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ABSTRACT The Fourier-based gradient field integration method can efficiently reconstruct transparent
surfaces from the measured gradient data in the Shape-from-polarization method. However, for the differen-
tiation operator having large truncation errors and lacking constraints on adjacent heights, it will increase the
reconstructing error of the Fourier-based integration method. This paper presents an accurate Fourier-based
integration approach to improve the reconstruction accuracy, in which a new differentiation operator is
derived by limiting the truncation error and increasing heights and slopes in the operator. In order to modify
the data obtained by the new operator to meet the requirements of both periodicity and size for the use of
the discrete Fourier transform, we propose a method to extend the raw gradient data by first performing
antisymmetric extension and then performing periodic extension. A series of simulations and experiments
have been developed to verify the performance of the proposed method. By comparing the approach of
this paper with other Fourier-based approaches, including Frankot-Chellappa, Southwell-FT and Simpson-
FT, both of the simulation and experiment results show that the proposed Fourier-based integration method
performs a higher accuracy than other approaches. In the reconstruction experiment, the reconstruction error
can be reduced from 0.065 ∼ 0.081 mm to 0.020 mm for the spherical surface, and from 0.060 ∼ 0.12 mm
to 0.016 mm for the free-form surface.

INDEX TERMS Differentiation operator, discrete Fourier transforms, gradient methods, shape-from-
polarization, reconstruction algorithms.

I. INTRODUCTION
The acquisition of three-dimensional transparent surfaces is
a very challenging topic in three-dimensional inspection and
reconstruction [1], [2]. Affected by global light transport and
low surface albedo, transparent surfaces still pose difficulties
for classical active structured light scanning. It is also hard
for stereo vision due to few texture features [3]. Current
rendering methods for reconstructing such surfaces mainly
include reflection-based methods (such as the Shape-from-
polarization method [4], [5] and the Shape-from-distortion
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method [6]–[8]) and transmission-based methods (such as
direct ray measurement [9], Shape from time of flight [10],
and tomography [11]). The Shape-from-polarization method
is a widely studied method that establishes the relationship
between the surface normal and the polarization state of
reflected light [12], [13]. It consists of two steps: polarization
analysis and gradient field integration. The main problem
currently being studied for this method is how to eliminate
zenith angle ambiguity and azimuth ambiguity in polarization
analysis. Morel et al. [14] proposed to use active illumination
to select the correct azimuth angle. Stolz et al. [15] intro-
duced a multispectral approach for estimating the appropriate
value of zenith angle. Garcia et al. [16] utilized circularly
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polarized light to solve for the zenith ambiguity. Gradi-
ent field integration is another essential process that recon-
structs the surface from the measured gradient data, which
directly affects the accuracy of the reconstructing results.
The Frankot-Chellappa method [17] is commonly used in the
Shape-from-polarization method. Due to the use of the fast
Fourier transform, it has the advantages of fast calculation
speed and high reconstruction efficiency. It uses the finite
center difference as the differentiation operator to establish
the difference-slope relationship. However, the operator has
a large truncation error and lacks constraints on adjacent
heights, which results in an increase in reconstruction errors.

At present, a variety of gradient field integration methods
mainly for two-dimensional gradient data have been proposed
and discussed in wavefront and surface reconstruction, which
can be roughly separated into two groups, zonal and modal
approaches [18], [19]. The zonal approach reconstructs the
surface based on the relationship between heights and slopes
within the local area. Its basic models include Fried [20],
Hudgin [21], and Southwell [22]. The Southwell model esti-
mates the shape at the same rectangular grid where the slopes
are obtained [23]. So it can be applied to surface reconstruc-
tion easily. Huang and Asundi [24] pointed out a biquadratic
surface constraint in the Southwell model, and raised an
integration method with iterative compensations to improve
the reconstructing accuracy. Li et al. [25] proposed a method
with the higher-order truncation error to reduce the impact of
the constraint on accuracy. The modal approach represents
a surface or wavefront as a linear combination of orthog-
onal basis such as complex exponential function [26]–[28],
radial basis function [29], Zernike polynomial [30], [31] and
Chebyshev polynomial [31]. The Fourier-based algorithm
is a simple and fast method, which takes a complex expo-
nential function as a basis and expands the surface into the
spatial-frequency domain. The Frankot-Chellappa method
mentioned above is one of such methods. In [32], Freis-
chlad and Koliopoulos introduced the Southwell differenti-
ation operator into the Fourier-based approach (denoted as
Southwell-FT). Bahk [33] applied the Simpson operator to
the Fourier-based method for reconstructing the wavefront
(denoted as Simpson-FT). The operator has a small truncation
error but also lacks constraints on adjacent heights. In addi-
tion, the application of DFT requires input data to meet the
periodicity and rectangular array conditions. Bon et al. [34]
antisymmetrized the derivative data to satisfy the periodicity
and reduce the boundary artifact. For the reconstruction in
the general shape area, Roddier and Roddier [35] introduced
a Gerchberg-like method to iteratively calculate heights in the
non-rectangular region, andBond et al. [36] added constraints
to modify this method.

As far as the differentiation operator is concerned, the large
truncation error and the lack of relationship between adjacent
heights have a bad influence on the reconstructing results.
In the paper, based on the finite center difference operator,
we derive a new differentiation operator by increasing heights
and slopes in the operator and limiting the truncation error,

to improve the accuracy of the Fourier-based method for
integrating the heights from the discrete gradients (denoted
as ADO-FT). It contains the constraint on the height rela-
tionship between adjacent sampling points. At the same time,
in order to make the data calculated by the new operator to
satisfy the requirements of the discrete Fourier transform,
a method of extending the gradient data is proposed in com-
bination with the antisymmetric extension and the periodic
condition. For reconstructing the surface in a non-rectangular
area, we introduce the Gerchberg route into the proposed
method to iteratively calculate heights.

The paper is organized as follows. The second part briefly
introduces the principle of polarization analysis for measur-
ing the normal vector, and elaborates on the derivation of the
accurate differentiation operator, the extension method and
the non-rectangular data reconstruction method. The third
and fourth parts analyze the performance of our method
through simulations and experiments respectively. The whole
work is summarized at the fifth part.

II. ACCURATE FOURIER-BASED METHOD APPLIED
IN THE SHAPE-FROM-POLARIZATION METHOD
The Shape-from-polarization method consists of two main
steps. Firstly, the normal vector of the transparent surface
at each sampling point is measured by polarization analysis.
Secondly, the gradient field integration method is used to
calculate the depth cues of the reconstructed surface from
the measured normal vector. We will introduce the polar-
ization analysis method in Section II.A, and describe the
proposed Fourier-based gradient field integration method
in Section II.B. In Section II.C, we will explain how to
apply the accurate Fourier-based method to the Shape-from-
polarization method.

A. POLARIZATION ANALYSIS METHOD FOR MEASURING
THE NORMAL VECTOR
When unpolarized light is incident on the surface of an object,
the reflected light will change into partially polarized light,
and its polarization state is decided by the incident angle and
the refractive index of the object. Based on this characteristic,
the Shape-from-polarization method measures the normal
vector and reconstructs the transparent surface. The principle
of Shape-from-polarization method is shown in Fig. 1. The
zenith angle θ (incident angle) and the azimuth angle φ at
the sampling point are the key parameters for determining the
normal vector

−→
N .

Generally, the camera is selected as a receiving device.
Each pixel corresponds to a sampling point on the measured
surface. A rotating polarizer is placed in front of the camera
to measure the polarization state of the reflected light. The
relationship between the transmitted light intensity I and the
rotating angle α of the transmitted axis relative to the y-axis
is given by (1).

I (α) =
Imax + Imin

2
+
Imax − Imin

2
cos(2α − 2ϕ) (1)
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FIGURE 1. Schematic of the Shape-from-polarization method.

where ϕ is the angle of polarization, Imax and Imin
are the maximum intensity and the minimum intensity,
respectively.

According to Snell’s law, the incident angle θ can
be calculated by the degree of polarization ρ as shown
in (2).

ρ =
Imax − Imin

Imax + Imin
=

2 sin θ tan θ
√
n2r − sin2 θ

n2r − sin2 θ + sin2 θ tan2 θ
(2)

where nr is the relative refractive index.
The relationship between the azimuth angleφ and the angle

of polarization ϕ is as follows

φ = ϕ ± 90◦ (3)

In Fig. 1, the paper uses a triangulation system [38].
We need to limit the opening angle between the area light
source and the camera to be less than the double Brewster
angle. The zenith angle is equal to the value less thanBrewster
angle in two candidate values. Since the entire incident rays
are on the same side relative to the camera, the angle corre-
sponding to the other side can be eliminated when calculating
the azimuth angle.

The normal vector
−→
N or the gradient (∂Z (x,y)/∂x,

∂Z (x,y)/∂y) can be calculated by (4).

EN =

 tan θ cosφ
tan θ sinφ

1

 =
−∂Z (x, y)/∂x−∂Z (x, y)/∂y

1

 (4)

where Z (x, y) indicates the height of the surface in the Carte-
sian coordinate system.

B. THE ACCURATE FOURIER-BASED GRADIENT FIELD
INTEGRATION METHOD
1) HIGH-PRECISION DIFFERENTIATION OPERATOR
Due to the convenience and efficiency of the fast Fourier
transform, the complex exponential function is selected as the
orthogonal basis. The expansion in the frequency domain is
equivalent to an inverse discrete Fourier transform [32]. The
height and expansion coefficient form a Fourier transform

pair and their relationship is given by

Z (m, n) =
1
MN

M−1∑
p=0

N−1∑
q=0

Z (p, q) exp[2π i(
pm
M
+
qn
N

)] (5)

Z (p, q) =
M∑
m=1

N∑
n=1

Z (m, n)

× exp{−2π i[
(m− 1)p

M
+

(n− 1)q
N

]} (6)

where Z (m, n) is the height value at the (m, n) point; Z (p, q)
is the expansion coefficient of Z (m, n) on the Fourier domain;
The M and N are the number of sampling points in the
y direction and the x direction, respectively.

To integrate the heights from the discrete gradient data,
a differentiation operator for building a connection between
D·(m, n) and S·(m, n) is used to calculate the expansion
coefficient Z (p, q), where D·(m, n) is the difference in the
· (indicating x or y) direction and S·(m, n) is a formula for
estimating the difference with gradients at discrete samples.
In the Frankot-Chellappa algorithm, the differentiation oper-
ator in the y direction is constructed by finite central differ-
ences as (7), and similarly in the x direction.

Z (m+ 1, n)− Z (m− 1, n) = 2hyZy(m, n) (7)

In (7), hy is the sampling interval in the y direction, the
left side of the equal sign is Dy(m, n) and the right side of the
equal sign is Sy(m, n).
The D·(m, n) can be expanded as (8). The expansion

coefficient Z (p, q) is calculated by minimizing the cost
function ε in (9).

D·(m, n)

=
1
MN

M−1∑
p=0

N−1∑
q=0

a·(p, q)Z (p, q) exp[2π i(
pm
M
+
qn
N

)]

(8)

ε

=

∑
m,n

|Dx(m, n)−Sx(m, n)|2+
∣∣Dy(m, n)−Sy(m, n)∣∣2

(9)

a·(p, q)Z (p, q) is the expansion coefficient of D·(m, n);
ax(p, q) and ay(p, q) are exp(2π iq/N )− exp(−2π iq/N ) and
exp(2π ip/M ) − exp(−2π ip/M ) in the Frankot-Chellappa
algorithm, respectively.

Minimizing ε by least squares, Z (p, q) is given by

Z (p, q)=
a∗x (p, q)DFT [Sx(m, n)]+ a

∗
y (p, q)DFT [Sy(m, n)]

|ax(p, q)|2 +
∣∣ay(p, q)∣∣2

(10)

Actually, S·(m, n) is not exactly equal to D·(m, n). Consid-
ering the one-dimensional form in the y direction, we calcu-
late D(m) − S(m) at the point m by Taylor series expansion,
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in whichDy(m, n) and Sy(m, n) are written asD(m) and S(m),
respectively.

D(m)− S(m)
= Z (m+ 1)− Z (m− 1)− 2hZ ′(m)

= Z (m)+ Z ′(m)h+
Z
′′

(m)h2

2
+ O(h2)

− [Z (m)+ Z ′(m)(−h)+
Z
′′

(m)(−h)2

2
+ O(h2)]

− 2hZ ′(m)

= O(h2) (11)

There is a truncation error O(h2) when fitting D·(m, n)
with S·(m, n). It can influence the ε in (9). The smaller the
truncation error is, the smaller ε is. Therefore, improving
the accuracy of the reconstructing result needs to reduce the
truncation error.

For the Southwell-FT method [32], the differentiation
operator can be expressed as (12). The truncation error
is O(h2).

Z (m+ 1)− Z (m) =
h
2
[Z ′(m+ 1)+ Z ′(m)] (12)

For the Simpson-FT method [33], the differentiation oper-
ator can be expressed as (13). The truncation error is O(h3).

Z (m+ 1)− Z (m− 1) =
h
3
[Z ′(m+ 1)+ 4Z ′(m)

+Z ′(m− 1)] (13)

In addition, using a differentiation operator that does not
constrain adjacent heights has a bad effect on the reconstruc-
tion results. In the Simpson-FT and Frankot-Chellappa meth-
ods, the differentiation operator establishes the relationship
between point (m+1) and point (m−1). It lacks the con-
straint on point (m+1) and point (m). After reconstruction,
the height position of point (m+1) relative to point (m) is not
accurate.

Increasing the number of slopes in the differentiation oper-
ator can reduce the truncation error [25]. So we follow the
route to improve the differentiation operator based on the
finite center difference model. As shown in (14), in order to
increase the constraint on adjacent heights, we add a center
point (m) to D(m). At the same time, we symmetrically add
four slopes to S(m), in order to reduce the truncation error
to O(h4).

AZ (m+ 1)+ BZ (m)+ CZ (m− 1)
= h [DZ ′(m− 2)
+EZ ′(m− 1)+ FZ ′(m)+ GZ ′(m+ 1)
+HZ ′(m+ 2)] (14)

The left and right sides of (14) are expanded at point
(m) through the Taylor series expansion.

Left:

A{Z (m)+ Z ′(m)h+ · · · + Z (5)(m)h5/120+ O[(h)5]}

+BZ (m)+ C{Z (m)+ Z ‘(m)(−h)

+ · · · + Z (5)(m)(−h)5/120+ O[(−h)5]} (15)

Right:

Dh{Z ′(m)+ Z
′′

(m)(−2h)

+ · · · + Z (5)(m)(−2h)4/24+ O[(−2h)4]}

+Eh{Z ′(m)+ Z
′′

(m)(−h)

+ · · · + Z (5)(m)(−h)4/24+ O[(−h)4]}

+FhZ ′(m)+ Gh{Z ′(m)+ Z
′′

(m)h

+ · · · + Z (5)(m)h4/24+ O[(h)4]}

+Hh{Z ′(m)+ Z
′′

(m)(2h)

+ · · · + Z (5)(m)(2h)4/24+ O[(2h)4]} (16)

To ensure that the coefficients of Z (m), · · · ,Z (5)(m) on the
left are equal to those on the right, let A = C = 1, D = −H ,
E = −G. The relationship betweenD(m) and S(m) is derived
as (17).When the highest-order derivative of Z (m) is less than
the fifth order, D(m) and S(m) are exactly equal.

Z (m+ 1)− 2Z (m)+ Z (m− 1)

=
h
24

[Z ′(m− 2)− 14Z ′(m− 1)

+ 14Z ′(m+ 1)− Z ′(m+ 2)] (17)

At this time, D·(m, n) can be expanded into the following
formula.

Dx(m, n)

=
1
MN

M−1∑
p=0

N−1∑
q=0

ax(p, q)Z (p, q) exp[2π i(
pm
M
+
qn
N

)]

=
1
MN

M−1∑
p=0

N−1∑
q=0

[exp(
2π iq
N

)+ exp(−
2π iq
N

)− 2]

×Z (p, q) exp[2π i(
pm
M
+
qn
N

)] (18)

Dy(m, n)

=
1
MN

M−1∑
p=0

N−1∑
q=0

ay(p, q)Z (p, q) exp[2π i(
pm
M
+
qn
N

)]

=
1
MN

M−1∑
p=0

N−1∑
q=0

[exp(
2π ip
M

)+ exp(−
2π ip
M

)− 2]

×Z (p, q) exp[2π i(
pm
M
+
qn
N

)] (19)

2) EXTENSION METHOD COMBINING ANTISYMMETRIC
EXPANSION WITH PERIODIC CONDITION
For the M × N slope matrix, the size of the matrix D·(m, n)
estimated directly by the differentiation operator is less than
M × N , which does not satisfy the size requirement when
using the discrete Fourier transform. The matrix D·(m, n)
should be extended to a matrix of the same size as the
measured slope matrix. There are some methods based on
periodicity to solve the problem [26]–[37], [32]. But it cannot
be applied to our proposed differentiation operator that has
more than one row or one column needs to be extended.

We plan to periodically extend the slope matrix to calculate
the extended D·(m, n). However, if the measured surface is
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FIGURE 2. Extension of Dx (m,n) in the x direction.

not periodic, directly extending the raw slope matrix cannot
obtain a reasonable D·(m, n) at the extended position. So an
antisymmetric pre-processing step [34] is required as shown
in (20) and (21), which is a process of extending a general
surface to a periodic surface.

Zxe =
[
−fliplr (flipud (Zx)) flipud (Zx)
−fliplr (Zx) Zx

]
(20)

Zye =
[
−fliplr

(
flipud

(
Zy
))
−flipud

(
Zy
)

fliplr
(
Zy
)

Zy

]
(21)

where fliplr(−) represents columns of matrix − are flipped
in the left-right direction, and flipud(−) represents rows of
matrix − are flipped in the up-down direction.
After that, we apply the periodic condition to calculate the

extended D·(m, n). The slopes of the periodic surface satisfy
the relationship in (22) and (23). TheM andN are the periods
in the y direction and the x direction, respectively. Fig. 2
illustrates the extension of the slope matrix and the Dx(m, n)
matrix in the x direction, and the y directions are the same.

Zy(M + m, n) = Zy(m, n) (22)

Zx(m,N + n) = Zx(m, n) (23)

Furthermore, the boundary of the reconstructed surface has
a larger error than the inside. The reason is that some slopes
in the operator are not measured but filled when solving the
D·(m, n) at the boundary position, so that the error increases
and the height of the boundary position is abrupt. Therefore,
the surface edges need to be recalculated. Here, we take the
left side of the reconstructed surface as an example to intro-
duce the recalculation steps as (24) and (25). The Simpson
operator [33] is used to obtain the height difference between
the two sample points.

1x1,3 =
hx
3

(
Z ′x(m, 1)+ 4Z ′x(m, 2)+ Z

′
x(m, 3)

)
(24)

Z (m, 1) = Z (m, 3)−1x1,3 (25)

3) RECONSTRUCTION IN THE NON-RECTANGULAR AREA
The above is the method of reconstructing the surface
in the rectangular region. Since the Fourier-based method
requires rectangular data as input, the proposed method can-
not directly reconstruct the surface in the general area. For the
data in the non-rectangular area, the effective way is to use
the Gerchberg route [35], [36], which extends the measured
area into a rectangular area as shown in Fig. 3. The data in

FIGURE 3. Extension from non-rectangular region to rectangular region.

the target area �0 remains unchanged, and other area �e are
filled with zero.

After calculating the expansion coefficients of the mea-
sured surface, the next step is to get the D·(m, n) in the
rectangular area and replace the data in �0 with the original
D·(m, n). The heights corresponding to the sampling points
within �0 are iteratively calculated until the number of itera-
tions is equal to the limit Niter . The specific calculation steps
are as Fig. 4.

C. APPLYING THE ACCURATE FOURIER-BASED METHOD
TO THE SHAPE-FROM-POLARIZATION METHOD
In the section, we will describe how to apply the accu-
rate Fourier-based method to the Shape-from-polarization
method. This problem is equivalent to how to input the
measured gradient data into the Fourier-based gradient inte-
gration method to calculate the depth cues. A preparation
process is required here to determine the coordinate system
in which the measured surface is located. Due to the pinhole
model of the camera, the camera coordinate system is not
suitable for calculating the height using the Fourier-based
gradient integration method. For this problem, we adopt a
relaxed perspective model to determine a world coordinate
system O-XYZ. Its XOY plane is approximately perpendic-
ular to the reflected ray at each sample point. The conver-
sion relationship between the pixel coordinate system and
the world coordinate system is shown in (26) [39]. Through
the camera calibration method, the x and y coordinates of the
sampling point corresponding to each pixel can be determined
in the world coordinate system. uv

1

 = λ
α 0 u0
0 β v0
0 0 1

 [r1 r2 t]

 xy
1

 (26)

where (u, v) is the pixel coordinate in the image plane, λ is
a scalar, α, β, u0, v0 are intrinsic parameters of the camera,
r1 and r2 are the 1st and 2nd columns of the rotation matrix,
t is the translation matrix, and (x, y) is the sampling point
coordinate on the XOY plane of the world coordinate system.

Using the (x, y) coordinates of the sample points and the
corresponding gradient (∂Z (x,y)/∂x, ∂Z (x,y)/∂y) as inputs to
the ADO-FT method, we can obtain depth cues along the
Z axis.
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FIGURE 4. The flow chart for reconstructing the surface in a non-rectangular region.

III. SIMULATION
In order to evaluate the performance of the proposed method
to reconstruct the surface, a series of simulations are per-
formed to investigate the accuracy, the robustness, and the
computing time. We will make the discussion on four aspects
as follows.

A. ACCURACY ANALYSIS IN THE RECTANGULAR AREA
The accuracy of the ADO-FT method is discussed and
compared with the Frankot-Chellappa, Southwell-FT, and
Simpson-FT methods. First, the surfaces represented by (27)
and (28) are simulated to investigate the reconstructing results
of four algorithms. Equation (27) represents a spherical sur-
face with a radius of 80 mm. Equation (28) is a high-order
surface that combines (27) with the fourth, sixth, and eighth
order terms. The original surfaces are shown in Fig. 5.

Z =
√
802 − x2 − y2 (27)

Z =
√
802 − x2 − y2 + A(x4 + y4)

+B(x6 + y6)+ C(x8 + y8)+ 30 (28)

In (27) and (28), (x, y) is the coordinate of the sampling
point, Z represents the height of simulated surface, the A, B,
and C are−4.71×10−5,−1.56×10−8, and−2.68×10−10,
respectively.

The effect of noise is not considered in the section. The sur-
face is reconstructed in the rectangular region from −20 mm
to 20 mm both in the x and y directions. There are 200× 200
sampling points evenly distributed in the whole area. The
spacing (hx or hy) between adjacent sampling points is
0.2010mm. Solving for the partial derivatives of (27) and (28)

FIGURE 5. The original surfaces: (a) the spherical surface and (b) the
higher-order surface.

is to obtain the gradient (∂Z (x,y)/∂x, ∂Z (x,y)/∂y) correspond-
ing to each sampling point, which is used as the input of the
four methods. In the ADO-FTmethod, the measured gradient
data are extended by the method of Section II.B.2) for the
periodicity required for the discrete Fourier transform. The
use of (17) is to calculate the Sx(m, n) and Sy(m, n). Accord-
ing to (8), the expansion coefficient Z (p, q) can be obtained,
where ax(p, q) is equal to exp(2π iq/N )+exp(−2π iq/N )−2
and ay(p, q) is equal to exp(2π ip/M )+ exp(−2π ip/M )− 2.
The piston term Z (0, 0) cannot be determined because the
denominator of (8) is 0 when both p and q are 0. The piston
term has the same effect on the heights of all sample points.
So we set it to be 0. The final heights can be acquired
by the inverse discrete Fourier transform on the expansion
coefficient Z (p, q).

The root mean square error (RMSE) is chosen to evaluate
the reconstruction error, which is defined as (29).

RMSE =

√√√√√ 1
MN

M∑
i=1

N∑
j=1

(Zi − Zr )2 (29)
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FIGURE 6. Reconstruction errors of the spherical surface based on
(a) Frankot-Chellapa, (b) Simpson-FT, (c) Southwell-FT, and (d) ADO-FT.

where Zi is the height of the ideal surface, Zr is the height of
the reconstructed surface.

The reconstructed results of the spherical surface are
shown in Fig. 6. The ADO-FT method can reconstruct this
surface with high precision (RMSE = 9.7519 × 10−7).
The Southwell-FT method can also acquire an accurate
reconstructing result. It is because there are no high-order
terms in the spherical equation, and the truncation errors
(D·(m, n) − S·(m, n)) of the differentiation operator are
between 7.9708 × 10−10 and 1.0311 × 10−7. It is small
enough. The reconstructing results of the Frankot-Chellappa
and Simpson-FT methods are less accurate as shown
in Figs. 6(a) and 6(b). Although their truncation errors are
small when reconstructing the spherical surface, these lack
the constraints on adjacent heights. Table 1 describes the
reconstructing errors at several sampling points. We first
consider the errors of the Frankot-Chellappamethod. Accord-
ing to the differentiation operator, The (−20, 16.9849),
(−19.5980, 16.9849), (−19.1960, 16.9849), (−20, 17.3869),
(−19.5980, 17.3869), and (−19.1960, 17.3869) belong to
a set of related sampling points. The (−19.7990, 16.9849),
(−19.3970, 16.9849), (−19.7990, 17.3869), and (−19.3970,
17.3869) belong to another set of related sampling points. The
errors of the two sets of sampling points are not at the same
level. It can be seen that the relative position between two
adjacent reconstructing points is inaccurate. The differentia-
tion operator of the Simpson-FT method is similar to that of
the Frankot-Chellappa method, and also lacks the constraints
of adjacent points. So its accuracy is also relatively low.

The reconstructing results of the high-order surface are
shown in Fig. 7. The surface reconstructed by the ADO-FT
method (RMSE = 1.5263× 10−6) is superior to other meth-
ods. Its truncation error is about 7.1554 × 10−10. As for the
Southwell-FT method, its truncation error is about 4.2729×
10−5. Due to the influence of the truncation error, the RMSE
of the Southwell-FT method is only 1.5161×10−3. Affected
by the lack of adjacent height constraints, the accuracy of the
Frankot-Chellappa and Simpson-FT methods is lower.

TABLE 1. Reconstructing errors at several sampling points when using
the Frankot-Chellappa and Simpson-FT methods to reconstruct the
spherical surface.

TABLE 2. The root mean errors of the Frankot-Chellappa, Southwell-FT,
Simpson-FT, and ADO-FT methods when reconstructing the spherical,
high-order, and complex surfaces.

FIGURE 7. Reconstruction errors of the high-order surface based on
(a) Frankot-Chellapa, (b) Simpson-FT, (c) Southwell-FT, and (d) ADO-FT.

Next, the complex surface in Fig. 8(a) is reconstructed and
its height distribution is determined by (30). The ADO-FT
method performs better than other methods according to
the comparison of Figs 8(b)-8(e). Table 2 summarizes and
compares the root mean square errors of the four meth-
ods. According to the above simulating results, it can be
inferred that the ADO-FTmethod can effectively improve the
reconstruction accuracy by increasing the adjacent point con-
straints and reducing the truncation error. The Southwell-FT
method can still obtain an accurate result when reconstructing
the spherical surface. But for the high-order and complex
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FIGURE 8. Reconstruction results of the complex surface: (a) the original
surface, (b) the reconstruction error of Frankot-Chellappa, (c) the
reconstruction error of Simpson-FT, (d) the reconstruction error of
Southwell-FT, and (e) the reconstruction error of ADO-FT.

surfaces, the reconstructing accuracy is significantly lower
than the ADO-FT method. As for the Frankot-Chellappa
and Simpson-FT methods, due to the lack of constraints on
adjacent points, the reconstruction results of these are of low
accuracy.

Z =
3
10

cos(
81x4

6.4× 106
+

9x2

8× 102
)

× cos(
81y4

6.4× 106
+

9y2

8× 102
)

+
7
10

cos(
81x4

1.024π × 107
+

9y2

6.4π × 103
) (30)

Furthermore, in the ADO-FT method, due to the complex
exponential basis function, the height obtained by inverse fast
Fourier transform is usually complex. To solve this problem,
the method here is to take the real part of the value and omit
the imaginary part. Therefore, the ADO-FT method should
satisfy the requirement that the imaginary part of the height
calculated by inverse Fourier transform should be as small as
possible and close to 0. Fig. 9 shows the imaginary part of the
height at each sampling point when reconstructing the above
three surfaces using the ADO-FT method. Compared with
the corresponding real part, the value is approximately equal
to 0.

FIGURE 9. The imaginary part of the height calculated by inverse fast
Fourier transform in the ADO-FT method: (a) the spherical surface, (b) the
higher-order surface, and (c) the complex surface.

B. EFFECT OF NOISE
Now we describe the effect of noise on accuracy when recon-
structing surfaces by using the ADO-FT algorithm. In previ-
ous studies, the type of noise added was generally Gaussian
noise with zero-mean [30], [31]. Here we also use it. In the
section, the complex surface represented by (30) is chosen as
the simulated object and different levels of noise are added
to the ideal slope data. The noise level is expressed by the
signal-to-noise ratio (SNR), which is defined as the ratio of
the root mean square (RMS) of ideal slopes to the RMS of
noise [25]. We express the SNR in decibels as

SNR = 10 log10(
RMS(Z ′)

RMS(Nnoise)
) (31)

where Z ′ is the ideal x or y gradient, Nnoise represents the
added noise.

In order to quantify the effect of noise on the reconstructing
results, the ratio of the RMS of height errors between the
reconstructed surface and the ideal surface to the RMS of
ideal surface heights is calculated as (32), which is denoted
as the normalized reconstruction error E [30].

E =
RMS(Zr − Zi)
RMS(Zi)

(32)

where Zr is the reconstructed surface height, and
Zr is the ideal surface height.

Generally, it is necessary to generate several sets of Gaus-
sian noise at each noise level and add them to the ideal slope
data to calculate the corresponding normalized reconstruction
error and then average these results, so that a reasonable esti-
mation of E can be obtained [31]. Here we generate 500 sets
of noise at each noise level. Fig. 10 shows that when SNR is
greater than 7 dB, the normalized reconstruction error E is
lower than 0.01.
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FIGURE 10. The effect of noise on reconstructing accuracy in the ADO-FT
method. Plots represent the mean of normalized reconstruction error and
error bar in the plot represent the confidence interval.

FIGURE 11. Non-rectangular area.

FIGURE 12. Reconstruction results in the non-rectangular region: (a) the
reconstructed surface and (b) the relationship between the number of
iterations and RMSE.

C. RECONSTRUCTION RESULTS IN THE
NON-RECTANGULAR AREA
In the section, we combine the ADO-FT method with the
Gerchberg route and verify the reconstructing accuracy of
this method in the non-rectangular area. The surface indicated
by (28) is simulated and reconstructed in the green area as
shown in Fig. 11.

The process of extending a general area into a rectangular
area is to extract the x-directional and the y-directional slopes
of the green portion and to fill the other portion with 0.
We reconstruct the non-rectangular data according to the flow
of Fig. 4. After the reconstruction, the height data in the
desired area are cut out. Fig. 12(a) shows the reconstructed
surface when the number of iterations is 40 and the RMSE at
this time is 7.1453× 10−7 mm. The relationship between the
number of iterations and RMSE is shown in Fig. 12(b). When
the number of iterations exceeds 30, the reconstructing result
tends to be stable.

FIGURE 13. Error distribution at all sampling points when using these
four methods: (a) Frankot-Chellappa, (b) Simpson-FT, (c) Southwell-FT,
and (d) ADO-FT method.

TABLE 3. RMSE and iteration times of four methods in reconstructing
non-rectangular data.

The Frankot-Chellappa, Southwell-FT, and Simpson-FT
methods cannot be directly applied to the reconstruction
of non-rectangular data. To compare these methods with
our method, we introduce the Gerchberg iterative route into
these methods for handling the non-rectangular data. The
reconstruction processes of these are similar to the pro-
cess in Section II.B.3). Figure 13 depicts the error distri-
bution at all sampling points when using the four methods.
Table 3 describes the root mean square error when the number
of iterations is 40. It can be concluded that our method is
better than other methods in terms of precision.

D. COMPUTING TIME
In the section, we discuss the computing time of the ADO-FT
method. When the measured gradient data is a matrix withM
rows and N columns, it has MN elements. In the ADO-FT
method, after the antisymmetric extension, the number of
elements increases from MN to 4MN. Let n = 4MN . For
the ADO-FT method, the computing time of the three parts
needs to be analyzed, including the calculations of Dx(m, n)
and Dy(m, n), the fast Fourier transform (FFT) on Dx(m, n)
and Dy(m, n), and the inverse fast Fourier transform (iFFT)
on the expansion coefficient Z (p, q). The rest spends less
time and can be ignored. Since both Dx(m, n) and Dy(m, n)
have n elements, it takes 2n operations to calculate Dx(m, n)
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TABLE 4. Computing time of the four methods.

TABLE 5. Calculation time of four methods for non-rectangular data.

and Dy(m, n). In [36], when using a fast Fourier transform
for a matrix with n elements, the number of operations is
approximately n log n. So the FFT on Dx(m, n) and Dy(m, n)
requires about 2n log n operations, and the iFFT on the expan-
sion coefficient Z (p, q) requires about n log n operations. The
number of major operations (Nop) during the entire recon-
structing process is given by

Nop = 2n
ComputingDx (m,n) and Dy(m,n)

+ 2n log n︸ ︷︷ ︸
FFT forDx (m,n) andDy(m,n)

+ n log n︸ ︷︷ ︸
iFFT forZ (p,q)

(33)

For reconstructing the spherical, higher-order, and com-
plex surfaces of Section III.A, the computing time is shown
in Table 4. Each running time result is the average value
of 10 repeats in MATLAB (R2016a) with Intel(R) Core(TM)
i5-7200U CPU@ 2.50 GHz. The size of the measured gradi-
ent data is 200 × 200. So n is equal to 1.6 × 105. A total
of approximately 6.0718 × 106 operations are required to
complete the reconstruction for the ADO-FT method. The
results show that our method is as fast as the traditional
Fourier-based methods.

The number of operations for the non-rectangular recon-
struction can be calculated by (34). The Gerchberg route is
introduced into the ADO-FT method. It increases the number
of operations. In the Gerchberg iteration term, the 4n log n
term refers to the number of operations in the forwards and
backwards FFTs for Dx(m, n) and Dy(m, n), and the 2n term
refers to the replacement of the original measurement. The
number of sampling points in the target area in Section III.C
is 25344. It is extended into the rectangular area, and the
number of sampling points is increased to 40000. After the
antisymmetric extension, n is equal to 1.6 × 105. When
the number of iterations (niter ) is 40, the reconstructing
process requires about 3.2180 × 108 operations. It takes
about 0.899 seconds. Table 5 depicts the comparison of
the four methods with respect to calculation time. The pro-
posed method has almost the same runtime as the traditional

FIGURE 14. Experimental system.

TABLE 6. Specific information about the spherical and free-form lenses.

Fourier-based approach.

Nop = 2n
ComputingDx (m,n) and Dy(m,n)

+ niter (4n log n+ 2n)︸ ︷︷ ︸
Gerchberg iteration

+ n log n︸ ︷︷ ︸
iFFT forZ (p,q)

(34)

IV. EXPERIMENT
We carry out a few experiments to evaluate the results
of the Frankot-Chellappa, Simpson-FT, Southwell-FT,
and ADO-FT methods in the Shape-from-polarization
approach. The experimental system consists of a SVS-Vistek
SVS285MUCP camera, a rotating linear polarizer and awhite
area source as shown in Fig. 14. The polarizer is mounted
in front of the camera. The camera, the target surface, and
the source form a triangulation system for eliminating the
azimuth ambiguity. The opening angle between the source
and camera is adjusted to about 30◦. The purpose is to limit
the correct zenith angle to be less than Brewster angle and
to exclude the ambiguity value. Moreover, it is easier for the
camera to receive the image of the source reflected on the
measured surface.

We select the front surface of the free-form lens and the
front surface of the spherical lens in Fig. 15 as reconstructing
targets. Table 6 describes the specific information of the two
lenses. The surfaces within the red rectangle of Fig. 15 are
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FIGURE 15. Front surfaces of (a) the spherical lens and (b) the free-form
lens.

FIGURE 16. Intensity image corresponding to 36 rotation angles in the
target area of (a) the spherical surface and (b) the free-form surface.

TABLE 7. Camera extrinsic and intrinsic parameters.

reconstructed here to compare the reconstructing accuracy of
the four methods.

Firstly, the normal vector corresponding to each pixel is
measured by polarization analysis. The polarizer is rotated
from 0◦ to 175◦ with an interval of 5◦, so as to capture
36 images that record the intensity of each pixel in the target
area as illustrated in Fig. 16. We fit the variety of the intensity
for pixels according to (1) and calculate the degree of polar-
ization ρ and the angle of polarization ϕ. Then we use the (2)

FIGURE 17. False color map about (a) zenith angle and (b) azimuth angle
corresponding to the spherical surface, (c) zenith angle and (d) azimuth
angle corresponding to the free-form surface.

FIGURE 18. The distribution of (a) ∂Z (x, y )/∂x and (b) ∂Z (x, y )/∂y for the
spherical surface; the distribution of (c) ∂Z (x, y )/∂x and (d) ∂Z (x, y )/∂y
for the free-form surface.

and (3) to solve the azimuth angle φ and the zenith angle θ .
The zenith angle and azimuth angle images are depicted using
false color scheme in Fig. 17. Subsequently, the normal vector
and the gradient (∂Z (x,y)/∂x, ∂Z (x,y)/∂y) can be obtained
by (4).

Secondly, we need to determine the world coordinate sys-
tem O-XYZ in which the measured surface is located, and
calculate the coordinates of the sample points on the XOY
plane. Herewe use Zhang’s camera calibrationmethod [37] to
establish the relationship between the pixel coordinate system
and the world coordinate system. The calibration results of
the camera are shown in Table 7. According to the conversion
relationship of the two coordinate systems, the coordinates
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FIGURE 19. Reconstruction errors of the spherical surface based on
(a) Frankot-Chellapa, (b) Simpson-FT, (c) Southwell-FT, and (d) ADO-FT,
and reconstruction errors of the free-form surface based on (e)
Frankot-Chellapa, (f) Simpson-FT, (g) Southwell-FT, and (h) ADO-FT.

FIGURE 20. Reconstructed surface using ADO-FT method: (a) the
spherical surface and (b) the free-form surface.

of the sampling points corresponding to all the pixels can be
obtained. The (∂Z (x,y)/∂x, ∂Z (x,y)/∂y) at the sampling point
is the (∂Z (x,y)/∂x, ∂Z (x,y)/∂y) measured at the relevant pixel.
Fig. 18 depicts the distribution of ∂Z (x,y)/∂x and ∂Z (x,y)/∂y
at all sampling points.

Thirdly, the coordinate of the sampling point and the corre-
sponding gradient (∂Z (x,y)/∂x, ∂Z (x,y)/∂y) are used as inputs
to the four methods to reconstruct the free-form surface and
the spherical surface. The reconstructed errors are shown
in Fig. 19. For the spherical surface, the ADO-FTmethod and
the Southwell-FT method have smaller errors with RMSEs
of 0.020006 mm and 0.021966 mm, respectively. For the
free-form surface, the ADO-FT method is significantly better
than the other three methods, and its RMSE is 0.016348.
The reconstructed surfaces using ADO-FTmethod are shown
in Fig. 20.

V. CONCLUSION
In the paper, we propose an accurate Fourier-based approach
to improve the Shape-from-polarization method for recon-
structing transparent surfaces. A high-precision differentia-
tion operator is derived by increasing the number of heights
and slopes in the operator, which can effectively reduce
the truncation error and establish the relationship between
adjacent heights. For the periodicity and size requirements
corresponding to the new operator, we combine antisym-
metric extension with periodic condition to extend the raw
measured data. Furthermore, the surface within the non-
rectangular region is reconstructed in accordance with the
iterative Gerchberg route. A series of simulations have been
designed to evaluate the performance of the ADO-FTmethod
in terms of accuracy comparison, effect of noise, recon-
struction of non-rectangular data, and computing time. The
three common approaches Frankot-Chellappa, Southwell-FT
and Simpson-FT were used as comparison to ADO-FT. The
reconstruction results show that the proposed method is
more accurate than other methods. The processing speed of
ADO-FT is as fast as the traditional Fourier-based methods.
In the reconstruction experiment, our method can reduce the
root mean square error from 0.065 ∼ 0.081 mm to 0.020
mm for the spherical surface, and from 0.060 ∼ 0.12 mm to
0.016 mm for the free-form surface. It can be concluded that
the ADO-FT method is effective and accurate to reconstruct
surfaces from gradients. Furthermore, the approach proposed
in this paper could also be applied to other methods related
to gradient integration, such as the fringe reflection technique
and the Shack–Hartmann method.
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