ay <0.5984,0.3288 > < 0.6276,0.3405 > < 0.6345,0.3386 > < 0.6559,0.3337 >
As  <0.5903,0.3042 > < 0.6068,0.2600 > < 0.6193,0.2384 > < 0.6474,0.2281 >
y=25 v=206 v=2_8 v =10
A; <0.5912,0.3567 > < 0.5932,0.3411 > < 0.5977,0.3444 > < 0.5922,0.3252 >
Az <0.6335,0.2472 > < 0.6496,0.2306 > < 0.6806,0.2136 > < 0.6802,0.2137 >
A3z <0.5974,0.2441 > < 0.5957,0.2302 > < 0.5801,0.2319 > < 0.5869,0.2252 >
Ay <0.6559,0.3337 > < 0.6683,0.3249 > < 0.7664,0.1117 > < 0.7624,0.1131 >
As  <0.6474,0.2281 > < 0.6660,0.2183 > < 0.6589,0.2226 > < 0.7623,0.1131 >
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TABLE 3. The scores by using the q-ROFWBMDA operator forq=2,r =s =2.

y=1 ~=2 y=3 ~v=4 ~v=5 =6 ~v=8 =10
A, 01421 0.1797  0.2033  0.2183 0.2284 0.2355 0.2387  0.2449
Ay 02202 0.2767 03019 0.3402 0.3565 0.3688 04176 0.4170
As 03071 0.2979 0.2834 0.2973 0.2996 0.3019 0.2827 0.2938
Ay 03288 0.2779 02879 0.3188 0.3314 0.3411 0.5749 0.5684
As 03042 0.3006 0.3267 0.3671 0.3844 0.3959 0.3846 0.5683
TABLE 4. Ranking results of the g-ROFWBMDA operator.
Ordering Optimal alternative
’y:1 Ay > Az > As > Ay > Ay Ay
7:2 As > A3 > Ay > Ax > Ay As
'y:3 As > Ay > Az > Ay > Ay As
7:4 As > As > Ay > A > Ay As
'y:5 A5>A2>A4>A3>A1 A5
v=6 As > Ax > Ay > Az > Ay As
7:8 A4>A2>A5>A3>A1 Ay
v =10 Ag > As > As > A > Ay Ay
TABLE 5. The aggregated results by using the -ROFWGBMDA operator forg=2,r =s=2.
y=1 y=2 vy=3 vy=4
A1 <0.8355,0.2050 > < 0.7305,0.2666 > < 0.6919,0.2896 > < 0.6711,0.3047 >
Az < 0.8536,0.1560 > < 0.7655,0.2411 > < 0.7318,0.2848 > < 0.7115,0.3109 >
A3 < 0.8688,0.1465 > < 0.7487,0.1990 > < 0.6956,0.2212 > < 0.6686,0.2361 >
Ay < 0.8659,0.1500 > < 0.7699,0.2408 > < 0.7278,0.2849 > < 0.7016,0.3106 >
As < 0.8482,0.1510 > < 0.7414,0.2627 > < 0.6834,0.3333 > < 0.6430,0.3745 >
y=25 v=26 v=28 v =10
A;  <0.6581,0.3136 > < 0.6491,0.3261 > < 0.6374,0.3416 > < 0.6301,0.3519 >
Az <0.6972,0.3275 > < 0.6858,0.3389 > < 0.6685,0.3535 > < 0.6562,0.3625 >
Az < 0.6531,0.2468 > < 0.6433,0.2546 > < 0.6317,0.2652 > < 0.6251,0.2718 >
Ay <0.6839,0.3272 > < 0.6712,0.3387 > < 0.6544,0.3534 > < 0.6438,0.3625 >
As < 0.6153,0.3999 > < 0.5959,0.4168 > < 0.5716,0.4377 > < 0.5570,0.4501 >

TABLE 6. The scores by using the g-ROFWGBMDA operator forq =2,r =s = 2.

y=1 ~v=2 ~y=3 ~v=4 =5 =6 ~v=8 ~v=10
A; 0.6560 04626 0.3948 0.3576 0.3331 0.3150 0.2898 0.2731
As 07043 0.5279 0.4544 0.4096 03788 0.3555 0.3220 0.2992
As 07334 0.5210 0.4350 0.3913 0.3656 0.3489 0.3287 0.3169
Ay 07273 0.5347 0.4485 0.3958 0.3607 0.3359 0.3033 0.2831
As  0.6966 04807 0.3560 0.2733 0.2186 0.1814 0.1351 0.1077

From results we can see that, the ranking of alternatives is
Az > As > A4 > Ay > A1 and the optimal alternative is A3
for A = 1. The optimal alternative is As for A = 2,3,4,5, 6.
If & = 2, the suboptimal alternative is A3, which is the same as
that for A = 1. If A = 3, the suboptimal alternative is A4 and
Aj is ranked third. The ranking of alternatives are the same as
As > Ay > Ay > A3 > A for L = 4,5, 6. In this case, A3 is
the suboptimal alternative, A4 is ranked third and A3 is ranked
the second from last. The optimal alternative becomes A4 for
A = 8, 10. The suboptimal alternative is A and As is ranked
third for . = 8 and the suboptimal alternative is As and A is
ranked third. The aggregated results of A4 and A5 are nearly
the same for A = 10. The A can be seen as the risk attitude
of decision maker. Decision maker is more risk-seeking with
the increasing of A.
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If the g-ROFWGBMDA operator is used in step 3 in the
aggregation process, results are shown in Table 5, where
q = 2,r = s = 2. The scores are calculated by using the
Eq.(2) and results are shown in Table 6. The ranking results
are shown in Table 7. If y = 1, the optimal alternative
is Az and suboptimal alternative is A4. If y = 2, the opti-
mal alternative is A4 and suboptimal alternative is A3. For
y = 3,4,5, 6, the optimal alternative is A>. The suboptimal
alternative is A4 if y = 3, 4 and suboptimal alternative is A
ify =5,6. When y > 7, the optimal alternative becomes A;.

In order to consider influence of parameter g, we consider
g = 2,3,4,5fory = 2and y = 3 in -ROFWBMDA
operator, respectively. If y = 2, As is the optimal alternative
forg = 3 and ¢ = 5 and A4 is the optimal alternative for
g = 8and g = 10. If y = 3, As is the optimal alternative
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TABLE 7. Ranking results of the q-ROFWGBMDA operator forq =2,r =s = 2.

Ordering Optimal alternative

=1 Az > Ay > Ax > As > Ay As

¥=2 Ag > A3 > As > As > Ay Ay

’}/:3 As > Ay > A3 > Ay > As Ao

v=4 As > Ay > A3 > Ay > As Ao

vy=5 Ao > A3 > Ay > Ay > As Ao

v=26 Az > Az > Ay > AL > As Ag

’}/:8 Az > As > Ay > Ay > As As

v =10 Az > Az > As > AL > As As

TABLE 8. The aggregated results by using the ¢-ROFWBMDA operator for different q, y.
g=3,7=2 g=5~y=2 q=8,7y=2 g=10,7y=2
A <0.5772,0.3720 > < 0.5842,0.3519 > < 0.5912,0.3347 > < 0.5936,0.3279 >
Az < 0.6096,0.2660 > < 0.6236,0.2391 > < 0.6384,0.2237 > < 0.6460,0.2187 >
Az <0.6044,0.2569 > < 0.5980,0.2377 > < 0.5955,0.2236 > < 0.5955,0.2187 >
Ay < 0.6341,0.3389 > < 0.6455,0.3308 > < 0.6581,0.3209 > < 0.6644,0.3168 >
As < 0.6135,0.2400 > < 0.6312,0.2232 > < 0.6525,0.2142 > < 0.6616,0.2113 >
g=3,v=3 g=57v=3 g=8~vy=3 g=10,v=3

A1 <0.5859,0.3549 > < 0.5913,0.3368 > < 0.5951,0.3232 > < 0.5962,0.3185 >
Az < 0.6283,0.2433 > < 0.6401,0.2254 > < 0.6539,0.2155 > < 0.6610,0.2123 >
Az <0.5979,0.2411 > < 0.5956,0.2252 > < 0.5959,0.2155 > < 0.5965,0.2123 >
Ay <0.6509,0.3326 > < 0.6602,0.3222 > < 0.6706,0.3140 > < 0.6755,0.3112 >
As < 0.6395,0.2257 > < 0.6552,0.2152 > < 0.6694,0.2094 > < 0.6151,0.2027 >

TABLE 9. The scores by using the g-ROFWBMDA operator for different q, y.

q=3 qg=>5 q=8 q=10 q=3 qg=>5 q=8 q=10
y=2 y=3
A; 0.1409 0.0626 0.0148 0.0054 0.1564 0.1350 0.0156  0.0057
Ay 02077 0.0935 0.0276  0.0127 0.2336  0.1985 0.0334 0.0159
As 02038 0.0757 0.0158 0.0056 0.1997 0.1950 0.0159  0.0057
Ay 02160 0.1081 0.0351 0.0167 0.2389 0.2123 0.0408 0.0198
As 02171 0.0996 0.0328 0.0161 0.2501  0.2197 0.0403  0.0197
TABLE 10. Ranking results of the q-ROFWBMDA operator for different g, y.
Ordering Optimal alternative
qg=3,7y=2 As > Ay > As > As > Ay As
q=>5v= As > Ay > As > Az > Ay As
qg=8,y=2 Ay > As > A > As > Ay Ay
q=10,v=2 Ag > As > As > Az > Ay Ay
qg=3,7=3 As > Ay > Ar > A3 > Ay As
qg=5,v7v= Ay > A5 > As > Az > Ay Ay
g=8,v=3 As > As > Ar > Az > Ay Ay
q:107'y=3 Ag > A5 > As > Ay > A Ay

for ¢ = 3 and A4 becomes the optimal alternative for g =
5, 8, 10. Moreover, the aggregated results and the scores are
more close with the increasing of g.

In order to consider influence of parameter r, s, we con-
sider r = 1,...,4,s = 1,...,4forq = y = 2 in
g-ROFWBMDA operator. The ranking of alternatives is as
As > A3 >Ar) > Ay >Aiforr=s=1,r =1,5s =2 and
r = 1,s = 3. The optimal alternative is As and suboptimal
alternative is A3z in other cases. The ranking of alternatives
is As > Az > A4 > Ay > Aj. The optimal alternative and
suboptimal alternative are the same as above. But the rankings
of A; and A4 have changed.
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B. COMPARATIVE ANALYSIS

If we aggregate the alternative evaluation values by using
the q-rung orthopair fuzzy weighted averaging (q-ROFWA)
operator as ¢-ROFWA(&1, &2, . .., @) = D1y widj = (a-
]_[;':1(1 — M;])Wf)l/q, ]_[7:1 v;}j), we can get @] =< 0.5654,
0.3811 >,a =< 0.5948,0.3617 >, @3 =< 0.6704,
0.2961 >,&4 =< 0.6135,0.3139 >,45 =< 0.6798,
0.2301 >, where ¢ = 2. The scores of q;(i = |1,
2,...,5) can be calculated as S(@;) = 0.1744, S(ap) =
0.2230, S(a3) = 0.3617, S(a4) = 0.2778, S(&s) = 0.4092.
The alternatives can be ranked as As > A3z > Ag > Ay > Aj.
The optimal alternative is As. If the g-rung orthopair fuzzy

VOLUME 8, 2020



W. Yang, Y. Pang: New g-Rung Orthopair Fuzzy Bonferroni Mean Dombi Operators

IEEE Access

TABLE 11. The aggregated results by using the operator for different r, s.

r=s=1 r=1s=2 r=1,s=3 r=2s=3
A; <0.4391,0.5109 > < 0.5048,0.4418 > < 0.5175,0.4338 > < 0.5757,0.3875 >
As < 0.4525,0.4169 > < 0.5285,0.3533 > < 0.5396,0.3422 > < 0.6018,0.2907 >
Az < 0.4926,0.3742 > < 0.5576,0.3186 > < 0.5649,0.3100 > < 0.6128,0.2722 >
Ay <04778,0.4711 > < 0.5543,0.3922 > < 0.5649,0.3888 > < 0.6291,0.3379 >
As < 0.4878,0.3327 > < 0.5529,0.2901 > < 0.5608,0.2850 > < 0.6085,0.2581 >
r=3,s=3 r=3,s=4 r=4,s=4 r=4,s=5
A1 <0.5747,0.3880 > < 0.5752,0.3878 > < 0.5747,0.3880 > < 0.5750,0.3879 >
A < 0.6013,0.2911 > < 0.6015,0.2909 > < 0.6013,0.2911 > < 0.6014,0.2910 >
Az < 0.6101,0.2727 > < 0.6115,0.2724 > < 0.6101,0.2727 > < 0.6110,0.2725 >
Ay <0.6276,0.3405 > < 0.6283,0.3392 > < 0.6276,0.3405 > < 0.6280,0.3397 >
As < 0.6068,0.2620 > < 0.6077,0.2590 > < 0.6068,0.2600 > < 0.6073,0.2594 >

TABLE 12. The scores by using the q-ROFWBMDA operator for different r, s.

r=1 r=1 r=1 r=2 r=23 r=3 r=4 r=4

s=1 s=2 s=3 s=3 s=3 s=4 s=4 s=25
A; -0.0682 0.0596 0.0796 0.1812 0.1797 0.1805 0.1797 0.1802
Ao 0.0310 0.1545 0.1741 02777 0.2767 02772 02767 0.2770
Az 0.1026 0.2096 0.2230 0.3015 0.2979 0.2997 0.2979  0.2990
Ay 0.0063 0.1534 0.1680 0.2815 0.2779 0.2798 0.2779 0.2790
As  0.1273  0.2216 0.2333 0.3037 0.3006 0.3022 0.3006 0.3015

TABLE 13. Ranking results of the q-ROFWBMDA operator for different r, s.

Ordering Optimal alternative
r=1,s=1 As > A3 > Ax > Ay > Aq As
r=1s= As > A3 > As > Ay > Ay As
r=1,s=3 As > A3 > As > Ay > Ay As
r=2s=3 As > A3 > Ay > As > Ay As
r=3s=3 As > A3 > Ay > As > Aq As
r=3,s=4 As > A3 > Ay > As > A As
r=4,s=4 As > A3 > Ay > As > Aq As
r=4,s 5 As > A3 > Ay > As > A As

TABLE 14. The scores by using the q-ROFWA operator and the q-ROFWGA operator.

S(ar) S(a2)  S(as) S(aa)  S(as) Ranking of the alternatives
the g-ROFWA operator
qg=3 0.1323 0.1786  0.2907 02201 03145 Az > Az > Ay > A > Ay
q=>5 0.0611 0.0935  0.1731  0.1207 0.1727 Az > As > Ay > Az > Ay
q=2_8 0.0170 0.0314  0.0917 0.0494 0.0737 A3 > As > As > Ax > Ay
qg=10 0.0073 0.0151  0.0662  0.0284 0.0433 A3 > A5 > Ay > Az > Ay
the g-ROFWGA operator
g=3 -0.0061 0.0292 0.1397 0.0645 0.1735 A5 > A3 > Ay > Az > Ay
g=>5 -0.0363 0.0029 0.0507 0.0201 0.0727 As > A3z > Ay > Ax > Ay
qg=8 -0.0297 -0.0016 0.0086 0.0030 0.0183 As > A3 > Ag > Az > Ay
qg=10 -0.0206 -0.0010 0.0020 0.0008 0.0072 A5 > Az > As > Az > Ay

weighted geometric averaging (q-ROFWGA) operator is

ot = @&f.at.af.a)

) =(< 08,01 >, < 08,0.1 >,

used in aggregation process as q-ROFWGA(&y, ao, .. .,
&) =TT & = (T2 w7, (=TT, (1 = viy)1/a), we
cangeta; =< 0.5328,0.5031 >, &, =< 0.5085, 0.4469 >,
a3 =< 0.6148,0.4120 >, &4 =< 0.5103,0.3945 >, &s
< 0.6194,0.3636 > and S(&;) = 0.0308, S(&2) = 0.0588,
S(@3) = 0.2082, S(a4) = 0.1048, S(&s) = 0.2515. The
ranking of alternatives is A5 > A3 > Ay > A4 > Aj,
which is similar to that of the g-ROFWA operator. We also
consider ¢ = 3,5, 8, 10 in the -ROFWA operator and the
g-ROFWGA operator. The results are shown in Table 14.

If the TOPSIS method is used to rank alternatives, we first
determine the q-rung orthopair fuzzy positive ideal solution
&™T and g-rung orthopair fuzzy negative ideal solution &~ as
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< 09,02 >,< 07,02 >), & = (@;.a&,,4;,84;) =
(04,05 >,<06,04 >, <0.5,06 >, <0.3,06 >).
Calculate the distance of each alternative evaluation values
to @ and &~ by using the distance measure d(&;, &j) =
\/(|,ul.2 — u/.2| + |vi2 - v/.2|)/2. The weighted distances can
be calculated by using d(&;, &™) Z;}:l w;d (@), &;‘),
daj,a”) = Zj:l w;d (@), &j_) to get (&1, &™) = 0.4851,
d(Gn,a™) = 0.4573, d(@z,a™) = 0.3550, d(d4,a") =
0.3969, d(as,a™) 0.2195, d(a;,a™) 0.3936,
d(,a”) = 0.3634, d(az,a”) = 0.3964, d(G4,0") =
0.3357, d(as,@”) = 0.3158. The relative closeness coeffi-

: L d(&;,a%)
cients can be calculated by CC; = dGahdaan o get
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TABLE 15. The characteristic comparisons of different methods.

Methods information by q-rung ~ whether consider the whether a parameter
fuzzy number interrelationships between  vector exists to
any two aggregating manipulate the
arguments ranking results
Xu and Yager [25] No No No
Xu and Yager [26] No Yes No
Liu and Wang [9] Yes Yes No
Weietal. [11] Yes No No
Liu et al. [37] No Yes Yes
Our proposed method ~ Yes Yes Yes
1
CC; = 0.4479,CC, = 0.4428,CC3; = 0.5275,CCy = sQ; = <(1 _ 1q ) )
0.4583, CC5 = 0.5900. The alternatives can be ranked as 1 Ha; \y\1/y
+(s(=r)")
A5 >A3 >A4 >A1>A2. M&j
The main differences of the proposed method from the 1 1/q
existing methods have been summarized in Table 15. The ( =g ) >
evaluation values of decision maker are given in the form of L+ (s(=2)") 4
g-rung fuzzy numbers, which are more accurate and flexible Kl
in modeling fuzzy and uncertain information. The Bonferroni ré; @ sé; = <<1 _ 1 ) l/q
mean have been used to model interrelationship between any - ( ( e, )y n ( ( Mg, )y)l %
two aggregating arguments and Dombi mean has been used to d l—u;{i s l—ug/
make aggregation process more flexible by using a parameter. 1 /g
The decision makers’ risk attitudes can be reflected by using ( P - ) >
the parameters in the proposed method. The existing methods 1+ (r( q&i )V + S(_q‘”-/)y)l/ 14
don’t have all these characteristics. Yé; K
VI. CONCLUSION Let
In this paper, we develop some q-rung orthopair fuzzy
Bonferroni mean Dombi aggregation operators based |
on the Bonferroni mean, Dombi t-norm and Dombi Uy, = -
i q ’
t-conorm. We have developed the g-ROFBMDA operator, the ! - ( Ky, )y T ( Ha, )y
g-ROFGBMDA operator based on the arithmetic averaging 1‘#2[ 1‘#%
and geometric averaging operation. Then we have devel- 1
oped the -ROFWBMDA operator and the -ROFWGBMDA Vay = 1—4 1—v? ’
operator based on the weighted arithmetic averaging and (r(=r)" +s(=2)")
weighted geometric averaging operation. Considering parti- “ 1 %
tioned operation, we have developed q-ROFPBMDA oper- (r&i D S&i) Ty

ator and q-ROFPWBMDA operator. The new aggregation
operators are more flexible comparing with the existing
aggregation operators. We have developed a new multiple
attribute decision making method based on the proposed
operators and presented a realistic example to illustrate the
new method. We also have conducted some comparisons of
the new methods with some existing methods to demonstrate
its applicability and advantages. In the future, we will apply
our new methods to solve some other large-scale complicated
decision problems including the evaluation of sharing econ-
omy, environment, energy, logistics, etc.

APPENDIX

:<<1+( 11 )1/V)l/q’

=) “a;;

(1_1+( 11 )1/y)1/q>’

nn—1) Vi

_1
 jm1,ig (i @ 58) 70D

=<<1+( 1 )1/)/>1/q’

1 n
A=) D=1, Y

o))

1 n
A=) =1 i Yy

1 1
Proof of Theorem 6: _( ®Z,/=l,i#j (ré&; @ sa)) n(nfl))
R 1 1/q rts | y
ra; = ((1 — . y ) , _ <<1 _ ) q
1+ (r(=2 "'/ 14+ (- nl 1/y
( (17“5,-) ) (7 T Lij-Li Y
( 1 )1/f1> 1 1/q
1—v 1/ ) ( 1 1 1/V) >
1 Y Y 1 + . n
(r( Ugi ) ) (H's 7,,(,,]_1) Yl imti Vay;
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Since 0 < g, + Vg, < 1, g, < ~ Vi Vs <
s 1-v ' nd 1—v!
1 —pd, —L < —L. Similarly, we have —%- < —.
47 1=ng, V; I=ng, Ve,
q q
Then ( ‘s ) < (l vgi)y and (—2r)” ( _V&j)y
1—pd - vl 1-pd - vy
o al' (Xj aj
a q 1—vd
o () = () ()
1—pd 1—pd Ve >
@; @; @; a@;
1 2": 1
nin—1) : "
( )l‘jzl’l#j r( " )V +S( 4 )V
He; 1 Ha;
o1 ‘ 1
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ij=1,i#j r( — 1) +S( — J)

& &
By using ug,; and vg,;, we can get

1

n
_— uy..
n(n— 1) Zi,j=1,iaéj 4
1 n
> Vs
~ n(n—1) Zi,jzl,iaéj 4
1 1 1/y
(}"-I—S 1 Zn R )
nn—T) 2uij=1,i#j Yy
- ( 1 1 )l/y
< : - ,
TS o Lij=vin Ve
1
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1
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I4(L——
( +s ﬁ Doii= i Ugy;
1
+ < 1.
1 1 Iy —
(e

s 1y
) ij=Lizi Vay;

Hence, the aggregate result of the -ROFGBMDA operator
is still a g-rung orthopair fuzzy number.
Proof of Theorem 7:
Proof: Since pg, = pg, (i = 1,2,...,n), Ug; =
1

q q = q q = 7 s
4 na e o\Y nao\Y uio\Y
r( - )y+v( . )V r( aq) 'H( afl) (r+s)( a‘?)
17;1,? X I—M‘Z Ii“’& Ii“& 17#’&
O[l' Otj

| . l/q
( Y l ))W)
+s (ﬁ itz ”&’?")

_ (1 _ 1 )1/4
1+ (L 1 1y
S e )

il Loy )"
r+s

_ .9

Ip,&
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Il
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—
|
—_
Z
<
N—"
—_
~
<

Since v, = vy Kk = 1,2,...,n), Vo =
1 1

-vd Iy T v
() () e ()

1 1/q
<1+( 1 1 ))1/7/)

r+s((ﬁ Sl vey))

( 1 )1/‘I
1+ (2 1 "
(r-‘,—s ( (ﬁ Zﬁj:l,i#j ﬁ)) ))
(r+s)( vqa)

a

1

1/q
=

|

_ ( 1 )1/11
N 1 1= vy 1y
L+ (5 (0 +9(=7)")

_ 1 l/q_ 1 l/q_
_( —v! l/y) _< 171;‘!) = Ya

<
I
<
—~
=] !
S|
R
~

1 va Y &
T+ ((54)") I+ =7
Hence -ROFGBMDA(&1, @2, ..., Q) = @.
Proof of Theorem 8:
s . P p P p
Proof: pg; < g, g < K, MG, < s Mg, < ljﬁf"
P p
(XY = 1 - 0 gi < 5, Ha; Mﬁj
I-x/ = (1-x)? e BT B 17/4”;’
Ma \y Ha; \y 5 vy i y ]
r(or)” + (1—11’;.) = r(l—ﬂl’é,) +s(mr)” uyy
| I /u}é i 1 ] ’j
P D £ .. P D B
//»&i y & \V ij o “5

r(lfug_) + (lfujg_) ,'(17:‘;1[z )V+ (1 Mjp )V

! J Bi Bj

1 n
n(n — 1) ~~ij=Li# =Y
1 n
> ~
= =1 2 i b
(= 1 )"
1
TS (e L mtin Yay)
1 1

< (—( N,

1 n
r+s (—n<n_1> D=Lz ”B,»j)
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1= Ny =gy i =y 17”2- V’ j
r(\/’ )“(vej) r( vp’) +S(Ve1)
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1
A s ))I/V (®ijeryizj (&) @ (s67))) P
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1 - 1 1\1/ ’
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s (ol Zf’,;:l,i#jvﬁ,j) (1- 1 )1/q)
. . 1 1 1 1y ’
By using the score function, we can get + (\ph|(|ph|_1) Zi,jePh,i;tj V&ij)
A A ~ 1 1
q-ROFGBMDA(ay, a2, . . ., &) o A r_ﬂ( ®ijePy.izi ((r&) ® (s&/-))) PRI0P, =D
< q-ROFGBMDA(B41, B2, . . ., Bn). 1 1/q
Proof of Theorem 9: = (- 1+ (L 1 )I/V) ’
Proof: The property of boundedness can be proved eas- r (WZUEP}N# ﬁ)
ily by using the property of monotonicity. 1 1
Proof of Theorem 24: (1 N ( 1 1 )]/y ) q)’
Proof: s (WZ:‘JEP”:’# i)
. <<1 1 )1/‘I 1 ’ 1
ra; = \\1- ] ’ B (———( ®ijepyin (rdi) ® (s@;)) PTPi=D
1+(r(1f3 )V)l/y ! 1(r+s( e 1l 1)) )1/
& q
I 1/ =(( )
(—=3) ) R "
() o i ;)
& 1 1/q
. 1 1/ (1- ) ).
saj = <<1 - q ) ) 1+ (X 1 )1/)/
Mo \r\1/y = 1
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1 «
( ! . )1/4)’ (O (——(®ijepy.in (r&) &
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By using the score function, we can get the aggregated
result of the q-ROFPGBMDA operator is still a g-rung
orthopair fuzzy number.
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Hence g-ROFPGBMDA (&1, 42, ..., &) = Q.

Proof of Theorem 26: (Commutativity) Let & (k
1,2,...,n) be a collection of g-rung orthopair fuzzy
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By using the score function, we can get

q-ROFPGBMDA (&1, &2, . . .

’ &n)

< q-ROFPGBMDA(1, o, . . ., Bn).
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