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ABSTRACT This paper presents a new widely and stably adaptive sliding-mode control (WS-ASMC) with
nonsingular terminal sliding variable to enhance the performance in reaching and sliding phases. The
proposed WS-ASMC has developed new widely and stably adaptive switching gains (W-ASG and S-ASG).
The W-ASG is based on an adaptive law with a fast adaptation rate to appropriately suppress the errors
generated by using state information from previous time. Therefore, it provides a fast convergence rate in
the reaching phase. The S-ASG is directly designed to be related to the negative magnitude of sliding
variables. It helps to enhance the system stability while providing a fast convergence rate from the W-ASG.
A nonsingular terminal sliding variable is applied to the proposed WS-ASMC. It has strong attractivity and
hence improves the convergence rate in the sliding phase. Additionally, as it exhibits a synergistic effect with
the S-ASG, it is a solution tomitigate the problem of the insufficient control torque generated by applying this
sliding variable. Based on these benefits, the proposedWS-ASMC can provide precise tracking performance
with robustness owing to the synergistic effects of the enhanced reaching and sliding phases. It is shown that
the tracking errors are uniformly ultimately bounded. The effectiveness of the proposed control is clearly
demonstrated through the simulation of robot manipulators and is compared with that of existing control
approaches.

INDEX TERMS Adaptive sliding-mode control, time-delayed control, nonsingular terminal sliding variable,
fast adaptation, tracking control, robot manipulator.

I. INTRODUCTION
Over the last few decades, numerous studies on control
approaches have been conducted, which aimed at achieving
high-precision control performance of robot manipulators
that are being used in a variety of industrial fields.
Despite these successful works, the need for new con-
trol approaches for effectively operating robot manipula-
tors has been emerged since various engineering fields,
including nano- and bio-engineering, require much highly
detailed and sophisticated controls. In other words, the pre-
cise performance may not be easily obtained by the exist-
ing control approaches. Subsequently, many researchers
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have recently developed various control approaches to
enable the highly precise controls required by robot
manipulators [1]–[5].

Among these numerous control approaches, time-delayed
control (TDC) approach has received considerable attention
owing to its advantage such that it does not require the infor-
mation of the system model as it estimates the uncertainty
of the system model using state information from previous
time [6], [7]. Therefore, the TDC approach is known to
be very simple and effective when applied in complex and
nonlinear systems. However, an error can be generated in the
process of estimating the current state information because
it uses the state information from previous time, which can
cause degradation in both precision and robustness of the
systems.
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To solve this problem, auxiliary control approaches have
been studied by many researchers; these include integral
sliding-mode controls [8], [9], second-order sliding-mode
controls [10], [11], super-twist sliding-mode controls [12],
[13], boundary-layer sliding-mode controls [14], [15], and
adaptive sliding-mode controls [16], [17]. TDCs with auxil-
iary control approaches can not only simplify the structure but
also reduce the errors generated in the process of estimating
the current state information. It implies that these control
approaches have improved the results of the reaching phase
described in [18]. However, there is a limit to improving
the convergence rate of the sliding phase described in [18]
because these controls use the linear sliding variable, which
does not arrive at the equilibrium point in a finite time.

Studies on the sliding variables have been conducted for
several decades. As one of them, the nonsingular terminal
sliding variable [19]–[21], also known as the nonlinear sliding
variable, has been developed to improve the convergence rate
in the sliding phase. It could overcome the disadvantage of
the linear sliding variable by ensuring that the state of the
robot manipulator reaches the equilibrium point within the
finite time, resulting in a fast convergence rate in the sliding
phase. From the benefits of this sliding variable, TDCs with
the nonsingular terminal sliding variable [15], [20]–[24] have
been recently developed to obtain the improved convergence
rate in the sliding phase, which continue to build on the
advantages of the TDC.However, they still have the following
three problems:
P1) The switching gains used in auxiliary control approaches

are time-invariant [15], [20]–[23]. It implies that the
robustness and tracking performance may be degraded
by abruptly large errors when the reference trajectories
are changed suddenly. For example, if the switching
gains are inappropriately small, the tracking perfor-
mance may degrade because proper switching gains
cannot be generated. On the contrary, if they become
inappropriately high for achieving a fast response, they
may create unstable systems because of undesired side
effects such as chattering. Otherwise, the switching
gains used in [24] are time-varying. However, given that
the switching gains are designed to generate a damping
effect, it may not be able to achieve the robust tracking
performance when the large errors occur abruptly.

P2) The error generated in the process of estimating the
current state is called the time-delayed estimation (TDE)
error. Then, to guarantee the system stability, all
TDC-based control approaches must ensure the exis-
tence of an upper boundedness of the error by satisfying
the stability criteria [25] of the TDC. It means that these
control approaches must use the restricted TDC gains
because the stability criteria is directly related to the
magnitude of the TDC gains. Furthermore, the stability
criteria also requires lower- and upper-bound in moment
of inertia (MOI) of systems, but practicing engineers
cannot have exact information of the MOI. For these
reasons, these control approaches may provide degraded

tracking performance and may cause system instability
when applied to real systems.

P3) The high sliding gains used in the sliding variable
help to provide a fast convergence rate in the sliding
phase. However, given that the magnitude of the control
torque is inversely proportional to that of the sliding
gains, using a high sliding gains means that the control
torque may not be sufficient to provide precise tracking
performance.

To address these problems, we aim at developing a
practical control approach for effective improvement in the
reaching phase while maintaining a fast convergence rate in
the sliding phase. In this paper, we propose a new widely
and stably adaptive sliding-mode control (WS-ASMC) with
nonsingular terminal sliding variable and then apply it to
robot manipulators.

A1) The proposed WS-ASMC uses the state information
from previous time to cancel the complex nonlinear
system model and hence provides a simple structure.

Next, the proposed control scheme is designed by two
new adaptive switching gains: widely adaptive switching gain
(W-ASG) and stably adaptive switching gain (S-ASG).

A2) TheW-ASG is developed in a well-known time-varying
switching approach [26] ensuring system stability with-
out the stability criteria of the TDC. The switching gain
is closely related to the magnitude of sliding variable.
For example, if the sliding variable is far away from the
equilibrium point, theW-ASG generates the large value
that gradually increases to make the sliding variable
quickly converge to the equilibrium point. It helps to
generate fast convergence rate in the reaching phase.
However, even if a large switching gain offers such
a benefit, it can cause chattering or noise amplifica-
tion problems when the sliding variable stays near the
equilibrium point. To solve this problem, the adaptive
law of the W-ASG is designed to be reduced when
the sliding variable stays near the equilibrium point.
Then, as the adaptive law is inversely proportional to the
magnitude of the sliding variable, the W-ASG can be
adjusted while providing a fast adaptation rate without
chattering.

A3) The S-ASG is developed to improve the convergence
rate while enhancing the system stability around the
equilibrium point. Its adaptive law is designed to be
proportional to the negative magnitude of the slid-
ing variable so that the S-ASG can reduce the unde-
sired side effects near the equilibrium point. Besides,
the S-ASG is directly combined with absolute value
of the sliding variable. Therefore, the S-ASG has the
effect of creating a continuous function and hence can
avoid a critical problem, e.g., chattering, inherent in
conventional sliding-mode control.

Based on these benefits, two adaptive switching gains are
extremely helpful in improving the tracking performance
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while mitigating the undesired side effects and enhancing the
system stability.
A4) Building upon two adaptive switching gains, the

nonsingular terminal sliding variable [19] is employed
in the proposed WS-ASMC. Owing to the S-ASG,
although high sliding gains in the nonsingular terminal
sliding variable are used to obtain a fast adaptation rate
in the sliding phase, the proposed WS-ASMC, which
is composed of inverse sliding gains, can provide a suf-
ficient control torque while having strong attractivity.

Summarizing the above, the proposedWS-ASMC can pro-
vide precise tracking performance with enhanced robustness
owing to the synergistic effects of improved performance
in the reaching and sliding phases. It is shown that the
tracking errors are uniformly ultimately bounded (UUB) by
Lyapunov stability. The effectiveness of the proposed control
is clearly explained in simulation of a robot manipulator and
is compared with that of existing control approaches.

The remainder of this paper is organized as follows.
In Section II, we briefly introduce what the TDC
approach is. In Section III, we propose the WS-ASMC
approach. In Section IV, we carry out simulations with a two-
link robot manipulator. In Section V, we discuss the practical
efficiency of the proposed WS-ASMC through additional
simulations. In Section VI, we conclude with a brief summary
of this paper.

II. TIME-DELAYED CONTROL APPROACH
In this section, we discuss the well-known TDC approach.
In general, n-axes robot manipulator can be expressed as
follows [27]:

M(qt )q̈t + C(qt , q̇t )q̇t + g(qt )+ f(q̇t ) = τ t − τ d,t (1)

where qt ∈ <n, q̇t ∈ <n, and q̈t ∈ <n denote the
angle, angular rate, and angular acceleration of each axis,
respectively. M(qt ) ∈ <n×n denotes the MOI matrix that
has a positive value. C(qt , q̇t )q̇t ∈ <n denotes the Coriolis
matrix. qt ∈ <n is the gravity matrix. f(q̇t ) ∈ <n is the
frictionmatrix. τ t ∈ <n denotes the control torque. τ d,t ∈ <n

denotes the upper-bounded external torque, i.e., ‖τ d,t‖ ≤ d∗

where d∗ is a positive constant.
When each side of Eq. (1) is multiplied by M−1(qt ) and

summarized with τ t , we obtain

τ t = C(qt , q̇t )q̇t + g(qt )+ f(q̇t )+ τ d,t
+
[
M(qt )− M̄

]
q̈t + M̄q̈t (2)

where M̄ ∈ <n×n is a positive diagonal matrix and is called
‘‘TDC gain’’ in this paper. Eq. (2) can be summarized to

q̈t = ϑ t + M̄−1τ t (3)

where ϑ t ∈ <n is as follows:

ϑ t = −M̄−1
[
C(qt , q̇t )q̇t + g(qt )+ f(q̇t )+ τ d,t

]
−M̄−1

[
M(qt )− M̄

]
q̇t . (4)

As ϑ t in Eq. (4) is not known to practicing engineers, the esti-
mation of ϑ t [28] is used, is called time-delayed estimation
(TDE), which is given below:

ϑ t ∼= ϑ t = q̈t−L − M̄−1τ t−L (5)

where L denotes a sufficiently small sampling time. From
Eq. (5), the TDC approach [7] can be expressed as follows:

τCt = −M̄q̈t−L + τCt−L + M̄(q̈d,t +Kd ėt +Kpet ) (6)

where et = qd,t − qt ∈ <n denotes the angular error in
the robot manipulator. τCt ∈ <

n denotes the control torque
generated by the TDC approach.Kd ∈ <

n×n andKp ∈ <
n×n

are positive diagonal matrices for a pole arrangement.
Substituting Eq. (6) into Eq. (3) yields the error dynamics

as follows:

ët +Kd ėt +Kpet + Et = 0 (7)

where ėt = q̇d,t − q̇t ∈ <n and ët = q̈d,t − q̈t ∈ <n denote
the angular velocity error and angular acceleration error in
the robot manipulator, respectively. Et = ϑ t − ϑ t−L =

(E1,t ,E2,t , · · · ,En,t )T ∈ <n is called a TDE error. Here,
the upper bound ofEt must exist to ensure the system stability
of the robot manipulator. To guarantee the upper bound of
Et , i.e., ‖Et‖ ≤ Ē∗ where Ē∗ is a positive value, the TDC
approachmust satisfy the following stability criteria [7], [29]:

‖I−M−1(qt )M̄‖ < 1 (8)

where I ∈ <n×n denotes a unit matrix. The proof of Eq. (8)
can be found in [25].
In Eq. (8), the TDC gain M̄means that a gain of a restricted

magnitude must always be used in the robot manipulator.
Given that it affects the magnitude of τCt as in Eq. (6),
it may not be easy to suppress the TDE error Et . In other
words, it implies that it has a lot of room for improper TDC
gain, which may provide a result of degraded tracking perfor-
mance. Furthermore, the TDC gain M̄ is directly related to
the magnitude of the MOI. However, it is almost impossible
for practicing engineers to know the MOI, and thus this
is closely connected to the aspect of ‘‘practicality’’ in real
systems. Also, Eq. (7) shows mathematically that qt reaches
qd,t asymptotically when the TDE error Et is suppressed.
It implies that qt does not reach qd,t in a finite time, and the
convergence rate is lowered in the vicinity of the equilibrium
point.

III. PROPOSED WS-ASMC APPROACH
In this section, we introduce the proposed WS-ASMC
approach, which can be expressed as follows:

τPt = −M̄q̈t−L + τPt−L + M̄
[
q̈d,t +

q
p
K−1s ė

2− p
q

t
]

+M̄
[
K̂S
t + K̂E

t
]
sgn(st ) (9)

where τPt ∈ <
n denotes the control torque gen-

erated by the proposed WS-ASMC approach. Ks =

diag(Ks,1,Ks,2, · · · ,Ks,n) ∈ <n×n is the positive diagonal
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FIGURE 1. The behavior of the reaching and sliding phases in the
proposed WS-ASMC.

matrix to be determined for adjusting the convergence rate in
the sliding phase, which is called sliding gain in this paper.
To improve the convergence rate in the reaching phase

(Figure 1), two adaptive switching gains are employed: K̂E
t

and K̂S
t . K̂

E
t = diag(k̂E1,t , k̂

E
2,t , · · · , k̂

E
n,t ) ∈ <

n×n [26] whose
k̂Ei,t is defined as follows:

k̂Ei,t = k̂E0,i,t + k̄1,i‖q̇t‖
2
+ k̄2,i‖q̈t − q̈t−L‖ + k̄3,i‖q̈t‖ (10)

where k̄1,i, k̄2,i, and k̄3,i are positive design parameters to
be determined properly for suppressing the TDE error as
described in Appendix A. k̂E0,i,t is called widely adaptive
switching gain (W-ASG) in this paper whose adaptive law
is as follows:

˙̂kE0,i,t =

{
φi
[
γ−1i |si,t |

]Ltηi,tLt , if k̂E0,i,t > k∗,E0,i

φi
[
γ−1i |si,t |

]
ηi,t , if k̂E0,i,t = k∗,E0,i

(11)

for Lt = sgn(‖st‖∞ − ε) ∈ < where ε is the positive
boundedness parameter. φi and γi are the positive design
parameters for adjusting the adaptation rate of k̂E0,i,t . ηi,t =
p
qKs,iė

p
q−1
i,t for positive odd integers p and q where 1< p

q <2.

k∗,E0,i is set to be a small positive constant for maintaining k̂E0,i,t
with positive value.

As shown in Eq. (11), k̂E0,i,t can be adjusted for suppressing
the TDE error, which has two different forms according to the
Lt , e.g., ‖st‖∞ ≥ ε and ‖st‖∞ < ε. For ‖st‖∞ ≥ ε, k̂E0,i,t
increases for a fast convergence rate of the reaching phase
until all sliding variables reach a fixed boundedness ε of the
vicinity of the sliding manifold. After that, k̂E0,i,t decreases for
avoiding chattering while staying at ‖st‖∞ < ε. However, its
adaptation rate may decrease slowly because the adaptive law
of k̂E0,i,t is designed to be dominant in terms of the magnitude
of the sliding variable, which can cause chattering. To solve
this problem, the adaptive law is designed to be inversely
proportional to the magnitude of the sliding variable, which
exhibits a fast adaptation rate. For this reason, although k̂E0,i,t
has high switching gain temporarily, it provides a fast conver-
gence rate in the reaching phase without chattering.

As one of two adaptive switching gains, it represents K̂S
t =

diag(k̂S1,t , k̂
S
2,t , · · · , k̂

S
n,t ) ∈ <

n×n whose k̂Si,t is defined as
follows:

k̂Si,t = k̂S0,i,t |si,t | (12)

where k̂S0,i,t is called stably adaptive switching gain (S-ASG)
in this paper. Its adaptive law is as follows:

˙̂kS0,i,t =


−δi|si,t |a − δiωi|si,t |a, if k̂S0,i,t = k̄∗,S0,i

−δi|si,t |a − δiωi|si,t |aLt , if k∗,S0,i < k̂
S
0,i,t< k̄

∗,S
0,i

−δi|si,t |a + δiωi|si,t |a, if k̂S0,i,t = k∗,S0,i
(13)

where δi and a are positive design parameters for adjusting the
adaptation rate of k̂S0,i,t . Then, ωi should be set larger than 1,
i.e., ωi > 1. k∗,S0,i is set to maintain k̂S0,i,t with a low positive
value. k̄∗,S0,i is defined as the maximum value of k̂S0,i,t .

As shown in Eq. (13), the adaptive law is composed of two
terms. The first term −δi|si,t |a stands for a damping term,
and the second term −δiωi|si,t |aLt stands for a leakage term.
These terms are designed to be proportional to the negative
magnitude of the sliding variable and then can adjust k̂S0,i,t
appropriately. For ‖st‖∞ ≥ ε, k̂S0,i,t decreases until it reaches
its low bound because it works mainly in the W-ASG. On the
other hand, for ‖st‖∞ < ε, k̂S0,i,t increases to compensate the
convergence rate near equilibrium point. k̂S0,i,t does not cause
undesired side effects owing to the damping term. Moreover,
since it consists of a product of sliding variable as shown
in Eq. (12), k̂Si,t does not cause the chattering problem even
though any positive k̂S0,i,t exists.

To improve convergence rate in the sliding phase
(Figure 1), we employ sliding variable st =

(s1,t , s2,t , · · · , sn,t )T ∈ <n expressed in the following form:

st = et +Ks(ėt )
p
q (14)

where it is called nonsingular terminal sliding variable [19].
sgn(st ) = [sgn(s1,t ), sgn(s2,t ), · · · , sgn(sn,t )]T ∈ <n is a
signum function in Eq. (9) which is defined as

sgn(si,t ) =

{
1 if si,t ≥ 0
−1 if si,t < 0

(15)

for all i = 1, 2, · · · , n.
The larger the sliding gain Ks is set, the faster the tracking

error et described in Eq. (14) converges to the equilibrium
point. However, since control approaches based on nonsin-
gular terminal sliding variables use the inverse sliding gain
directly, they may result in system instability. Although the
proposed WS-ASMC is also based on nonsingular terminal
sliding variables, Eqs. (12) and (13) help the proposed WS-
ASMC generate sufficient output torque. To be summarized,
k̂Si,t can guarantee the system stability while improving the
convergence rate of the sliding phase.
To provide an overall structure of the proposed

WS-ASMC, its schematic diagram is described in Figure 2.
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FIGURE 2. A schematic diagram of the proposed WS-ASMC.

As shown in Eqs. (11) and (13), these adaptive laws of two
adaptive switching gains are strongly affected by the fixed
boundedness ε. The boundedness is directly related to the
magnitude of the sliding variable.
Theorem 1: For the system model in Eq. (1), the proposed

WS-ASMC in Eq. (9) allows the sliding variable st to fall
within the boundedness ε that exists in the vicinity of the
sliding manifold at the finite time ts > 0. Then, the sliding
variable st is guaranteed to be UUB for t ≥ ts as follows:

‖st‖ <

√√√√ n∑
i=1

ε2 + χ1 + χ2

where

χ1,t =

n∑
i=1

γi

φi

[
max
i

(
Ē∗0,i,

∣∣k̄∗,E0,i − Ē
∗

0,i

∣∣)]2
χ2,t =

n∑
i=1

1
δi

(
k̄∗,S0,i

)2
.

Proof: The proof is given in Appendix A.
Lemma 1: For the system model in Eq. (1), the widely

adaptive switching gain k̂E0,i,t has the unknown upper-bound
k̄∗,E0,i that is a positive constant as follows:

k̂E0,i,t ≤ k̄
∗,E
0,i

for t ≥ 0.
Proof: The proof is given in Appendix B.

Lemma 2: For the system model in Eq. (1), the TDE error
Et is derived from the reasonable assumptions in [26], whose
time-varying bound consists of four positive constants, i.e.,
Ē∗0 , Ē

∗

1 , Ē
∗

2 , and Ē
∗

3 , as follows:

‖Et‖ ≤ Ē∗0 + Ē
∗

1 ‖q̇t‖
2
+ Ē∗2 ‖q̈t − q̈t−L‖ + Ē∗3 ‖q̈t‖

for t ≥ 0.
Proof: The proof is given in [26].

Remark 1: As a solution to reduce the chattering,
the boundary-layer approach [30]–[32] is well-known, which
helps to generate the continuous function instead of the
signum function (15). This control approach is simple and
effective in relation to the chattering reduction. However,
it may provide the slow convergence rate in the vicinity
of the equilibrium point. On the other hand, the proposed
WS-ASMC (9) makes the chattering-free results owing to
the W-ASG with the fast adaptation rate and the S-ASG
with the damping term even when using the signum func-
tion. Moreover, the proposed WS-ASMC offers the fast
convergence rate in the vicinity of the equilibrium point.

IV. SIMULATION
A. SIMULATION SETUP
To illustrate the effectiveness of the proposed WS-ASMC,
we conduct simulations with a two-link planar robot manipu-
lator in Appendix C. The parameters of the proposed WS-
ASMC in Eq. (9) are set as Ks,1 = Ks,2 = 1.2 × 10−1,
p = 5, q = 3, L = 10−3, M̄1 = 10−2, M̄2 = 2 × 10−3,
φ1 = φ2 = 104, γ1 = γ2 = 10, ε = 10−1, δ1 = 2 × 103,
δ2 = 2.5 × 103, ω1 = ω2 = 11 × 10−1, a = 0.03,
k̄1,1 = k̄1,2 = k̄1,3 = 10−1, k̄2,1 = k̄2,2 = k̄2,3 = 25× 10−1,
k∗,S0,1 = k∗,S0,2 = 103, and k̄∗,S0,1 = k̄∗,S0,2 = 2× 103.

B. SIMULATION DESCRIPTION
The purpose of the simulation is to make the angle of joints
1 and 2 in the robot manipulator qt follow the reference
trajectory qd,t . The reference trajectory (Figure 3) has a non-
differentiable point and then changes from low-to-highmove-
ment. Moreover, as an external factor, additional payload is
applied to the end-effector of the robot manipulator.
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FIGURE 3. Trajectories of the desired reference: (a) Joint 1. (b) Joint 2.

FIGURE 4. W-ASG and Eq. (10) of the proposed WS-ASMC: (a) Joint 1. (b) Joint 2.

FIGURE 5. S-ASG of the proposed WS-ASMC: (a) Joint 1. (b) Joint 2.

In this simulation, we will focus on three points as follows:
• Nominal tracking performance affected by undesired
side effects such as Coulomb friction [33]

• Chattering phenomena and convergence rate affected by
a non-differentiable point in the reference trajectory

• Robust tracking performance affected by the reference
trajectory with and without payload on the end-effector
of the robot manipulator.

To illustrate the effectiveness of the proposed WS-ASMC
in these points,

• Time-delayed control (TDC) [7]
• Model-free nonsingular terminal sliding-mode control
(MNTSMC) [22]

are employed for comparison. All parameters of these con-
trol approaches, e.g., TDC, MNTSMC, and the proposed
WS-ASMC, are tuned in the reference trajectory on the robot
manipulator with payload. The parameter tuning procedure is
introduced in Appendix D.

C. SIMULATION RESULTS
Figure 4 shows the W-ASG and Eq. (10) of the proposed
WS-ASMC. The W-ASG is an adaptive variable of a time-
varying gain k̂Ei,t in Eq. (10). Since adaptive law in Eq. (11)
is directly related to the magnitude of the sliding variable,
the W-ASG tends to provide high switching gain when
the sliding variable moves away from the sliding manifold.
On the other hand, the adaptive law is inversely related to the
magnitude of the sliding variable when the sliding variable
stays near the sliding manifold. Therefore, the W-ASG tends
to produce low switching gain through a fast adaptation rate to
avoid undesired side effects such as chattering. It is observed
as follows:

• When the motion direction of motor in the robot manip-
ulator changes, Coulomb friction forces adverse effects
such as system instability and fluctuation, which causes
degraded tracking performance with less robustness,
e.g., 1 s, 2 s, 3 s, 3.7 s, 5 s, 9 s, 12 s, 15 s, and 18 s,
as shown in Figure 3.

As observed in Figure 4, the W-ASG offers high switching
gain to suppress the above-mentioned problems at the non-
differentiable point in 3.77 s. The W-ASG is also changed
adaptively to achieve desired tracking in other points but is
relatively small-adjusted. Other variables in Eq. (10), except
for the W-ASG, are further implemented to suppress unde-
sired side effects in other points. It seems to be a change in low
frequency compared with the W-ASG, but it helps to achieve
better tracking performance while reducing undesired side
effects when the sliding variable stays in the vicinity of the
sliding manifold, as shown in Figure 8.

Figure 5 shows the S-ASG of the proposedWS-ASMC that
is an adaptive variable of a time-varying gain k̂Si,t in Eq. (12).
The S-ASG, unlike the W-ASG, has a slow adaptation rate
due to the damping term used in Eq. (13). Therefore, it may
not be as powerful as the W-ASG with regard to the con-
vergence rate. However, as the S-ASG provides the effect
of having a continuous function owing to absolute value
of the sliding variable, it can be operated for assisting the
convergence rate while maintaining the system stability when
the sliding variable stays around slidingmanifold. It is a result
that it helps to provide the improved tracking performance at
points where the direction of motion of the motor in the robot
manipulator does not change, as shown in Figure 8.

Figure 6 shows the control inputs of the proposed
WS-ASMC that is chattering-free. However, it can be
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FIGURE 6. Control inputs of the proposed WS-ASMC: (a) Joint 1. (b) Joint 2.

FIGURE 7. Sliding variables of the proposed WS-ASMC: (a) Joint 1. (b) Joint 2.

FIGURE 8. Comparison of the tracking errors of TDC (dotted-line), MNTSMC (dashed-line), and the proposed WS-ASMC (solid-line):
(a) Joint 1. (b) Joint 2.

observed that the control input oscillation occurs at some
points. As shown in Figure 3, the reference trajectory
has a non-differential point at 3.77 s. Then, the proposed
WS-ASMC produces a very large W-ASG instantaneously to
suppress critical disturbances and hence the fast adaptation
rate of the W-ASG seems to cause the control input oscilla-
tion. In other words, it is a behavior to achieve the desired
tracking performance and hence is not an inherent problem
of the proposed WS-ASMC. In the vicinity of 15 s and 18 s,
it is more likely to generate the control input oscillation
in Figure 6(b) than Figure 6(a). It is an effort of theW-ASG to
reduce undesired side effects on the friction generated by the
change of the motion direction of robot manipulator. It means
that it is the behavior of the W-ASG to improve robust track-
ing performance. It can be confirmed that the tracking error
is reduced without chattering, as shown in Figure 8.

Figure 7 shows the sliding variables of the proposed
WS-ASMC. When the sliding variable leaves the vicinity of
sliding manifold, it is strongly influenced by the W-ASG.
On the other hand, when the sliding variable stays in the
vicinity of sliding manifold, it is mainly influenced by the
S-ASG. Therefore, the effect on the sliding variable tends to
be similar to the tracking error, as shown in Figure 8.

Figure 8 shows the tracking errors of TDC, MNTSMC,
and the proposed WS-ASMC. To begin with, it can be eas-
ily observed that the proposed WS-ASMC is superior to
other control approaches because the proposed control has
powerful activities to maintain a fast convergence rate while
suppressing the TDE error owing to above-mentioned fig-
ures. In particular, even though critical side effects are gen-

TABLE 1. The RMS values of tracking errors.

erated by a non-differential point, the proposed WS-ASMC
provides better tracking performance than other control
approaches owing to the proposed W-ASG and S-ASG.
The root-mean-square (RMS) values of the tracking errors
are given in Table 1.

V. DISCUSSION
A. SIMULATION DESCRIPTION
The purpose of the discussion is to further illustrate the
positive effects of the proposedWS-ASMC through the addi-
tional simulations. The reference trajectory (Figure 9) has a
sinusoidal function that allows a smooth motion. The rate of
the reference trajectory (Figure 9) is 1.5 times faster than that
of the reference trajectory (Figure 3), and the amplitude of
the reference trajectory (Figure 9) is also set larger than that
of the reference trajectory (Figure 3). Then, two additional
external torques are generated to disturb the motion of the
robot manipulator, which instantaneously produce 150 Nm
in 2 s and 300 Nm in 7 s, as shown in Figure 10.

In this section, we will focus on two points as follows:

• Nominal tracking performance generated by the
reference trajectory with a fast frequency

• Robust tracking performance affected by external
torques.
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FIGURE 9. Trajectories of the desired reference: (a) Joint 1. (b) Joint 2.

FIGURE 10. External torques generated in robot manipulator: (a) Joint 1. (b) Joint 2.

FIGURE 11. W-ASG and Eq. (10) of the proposed WS-ASMC: (a) Joint 1. (b) Joint 2.

FIGURE 12. S-ASG of the proposed WS-ASMC: (a) Joint 1. (b) Joint 2.

FIGURE 13. Comparison of the tracking errors of TDC (dotted-line), MNTSMC (dashed-line), and the proposed WS-ASMC (solid-line):
(a) Joint 1. (b) Joint 2.

To illustrate fairly the effectiveness of the proposed
WS-ASMC in these points, the control approaches [7], [22]
used in Section IV are employed for comparison. The param-
eter values of all control approaches, including the proposed
WS-ASMC, are the same as those set in Section IV.

B. SIMULATION RESULTS
Figure 11 shows the W-ASG and Eq. (10) of the proposed
WS-ASMC. Given that the W-ASG can move dynamically
owing to a fast adaptation rate, it offers the powerful switch-
ing gains to suppress the undesirable side effects when the
unsuspected disturbances, i.e., strong external torques, occur
to the robot manipulator. In other words, even if the large
disturbances are unexpectedly generated as in Figure 10,
the W-ASG can offset them owing to its high switching
gains. Other variables in Eq. (10), except for the W-ASG, are
implemented to make the desired tracking responses for the
reference trajectory with a fast frequency. It seems to be a

change in low frequency, but it helps to obtain better tracking
performance while reducing undesired side effects, as shown
in Figure 13.

Figure 12 shows the S-ASG of the proposed WS-ASMC.
As observed in Figure 12, the S-ASG may not be as powerful
as the W-ASG with regard to the adaptation rate because it
has the damping term. For this reason, it may be slow to
respond appropriately to strong external torques. However,
the effect of the damping term can be operated for assisting
the convergence rate in the transient fields except for 2 s and
7 s in Figure 9. As a result, it helps to improve the tracking
performance at points except for unsuspected disturbances,
as shown in Figure 13.

Figure 13 shows the tracking errors of TDC, MNTSMC,
and the proposed WS-ASMC. It can be observed that
the proposed WS-ASMC is superior to other control
approaches even if the reference trajectory with a fast
frequency is accompanied by the strong external torques.
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TABLE 2. The RMS values of tracking errors.

Moreover, compared with Figure 8, the proposedWS-ASMC
represents no significant difference in overall tracking errors,
unlike other control approaches. Besides, the proposed WS-
ASMC offers overwhelming tracking performance over other
control approaches at points close to 2 s and 7 s. From these
results, it can be observed that the proposed WS-ASMC
improves more robust tracking performance than other con-
trol approachers owing to the proposed W-ASG and S-ASG.
The RMS values of the tracking errors are given in Table 2.

VI. CONCLUSION
In this paper, we proposed a newWS-ASMC. It designed two
new adaptive switching gains, namely, W-ASG and S-ASG.
The W-ASG helped to provide a fast convergence rate in the
reaching phase while guaranteeing the system stability at all
times without considering the stability criteria that has always
been used in the TDC. The S-ASG helped to improve adjunc-
tively performance in the reaching phase while enhancing
the system stability near equilibrium point. The nonsin-
gular terminal sliding variable was employed to improve
performance in the sliding phase. The proposed WS-ASMC
used the state information from previous time to cancel the
complex nonlinear system model and thus provided a simple
structure. From a synergistic effect of these benefits, through
the simulation of robot manipulator, the results demonstrated
that the proposed WS-ASMC can ensure better tracking
performance with enhanced robustness than existing control
approaches.

Given that new adaptive switching gains of the proposed
WS-ASMC can be easily used in many other applications,
we believe that the proposed one will be adopted by a num-
ber of researchers. However, when the nonsingular terminal
sliding variable (14) used in the proposed WS-ASMC stays
far from the equilibrium point, the convergence rate in the
sliding phasemay be slow. As a future work, we will develop
a new WS-ASMC based on fast nonsingular terminal sliding
variables [34], [35] to address the aforementioned weakness
in the proposedWS-ASMC.We think that it would be a good
trial to improve the convergence rate further in the sliding
phase.

APPENDIXES
APPENDIX A
PROOF OF THEOREM 1
In this Appendix, Lyapunov function Vt ∈ < is defined to
guarantee the system stability as follows:

Vt =
1
2
sTt st +

1
2

n∑
i=1

γi

φi

(
k̃Ei,t
)2
+

1
2

n∑
i=1

1
δi

(
k̂S0,i,t

)2 (16)

where k̃Ei,t = Ē∗0− k̂
E
0,i,t ≥ 0. The time derivative of Lyapunov

function can be represented as

V̇t = sTt ṡt − 3̇1,t + 3̇2,t

= sTt
{
ėt +

p
q
Ks
[
diag(ė

p
q−1
t )

]
ët
}
− 3̇1,t + 3̇2,t

= sTt
{
ėt +

p
q
Ks
[
diag(ė

p
q−1
t )

][
q̈d,t − q̈t

]}
− 3̇1,t + 3̇2,t .

(17)

where 3̇1,t =
∑n

i=1
γi
φi
k̃Ei,t
˙̂kE0,i,t and 3̇2,t =

∑n
i=1

1
δi
k̂S0,i,t
˙̂kS0,i,t .

In Eq. (17), the error acceleration is defined as ët = q̈d,t −
q̈t ∈ <n. Substituting Eq. (3) into Eq. (17) yields

V̇t = sTt ėt + sTt
{p
q
Ks
[
diag(ėt )

p
q−1

][
q̈d,t − ϑ t − M̄−1τ t

]}
−3̇1,t + 3̇2,t . (18)

If Eq. (9) is inserted in Eq. (18), the time derivative of Vt can
be obtained as

V̇t = sTt ėt + sTt ηt
{
− Et −

q
p
K−1s ė

2− p
q

t
}

−sTt ηt
{[
K̂S
t + K̂E

t
]
sgn(st )

}
− 3̇1,t + 3̇2,t (19)

where ηt =
p
qKs

[
diag(ė

p
q−1
t )

]
= diag(η1,t , η2,t , · · · , ηn,t ) ∈

<
n×n. Et = ϑ t − ϑ̂ t ∈ <

n is defined as the TDE errors.
Eq. (19) can be represented as

V̇t

=

n∑
i=1

si,tηi,t
{
− Ei,t − k̂S0,i,tsi,t

}
− 3̇1,t + 3̇2,t

−

n∑
i=1

si,tηi,t
{[̂
kE0,i,t+k̄1,i�1+k̄2,i�2 + k̄3,i�3

]
sgn(si,t )

}
(20)

where �1 = ‖q̇t‖2, �2 = ‖q̈t − q̈t−L‖, and �3 = ‖q̈t‖.
From Lemma 2, if time-invariant switching gains in k̂Ei,t (10),
e.g., k̄1,i, k̄2,i, and k̄3,i, are chosen to be

k̄1,i ≥ Ē∗1 , k̄2,i ≥ Ē
∗

2 , k̄3,i ≥ Ē
∗

3 (21)

where i = 1, 2, · · · , n, and then we have

V̇t ≤
n∑
i=1

|si,t |ηi,t
{
Ē∗0 − k̂

E
0,i,t

}
−

n∑
i=1

k̂S0,i,tηi,ts
2
i,t

− 3̇1,t + 3̇2,t

=

n∑
i=1

|si,t |ηi,t
{
Ē∗0 − k̂

E
0,i,t

}
−

n∑
i=1

k̂S0,i,tηi,ts
2
i,t

−

n∑
i=1

k̃Ei,t |si,t |
Ltηi,tLt −

n∑
i=1

k̂S0,i,t
(
|si,t |a + ωi|si,t |aLt

)
(22)

where Lt = sgn(‖st‖∞ − ε). In Eq. (22), we have two
cases: ‖st‖∞ ≥ ε and ‖st‖∞ < ε. If the maximum value
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of the sliding variables is larger than the fixed boundedness
ε, i.e., ‖st‖∞ ≥ ε, it follows then that

V̇t ≤ −
n∑
i=1

k̂S0,i,tηi,ts
2
i,t −

n∑
i=1

k̂S0,i,t (ωi + 1)|si,t |a

≤ −

n∑
i=1

k̂S0,i,t (ωi + 1)|si,t |a. (23)

From (23), it can be represented as follows:

V̇t ≤ −
n∑
i=1

k∗,S0,i (ωi + 1)|ε|a ≤ −
n∑
i=1

ρ
i

(24)

where ρ
i
= k∗,S0,i (ωi+1)|ε|

a > 0 is a positive value that exists
as the minimum decreasing rate of the Lyapunov function Vt .
In other words, the sliding variable st enters a set, i.e., S ={
st
∣∣‖st‖∞ < ε

}
, within a finite time. However, Eq. (22) may

not be guaranteed to be negative when k̂S0,i,t is equal to k
∗,S
0,i ,

i.e., k̂S0,i,t = k∗,S0,i . In this case, Eq. (22) can be described as

V̇t ≤ −
n∑
i=1

k̂S0,i,tηi,ts
2
i,t +

n∑
i=1

k̂S0,i,t (ωi − 1)|si,t |a

≤

n∑
i=1

k̂S0,i,t (ωi − 1)|si,t |a. (25)

From Eq. (25), let us assume that the Lyapunov function Vt
and the magnitude of the sliding variable si,t are defined as
V1 and C1,i at time t1 > 0, respectively. The maximum
increasing rate of the Lyapunov functionV1 is

∑n
i=1 k

∗,S
0,i (ωi−

1)|C1,i|
a. As the worst case of Eq. (25), it follows that

V2 = V1 +
n∑
i=1

k∗,S0,i (ωi − 1)|C1,i|
a (26)

where V2 is the Lyapunov function updated by the maximum
increasing rate of the Lyapunov function V1 for time t2 > t1.
As worst case, let us assume that the sliding variable si,t is
defined as C2,i > C1,i. The rate of change in the Lyapunov
function V2 is −

∑n
i=1(k

n
0,i + ζ̄ )(ωi + 1)|C2,i|

a where ζ̄ is
sufficiently small, and then Eq. (26) can be represented as
follows:

V3 = V2 −
n∑
i=1

(k∗,S0,i + ζ̄ )(ωi + 1)|C2,i|
a

< V1 −
n∑
i=1

k∗,S0,i ωi�
−

i −

n∑
i=1

k∗,S0,i �
+

i

< V1 −
n∑
i=1

k∗,S0,i �
+

i < V1 − 2
n∑
i=1

k∗,S0,i |ε|
a (27)

where �−i = |C2,i|
a
− |C1,i|

a and �+i = |C2,i|
a
+ |C1,i|

a >

2ε. The Lyapunov function V3 is updated by the maximum
increasing rate ofV2 for time t3 > t2. FromEqs. (24) and (27),
however, the sliding variable si,t is steadily decreased toward
the sliding manifold. It implies that the sliding variable stays
the vicinity of the sliding manifold, i.e., ‖st‖∞ ≥ ε, in the
finite time tε ≥ t3. However, if the sliding variable st stays at a

set, i.e., S =
{
st
∣∣‖st‖∞ < ε

}
, Eq. (22) may not be guaranteed

to be negative. It means that the sliding variable st may escape
from the region of ‖st‖∞ < ε. However, the sliding variable
st will reach the fixed boundedness ε again owing to Eq. (24).
Now, we will obtain the upper bound of the sliding variable

st which can be represented as follows:

1
2
‖st‖2 ≤ Vt ≤

1
2

n∑
i=1

ε2 +
1
2
χ1,t +

1
2
χ2,t (28)

where

χ1,t =

n∑
i=1

γi

φi

[
max
i

(
Ē∗0,i,

∣∣k̄∗,E0,i − Ē
∗

0,i

∣∣)]2
χ2,t =

n∑
i=1

1
δi

(
k̄∗,S0,i

)2
.

From Eq. (28), the sliding variable st is bounded as

‖st‖ ≤

√√√√ n∑
i=1

ε2 + χ1,t + χ2,t (29)

which implies the uniformly ultimate boundedness. There-
fore, the tracking error et in Eq. (14) is also bounded. It fol-
lows that the system (Eq. (1)) controlled by the proposedWS-
ASMC provides the bounded-input-bounded-output (BIBO)
stability [36].

APPENDIX B
PROOF OF LEMMA 1
In this Appendix, we consider the Lyapunov function Vt with
a sufficiently large value V̄ ∗ as follows:

Vt =
1
2
sTt st︸ ︷︷ ︸

First term

+
1
2

n∑
i=1

γi

φi
(k̃Ei,t )

2

︸ ︷︷ ︸
Second term

+
1
2

n∑
i=1

1
δi
(k̂∗,S0,i,t )

2

︸ ︷︷ ︸
Third term

= V̄ ∗.

(30)

As the third term of Eq. (30) is bounded by Eq. (13), let′s
consider the first and second terms of Eq. (30). At least one of
them should be sufficiently large, and then the time derivative
of Lyapunov function is negative from Eq. (23) if the first
term of Eq. (30) is sufficiently large. From another viewpoint,
if the second term of Eq. (30) is sufficiently large, we have the
optimal problem:

max
n∑
i=1

γi

φi
k̃Ei,t (31)

subject to

1
2

n∑
i=1

γi

φi
(k̃Ei,t )

2
= N ≤ V̄ ∗

where N is a sufficiently large number. The optimal problem
in Eq. (31) clearly provides a negative value because N is
taken to be sufficiently large. It means that

n∑
i=1

|si,t |ηi,t
{
E∗0,i − k̂

E
0,i,t

}
−

n∑
i=1

k̃Ei,t |si,t |
Ltηi,tLt < 0 (32)
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for a sufficiently large N and ηi,t 6= 0 in Eq. (22). In other
words, Eq. (22) follows then that

V̇t ≤
n∑
i=1

|si,t |ηi,t
{
Ē∗0,i − k̂

E
0,i,t

}
−

n∑
i=1

k̂S0,i,tηi,ts
2
i,t

+

n∑
i=1

k̃Ei,t |si,t |
−1ηi,t +

n∑
i=1

k̂S0,i,t (ωi − 1)|si,t |a < 0.

(33)

However, when ηi,t is zero as a special case, i.e., ηi,t = 0,
Eq. (33) can be represented as

V̇t ≤
n∑
i=1

k̂S0,i,t (ωi − 1)|si,t |a ≤
n∑
i=1

ρ̄i (34)

where ρ̄i = k̄∗,S0,i (ωi − 1)εa is a positive constant. From
Eq. (34), if the first term of Eq. (30) is increased as the worst
case, and then ηi,t has at least any positive value, i.e., ηi,t ≥ ηi
where η

i
is a positive value. It implies that the time derivative

of the Lyapunov function in Eq. (33) can be provided as
follows:

V̇t < −
n∑
i=1

ρ̄i. (35)

According to Eqs. (33) and (35), if one of the first and second
terms in Eq. (30) is sufficiently large, the time derivative
of the Lyapunov function is negative. To be summarized,
the Lyapunov function Vt is globally upper-bounded, i.e.,
Vt ≤ V̄ ∗, and hence k̂E0,i,t has an unknown upper-bound k̄∗,E0,i
for t ≥ 0.

APPENDIX C
A TWO-LINK PLANAR ROBOT MANIPULATOR
SYSTEM MODEL
We conducted the simulations with a two-link planar robot
manipulator [37] whose model is given as

M(qt )

=

[
l22m2 + 2l1l2m2c2 + l21 (m1 + m2) l22m2 + l1l2m2c2

l22m2 + l1l2m2c2 l22m2

]
C(qt , q̇t )q̇t

=

[
−m2l1l2s2q̇22,t − 2m2l1l2s2q̇1,t q̇2,t

m2l1l2s2q̇22,t

]
G(qt )

=

[
m2l2gc12 + (m1 + m2)l1gc1

m2l2gc12

]
F(q̇t )

=

[
κ1sgn(q̇1,t )
κ2sgn(q̇2,t )

]
where qi,t is the angle for the joint i, and si, ci, and cij are
defined by sin

(
qi,t
)
, cos

(
qi,t
)
, and cos

(
qi,t + qj,t

)
, respec-

tively. The system parameters of simulations are introduced
in Table 3.

TABLE 3. Parameters of the system for simulation setup.

APPENDIX D
PARAMETER TUNING PROCEDURE
Step 1) To begin with, p, q, and Ks are chosen to provide

desirable error dynamics when the TDE errors are
assumed to be zero. In general, p and q are set to
be 5 and 3, respectively. Ks is designed to obtain
dominant pole, and its initial value is specified as 1.

Step 2) The parameters φi, γi, and ε of the adaptive law (11)
are chosen as initial values 1, 1, and 0.1, respectively.
Next, the parameters δi, ωi, a, k

∗,S
0,i , and k̄

∗,S
0,i of the

adaptive law (13) are also chosen as initial values 1,
1, 1, 103, and 104, respectively.

Step 3) After a standard setup, we should check the sliding
variable st (14), which can set the boundedness ε
less than the maximum value of st while operating
the system. Then, φi and γi are tuned to adjust the
adaptation rate of the W-ASG. Next, δi and ωi are
also tuned to adjust the adaptation rate of the S-ASG.
In case of S-ASG, a can be fine-tuned around 1.
k∗,S0,i and k̄∗,S0,i are recommended to be determined
in consideration of trade-off between chattering and
convergence rate.

Step 4) For better convergence rate, all parameters k̄1,i, k̄2,i,
and k̄3,i are tuned by increasing their values from
zero. As one of practical methods, k̄1,i is first tuned,
and then k̄2,i and k̄3,i are set to be zero. In this
way, each parameter can be tuned. Note that they
should be set in consideration of trade-off between
the sensitivity of states and the convergence rate.

Step 5) To obtain better convergence rate in the sliding
phase, Ks is fine-tuned, which offers the bet-
ter convergence rate in the sliding phase as it is
larger. However, it should be set in consideration
of trade-off between the sensitivity of states and the
convergence rate.

Step 6) Please, repeat Step 3) ∼ Step 5) once again for
achieving the desired level.
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