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ABSTRACT This paper proposes an improved sampling-based approach for spacecraft proximity operation
path planning under Clohessy-Wiltshire-Hill dynamics. The proposed approach is based on a modified
version of the FMT∗ (Fast Marching Tree) algorithm with safety strategy which is divided into three parts:
(1) incorporating relative ellipse to simplify the sampling state space and avoid collision with target; (2)
combining internal/external ellipse-based collision detection algorithms for hovering obstacle and non-
coplanar ellipse obstacle; (3) using rotating hyperplane method to handle the coplanar ellipse obstacle and
uncertainty obstacle. By referring the safety strategy to simplify the state space before FMT∗ algorithm, the
approach can reduce the complexity of path planning, especially the resampling and collision avoidance
detection cyclic process in FMT∗, thereby improve the planning efficiency. Two simulated scenarios,
a coplanar path planning with/without coplanar ellipse obstacle, are developed to illustrate the approach. As a
result, the proposed approach appears to be potential for spacecraft proximity real-time path planning as well
as other complex space mission path planning generalized to different dynamics and environments, such as
On-Orbit Service, and enabling a real-time computation of low-cost trajectory.

INDEX TERMS Spacecraft proximity operation, path planning, sampling-based approach, FMT∗.

I. INTRODUCTION
Since 1957, humanity has entered the Space-Age, with the
development of space exploration technology and space com-
mercial activities, the number of objects in space is sharp
increasing, which will make a great threat to the safety of
existing satellite and the next generation space missions.
According to [1], as of January 2019, there are 19,404 large
objects and millions of debris in earth’s orbit, and space
resources and environment are facing enormous challenges.
Kessler Syndrome [2] is rapidly becoming a reality. Space
Debris Removal (SDR) is an effective means to keep space
environment stable. The research of National Aeronautics
and Space Administration (NASA) [3] shows that the Low
Earth Orbit (LEO) environment can be stable with only 5-10
large debris removed from orbit each year, and SDR should
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focus on those targets with high mass, collision probability
and orbital altitude. European Space Agency (ESA) also
makes the same conclusion [4]. No matter what form of
SDR, the chaser needs to operate in the proximity of tar-
get. And path planning, which refers to generating a motion
sequence to guide chaser from initial state to goal state
safely, is one of the key technologies in space proxim-
ity operation. Roughly, path planning can be divided into
two categories: complete planning and sampling-based plan-
ning. Due to the complexity of characterizing obstacles
and constraints in state space, complete planning is usu-
ally limited to handle low-dimensional problem with simple-
shaped obstacles. Sampling-based planning does not need to
express obstacles and constraints explicitly, but instead com-
bines search-based sampling and performs safety verification
through a collision detection algorithm. With separating the
planning problem from the actual physical and geometric
problems, sampling-based planning greatly accelerates the
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speed of planning, especially in high-dimensional problem
with complex-shaped obstacles. In addition, considering the
uncertainty in spacecraft proximity operation [5], chaser
needs to have near real-time planning ability in order to han-
dle various uncertainties quickly and safely. Now, the solution
for handling uncertainty is mainly to use probabilistic anal-
ysis methods. Sampling-based path planning also achieves
an optimal solution under probability analysis through the
reduction of constraints and backward detection and evalu-
ation, which can not only ensure the calculation efficiency,
but also deal with various constraints well.

Although sampling-based path planning has not been
applied in space missions, its effects and advantages for solv-
ing problemswith high dynamics and uncertain environments
have been verified in ground practical systems. In the Urban
Challenge held by Defense Advanced Research Projects
Agency (DARPA), almost all of the winners have adopted
sampling-based path planning [6]–[8]. These planners have
shown strong robustness and ability to deal with uncertainty
constraints, indicating that sampling-based path planning is
very effective for handling high-dimensional problems with
strong constraints. Since the framework of path planning is
universal, it seems that those research results can be applied to
spacecraft path planning in theory. But the spacecraft motion
is very different from ground robots, so these planners cannot
be directly applied to space missions without modification.
Some scholars have studied the feasibility of sampling-based
path planning in space missions [9]–[12], especially the
studies by Starek et al. [13]–[16], in which the real-time
implement-ability, safety, and propellant-efficient of path
planning by using FMT∗ or Bi-FMT∗ and the techniques
used to adapt these algorithms to dynamically-constrained
spacecraft proximity operations have been discussed in detail
and thoroughly. Although these works have solved several
constrained, optimal proximity operation problems under
Clohessy-Wiltshire-Hill (CWH) dynamics, few have consid-
ered about what the obstacle types is in spacecraft proximity
operation, and how to avoid those obstacles in path planning.
The objective of this paper is to design an approach for
spacecraft proximity operation with considering the obstacle
type and its avoidance. In this paper, Section II introduces
the system dynamics model; Then, the obstacle types are
described based on the model; And, the safety strategy in
path planning is proposed in detail in Sec. II. C. Section III
synthesizes the safety strategy into FMT∗ algorithm. Finally,
the proposed approach is illustrated by using two numerical
experiments in Sec. IV.

II. PROBLEM FORMULATION
A. SYSTEM DYNAMICS
The spacecraft relative motion is generally described in the
target orbital coordinate system (also known as Hill system
which we shall henceforth refer to for brevity, see Fig.1). The
Z direction (R-bar) is aligned with the negative of the target
spacecraft inertial position vector, the Y direction (H-bar) is

FIGURE 1. Schematic of spacecraft relative motion in Hill system.

normal to the target spacecraft’s orbit plane, parallel to the
orbital angular momentum vector, and theX direction (V-bar)
is the resultant vector of the cross product of Y and Z . Thus,
X points in the general direction of the target spacecraft’s
forward orbital motion. The X vector is perfectly aligned with
the velocity vector if the orbit is perfectly circular.

Define ρ = [xyz]T as the chaser position in Hill system.
The relative motion equations can be illustrated as in [17].

ẍ − 2θ̇t ż− θ̇2t x − θ̈tz = −
µ

ρ3c
x + (acx − atx)

ÿ = −
µ

ρ3c
y+

(
acy − aty

)
z̈+ 2θ̇t ẋ − θ̇2t z+θ̈tx =−

µ

ρ3t
ρt−

µ

ρ3c
(z−ρt)+(acz−atz)

(1)

where ρc and ρt are the distance from earth center to chaser
and target respectively; ac = [acx acy acz]T and at =
[atx aty atz]T are the acceleration of chaser and target by
applied forces expressed in Hill system, respectively; µ is
the geocentric gravitational constant; θc and θt are the true
anomaly of chaser and target, respectively. Assuming that the
target is moving on a circular or near-circular orbit without
control, and the relative range between chaser and target is
far less than orbital radius of target, the system dynamics
equations can be described as

ẍ − 2ωoż = acx
ÿ+ ω2

oy = acy
z̈+ 2ωoẋ − 3ω2

oz = acz (2)

where ωo is the orbital angular velocity of target. Eq.(2) is
the CWH model which is often used in proximity motion
dynamics. Define the state X= [ x y z ẋ ẏ ż ]T as the relative
position and velocity of chaser in Hill system, the CWH
equations can be described by the linear time invariant system
as in [18].

Ẋ = f (X, a, t) = AX + Ba (3)

where

A =


0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 2ωo
0 −ω2

o 0 0 0 0
0 0 3ω2

o −2ωo 0 0

 ,B =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1


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It can be seen from the Eq.(2) that the y is independent of
x and z, which means that the coplanar motion is decoupled
from non-coplanar motion. When a= 0, the CWH equations
can be solved as

x =
(
4ẋ0
ωo
− 6z0

)
sin (ωot)−

2ż0
ωo

cos (ωot)

− (3ẋ0 − 6ωoz0) t +
(
x0 +

2ż0
ωo

)
y =

ẏ0
ωo

sin (ωot)+ y0 cos (ωot)

z = −
(
3z0−

2ẋ0
ωo

)
cos (ωot)+

ż0
ωo

sin (ωot)+
(
4z0−

2ẋ0
ωo

)
(4)

where [ x0 y0 z0 ẋ0 ẏ0 ż0 ]T is the initial state of chaser in Hill
system. Thus, the coplanarmotion can be described as in [19].

(x − X0)2

(2S)2
+
(z− Z0)2

S2
= 1 (5)

where

X0 = x0 +
2ż0
ωo
− (3ẋ0 − 6ωoz0) t Z0 = 4z0 −

2ẋ0
ωo

S =

√(
3z0 −

2ẋ0
ωo

)2

+

(
ż0
ωo

)2

Eq.(5) shows that the coplanar motion of chaser in Hill
system is an ellipse determined by X0, Z0 and S. The center
of ellipse is (X0, Z0), which moves parallel to the V-bar over
time. The semi-major axis of ellipse is 2S and twice the semi-
minor axis. In particular, when

ẋ0 = 2ωoz0 (6)

The coplanar motion equation becomes(
x − x0 −

2ż0
ωo

)2
4 (z0)2 + 4

(
ż0
ωo

)2 + z2

(z0)2 +
(
ż0
ωo

)2 = 1 (7)

And the center of ellipse is fixed in one point of V-bar, see
Fig.2.

FIGURE 2. Schematic of relative ellipse in Hill system.

In addition, different X0 and S determine the specific shape
of ellipse and the minimum distance between chaser and
target (see Appendix A for calculation).

B. OBSTACLE TYPES
Considering the system dynamics described above, the obsta-
cles in spacecraft proximity path planning can be divided into
four types roughly: hovering obstacle (S = 0), non-coplanar
ellipse obstacle (y 6= 0), coplanar ellipse obstacle (y = 0),
and uncertainty obstacle, as shown in Fig.3

FIGURE 3. Four obstacle types in spacecraft autonomous proximity path
planning.

Hovering obstacle refers to an obstacle that is invari-
ant to target, and appears as a fixed area in Hill system.
Coplanar ellipse obstacle refers to those moving on V-R-
bar plane, and its configuration relative to target is a closed
ellipse. The configuration of non-coplanar ellipse obstacle
is also a closed ellipse, but it locates on a certain inclined
plane relative to the V-R-bar plane, as a three-dimensional
ellipse. Uncertainty obstacle is an obstacle that cannot be
maintained for a stable configuration relative to target. And,
if the designed trajectory is not intersecting with those con-
figurations, then the spacecraft must be safe in proximity
operation.

FIGURE 4. Schematic of spacecraft envelope.

C. SAFETY STRATEGY
In order to better make safety strategy, define envelope as a
sphere which completely encloses the spacecraft (see Fig.4).
In this paper, we think of collision as the intersection of two
envelopes. In addition, the chaser is considered as a point, and
the radius of target or obstacle envelope becomes twice the
original. Thus, it is possible to ensure that the chaser would
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not collide with target or obstacle even if the planned trajec-
tory is tangent to the envelope. In this section, we propose a
safety strategy which consists of three parts to guarantee path
planning solution safety.

1) COLLISION AVOIDANCE FOR TARGET BASED ON
RELATIVE ELLIPSE
Relative position configuration between chaser and target
under different initial conditions has been analyzed in detail
above. It can be found that when the relative state of chaser
and target meets certain conditions (see Eq.(6)), the chaser
will form a stable ellipse configuration with respect to target.
And, by setting the minimum distance constraint, it can be
ensuring that the chaser does not collide with target when
moving along the ellipse.

Based on this, the state space is simplified as a set of states
that satisfies Eq.(6). In this way, in path planning, it is no
longer necessary to consider the collision between chaser and
target, but only the conflict with obstacles. This measure can
simplify the cyclic process by referring the safety analysis
to initial conditions of path planning, and improve the effi-
ciency. Fig.5 shows the collision avoidance for target based
on relative ellipse.

FIGURE 5. Collision avoidance for target based on relative ellipse.

2) INTERNAL/EXTERNAL ELLIPSE-BASED COLLISION
DETECTION
In this section, we give a measure to deal with the colli-
sion detection problem and determining whether the relative
ellipse above intersects with the hovering obstacle or non-
coplanar ellipse obstacle. Traditionally, the collision detec-
tion is equivalent to judging whether an ellipse and a circle
intersect or not, and necessary to solve a system of binary
quadratic equations, which is relatively complicated and
affects the calculation efficiency. To this end, we propose an
internal/external ellipse-based collision detection algorithm,
as shown in Fig.6 (taking coplanar path planning as example).

In Eq.(7), it is easy to find that the ratio of semi-major axis
and semi-minor axis is 2. Assuming the obstacle envelope
radius is R, and define internal/external ellipse as follows (see
Fig.6).
Definition 1 (internal ellipse): The internal ellipse is to

reduce the semi-major axis and semi-minor axis length of
relative ellipse by 2R and R respectively, and keep the ratio to

FIGURE 6. Internal/external ellipse-based collision detection.

the same. The internal ellipse equation is

(x − X0)2

(2S − 2R)2
+

z2

(S − R)2
= 1 (8)

Definition 2 (external ellipse): The external ellipse is to
increase the semi-major axis and semi-minor axis length of
relative ellipse by 2R and R respectively, and keep the ratio to
the same. Its equation is

(x − X0)2

(2S + 2R)2
+

z2

(S + R)2
= 1 (9)

It is easy to obtain that when the center of obstacle enve-
lope is located within the internal ellipse, the relative ellipse
will certainly not intersect with obstacle; similarly, when the
center of obstacle envelope is outside the external ellipse,
the relative ellipse does not also intersect with obstacle. Thus,
the condition that relative ellipse does not intersect with
obstacle can be expressed as

(xobs − X0)2

(2S − 2R)2
+

z2obs
(S − R)2

< 1

or
(xobs − X0)2

(2S + 2R)2
+

z2obs
(S + R)2

> 1 (10)

where (xobs, zobs) is the center location of obstacle envelope.
In this way, the solution of solving binary quadratic equa-

tion is transformed into the judgment of relationship between
the obstacle center and the internal/external ellipse, which can
greatly simplify the calculation process. When extended to
non-coplanar conditions, collision detection can also be car-
ried out using the internal/external ellipse method. As shown
in Fig.7, the obstacles are projected on three planes and
analyzed separately.

Define H as the radius of relative ellipse projection on R-
H-bar plane, we can know from the Eq.(4) that

H =

√
y2 +

(
ẏ
ωo

)2

(11)

And the angle between relative ellipse and V-R-bar plane
can be described as

α = arctan
H
2S

(12)
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FIGURE 7. Non-coplanar ellipse obstacle collision detection.
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Define the projection of non-coplanar ellipse obstacle on
R-H-bar plane be

y2

H2
obs

+
z2

S2obs
= 1 (13)

Therefore, the internal/external ellipse in R-H-bar plane
can be described as

Internal
Ellipse



y2

(Hobs − R)2
+

z2(
Sobs−

Sobs
Hobs

R

)2 = 1

(Hobs < Sobs)
y2(

Hobs −
Hobs
Sobs

R
)2 + z2

(Sobs − R)2
= 1

(Hobs > Sobs)

External
Ellipse



y2

(Hobs + R)2
+

z2(
Sobs +

Sobs
Hobs

R
)2 = 1

(Hobs < Sobs)
y2(

Hobs +
Hobs
Sobs

R
)2 + z2

(Sobs + R)2
= 1

(Hobs > Sobs)

(14)

Thus, it can be obtained that the sufficient condition
whichmaking the chaser does not intersect with non-coplanar
ellipse obstacle is

H < min
(
Hobs −

Hobs
Sobs

R Hobs − R
)

S < min
(
Sobs −

Sobs
Hobs

R Sobs − R
)

or


H > max

(
Hobs +

Hobs
Sobs

R Hobs + R
)

S > max
(
Sobs +

Sobs
Hobs

R Sobs + R
) (15)

In addition, it can also be seen from Fig.7 that in order
to avoid intersection between relative ellipse trajectory and
hovering obstacle, the distance between relative ellipse center
and hovering obstacle center, as well as the angle between
relative ellipse and V-R-bar plane, needs to meet some certain
conditions.

Define Xobs as the center position of hovering obstacle in
V-bar, then the critical angle is

αmin = arcsin
R

|X0 − Xobs|
(16)

Thus, the sufficient condition that the chaser does not
intersect with hovering obstacle can be given as{
α > αmin

|Xobs − X0| < 2S + R
or |Xobs − X0| > 2S + R (17)

3) COPLANAR ELLIPSE AND UNCERTAINTY OBSTACLE
AVOIDANCE STRATEGY
Since the spacecraft, also including debris, becoming smaller
and smaller, it is difficult to determine their orbit with ground-
based or space-based observations, leading to a greatly
increased probability of uncertainty obstacle in spacecraft
proximity operation. In addition, as we all known, the cost
of non-coplanar orbit maneuver is much higher than coplanar
orbit maneuver. Thus, we consider the coplanar path planning
result as the standard trajectory, and make the chaser moving
along the trajectory as much as possible. In order to achieve
those goal, the rotating hyperplane method [20] is used to
avoid such coplanar ellipse and uncertainty obstacles during
chaser’s proximity operation to target, as shown in Fig.8.

FIGURE 8. Coplanar ellipse and uncertainty obstacle avoidance based
rotating hyperplane method.

When the chaser moves into a certain region of obstacle,
its state is changed to ensure the distance to target is always
larger than the safety threshold 1Robs. After bypassing or
starting to move away from obstacle, the chaser is returned
to the standard trajectory.

Define ρobs as the center position of obstacle. And,
the rotating hyperplane method can be expressed as: When
the distance between chaser and target meets∣∣ρ − ρobs

∣∣ ≤ 1Robs (18)

Then, the chaser’s state is changed by the control system to
satisfy (

ρ̇ − ρ̇obs
)
·
(
ρ − ρobs

)∣∣ρ̇ − ρ̇obs
∣∣ · ∣∣ρ − ρobs

∣∣ ≤ 0 (19)

III. PLANNING ALGORITHM
In this section, we propose a modified version of the FMT∗

algorithm which incorporates our safety strategy.

A. BASIC DESCRIPTION
Define the state space X as chaser’s position and velocity
in Hill system, and Xobstacle is the set of states which will
make chaser result in a collision with target or obstacle. Xfree
is the complement of Xobstacle in X, and the set of states for
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sampling. Xinitial is the initial state of chaser, and Xgoal is the
goal of mission presented in X.
Define the state path X(t) is a function over time which

is determined by the acceleration of chaser as described in
Sec.II.A. In this paper, we employ the Starek’s work [16] as
the definition of path planning problem which is formulated
as follows.

Given: Xinitial , t0, Xgoal , and Xfree

Cost

function: J
(
a (t) , tf

)
=

N∑
i=1
‖1vi‖

Constraints:

X (t0) = X initial ,X
(
tf
)
∈ Xgoal

∀t ∈
[
t0 tf

]
,X (t) ∈ X free

Ẋ (t) = f (X (t) , a (t) , t) = AX + Ba
Tplan−min ≤ tf ≤ Tplan−max
∀i ∈ [1, 2, · · · ,N ] , ‖1vi‖ ≤ 1vmax,
N∑
i=1
‖1vi‖ ≤ 1Vmax

Where [Tplan−min Tplan−max] is the mission completion
time interval; 1V = [1v1, 1v2, . . . , 1vN ]T is the chaser’s
multi-pulses maneuver in proximity operation; 1vmax is the
maximum single pulse of chaser and1Vmax is the maximum
total pulses of chaser.

B. STATE SPACE SIMPLIFICATION
We now elaborate on the state space simplification with our
work in Sec. II. Asmentioned above, the state space is defined
as

X =
{(
x y z ẋ ẏ ż

)}
(20)

Simplification 1(State Space Ellipse Processing): Consid-
ering the relative ellipse configuration, the state space is sim-
plified as a set of states that satisfies Eq.(6), named Xellipse.

Xellipse =
{(
x y z ẋ ẏ ż

)
|ẋ = 2ωoz

}
(21)

Simplification 2(Coplanar planning):When the chaser only
performs path planning in target orbital plane, the state space
can be simplified as

Xellipse =
{(
x 0 z ẋ 0 ż

)
|ẋ = 2ωoz

}
(22)

Simplification 3(Relative Ellipse State Equivalence): Con-
sidering the closeness of relative ellipse, which means that
every state point on ellipse has a same configuration or
movement for target in Hill system, we can simplify the state
space by converting the ellipse state into the endpoint of semi-
major axis, and making all sampling point located on V-bar
with a velocity along R-bar. Then, the state space is further
simplified as

Xellipse =
(
x 0 0 0 0 ż

)
(23)

For each relative ellipse, its minimum distance to target can
be calculated with Appendix A. By comparing the minimum

distance and the radius of target envelope, we can eliminate
those states result in collision with target, and achieve a new
state space Xsafe for sampling.

FIGURE 9. Neighborhood confirmation of simplified state.

C. NEIGHBORHOOD OF SIMPLIFIED STATE
With the simplification above, the state space is transformed
as a set of points in V-bar, and each point has a velocity along
R-bar (see Fig.9). Thus, the neighborhood of a state can be
described as follows.

Define
X1 = [ x1 0 0 0 0 ż1 ]T

X2 = [ x2 0 0 0 0 ż2 ]T

Then, according to system dynamics in Sec. II. A, the
endpoints’ position and velocity of the relative ellipse major
axis can be expressed as shown in Fig.9.

Where

S1 = (z1)2 +
(
ż1
ωo

)2

, S2 = (z2)2 +
(
ż2
ωo

)2

Thus, in this paper, we consider that X1 and X2 are neigh-
borhoods when their states meet the following conditions.

1v = ‖v12 − v21‖ = ż1 + ż2 ≤ 1vmax

1ρ =
∥∥ρ12 − ρ21

∥∥ = |x1 + 4S1 − x2| ≤ ξ (24)

where ξ is a certain positive value.

D. MODIFIED FMT∗ALGORITHM
The modified FMT∗ algorithm, tailored with our strategy, is
presented as Algorithm 1 and Algorithm 2.

IV. NUMERICAL EXPERIMENTS
In this section, two simulated scenarios are developed to
illustrate the approach proposed above.

A. SIMULATION SETUP
All relevant simulation parameters in this paper are listed as
follow.

X initial =
(
−100 0 0 0 0 0

)
Xgoal =

{(
x y z ẋ ẏ ż

) ∣∣∣∣−10 < x < −9.5
ẋ = ẏ = ż = y = z = 0

}
RTarget = 8m
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Algorithm 1 The Modified FMT∗: Computes a Minimal-
Cost Trajectory

1: Given initial state Xinitial , goal state region Xgoal ,
position threshold ξ , and maximum velocity
increment 1vmax

2: State space simplification: X→Xellipse
3: Collision avoidance for target: Xellipse→Xsafe
4: Taking samples in Xsafe by using Halton sequence

as XS , and define S is the set of Xinitial , Xgoal ,
and XS

5: Generate the state sets {Stree, Scheck , Scut} and Stree,
Scheck , and Scut are similar to the Vopen, Vunvisited ,
and Vclosed in [16]

—— While do
6: Generate the intersection Smeet of Stree and Xgoal
7: If Smeet is not empty
8: For each state in Smeet , compute the Jinitial
9: Find the xmeet which result in minimum total

cost
10: Take xmeet as end point of the Stree, and obtain

tree T connecting Xinitial and Xgoal
11: If Smeet is empty
12: Update {Stree, Scheck , Scut} with Algorithm 2
——While done

Algorithm 2 Updates the State Sets {Stree, Scheck, Scut}
1: Find the state Snearest in Stree which

result in minimum cost to Xinitial
2: Find the neighborhood Xnear of Snearest in Scheck

based on given threshold vmax and ξ
3: For each state x in Xnear
4: Find the neighborhood xnear of x in Stree
5: Find the state xnearest in xnear which result in

minimum cost to x
6: Remove all successful state x from Scheck and Add

them to Stree
7: Remove Snearest from Stree and add it to Scut

R = 5m

ξ = 0.01m

1vmax = 0.5m/s

1Vmax = 50m/s

In order to make the simulation clear and simple, we design
the following data structure to represent the feature informa-
tion of sampling state points.

Nodei =
{
i x y z ẋ ẏ ż iftoinitial iftogoal j Jij Jinitial Jgoal

}
where i is number of sampling state point; iftoinitial/iftogoal
is the judgement mark of connection to Xinitial /Xgoal , and
iftoinitial/iftogoal= 0means that the sampling one is not con-
nected with Xinitial /Xgoal , while iftoinitial/iftogoal= 1 means
that connected; j is the number of forward connected sam-
pling state point, and define that j = 0 means initial state,

j = −1 means goal state, and j = −2 means no forward con-
nection; Jij is the cost between Nodei and Nodej; Jinitial /Jgoal
is the cost to Xinitial /Xgoal .

In our paper, all simulations are implemented in MATLAB
R©2015b and run on a PCwith Intel(R) Core(TM) i7-4720HQ
CPU operated by Windows 10, clocked at 2.60 GHz, and
equipped with 8.0 GB of RAM.

B. PATH PLANNING WITHOUT COPLANAR ELLIPSE
OBSTACLE
Consider the scenario that coplanar near-field approaches
of a chaser spacecraft with the hovering obstacle and non-
coplanar ellipse obstacle in close proximity to a target moving
on a circular GEO trajectory, as shown in Fig.10.

FIGURE 10. Illustration of coplanar path planning simulation scenario.

FIGURE 11. Coplanar path planning solution of the scenario using FMT∗
with n = 10000.

A representative solution to the scenario with proposed
planning algorithm is shown in Table 1 and Fig.11. As shown,
the planner successfully finds safe trajectories within the
obstacles in scenario, and the planning time is 0.758s. The
chaser approaches the goal region after four maneuvers, and
the total energy consumption is 3.28e-03m/s.
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TABLE 1. Coplanar path planning solution of the scenario using FMT∗
with n = 10000.

TABLE 2. Path planning solutions with different n.

In order to better illustrate the algorithm effectiveness,
we change the number of samples to 5000 and 20000, and the
radius of the obstacle area is doubled. The simulation results
are shown in Table 2 and Fig.12 separately.

FIGURE 12. Coplanar path planning solution with doubled obstacle
radius.

In Table 2, we can see that as the number of samples
increases, the planning time becomes longer, which is mainly
due to the ellipse consumption of sampling space and obstacle
collision detection. And if those two parts have been done
in offline planning, which means that the sampling state
space is known, the planning time consumes 0.026s, 0.024s,
and 0.022s, respectively. It can be seen that the proposed
algorithm has great potential in real-time planning.

As shown in Fig.12, although the obstacle region becomes
larger, the planning algorithm can still get the approach
path quickly, which illustrates the effectiveness of algorithm.
In addition, it can be found that the planning time becomes
shorter. It is because the larger obstacle region is resulting
in the reduction of effective sampling states, which in turn

reduces the calculation and makes the planning time corre-
spondingly shorter.

C. PATH PLANNING WITH COPLANAR ELLIPSE OBSTACLE
Define coplanar ellipse obstacle configuration as follow.

x2

502
+

z2

252
= 1

And the rest of the simulation settings are the same as
in scenario above. Since obstacle avoidance requires real-
time control, the classic PD control algorithm is used in this
simulation. The additional simulation parameters are listed as
follow.

KP = 0.002 KD = 0.004 1Robs = 10m

FIGURE 13. Coplanar path planning solution with coplanar ellipse
obstacle.

The simulation results of obstacle avoidance based on the
rotating hyperplane are shown in Fig.13. It can be seen that
during chaser moving along the standard trajectory, if the dis-
tance to obstacle is less than the threshold 1Robs, the chaser
would change its trajectory and stay away from the obstacle
under control system. In this process, the trajectory projection
on target orbital plane is unchanged, and only the velocity
in H-bar direction is changed. After the chaser passes obsta-
cle, the position and velocity in H-bar direction is restored
to 0, and the chaser continues to move along the standard
trajectory.

V. CONCLUSION
An improved sampling-based approach for spacecraft prox-
imity operation path planning under CWH dynamics is stud-
ied. The approach consists of a modified version of the
FMT∗ algorithm with safety strategy. The proposed strat-
egy is specific to the obstacle types which are analyzed
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and listed in Sec.II.B, and can be divided into three parts:
(1) collision avoidance for target based on relative ellipse
in Hill system; (2) internal/external ellipse-based collision
detection algorithms for hovering obstacle and non-coplanar
ellipse obstacle; (3) coplanar ellipse and uncertainty obstacle
avoidance by rotating hyperplane method. In our approach,
before sampling the state space, we firstly use the strategy
to simplify the state space, and make it as a set of states
which locates on V-bar and does not collide with target,
hovering obstacle, and non-coplanar ellipse obstacle. Then,
the FMT∗ algorithm is applied on state space to construct a
safe and propellant efficient solution trajectory that satisfied
constraints from initial position to goal region.

By referring the safety strategy to simplify the state space
before FMT∗ algorithm, our approach can reduce the com-
plexity of path planning, especially the resampling and col-
lision avoidance detection cyclic process in FMT∗, thereby
improve the planning efficiency. It appears to be potential
for spacecraft proximity real-time path planning. In addition,
the proposed approach is flexible enough to well deal with
other path planning generalized to different dynamics and
environments as long as the constraints and cost evaluation
function remains efficient, and enabling a real-time compu-
tation of low-cost trajectory.

The approach proposed in this paper can be further
researched in several aspects. For example, considering more
constraints such as attitude constraints in which the chaser is
pointing to target, solar array is pointing to sun, and antenna
is pointing to ground station, etc. Also, considering the orbit
perturbation, targets in ellipse orbit, higher-order dynamic
model, and computer memory and performance onboard pro-
vides more interesting research areas. Those future research
can expand the applicability of our approach to more general
situation, and evaluate its true benefits to spacecraft path
planning.

APPENDIX
Using triangular transformation, chaser’s position in target
orbital plane can be expressed as

x = X0 + 2S cosα
z = S sinα

α ∈
[
0 2π

)
(A1)

Thus, the relative range between chaser and target is

ρ =
√
x2 + z2 =

√
(X0 + 2S cosα)2 + (S sinα)2

=

√
X2
0 + S

2 + 3S2 cos2 α + 4X0S cosα

=

√
S2 −

1
3
X2
0 +

4
3

(
X0 +

3
2
S cosα

)2

=

√
S2 −

1
3
X2
0 +

4
3

∣∣∣∣X0 + 3
2
S cosα

∣∣∣∣2 (A2)

Consider

cosα ∈
[
−1 1

]

TABLE 3. Minimum distance between chaser and target under different
initial conditions.

If

|X0| ≤
3
2
S

Then, the absolute value term under square root can be
taken to 0, and minimum relative range is

ρmin =

√
S2 −

1
3
X2
0 +

4
3

∣∣∣∣X0 + 3
2
S cosα

∣∣∣∣2
min

=

√
S2 −

1
3
X2
0

Conversely, if

|X0| >
3
2
S

The minimum relative range becomes

ρmin =


√
S2 − 1

3X
2
0 +

4
3

(
X0 − 3

2S
)2

X0 > 3
2S√

S2 − 1
3X

2
0 +

4
3

(
X0 + 3

2S
)2

X0 < − 3
2S

=

{
|X0 − 2S| X0 > 3

2S
|X0 + 2S| X0 < − 3

2S

Relative position configuration between chaser and target
under different initial conditions is shown in Table 3.
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