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ABSTRACT Although chaotic systemswith self-excited and hidden attractors have been discovered recently,
there are few investigations about relationships among them. In this paper, using a systematic exhaustive
computer search, three elementary three-dimensional (3D) dissipative chaotic jerk flows are proposed with
the unique feature of exhibiting different families of self-excited and hidden attractors. These systems
have a variable equilibrium for different values of the single control parameter. In the family of self-
excited attractors, these systems can have a single all-zero-eigenvalue non-hyperbolic equilibrium or two
symmetrical hyperbolic equilibria. Besides, for a particular value of the parameter, these systems have no
equilibria, and therefore all the attractors are readily hidden. The proposed systems represent a rare class of
chaotic systems in which a single system exhibits three different types of equilibria for different values of
the single control parameter. In particular, for a single all-zero-eigenvalue non-hyperbolic equilibrium, the
coefficient of the two linear terms provides a simple means to rescale the amplitude and frequency, while
the introduction of a new constant in the variable x provides a polarity control. Therefore, a free-controlled
chaotic signal can be obtained with the desired amplitude, frequency, and polarity. When implemented as an
electronic circuit, the corresponding chaotic signal can be controlled by two independent potentiometers and
an adjustable DC voltage source, which is convenient for constructing a chaos-based application system.

INDEX TERMS Amplitude control, chaos, equilibrium, hidden attractor, jerk system, polarity control, self-
excited attractor.

I. INTRODUCTION
A three-dimensional (3D) chaotic system is expressed by a set
of three coupled first-order ODEs, e.g., [1], whereas a chaotic
jerk system is expressed by a single third-order ODE of the
form

...
x = f (x, ẋ, ẍ) [2]. Jerk systems have been of interest

because of their simplicity [3], rich dynamics [4], and many
engineering applications, e.g., mechanisms for intermittent
motion [5] and robotic arms [6].

On the one hand, most familiar examples of 3D chaotic
systems, e.g., [1], [7], or jerk systems, e.g., [4], [8] have
hyperbolic equilibria, of which all eigenvalues have non-
zero real parts [9]. Chaos in a hyperbolic-equilibrium system
can be verified by the Shilnikov criterion [10], with a slight
extension [11]. On the other hand, several examples of 3D
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chaotic systems, e.g., [12], or jerk systems, e.g., [13]–[15]
have non-hyperbolic equilibria, of which at least one eigen-
value has a zero real part [13]. Such chaotic systems can
have neither homoclinic nor heteroclinic orbits [16], and thus
chaos cannot be verified by the Shilnikov theorem [10]. Rel-
atively few examples of chaotic systems, particularly chaotic
jerk systems, have been reported with an all-zero-eigenvalue
non-hyperbolic equilibrium [13], [17]. A nonlinear analy-
sis is required to determine the stability of non-hyperbolic-
equilibrium systems, of which the eigenvalues do not have a
positive real part [13].

Since the discovery of a hidden attractor in 2010 [18],
attractors have been separated into self-excited and hidden
attractors [19]. A self-excited attractor has its basin of attrac-
tion that intersects with the neighborhood of an equilibrium,
whereas a hidden attractor has its basin of attraction that
does not [20]. Hidden attractors account for the difficulty of
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finding them since there is no way to choose initial conditions
except by an analytical-numerical algorithm [18]–[20], or by
an extensive numerical search [21], [22].

Studies of hidden attractors allow the understanding of
potentially unexpected disastrous responses of dynamical
systems to perturbations. Such systems include, for example,
aircraft control systems [23], a model of drilling systems [24],
and convective fluid motion [20]. Consequently, there has
been an increasing interest in hidden attractors of chaotic sys-
tems, such as systems with no equilibria [25], with surfaces
of equilibria [26], with a curve of equilibria [27], and with a
stable equilibrium [28].

Recently, both techniques of amplitude-frequency control
[17], [29], and polarity control [30], [31], which are known
collectively as free control, have been suggested to provide
simple and continuous adjustment of chaotic signals without
encountering undesirable bifurcations [32], [33]. Both tech-
niques are useful in practical applications, e.g., chaos-based
secure communications [34], to reduce the required hardware
[31] and to give a desired chaotic signal with the particular
requirements of amplitude, frequency, and polarity [35], [36].

Chaotic systems with invariable Lyapunov exponents
(LEs) have the property of amplitude control (AC) [37],
where the AC can rely on a single circuit component rather
than a complicated circuit. Chaotic systems with a single
non-quadratic term [17], [29] have an inherent amplitude-
frequency controller (AFC) in either a constant non-quadratic
term, or a coefficient of a non-quadratic linear term. Some
chaotic systems provide polarity control (PC) by the introduc-
tion of a new constant in any of the governing equations [30],
[31]. The techniques have, however, never been employed for
a jerk system that exhibits different families of self-excited
and hidden attractors using a single control parameter.

Most existing chaotic jerk systems have a hyperbolic
equilibrium, e.g., [2], a non-hyperbolic equilibrium, e.g.,
[13], or no equilibria, e.g., [38] for different families of self-
excited and hidden attractors. In all these systems, different
systems exhibit different types of equilibria and attrac-
tors. Recently, examples of chaotic systems using adjustable
parameters have been reported for different families of self-
excited and hidden attractors [39]–[44], whereas only two
examples [43], [44] of chaotic jerk systems using adjustable
parameters have been demonstrated for different families of
self-excited and hidden attractors.

Both existing jerk systems [43], [44] for different fami-
lies of self-excited and hidden attractors do not provide free
control of amplitude, frequency, and polarity. Although the
chaotic jerk system in [43] exhibits a non-hyperbolic equi-
librium, the system in [44] does not, but [44] exhibits only
hyperbolic equilibria or no equilibria. It is natural to wonder
whether there exists a chaotic jerk systemwith different fami-
lies of self-excited and hidden attractors in which free control
of amplitude, frequency, and polarity of chaotic signals is
possible.

In this paper, three simple chaotic jerk systems are
proposed mostly with quadratic terms of nonlinearity for

different families of self-excited and hidden attractors using
a single control parameter. The single control parameter per-
forms as a constant controller to select the required dynamics.
These systems can have a self-excited chaotic attractor with
an all-zero-eigenvalue non-hyperbolic equilibrium, a self-
excited chaotic attractor with two symmetrical hyperbolic
equilibria, and a hidden chaotic attractor with no equilibria.
For the single all-zero-eigenvalue non-hyperbolic equilib-
rium, the coefficient of the two linear terms provides both
amplitude and frequency control, while the introduction of
a new constant in the variable x provides polarity control.
Therefore, a free controlled chaotic signal can be obtained,
with the particular requirements of the amplitude, frequency,
and polarity. That means the systems proposed here can
provide a full self-modulation of AFC and PC [35].

II. SIMPLE CHAOTIC JERK FLOWS WITH FAMILIES OF
SELF-EXCITED AND HIDDEN ATTRACTORS
A. SIMPLE CHAOTIC JERK FLOWS WITH A VARIABLE
EQUILIBRIUM
In searching for chaotic jerk systems with a variable equilib-
rium for different families of self-excited and hidden attrac-
tors, a simple general structure of a chaotic jerk system based
on quadratic terms of nonlinearity is designed as

ẋ = y
ẏ = z
ż = a1x2 + a2y2 + a3z2 + a4xy+ a5xz

+ a6yz+ a7

(1)

For the parameter a1 6= 0, the system in (1) has an equi-

librium at E(±
√
−a7

/
a1, 0, 0). Let the parameter a1 > 0,

the single parameter a7 behaves as a controller for diverse
dynamics in (1), such as dynamics with self-excited and hid-
den attractors. Depending on the values of a7, three different
types of equilibria can be possible as follows:

Case 1: if a7 = 0, the system in (1) will have a single
equilibrium at the origin E0 = (0, 0, 0) . Using the Jacobian
of (1), three eigenvalues evaluated at E0 are λ1,2,3 = 0. As all
eigenvalues are zero, E0 is therefore an all-zero-eigenvalue
non-hyperbolic equilibrium.

Case 2: if a7 < 0, the system in (1) will have

two symmetrical equilibria at E1,2 =
(
±

√
a7
/
a1, 0, 0

)
.

Using the Jacobian of (1), three eigenvalues evaluated at

E1 =
(
+

√
a7
/
a1, 0, 0

)
are of the form λ+1 = +α,

λ+2,3 = −β ± jγ ; whereas three eigenvalues evaluated at

E2 =
(
−

√
a7
/
a1, 0, 0

)
are of the form λ−1 = −α, λ

−

2,3 =

+β ± jγ ; where α, β, γ are non-zero. As the real parts
of the eigenvalues are non-zero, both E1,2 are therefore
hyperbolic equilibria.

Case 3: if a7 > 0, the system in (1) will have no equilibria.
As a result, the chaotic jerk system in (1) belongs to

three different families: (i) a family of self-excited attractors
with an all-zero-eigenvalue non-hyperbolic equilibrium, as
described by Case 1, (ii) a family of self-excited attractors
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TABLE 1. Three simple chaotic jerk flows with different families of self-excited and hidden attractors.

TABLE 2. Eigenvalues, Lyapunov exponents, and Lyapunov dimensions for the three chaotic jerk systems in Table 1.

with hyperbolic equilibria, as described by Case 2, and (iii) a
family of hidden attractors with no equilibria, as described
by Case 3. The single control parameter a7 therefore exhibits
a unique characteristic, as three such families in three cases
switch from one type of attractors and equilibria to another.

B. AN EXHAUSTIVE SEARCH FOR CHAOS
An exhaustive computer search is performed subject to the
constraints on the aforementioned Cases 1, 2, and 3. The
exhaustive computer search is based on existing procedures
well described by [45] and employs software written and
used by permission of the author of [45]. In such procedures,
thousands of combinations of coefficients a1 to a7 and initial
conditions are scanned to find for a positive LE (>0.001),
which is a signature of chaos.

For each positive LE (>0.001) being found, the space of
the coefficients is searched for values that are deemed elegant
simplicity [45], by which as many coefficients as possible are
set to zero with the others set to ±1 if possible, or otherwise
set to a small integer or a decimal fraction with the fewest
possible digits.

Although several chaotic jerk systems are found, only
the systems with elegant simplicity are selected, as reported
in Table 1. This has identified most of the elementary chaotic
jerk systems with quadratic terms, which enable three dif-
ferent families of self-excited and hidden attractors in three
different types of equilibria, i.e., a single all-zero-eigenvalue
non-hyperbolic equilibrium, two symmetrical hyperbolic
equilibria, and no equilibria.

III. NUMERICAL RESULTS
Table 1 lists equations of three simple chaotic jerk systems
VE1-VE3, depending on the values of a single control param-
eter c,which corresponds to a7 in (1), for different families of
self-excited and hidden attractors. Table 1 also shows values
of parameters (a, b, c), values of an equilibrium E(x, y, z),
types of equilibria, and types of attractors. All of the three
systems in Table 1 are dissipative.

Table 2 shows eigenvalues, LEs, Lyapunov dimensionsDL
(or Kaplan-Yorke dimensions Dky, or attractor dimensions),
and initial conditions that are close to the attractor. The Wolf
algorithm [46] is employed herein to calculate the LEs based
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FIGURE 1. Numerical trajectories of three simple chaotic jerk systems
with a single all-zero-eigenvalue non-hyperbolic equilibrium
in Table 1 projected on (x, y) and (y, z) planes. The colors in green and red
indicate positive and negative values of local LLEs, respectively. The
equilibrium points are shown in the blue dots.

on the fourth-order Runge-Kutta integrator with a fixed step
size (time step = 0.005).

To ensure that chaos is neither transients nor numerical
artifacts, the calculations take a sufficiently long time up to
time t = 1 × 108 [45]. In addition, to avoid uncertainty
and determine the approximate number of significant digits
of LEs, the calculations of LEs are repeated twice by two
slightly different initial conditions (within the basin of attrac-
tion), and both calculations are compared. On comparison,
the final results of LEs do not quote any digits that are not
identical [47].

It can be seen from Table 2 that, as usually found in chaos
of 3D autonomous dissipative systems, values of the attractor
dimension DL are only slightly greater than 2.0, whereas the
largestDL is 2.0664 found in the systemVE2 with no equilib-
ria. The parameters of the three systems in Table 1 are in the
form of elegant simplicity [45] for which the largest possible
values of the positive LE and DL are reported. Although
no efforts are made here, the parameters in Table 1 can be
further optimized for the maximum values of the positive LE
and DL , but may not be in the elegant form, by applying

FIGURE 2. The largest Lyapunov exponent and the bifurcation diagram of
the system VE1, with a single all-zero-eigenvalue non-hyperbolic
equilibrium, against the parameter b.

the metaheuristic algorithms, e.g., [48]. All the three cases
in Table 1 exhibit a period-doubling route to chaos. Based
on Cases 1, 2, and 3 in Section IIA, the three different cases
of equilibria are further investigated through examples as
follows.

A. CASE 1: A SINGLE NON-HYPERBOLIC EQUILIBRIUM
As mentioned earlier, if a7 = c = 0, the system in (1)
will have an all-zero-eigenvalue non-hyperbolic equilibrium
at E (x, y, z) = E0 (0, 0, 0), and thus the eigenvalues λ1,2,3 =
(0, 0, 0). This implies that the origin is a center, but it is
nonlinearly unstable [49]. Table 1 lists three simple chaotic
jerk systems VE1, VE2, and VE3 for a7 = c = 0, and a1 = a,
with an all-zero-eigenvalue non-hyperbolic equilibrium.

Fig. 1 depicts the corresponding numerical trajectories of
systems VE1, VE2, and VE3 on (x, y) and (y, z) planes. The
green and red colors in Fig. 1 indicate positive and negative
values, respectively, of the local largest LE (LLE) [33]. The
blue dot represents the all-zero-eigenvalue non-hyperbolic
equilibrium at the origin. At a = 1 and c = 0 of the system
VE1 where the LLE is relatively large, Fig. 2 shows the LLE
and the bifurcation diagram against the parameter b from
0.7 to 1.3.

For the system VE1 with a single all-zero-eigenvalue non-
hyperbolic equilibrium, Fig. 3 simultaneously visualizes both
the Poincare section in black and the basin of attraction in red
of the strange attractor, on the same (x, y) plane at z = 0.
The white background shows the initial conditions that give
unbounded orbits. The basin of attraction (red) of the strange
attractor occupies a relatively large area compared to the
unbounded orbits (white). The attractor is self-excited since
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FIGURE 3. The Poincare section in black and the basin of attraction in red
of the system VE1 with a single all-zero-eigenvalue non-hyperbolic
equilibrium on the same (x, y) plane at z = 0, for a = 1, b = 0.9 and c = 0.

FIGURE 4. The basin of attraction of the system VE1 with a single
all-zero-eigenvalue non-hyperbolic equilibrium is in Class-3, and extends
to infinity with a non-integer power-law scaling.

its basin overlaps the equilibrium point indicated by a blue
dot [20].

It is known that basins of attraction can be classified into
four types [50] depending on their size and extent. To find
the attractor basin size, the probability (P) that an initial
condition at a distance r from the attractor lies within the
basin of attraction can be calculated [50]. According to the
classification in [50], the basin of the system VE1 with a
single all-zero-eigenvalue non-hyperbolic equilibrium is in
Class-3, in which an arbitrary point at a distance r from the
attractor has a probability (P) of being in the basin given
approximately by P = 185.9946/r^2.516 in the limit of large
r , as shown in Fig. 4, where ‘lg’ stands for log base 2.

FIGURE 5. Numerical trajectories of the system VE1 with two symmetrical
hyperbolic equilibria for self-excited chaotic attractors on (x, y ) and (x , z)
planes.

FIGURE 6. The largest Lyapunov exponent and the bifurcation diagram of
the system VE1 with two symmetrical hyperbolic equilibria, against the
parameter c .

B. CASE 2: TWO SYMMETRICAL HYPERBOLIC EQUILIBRIA
As mentioned earlier, if a7 < 0, the system in (1) will
have two symmetrical hyperbolic equilibria at E (x, y, z) =

E1,2 =
(
±

√
a7
/
a1, 0, 0

)
. Table 1 lists three simple chaotic

jerk systems VE1, VE2, and VE3 for a7 = (c < 0), and
a1 = a, with two symmetrical hyperbolic equilibria. For
a = 1, b = −a2 = 0.9, and c = −0.2 of the system
VE1, Table 2 shows that eigenvalues at E1 = (0.4472, 0, 0)
are λ+1 = 1.0617, λ+2,3 = −0.3967 ± 0.8277 and that eigen-
values at E2 = (−0.4472, 0, 0) are λ−1 = −1.0617, λ

−

2,3 =

0.3967±0.8277,where E1,2 are of the unstable saddle-focus
equilibria. In addition, Table 2 also shows eigenvalues of

systems VE2 and VE3 evaluated at E1,2 =
(
±

√
a7
/
a1, 0, 0

)
.

In this case, all the three systems have two symmetrical
hyperbolic equilibria E1,2 of the unstable saddle-focus type,
and therefore all the attractors are self-excited since they are
excited from unstable equilibria [20]. As an example, Fig. 5
shows the chaotic attractors of the system VE1 on (x, y) and
(x, z) planes using a = 1, b = 0.9, and c = −0.2. The red and
blue dots represent two symmetrical hyperbolic equilibria at
E1 = (0.4472, 0, 0) and E2 = (−0.4472, 0, 0), respectively.
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FIGURE 7. The Poincare section in black and the basin of attraction in red
of the system VE1 with two symmetrical hyperbolic equilibria on the
same (x, y) plane at z = 0 for a = 1, b = 0.9, and c = −0.2.

For −8 ≤ c ≤ −0.001 of the system VE1 with two
symmetrical hyperbolic equilibria, Fig. 6 shows the cor-
responding numerical results of the LLE and the bifurca-
tion diagram. A period-doubling route to chaos is obvious.
In Fig. 6, the highest value of the LLE = 0.1320 occurs at
c = −0.2. Fig. 7 shows both the Poincare section in black
and the basin of attraction in red of the system VE1 with two
symmetrical hyperbolic equilibria, on the same (x, y) plane at
z = 0.

In Fig. 7, initial conditions in red lead to the chaotic
attractor, and initial conditions in white lead to unbounded
solutions. The attractor is self-excited since its basin over-
laps both equilibrium points E1,2 indicated by two blue dots
in Fig. 7. In addition, the (red) basin of the system VE1
with two symmetrical hyperbolic equilibria in Fig. 7 occupies
a relatively large area compared to the (red) basin of the
system VE1 with a single all-zero-eigenvalue non-hyperbolic
equilibrium in Fig. 3.

C. CASE 3: NO EQUILIBRIA
As mentioned earlier, if a7 > 0, the system in (1) will
have no equilibria, and therefore attractors are readily hidden
[20]. Table 1 lists three simple chaotic jerk systems VE1,
VE2, and VE3 for a7 = (c > 0), and a1 = a, with no
equilibria, but they can show chaotic behavior. For a = 1,
b = −a2 = 0.9, and c = 0.24 of the system VE1
with no equilibria, Fig. 8 shows the corresponding numerical
trajectories projected onto (x, y) and (x, z) planes.

For the system VE1, although the shape of the chaotic
attractors in Fig. 8 with no equilibria (Case 3) resembles the
chaotic attractors in Fig. 1 with a single all-zero-eigenvalue
non-hyperbolic equilibrium (Case 1), or in Fig. 5 with
two symmetrical hyperbolic equilibria (Case 2), the main

FIGURE 8. Numerical trajectories of the system VE1 with no equilibria for
hidden chaotic attractors on (x, y ) and (x , z) planes.

FIGURE 9. The largest Lyapunov exponent and the bifurcation diagram of
the system VE1 with no equilibria, against the parameter c .

difference is that the chaotic attractors in Fig. 8 with no
equilibria (Case 3) are hidden.

For a= 1 and b= 0.9 of the systemVE1 with no equilibria,
Fig. 9 numerically shows the LLE and the bifurcation dia-
gram versus the parameter c from 0.001 to 0.4. In Fig. 9, most
values of the LLE are relatively maintained near 0.1410 with
only two narrow periodic windows.

D. REGIONS OF DYNAMICAL BEHAVIOR FOR
SELF-EXCITED AND HIDDEN ATTRACTORS
As shown in Table 1, the parameter c is the controller of
dynamical behavior of the three chaotic jerk systems VE1,
VE2, and VE3, as different values of c change types of
equilibria and attractors. As an example, such changes are
particularly demonstrated through the system VE1. In an
attempt to find relationships between the control parame-
ter c and the bifurcation parameter b of the system VE1,
Fig. 10 plots regions of dynamical behavior, which are based
on the spectrum of LEs (L1, L2, L3) and are essentially
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FIGURE 10. For the system VE1, regions of dynamical behavior consist of
five colored pixels for six different attractors on a [c , b] plane, with
different families of self-excited and hidden attractors. Pixels in white,
purple, and red for c = 0, c < 0, and c > 0 represent chaotic attractors
with a single NHE, two symmetrical HE, and NE, respectively. Pixels in
cyan for c = 0, c < 0, and c > 0 represent periodic attractors with a single
NHE, two symmetrical HE, and NE, respectively. Pixels in yellow refer to
unbounded solutions. An inset in the vicinity of the white pixels with the
NHE is enlarged.

bifurcation diagrams on a two-parameter (c, b) plane, for −9
≤ c ≤ 1 and 0 ≤ b ≤ 2.
In Fig. 10, initial conditions are fixed at (0.1, 0.6, −0.8)

for the whole parameter space of 512 × 512 pixels, and the
regions of dynamical behavior − with different families of
self-excited and hidden attractors − consist of five colored
pixels for six different attractors as follows:

1) Pixels in white represent self-excited chaotic attractors
with a single all-zero-eigenvalue non-hyperbolic equi-
librium (NHE) for c = 0.

2) Pixels in purple represent self-excited chaotic attractors
with two symmetrical hyperbolic equilibria (HE) for
c < 0.

3) Pixels in red represent hidden chaotic attractors with no
equilibria (NE) for c > 0.

4) Pixels in cyan represent self-excited periodic attractors
(P) with a single all-zero-eigenvalue non-hyperbolic
equilibrium (NHE) for c = 0.

5) Pixels in cyan represent self-excited periodic attractors
(P) with two symmetrical hyperbolic equilibrium (HE)
for c < 0.

6) Pixels in cyan represent hidden periodic attractors (P)
with no equilibria (NE) for c > 0.

7) Pixels in yellow lead to unbounded solutions.

Fig. 10 also includes an enlarged inset in the vicinity of
the white pixels of chaotic attractors with a single all-zero-
eigenvalue NHE (c = 0) of the system VE1. The inset clearly
shows that the white pixels occupy a tiny thin line mainly
surrounded by the purple pixels (on the left), the red pixels (on
the right), and the cyan pixels. It can be seen from Fig. 10 that
the purple pixels of chaotic attractors with two symmetrical
HE occupy a relatively large two-parameter space compared
with either a smaller area of the red pixels of chaotic attractors
with NE, or a much smaller thin line of the white pixels of
chaotic attractors with a single all-zero-eigenvalue NHE.

IV. FREE CONTROL OF AMPLITUDE, FREQUENCY, AND
POLARITY
A. FREE CONTROL OF CHAOTIC SIGNALS
A dynamical system has amplitude parameters and bifurca-
tion parameters [33], which influence the size of the attractor
and its topology, respectively.When c= 0, systems VE1-VE3
in Table 1 with a single all-zero-eigenvalue non-hyperbolic
equilibrium, have only two linear terms. The coefficient of
the two linear terms y and z controls both the amplitude
and frequency [13] of the signals generated by the systems
since these are the only terms whose dimensions are differ-
ent from the remaining quadratic terms. Also, the systems
in Table 1 with a single all-zero-eigenvalue non-hyperbolic
equilibrium provide polarity control [31], by the introduction
of a new constant in the variable x.
As an illustration, consider a simultaneous amplitude, fre-

quency, and polarity control of the system VE1 with a single
all-zero-eigenvalue non-hyperbolic equilibrium by the trans-
formation x → (x + n)

/
m, y→ y

/
m, z→ z/m and t → mt .

The system VE1 becomes
ẋ = my
ẏ = mz
ż = a (x + n)2 − by2 + 0.6 (x + n) z+ 0.4yz

(2)

Therefore, the newly introduced coefficient m of the linear
terms in (2) provides both amplitude and frequency control of
chaotic signals according to m, while the constant n provides
polarity control allowing a transformation between a bipolar
signal and a unipolar signal of the variable x. The polarity
controller n should be adjusted to maintain a unipolar or bipo-
lar signal according to the controller m. For simplicity in
the next subsection, the parameter values of the system (2)
are fixed at a = 1, b = 0.9, and initial conditions at
(0.1, 0.6, −0.8), unless stated otherwise.

B. SIMULTANEOUS AMPLITUDE, FREQUENCY, AND
POLARITY CONTROL OF CHAOTIC SIGNALS
Fig. 11 illustrates three examples of chaotic signals from the
system (2) for different values of the amplitude-frequency
controller m and the polarity controller n. A high amplitude-
frequency bipolar signal x in green at the center form= 2 and
n = −35, a medium amplitude-frequency negative unipolar
signal x in red at the lower half form= 1 and n= 0, and a low
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FIGURE 11. Three chaotic signals x(t) from the system (2) for different
values of the amplitude-frequency controller m and the polarity
controller n.

FIGURE 12. A high amplitude-frequency bipolar signal in green for m = 2,
n = −35, a medium amplitude-frequency negative unipolar signal in red
for m = 1, n = 0, and a low amplitude-frequency positive unipolar signal
in pink for m = 0.5, n = −15.

amplitude-frequency positive unipolar signal x in pink at the
upper half form= 0.5 and n= −15. Amore clear illustration
is shown in Fig. 12, where phase trajectories on an (x, y) plane
are controlled and shifted simultaneously by the controller m
and n. The corresponding different frequency spectra of the
signal x are shown in Fig. 13.

To prove the free control of amplitude and frequency scal-
ing theoretically, Fig. 14 shows that in the system (2) when
the amplitude-frequency controllerm, namely, the coefficient
of the linear terms in the first and second dimension, varies
from 0.1 to 4, an average of absolute value signals |x|, |y|, and
|z| is rescaled in proportion to the controllerm. Fig. 15 shows
that the LEs are also rescaled with the controller m since it
also controls the frequency of the signals [33]. For the sake

FIGURE 13. The frequency spectrum of the signal x for different values of
the amplitude-frequency controller m and the polarity controller n.

FIGURE 14. Linearly rescaled mean values of |x|,
∣∣y∣∣ and |z| versus the

amplitude-frequency controller m varies from 0.1 to 4, for n = 0.

of clarity, only a small portion of the most negative LE (LE3)
has been shown in Fig. 15.

At m = 1, Fig. 16 shows mean values of x, y, and z versus
the polarity controller n. It can be seen fromFig. 16 that n only
changes the mean value of x, but does not influence the mean
values of y and z, indicating that n is the polarity controller
of the variable x. In particular, the spectrum of LEs (LE1,
LE2, LE3) remains relatively unchanged for −35 ≤ n ≤ 0,
as shown in Fig. 17. As a result, the change of n introduces no
effects on the dynamics but provides a controllable level shift
for practical applications where a chaotic signal of particular
polarity is required, e.g., [36].

V. CIRCUIT REALIZATION
The hardware implementation of mathematical chaotic mod-
els is important for practical applications, e.g., chaos-based
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FIGURE 15. Linearly rescaled Lyapunov exponents versus the
amplitude-frequency controller m varies from 0.1 to 4, for n = 0.

FIGURE 16. Mean values of x , y , and z versus the polarity controller n
from −35 to 0, for m = 1.

secure communications [34], [39]. Analog and digital
approaches have been applied to practically realize chaotic
systems by using, e.g., integrated circuits (ICs) [51], [52],
Field-Programmable Gate Arrays (FPGAs) [53], [54], and
commercially available operational amplifiers (op-amps)
[33], [40]. Also, the synchronization of chaotic systems
and applications to chaos-based secure communications have
been demonstrated using ICs [55] and FPGAs [56].

The ICs design of chaotic systems requires an optimization
to avoid the variations problems from IC fabrication tech-
nologies [51], where a variation in a process, voltage, or tem-
perature (PVT) may degrade or even eliminate the chaotic
behavior. For FPGA-based implementation, an appropriate
numerical method should be selected to discretize the math-
ematical model of a chaotic system [54]. In addition, when
designing chaotic circuits with op-amps, frequency limita-
tions should be considered carefully [57].

FIGURE 17. The relatively unchanged spectrum of LEs (LE1, LE2, LE3)
versus the polarity controller n from −35 to 0, for m = 1.

In this section, an analog electronic circuit is physically
constructed to realize (2). According to the numerical trajec-
tories of the system VE1, with a single all-zero-eigenvalue
non-hyperbolic equilibrium, in Fig. 1, the ranges of the vari-
ables x, y, and z (in volts) do not satisfy the requirement of
not saturating the op-amps and analog multipliers. To pre-
vent the op-amps and analog multipliers from saturating, the
transformation x = 10X , y = 10Y , and z = 10Z is used with
the minification factor of 10. The scaled equations of (2) are
given by
Ẋ = mY
Ẏ = mZ
Ż=10a (X+n/10)2 − 10bY 2

+6 (X + n/10)Z + 4YZ
(3)

Fig. 18 shows an electronic circuit that emulates (3). The
circuit consists of three op-amps U1 to U3 for the three
integration channels, three op-ampsU4 toU6 for the inverting
amplifiers, one op-amp U7 for the summing amplifier, and
four analog multipliers U8 to U11 (using AD633 with an
implied voltage factor of 1) for the four terms of quadratic
nonlinearity. All the op-amps are TL082 ICs powered by
±15V. A set of three coupled first-order ODEs of the circuit
is 

Ẋ =
1
RC1

(
R
R1
Y
)

Ẏ =
1
RC2

(
R
R9
Z
)

Ż =
1
RC3

(
R
R12

(X − Vd )2 −
R
R13

Y 2

+
R
R14

(X − Vd )Z +
R
R15

YZ
)

(4)
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FIGURE 18. Circuit realization of the scaled system (3) with a single
all-zero-eigenvalue non-hyperbolic equilibrium for free control of
amplitude, frequency, and polarity.

Equation (4) corresponds to (3), where the phase space
variables X , Y , and Z represent the output voltages of the
three integration channels U1 to U3 and two inverting ampli-
fiers U4 and U6, whereas BX is the output voltage of the
summing amplifier U7 which provides the polarity control
(X − Vd ) of the variable X according to the adjustable DC
voltage source Vd . By normalizing the differential equations
of the system (4) for τ = t/RC, where C = C1 = C2 = C3,
this system is equivalent to (3), with R/R1 = R/R9 = m,
R/R12 = 10a,Vd = n/10, R/R13 = 10b, R/R14 = 6, and
R/R15 = 4.
Unlike other chaotic circuits, two potentiometers R1 and

R9 in Fig. 18 are used to control the amplitude and frequency
of the chaotic signals. By these knobs, the signals X , Y , and
Z for any desired amplitude and frequency can be adjusted.
With a decrease or increase in R1 and R9, the amplitude and
frequency of the variables (X , Y , Z ) increase or decrease
accordingly. The polarity control of the signal X can be
achieved by the adjustable DC voltage source Vd .
For a = 1, b = 0.9, m = 1, and n = 0, numerical

trajectories and oscilloscope traces of the scaled system (3)
are illustrated in Figs. 19(a)−19(c) and Figs. 19(d)−19(f ),
respectively, on (X , Y ), (X , Z ), and (Y , Z ) planes, respec-
tively, using Vd = 0, C = C1 = C2 = C3 = 10 nF,
R = R1 = R2 = R3 = R4 = R5 = R6 = R7 =
R8 = R9 = R10 = R11 = 100 k�, R12 = 10 k�,

FIGURE 19. Trajectories of the scaled system (3) on (X , Y ), (X , Z ), and
(Y , Z ) planes respectively for (a)−(c) numerical results, and for (d)−(f)
oscilloscope traces (X : 1V/div, Y : 1V/div, and Z : 5V/div) using a = 1,
b = 0.9, m = 1, and n = 0.

R13 = 11.11 k�, R14 = 16.67 k� and R15 = 25 k�.
The capacitor values are selected to obtain a stable phase
portrait which only affects the time scale of the oscillation
[35]. The numerical and experimental results are consistent
on the (X , Y ) plane. However, the experimental results on
the (X , Z ) and (Y , Z ) planes are not totally similar to the
numerical results because of non-ideal behaviors of the ana-
log multipliers (U8 toU11) [58], which are used to implement
the four quadratic terms of nonlinearity in the third equation
of the system (3).

As mentioned earlier, the amplitude-frequency controller
m is adjustable by two potentiometers R1 and R9, while the
polarity controller n is adjustable by the DC voltage source
Vd . The oscilloscope traces of low amplitude and frequency
for m = 0.5 and n = −15 using R1 = R9 = 200 k� and
Vd = 1.5V , respectively, are shown in Fig. 20 (a). Similarly,
the oscilloscope traces of high amplitude and frequency for
m = 2 and n = −35 using R1 = R9 = 50 k� and
Vd = 3.5V , respectively, are shown in Fig. 20 (b). The
corresponding time-series of the signals X for different val-
ues of the amplitude-frequency controller m and the polarity
controller n are shown in Fig. 21(a)−21(c).
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FIGURE 20. Oscilloscope traces of the scaled system (3) on (X , Y ) plane
(X: 1V/div, Y: 1V/div) for different values of the amplitude-frequency
controller m and the polarity controller n (a) m = 0.5, n = −15 (b) m = 2,
n = −35.

FIGURE 21. Three chaotic signals X (t) (X : 2V/div) from the scaled system
(3) for different values of the amplitude-frequency controller m and the
polarity controller n (a) m = 0.5, n = −15 (b) m = 1, n = 0 (c) m = 2,
n = −35.

VI. CONCLUSIONS
In this paper, using an exhaustive computer search, three
simple chaotic jerk systems, of the form of equation (1), are
presented for different families of self-excited and hidden
attractors. Depending on the values of the single control
parameter, the attractors of these systems can change itself
between self-excited and hidden attractors. In the family of
self-excited attractors, the systems can have a single all-zero-
eigenvalue non-hyperbolic equilibrium or two symmetrical
hyperbolic equilibria. Besides, for a particular value of the
control parameter, the attractors with no equilibria are hidden.

For a single all-zero-eigenvalue non-hyperbolic
equilibrium, these systems have only two linear terms, whose
coefficient provides a good control knob for amplitude and
frequency adjustment. In addition, the introduction of a new
constant in the variables x in the third dimension provides a
polarity control allowing a transformation between a bipolar

signal and a unipolar signal. The amplitude-frequency con-
troller linearly rescales mean values of the signals (x, y, z)
and the LEs (as a result of the time rescaling) [33] without
encountering undesirable bifurcations [17], [35]. The polarity
controller only rescales the mean value of the signal x but
does not influence the LEs, leading to the same dynamics of
the systems [31].

When implemented as an electronic circuit, these con-
trollers only require two independent potentiometers or vari-
able resistors and an adjustable DC voltage source, which
eliminates the need for a more complicated circuit for chaos
applications [31], [35]. Finally, as an example, an experi-
mental circuit realization of the system VE1 with a single
all-zero-eigenvalue non-hyperbolic equilibrium demonstrates
that these systems can provide chaotic signals with any
desired amplitude, frequency, and polarity; therefore, they
should have broad applications in engineering, e.g., chaos-
based secure communications.
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