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ABSTRACT In this paper, we present the detailed rate analysis for cell-free massive multiple-input
multiple-output (MIMO) systems over spatially correlated Rayleigh fading channels. Taking the realistic
impairment effects of spatial channel correlation, pilot contamination, and channel estimation errors into
account, the lower-bounds of the achievable rates for both the uplink and downlink are derived with the low-
complexity linear processing such as matched filter and conjugate beamforming, which enable us to take
cognizance of the impacts of transmitted power, and the number of access points (APs). Based on the derived
rate results, the asymptotic performance analysis is then carried out. Besides, we propose the sophisticated
max-min power allocation strategies taking the actual requirements into consideration to provide uniformly
good service to all users. However, the objective functions of the two optimization problems are both non-
concave. Fortunately, the former for uplink can be characterized as geometric programming (GP), whilst
the latter for downlink merging the efficient tools of second-order-cone programming (SOCP). Lastly,
the numerical results are shown to verify our analytical results and the effectiveness of the proposed max-min
fairness algorithms.

INDEX TERMS Cell-free massive MIMO, channel estimation, geometric programming, max-min fairness,
second-order-cone programming, spatially correlated Rayleigh fading.

I. INTRODUCTION
Flexible distributed cell-freemassivemultiple-inputmultiple-
output (MIMO) technology has been received considerable
attentions from both the industry and academia in recent
years, due to the fact it can provide high coverage probabil-
ity, spatial multiplexing, and macroscopic diversity [1]–[3].
Therefore, it has been considered as an alternative option for
the most disruptive technologies towards the beyond fifth-
generation (B5G) and sixth-generation (6G) mobile commu-
nication systems [4]–[7].

The concept of cell-free massiveMIMOwas first proposed
in the seminal works [1], [2], it has been demonstrated that
ten-fold improvements in the 5%-outage rate can be obtained
compared with the small cells. As a new paradigm shift from
the traditional massive MIMO and network MIMO, with
the aid of large numbers of independently distributed setups
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of access points (APs), there are following distinguishing
features and outstanding aspects: (a) it can avoid excessive
inter-cell handover, reduce control signaling interaction in
conjunction with believably improve radio resource utiliza-
tion due to the fact that there are no cells or boundaries [2];
(b) the AP in the cell-free massiveMIMO systems only needs
to obtain the local channel state information (CSI)1 for data
transmission but does not need to exchange the instantaneous
CSI through the backhaul link, which can greatly reduce
the serious overhead of the fronthaul link resources [4], [6];
(c) the distributed APs will substantially reduce the average
distance between the users and APs, which can reduce the
effect of detrimental shading. Besides, it can also provide
remarkable spatial multiplexing and huge spatial macro diver-
sity gain [7], [8]; (d) with the aid of the low-complexity
linear processing, it also can inherit the excellent transmis-
sion characteristics, such as the effect channel hardening

1In general, local CSI indicates the channel between all APs and users,
which can be obtained with time diversion duplexing (TDD) protocol.
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phenomena and the asymptotically favorable propagation
conditions, which will effectively mitigate or eliminate the
multi-users interference completely [9].

A. LITERATURE REVIEW
With the advantages shown above, in recent years, cell-
free massive MIMO has been extensively studied [10]–[15].
Different from the legacy precoding schemes as [2] which can
suppress intra-cell interference only, a full-pilot zero-forcing
scheme is proposed in [11]. Based on this, in [12], the down-
link spectral efficiency (SE) and max-min fairness optimiza-
tion were discussed under imperfect CSI. Besides, with the
fact that the multiple users can be served at the same resource
block with non-orthogonal multiple access (NOMA), the
NOMA-aided downlink cell-free massive MIMO was firstly
considered in [13], in which all users are divided into multiple
clusters. In virtue of all users in the same clusters use the same
pilot, therefore, the numerical results show that the served
users byNOMA significantly higher than the orthogonalmul-
tiple access (OMA) ones, and the achievable sum rate exceed
the OMA as well in the regime of a low number of users.
With this contribution, the work in [14] considers the scenario
of multi-antenna AP, and proposed the rate maximization
algorithm. Besides the derived insight as [11], it further
showed that the original problem can be effectively solved
by sequential convex approximation (SCA). Moreover, for
maximizing the average per-user bandwidth efficiency of the
cell-free massive MIMO system, the adaptive NOMA/ OMA
mode-switching method was proposed in [15].

The excellent performance for the above-mentioned works
is under the common assumption that the uncorrelated
Rayleigh channel. However, due to the fact that large numbers
of antennas are equipped at each AP, in the real cell-free
massive MIMO systems, the actual transmission channel is
always spatially correlated owing to the multiple antennas
are mounted in a limited physical space and the poor scat-
tering conditions.2 Therefore, it is necessary to study the
spatial correlation for the seminal cell-free massive MIMO
systems. During the past few years, the spatial correlation
has been received much attention in massive MIMO systems
[16]–[18]. For example, the authors in [17] analyze the
achievable rate, energy efficiency (EE), and also study the
trade-off for the mixed analog-to-digital converter (ADC)
massive MIMO relaying systems over spatially correlated
channels.

While the spatial correlation is well-studied in recent years,
as far as the authors concern, it has not been received much
attention in the seminal cell-free massive MIMO system
yet. Only very in recently, with the least-square estimator,
the authors in [19] investigated the uplink performance for
cell-free massive MIMO over spatially correlated Rayleigh

2Since the large numbers of antennas in the distributed APs have non-
uniform radiation patterns, and the physical propagation environment makes
certain spatial directions more likely to carry strong signals than other
directions, therefore, the spatial correlated fading is very important for large
arrays since these have a good spatial resolution than the number of scattering
clusters [20].

fading without any power allocation scheme. However, this
work is not thorough, and it is deserved to further deeply
analyze and investigate.

B. SPECIAL CONTRIBUTIONS
In this work, we consider a spatially correlated Rayleigh
fading channel for cell-free massive MIMO system, in which
the matched filtering for uplink and conjugate beamforming
for downlink are implemented. To the best of authors’ knowl-
edge, this is the first one to consider the impact of the spatial
channel relevance for a cell-free massive MIMO system with
the effect of pilot contamination.

Motivated by the above considerations, the main contribu-
tions of this paper are elaborated as follows:

1) Under imperfect CSI scenarios, the statistical prop-
erties of the estimated channel and channel error
are derived by virtue of the standard minimum
mean squared error (MMSE) channel estimation tech-
nique, which can be used to perform multiplexing/
de-multiplexing operation.

2) With thematched filtering and conjugate beamforming,
the rigorous closed-form rate expressions are derived.
Leveraging on the asymptotic arguments, we can char-
acterize the impact of transmitted power, and the num-
ber of APs.

3) Based on the derived rates, moreover, the asymptotic
performance analysis are then carried out. The results
show that the inter-user interference and the additive
noise will disappear when the numbers of APs go to
infinite. Only the desired signal and the pilot contami-
nation part are reserved.

4) In order to effectively tackle the poor user fairness
issue caused by different users’ geographic locations,
the sophisticated max-min fairness power allocation
schemes are designed based on the derived rate expres-
sions. Considering the fact that the proposed schemes
are difficult to solve, fortunately, it can be character-
ized by geometric programming (GP) for the uplink,
while the one for the downlink is second-order-cone
programming (SOCP), respectively.

C. OUTLINE
The remainder of this paper is organized as follows. Section II
describes the cell-free massive MIMO system model under
spatially correlated Rayleigh fading channels. With the
matched filtering and conjugate beamforming, section III
derives the rate expressions under imperfect CSI scenarios.
Besides, the asymptotic performance analyses are provided
in Section IV. After that, Section V considers the max-min
power allocation strategies based on the derived closed-form
rate expressions. Moreover, Section VI presents the perfor-
mance evaluation to verify our derived results and finally,
the conclusion marks are given in Section VII.

D. NOTATION
For notational convenience, in this paper, upper-case boldface
and lower-case boldface letters are denoted by matrices and
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column vectors. Otherwise stated, A∗, AT , and AH stand
for the conjugate, transpose, and conjugate transpose of the
matrix A, respectively. Besides, tr (·), Var (·), and E {·} stand
for the trace, variance, and expectation operations, whilst IN
denotes the N × N identity matrix. Moreover, |·| and ‖·‖
indicate the absolute and Euclidean norm operations. Finally,
NC (0,R) represents the circularly symmetric complexGaus-
sian distribution with zero mean vector and the standard
deviation with spatial correlation matrix R.

II. SYSTEM MODEL AND PRELIMINARIES
In this work, under spatially correlated Rayleigh fading chan-
nels, we consider a cell-free massive MIMO system consist-
ing of M distributed APs equipped with N antennas coher-
ently serve K single-antenna mobile users. Assuming that all
users simultaneously transmit their signals to the APs in the
uplink phase, given that the N -dimensional received signal,
ym ∈ CN×1, at the m-th AP is generally modeled as

ym = GmP1/2x+ nm, (1)

where Gm =
[
gm1, gm2, . . . , gmK

]
∈ CN×K denotes the

channel matrix from the m-th AP to all K users. Besides, P
indicates a diagonal matrix with [P]kk = ρηk , where the fac-
tor ρ corresponds to the power of the transmitted signal, 0 ≤
ηk ≤ 1,∀k , is the power allocation coefficient for the k-th
user, and x ∈ CK×1 represents the corresponding transmitted
signal of all users. Besides, the vector nm ∼ NC (0, IN )
denotes the additive white Gaussian noise (AWGN) vector at
them-th AP. In contrast to [5]–[8], [21], we advocate themore
realistic spatially correlated Rayleigh fading channels [19].
Specifically, the correlated Rayleigh channel vector between
the k-th user and the m-th AP can be modeled as [20]

gmk ∼ NC (0, Rmk) , (2)

where Rmk ∈ CN×N denotes the positive semi-definite spa-
tial correlation matrix3 reflecting the effects of macroscopic
propagation, which is generally not diagonal and assumed
to be known in advance at the m-th AP. For the covariance
matrix Rmk , it advocates the local scattering spatial corre-
lation model with Gaussian angular distribution, where the
(p, q)-th entry of Rmk is thus given by

[Rmk ]p,q=βmk

∫ 20σϕ

−20σϕ
e2π jdH (p−q)sin(φ+δ)

1
√
2πσϕ

e
−

δ2

2σ2ϕ dδ,

(3)

where βmk denotes the large-scale fading coefficient, dH rep-
resents the antenna spacing, and φ indicates a deterministic
nominal angel. Besides, the factor δ ∼ NC

(
0, σϕ

)
refers to

a random deviation from the nominal angle, where σϕ means
the angular standard deviation (ASD). From (3), we findRmk
is in general not diagonal. When Rmk = βmkIN , thus it
becomes a special uncorrelated Rayleigh fading.

3The Hermitian matrix Rmk is positive semi-definite if and only-if its
eigenvalues are non-negative, and it is not diagonal in general. It reflects
the effect of large-scale antenna gains, radiation patterns, and so on.

Assuming that the TDD operation is proceed, we can
utilize channel reciprocity to acquire the downlink CSI by
virtue of the uplink CSI.4 For each coherence interval, it is
composed by the following three phases, i.e., uplink pilot
training, uplink data transmission, and downlink data trans-
mission phases.

A. UPLINK PILOT TRAINING
In general, sufficient accurate channel estimation is of
paramount importance with each resource block. It has far-
reaching effects on accurate signal detection and effective
precoding. In this section, we herein assume that all users
use the pre-allocated pilot sequences to the APs for uplink
pilot training. Then, the received pilot signal at the m-th AP
is given as

Ym,p =
√
τρp

K∑
k=1

gmkϕϕϕ
H
k + Nm,p, (4)

where τ denotes the length of pilot sequence, ρp repre-
sents the transmitted power of the pilot symbol. In addition,
ϕϕϕk ∈ Cτ×1 indicates the pilot signal assigned to the k-th
user, which satisfies

∥∥ϕϕϕk∥∥2 = 1. Besides, Nm,p refers to
the AWGN matrix with the (n, ς)-th entry distributed as[
Nm,p

]
n,ς ∼ NC (0, 1). In this paper, we assume K > τ

and define the set Pk stand for, for simplicity, the users that
utilize the identical pilot sequences as user k .
Based on the observable pilot matrix, the m-th AP corre-

lates Ym,p with the pilot sequence ϕϕϕk , leading to

^ymk,p = Ym,pϕϕϕk =
√
τρp

∑
k ′∈Pk

gmk ′ + Nm,pϕϕϕk . (5)

With the
^ymk,p, we can obtain the following lemma, which

shows the statistical properties of the estimated channel and
channel error.
Lemma 1: For the considered spatially correlatedRayleigh

channels, the minimum mean square error (MMSE) estimate
of channel gain gmk in terms of

^ymk,p can be given as [22]

ĝmk =
√
τρpRmk444mk

^ymk,p, (6)

where444mk is written as

444mk =

τρp ∑
k ′∈Pk

Rmk ′ + IN

−1. (7)

From (6) we can know that the estimated channel is
degraded not only by the noise but also by the effect of
pilot contamination. Besides, the MMSE estimated channel
ĝmk and the corresponding estimation error g̃mk are complex
Gaussian random vectors, distributed as follows

ĝmk ∼ NC (000, Qmk) , (8)

g̃mk ∼ NC (000,Cmk) , (9)

4With TDD protocol, the local CSI, which indicates that the channel
between the AP and each of the users, can be obtained conveniently. There-
fore, the overhead of the pilot resource is independent of the numbers
of APs [9].
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where Qmk = Rmk − Cmk and Cmk can be expressed as

Cmk = Rmk − τρpRmk444mkRmk . (10)

Proof: See Appendix A.

B. UPLINK DATA TRANSMISSION
In the uplink phase, we assume that all K users simultane-
ously transmit data to the APs and different users utilize dif-
ferent transmitted powers, with power control coefficient ηk
ruling the power transmitted by the m-th AP, 0 ≤ ηk ≤ 1,∀k .
Before sending the data, the k-th user weights its symbol qk ,
E
{
|qk |2

}
= 1. Then the received analog signal at the m-th

AP can be given as

ym,u =
√
ρu

K∑
k=1

√
ηkgmkqk + nm,u, (11)

where ρu refers to the maximum transmitted power constraint
and nm,u ∼ NC (0, IN ) denotes the AWGN.

In this paper, a low-complexity linear processing matched
filtering technique is advocated in the uplink to correlate ym,u
for detecting the delivered signal qk , which can be easily
employed in a distributed manner at each AP. Specifically,
the m-th AP multiplies ym,u with estimated channels coeffi-
cient ĝHmk , yielding

ymk,u = ĝHmkym,u

=
√
ρu

K∑
k ′=1

√
ηk ′ ĝ

H
mkgmk ′qk ′ + ĝHmknm,u. (12)

After the m-th AP sending ymk,u to the central processing
unit (CPU) via the fronthaul network, the sum received sig-
nals at the CPU can be expressed as

rk,u =
M∑
m=1

ĝHmkym,u

=
√
ρu

M∑
m=1

K∑
k ′=1

√
ηk ′ ĝ

H
mkgmk ′qk ′ +

M∑
m=1

ĝHmknm,u.

(13)

Then qk can be detected from rk,u.

C. DOWNLINK DATA TRANSMISSION
The APs treat the estimated channels as the real channels
after the phase of uplink pilot training. In this phase, the APs
precode the data signals intended for all users by virtue of the
conjugate beamforming precoder. The precoded signal at the
m-th AP is formulated as

xm =
√
ρd

K∑
k=1

√
ηmk ĝ

∗

mksk , (14)

where ρd indicates the maximum downlink transmit power,
ηmk ,∀m,∀k refers to a scalar power control coefficient ruling
the transmitted power by the m-th AP for the k-th user, and

sk ∼ NC (0, 1) denotes the data signal intended for the
k-th user.
With the signal given in (14), the transmitted power of the

m-th AP can be given as

E
{
‖xm‖2

}
= ρd

K∑
k=1

ηmk tr (Qmk). (15)

To satisfy the power constraint at the m-th AP, the power
control coefficients need to satisfy the following equation

K∑
k=1

ηmk tr (Qmk) ≤ 1. (16)

By virtue of (14), the received signal at the k-th user can
be rewritten as

rk,d =
M∑
m=1

gTmkxm + nk,d

=
√
ρd

M∑
m=1

gTmk

K∑
k ′=1

√
ηmk ′ ĝ

∗

mk ′sk ′ + nk,d, (17)

where nk,d is the NC (0, 1) AWGN.

III. RATE PERFORMANCE ANALYSIS
This section investigates the anticipated rate performance
analysis in terms of the rigorous uplink and downlink rate
expressions [8], for cell-free massive MIMO system with
matched filtering receiver and conjugate beamforming pre-
coder over spatially correlated Rayleigh fading channel. The
obtained closed-form expressions account for the effect of
channel estimation errors and pilot contamination. Further-
more, leveraging on the asymptotic arguments, we provide
some novel insights about the key system parameters.

A. ACHIEVABLE UPLINK RATE
From (13), rk,u can be further reformulated as

rk,u =
√
ρuηkE

{
M∑
m=1

ĝHmkgmk

}
qk︸ ︷︷ ︸

desired signal

+ wk,u,︸︷︷︸
additive noise

(18)

where wk,u representing the additive noise is denoted by

wk,u

=
√
ρuηk

(
M∑
m=1

ĝHmkgmk − E

{
M∑
m=1

ĝHmkgmk

})
qk︸ ︷︷ ︸

beamforming gain uncertainty

+
√
ρu

K∑
k ′ 6=k

√
ηk ′

M∑
m=1

ĝHmkgmk ′qk ′︸ ︷︷ ︸
inter-user interference

+

M∑
m=1

ĝHmknm,u︸ ︷︷ ︸
thermal noise

. (19)

Assuming wk,u is uncorrelated with qk and applying the
philosophy that uncorrelated Gaussian noise yields a capacity
lower bound [2], therefore, this assumption allows us to
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derive the uplink lower bound of the rate for the k-th user.
As described earlier, the achievable uplink rate expression of
the k-th user can be denoted by

Rk,u = log2

(
1+

Ak
B1k + B2k + B3k

)
, (20)

where Ak ,B1k ,B2k , and B3k can be respectively given as

Ak = ρuηk

∣∣∣∣∣E
{

M∑
m=1

ĝHmkgmk

}∣∣∣∣∣
2

, (21)

B1k = ρuηkVar

(
M∑
m=1

ĝHmkgmk

)
, (22)

B2k = ρu
K∑

k ′ 6=k

ηk ′E


∣∣∣∣∣
M∑
m=1

ĝHmkgmk ′

∣∣∣∣∣
2
, (23)

B3k = E


∣∣∣∣∣
M∑
m=1

ĝHmknm,u

∣∣∣∣∣
2
 . (24)

Theorem 1: For the considered spatially correlated
Rayleigh fading, an achievable uplink rate expression of the
k-th user withmatched filtering receiver is formulated as (20),
where Ak ,B1k ,B2k , and B3k can be calculated as

Ak = ρuηk

(
M∑
m=1

tr (Qmk)

)2

, (25)

B1k = ρuηk
M∑
m=1

tr (Rmk (Qmk)), (26)

B2k = τ 2ρ2pρu
∑

k ′∈Pk\{k}

ηk ′

∣∣∣∣∣
M∑
m=1

tr (Rmk ′Rmk444mk)

∣∣∣∣∣
2

+ ρu

K∑
k ′ 6=k

ηk ′

M∑
m=1

tr (Rmk ′ (Qmk)), (27)

B3k =
M∑
m=1

tr (Qmk). (28)

Proof: See Appendix B.
In Theorem 1, we present an exact closed-form uplink rate

expression for the considered cell-free massive MIMO sys-
tem over spatially correlated Rayleigh fading, which enables
us to further evaluate the impact of the key system parameters
on the achieved sum rate.
Remark 1: In fact, the derived results given in Theo-

rem 1 is general, when Rmk = βmkIN , the derived results
in Theorem 1 can be reduced to the uncorrelated Rayleigh
fading. Thus, it can be simplified as [2]

RUnco-Rayk,u = log2

(
1+

Āk
B̄1k + B̄2k + B̄3k

)
, (29)

where the superscript ‘‘Unco-Ray’’ stands for ‘‘Uncorrelated
Rayleigh fading’’. Besides, Āk , B̄1k , B̄2k , and B̄3k can be

respectively denoted by

Āk = ρuηkN 2

(
M∑
m=1

γmk

)2

, (30)

B̄1k = N 2ρu
∑

k ′∈Pk\{k}

ηk ′

(
M∑
m=1

βmk ′

βmk

)2

, (31)

B̄2k = N 2ρu
∑
k ′∈Pk

ηk ′

M∑
m=1

γ 2
mk
β2mk ′

β2mk
, (32)

B̄3k = N
M∑
m=1

γmk , (33)

where γmk is defined by

γmk =
τρpβ

2
mk

τρp
∑

k ′∈Pk

βmk ′ + 1
. (34)

The derived result is identical to the achievable rate for a
cell-free massive MIMO system with uncorrelated Rayleigh
fading scenario [2, Eq. (27)].

Thus, the uplink sum rate of the cell-free massive MIMO
system over spatially correlated Rayleigh fading is

Rsumu =

K∑
k=1

Rk,u. (35)

Remark 2: The derived approximate result in theorem 1 is
very tight to the case when the CSI is perfectly known at all
APs. With (17), the ‘‘ergodic’’ rate formula of the k-th user
with genie-aided CSI is formulated as

Rergk,u = E
{
log2

(
1+ SINRerg

k,u

)}
, (36)

where the superscript ‘‘erg’’ stands for ‘‘ergodic’’ and

SINRerg
k,u =

ρuηk

∣∣∣∣ M∑
m=1

ĝHmkgmk

∣∣∣∣2
ρu

K∑
k ′ 6=k

ηk ′

∣∣∣∣ M∑
m=1

ĝHmkgmk ′
∣∣∣∣2 + ∣∣∣∣ M∑

m=1
ĝHmknm,u

∣∣∣∣2
.

(37)

Note that the genie-aided CSI will be used in the SectionVI
to verify the effectiveness of our derivation.

B. ACHIEVABLE DOWNLINK RATE
Following the same methodology as theorem 1, we now
provide the rigorous achievable downlink rate expression for
the k-th user.
Theorem 2: For the considered spatially correlated

Rayleigh fading, an achievable downlink rate expression
of the k-th user with conjugate beamforming precoder is
characterized by

Rk,d = log2

(
1+

Ck
D1k + D2k + 1

)
, (40)
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where Ck ,D1k , and D2k can be respectively expressed as

Ck = ρd

(
M∑
m=1

√
ηmk tr (Qmk)

)2

, (41)

D1k = τ
2ρ2pρd

∑
k ′∈Pk\{k}

(
M∑
m=1

√
ηmk ′ tr (RmkRmk ′444mk ′)

)2

,

(42)

D2k = ρd

K∑
k ′=1

M∑
m=1

ηmk ′ tr (Rmk (Qmk ′)). (43)

Remark 3: Similar to the remark 1, the derived results in
theorem 2 also can be reduced to the uncorrelated Rayleigh
fading case when Rmk = βmkIN . Thus, (40) can be simpli-
fied as

RUnco-Rayk,d = log2

(
1+

C̄k
D̄1k + D̄2k + 1

)
, (44)

where C̄k , D̄1k , and D̄2k can be respectively given by

C̄k = N 2ρd

(
M∑
m=1

√
ηmkγmk

)2

, (45)

D̄1k = N 2ρd
∑

k ′∈Pk\{k}

(
M∑
m=1

√
ηmk ′γmk ′

βmk

βmk ′

)2

, (46)

D̄2k = Nρd
K∑

k ′=1

M∑
m=1

ηmk ′γmk ′βmk . (47)

The resulting finding in remark 3 is the consequence of
the downlink rate bound of a cell-free massive MIMO system
with uncorrelated Rayleigh fading obtained in [2, Eq. (24)].

Thus, the downlink sum rate of the considered cell-free
massive MIMO system over spatially correlated Rayleigh
fading is given as

Rsumd =

K∑
k=1

Rk,d. (48)

IV. ASYMPTOTIC PERFORMANCE ANALYSIS
By the continuous Mapping theorem and Chebyshev’s the-
orem [23], we first present the following lemma for the
arbitrary spatial correlation matrices before we continue.

Lemma 2: The spatial correlation matrix Rmk ,m =

1, 2, . . . ,M , k = 1, 2, . . . ,K , satisfies [20]

lim sup
M
‖Rmk‖2 < ∞, (49)

lim inf
M

1
M

tr (Rmk) > 0. (50)

With the aid of the above lemma 2, in this section we
present the asymptotic performance analysis for both the
uplink and downlink.

A. UPLINK ASYMPTOTIC ANALYSIS
Theorem 3: The asymptotic analysis for the downlink rate

can be given as follows (38), as shown at the bottom of this
page, where ‘‘pn � qn’’ denotes the equivalence relation pn−
qn

a.s.
−−−→
n→∞

0 for two infinite sequences pn and qn.

Proof: See Appendix C.

B. DOWNLINK ASYMPTOTIC ANALYSIS
Theorem 4: Proceeding similarly as for the uplink case,

the asymptotic analysis for the downlink rate can be given
as (39), which can be found at the bottom of this page.

Proof: Similar to the uplink, the proof of the downlink
asymptotic analysis can be achieved and thus omitted.

V. PROPOSED MAX-MIN POWER CONTROL SCHEMES
Taking the fairness between the different users with differ-
ent graphical locations into consideration, in the section,
the max-min power control schemes for both uplink and
downlink are then proceeded for pursuing a detailed investi-
gation, separately. All the APs are involved in serving a typi-
cal user coherently. These proposed power control schemes
are meant to be governed by the collective CPU, which is
capable of guaranteeing the max-min fairness by calculating
the large scale coefficients βmk ,m = 1, 2, . . . ,M , k =
1, 2, . . . ,K .

A. MAX-MIN FAIRNESS FOR UPLINK
For the case that cell-free system under spatially corre-
lated Rayleigh fading channels, mathematically, the max-min
power control algorithm subjecting to the power constraints
for the uplink can be formulated as

P1 : max
{ηk }

min
k=1,2,...,K

Rk,u (ηk) (52a)

s.t.0 ≤ ηk ≤ 1, k = 1, 2, . . . ,K . (52b)

rk,u
M
�
τρp
√
ρu

M

√ηk M∑
m=1

tr (Rmk444mkRmk)−

K∑
k ′ 6=k

√
ηk ′

M∑
m=1

tr (Rmk444mkRmk ′)ϕϕϕ
H
k ′ϕϕϕk

 (38)

rk,d
M
�
τρp
√
ρd

M

 M∑
m=1

√
ηmk tr (RmkRmk444mk)−

K∑
k ′ 6=k

M∑
m=1

√
ηmk ′ tr (RmkRmk ′444mk ′)ϕϕϕ

T
k ϕϕϕ
∗

k ′

 (39)
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where Rk,u with respect to {ηk} is defined in Theorem 1.
To circumvent the challenge that the min (·) is a
non-differentiable objective function, by introducing a slack
variable t , the original optimization problem P1 can be
equivalently transformed into

P2 : max
{t,ηk }

t (53a)

s.t. t ≤ Rk,u (ηk) , k = 1, 2, . . . ,K , (53b)

0 ≤ ηk ≤ 1, k = 1, 2, . . . ,K . (53c)

Theorem 5: The uplink max-min power control problem
P2 for spatially correlated Rayleigh fading cell-free massive
MIMO system is a standard GP, therefore, the standard con-
vex solvers such as CVX can be used to solve the optimal
solution.

Proof: See Appendix D.

B. MAX-MIN FAIRNESS FOR DOWNLINK
Following similar arguments as for the uplink scenario,
the downlink max-min fairness algorithm can be efficiently
addressed as a SOCP. Following the similar steps as the uplink
and recalling (40), the downlink max-min power control
problem subject to the power constraints can be measured as

P3 : max
{ηmk }

min
k=1,2,...,K

Rk,d (ηmk) (54a)

s.t.
K∑
k=1

ηmk tr (Qmk) ≤ 1, m = 1, 2, . . . ,M , (54b)

ηmk ≥ 0, k = 1, 2, . . . ,K , m = 1, 2, . . . ,M .

(54c)

where Rk,d with respect to {ηmk} is defined in Theorem 2.
We remark P3 is nonconvex since Rk,d is nonconvex func-

tion about {ηmk}. However, the derived downlink sum rate
expression in P3 is rather involved and is not amenable for
calculation. For facilitating the further analysis, we use the
notation ξmk =

√
ηmk and define the following auxiliary

matrices and vectors

ξ̄ξξ k = [ξ1k , . . . , ξMk ]T , (55)

ak =
[
tr (Q1k) , . . . , tr (QMk)

]T
, (56)

bk ′k = [tr (R1kR1k ′4441k ′) , . . . , tr (RMkRMk ′444Mk ′)]
T ,

(57)

Ckk ′ = diag
(√

tr (R1k (Q1k ′)), . . . ,
√
tr (RMk (QMk ′))

)
.

(58)

Consequently, Rk,d can be recast as (51) shown at the
bottom of this page.

In order to tackle this troublesome situation effectively,
coupled with several slack variable uk ′k and vk ′k , the original
optimal problem P3 can be transformed into the following
equivalent shown as

P4 : max
{ξ̄ξξ k ,uk′k ,vk′k }

min
∀k

∣∣aTk ξ̄ξξ k ∣∣2∑
k ′∈Pk\{k}

u2k ′k +
K∑

k ′=1
v2k ′k+

1
ρd

(59a)

s.t. τρpb
T
k ′k ξ̄ξξ k ′ ≤ uk ′k , ∀k

′
∈ Pk\ {k} , (59b)∥∥Ckk ′ξ̄ξξ k

∥∥2 ≤ v2k ′k , ∀k, ∀k ′, (59c)
K∑
k=1

ξ2mk tr (Qmk) ≤ 1, ∀m, (59d)

ξmk ≥ 0, ∀k, ∀m. (59e)

Theorem 6: The objective function (59a) is quasi-concave
and the problem P4 is quasi-concave.

Proof: See Appendix E.
Based on the fact that the objective function is convex and

the constrains are affine, therefore, the optimization problem
P4 is a quasi-concave, which can be effectively solved by
means of standard convex optimization theory. Then, an effi-
cient algorithm based on the bisection method is stated as in
Algorithm 1 shown at the top of next page.

In Algorithm 1, owing to the feasible problem P̃4 involves
MK scalar real variables and K 2

+ K + M quadratic con-
straints, therefore, according to [24], the pre-iteration is
O
(
(MK )2

(
K 2
+ K +M

)2.5
+
(
K 2
+ K +M

)3.5)
.

VI. PERFORMANCE EVALUATION
In this section, we conduct the performance evaluation to
validate the derived analytical results and demonstrate the
effectiveness of the proposed max-min fairness power allo-
cation schemes, which help us to highlight the insight on
system performance. Unless otherwise specified, the system
parameters on the considered system are employed in [2], [6].

As shown in Fig. 1, the achievable uplink sum rate versus
the number of APs for both the ‘‘Analytical Result’’ and
‘‘Ergodic Result’’ are illustrated, with M = 60,N = 10,
and ASD = 10◦, where the ‘‘Analytical Result’’ is based
on Theorem 1 and the ‘‘Ergodic Result’’ is generated by the
Monte-Carlo simulation method given in (36) by averaging
over 104 independent channels realizations. It can be readily
founded, the uplink sum rate grows with the increase of the
number of APs due to the fact that more APs can provide
more antenna gain. Furthermore, the ‘‘Ergodic Result’’ and
the ‘‘Analytical Result’’ for different K are both exact match,

Rk,d = log2

1+

∣∣aTk ξ̄ξξ k ∣∣2
τ 2ρ2p

∑
k ′∈Pk\{k}

∣∣bTk ′k ξ̄ξξ k ′ ∣∣2 + K∑
k ′=1

∥∥Ckk ′ξ̄ξξ k ′
∥∥2 + 1

ρd

 (51)
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Algorithm 1 Bisection Method for Solving P4
Input: M ,K ,N ,Qmk ,444mk , τ, ρp, ρd.

Ouput: ξmk ,∀k,∀m.
1) Initialize the value of µl and µu, where µl and µu
are the lower and upper bounds, respectively. Given the
tolerance ε > 0.
2)While µu − µl < ε

3) Set µ = (µl + µu) /2 and solve the following feasible
problem P̃4:

∥∥∥∥∥
[
xT1kI+Pk\{k}, x

T
2kIK ,

√
1
/
ρd

]T∥∥∥∥∥≤ 1
√
θ
aTk ξ̄ξξ k ,∀k,

τρpb
T
k ′k ξ̄ξξ k ′ ≤ uk ′k ,∀k

′
∈ Pk\ {k},∥∥Ckk ′ξ̄ξξ k ′

∥∥2 ≤ v2k ′k ,∀k,∀k ′,
K∑
k=1

ξ2mk tr (Qmk) ≤ 1,∀m,

ξmk ≥ 0,∀k,∀m,
where I+Pk\{k} represents the matrix consisting of the
k ′-th, (k ′ ∈ Pk , k ′ 6= k) column of K × K unit matrix
IK and x1k = [u1k , . . . , uKk ]T , x2k = [v1k , . . . , vKk ]T .
4) If problem P̃4 is feasible, let µl = µ, go to step 2, else
set µu = µ.
5) end If
6) end While

FIGURE 1. The achievable uplink sum rate versus the number of APs for
both ‘‘Ergodic Result’’ and ‘‘Analytical Result’’ for different numbers of
users, with M = 60, N = 10.

which confirms the validity of our derivation. Fig. 2 presents
the achievable uplink sum rate versus the transmit power
for different antenna configurations, with K = 10,MN =
600, and ASD = 10◦. Note that the scenario ‘‘M = 1,
N = 600’’ is response to the ‘‘centralized massive MIMO’’,
while ‘‘M = 60,N = 10’’ corresponds to the ‘‘cell-
free massive MIMO’’ counterpart. As we can see, in the

FIGURE 2. The achievable uplink sum rate versus the transmit power for
different antenna configurations, with K = 10, MN = 600, and ASD = 10◦.

low-power region, the achievable sum uplink rate rises with
the increase of the transmission power. However, it saturates
at the high transmission power regime. It means that when
the transmission power is low, we can enhance the uplink
sum rate via increasing the transmission power. Nevertheless,
due to the joint effects of pilot contamination, inter-user
interference, and additive noise, finally, the uplink sum rate
will reach a constant value. Obviously, the case of ‘‘cell-free
massive MIMO’’ is significantly better than the counterpart.
The reason behind this is that the flexible distributed APs will
greatly reduce the average distance between the users and
APs, which can effectively decrease the effect of detrimental
shading. Moreover, it can also provide remarkable spatial
multiplexing and huge spatial macro diversity gain. When
the both antenna configurations reach their maximum values,
the minimum transmission power required is 25 dBm and
35 dBm, respectively.

Moreover, in the scenario of ‘‘Correlated’’ for both antenna
configurations, we can see from that the achievable uplink
sum saturation rate are 39 bits/s/Hz and 18 bits/s/Hz,
which the decline rates are 41% and 28% compared with
the ‘‘Uncorrelated’’. Obviously, we can know that the
‘‘Correlated’’ case severely degrades the system perfor-
mance. Similar results for downlink can be obtained from
Fig. 3. The decline rates for downlink are 36% and 22%,
respectively. However, compared to Fig. 2, it shows that the
achievable downlink sum rate is superior than the uplink case.
The reason is that the downlink enjoys more power than the
uplink.

In Fig. 4, the achievable uplink sum rate versus the number
of APs is given, with M = 60,K = 10, and ASD = 10◦.
It shows that increasing the number of APs promises a enor-
mous potential to improve the array gain. Compared with
the case of ‘‘N = 10’’ and ‘‘N = 20’’, we can know that
increasing the numbers of antennas at APs can bring huge
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FIGURE 3. The achievable downlink sum rate versus the transmit power
for different antenna configurations, with K = 10, MN = 600, and
ASD = 10◦.

FIGURE 4. The achievable uplink sum rate versus the number of APs for
different numbers of users, with M = 60, K = 10.

system performance gain. As the Figs. 2 and 3, the spatial
correlation will seriously reduce the system performance. For
example, in order to achieve a constant value of 40 bits/s/Hz
withN = 20, the required numbers of AP for ‘‘Uncorrelated’’
is 32, whilst it nearly 2.1 fold increased for the ‘‘Corre-
lated’’ case. The results show that the impact of performance
reduced due to channels correlation can be compensated
by increasing the number of APs. The similar results for
the downlink can be obtained from Fig. 5. As expected,
the achievable rate for downlink is greater than the uplink
case.

Next, in Fig. 6, we analyze the cumulative distribution
functions (CDFs) of the achievable per-user rate for both the
uplink and downlink with different ASD, with M = 60,
K = 10, and M = 10. We consider the strong chan-
nels correlation ‘‘ASD = 10◦’’ and the medium channels

FIGURE 5. The achievable downlink sum rate versus the number of APs
for different numbers of users, with M = 60, K = 10.

FIGURE 6. The CDFs of the achievable per-user rate for both the uplink
and downlink with different ASD, with M = 60, K = 10, and M = 10.

correlation ‘‘ASD = 30◦’’. Obviously, the strong spatially
correlated channels will cause severe space-selective fading.

With a view to verifying the effectiveness of the pro-
posed allocation schemes for both uplink and downlink, in
Figs. 7 and 8, the CDFs of the achievable per-user rate are
plotted finally, with M = 60,N = 10,K = 10, and
ASD = 10◦. Note that each curve is generated by averaging
500 independent random channels realization. As we can
see that the proposed power allocation algorithm for the
uplink is capable of achieve the eminently improvement in
terms of 95%-likely and median rate, which indicates that
it can provides uniformly service for all users. For example,
with GP algorithm, the 5%-outage rate of ‘‘Correlated’’ and
‘‘Uncorrelated’’ are 1.27 and 1.76, which are 1.55-fold and
1.18-fold higher than the case without algorithm. Similar
results for the downlink can be obtained from Fig. 8, in which
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FIGURE 7. The CDFs of the achievable uplink per-user rate, with
M = 60, N = 10, K = 10, and ASD = 10◦.

FIGURE 8. The CDFs of the achievable downlink per-user rate, with
M = 60, N = 10, K = 10, and ASD = 10◦.

the ‘‘Uncorrelated’’ is 1.2-fold and 1.3-fold for the scheme
with and without SOCP algorithm.

VII. CONCLUSION
We have explored the spatially correlated Rayleigh fading for
cell-free massive MIMO systems. With the low-complexity
matched filter and conjugate beamforming, we derived
the closed-form rigorous approximate expressions for both
uplink and downlink, as well as the asymptotic performance
analysis for infinite antenna array as well. The results show
that channel correlation has a great deteriorating effect on the
system performance. Finally, to provide uniformly good ser-
vice to all geometrically distributed users, the max-min fair-
ness power allocation strategies were proposed. We proved
that the max-min fairness schemes for uplink and down-
link can be effectively reformulated as GP and SOCP,
respectively.

APPENDIXES
APPENDIX A
PROOF OF LEMMA 1
From (5),

^ymk,p can be recast as

^ymk,p =
√
τρpgmk︸ ︷︷ ︸

desired channel

+
√
τρp

∑
k ′∈Pk\{k}

gmk ′︸ ︷︷ ︸
interference channel

+ Nm,pϕϕϕk .︸ ︷︷ ︸
thermal noise

(60)

Owing to the fact that gmk ′ ∼ NC (0, Rmk ′), Nm,pϕϕϕk ∼

NC (0, IN ), and by virtue of standard MMSE channel esti-
mation technique [22], the estimated channel ĝmk can be
given as

ĝmk =
√
τρpRmk

τρpRmk + τρp
∑

k ′∈Pk\{k}
Rmk ′ + IN

^ymk,p

=
√
τρpRmk444mk

^ymk,p, (61)

where 444mk is defined as (7). As a result, the level of the
covariance matrix ĝmk can be measured by

E
{
ĝmk ĝ

H
mk

}
= τρpE

{
Rmk444mk

^ymk,p
^y
H
mk,p444mkRmk

}
= τρpRmk444mkRmk . (62)

Since g̃mk and ĝmk are uncorrelated under the MMSE
principle, then the covariance matrix of g̃mk equals to

E
{
g̃mk g̃

H
mk

}
= E

{(
gmk − ĝmk

) (
gmk − ĝmk

)H}
= E

{
gmkg

H
mk

}
− E

{
ĝmk ĝ

H
mk

}
= Rmk − τρpRmk444mkRmk . (64)

Consequently, the results in lemma 1 can be achieved.

APPENDIX B
PROOF OF THEOREM 1
Before providing the detailed mathematical analysis in regard
to deriving the achievable uplink rate (20), we first establish
some mathematical motivations and preliminaries, which are
instrumental for deriving the desired lower bound and evalu-
ating the system performance.
Lemma 3: For the spatially correlated Rayleigh fading

channels, the expectation of the inner product of ĝmk and
gmk ′ ,∀m is given by

E
{
ĝHmkgmk ′

}
=

{
0, ∀k ′ /∈ Pk
τρptr (Rmk ′Rmk444mk) , ∀k ′ ∈ Pk .

(65)

Proof: With the fact that E
{
ĝHmkgmk ′

}
= E

{
ĝHmk ĝmk ′

}
,

therefore,E
{
ĝHmkgmk ′

}
can be depomposed into the following

two cases:
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1) For ∀k ′ /∈ Pk ,
We can easily obtain E

{
ĝHmkgmk ′

}
= 0, since ĝmk is

uncorrelated with gmk ′ and both have zero mean.
2) For ∀k ′ ∈ Pk ,

Substituting (6) into E
{
ĝHmkgmk ′

}
leads to

E
{
ĝHmk ĝmk ′

}
(a)
= τρptr

(
E
{
Rmk ′444mk

^ymk,p
^y
H
mk,p444mkRmk

})
= τρptr (Rmk ′Rmk444mk) , (66)

where (a) follows the fact 444mk = 444mk ′ and
^ymk,p =

^ymk ′,p.
Lemma 4: The expectation of the norm-square of ĝmk and

gmk ′ ,∀m can be given as (63), as shown at the bottom of this
page.

Proof:

1) For ∀k ′ /∈ Pk ,

E
{∣∣∣ĝHmkgmk ′ ∣∣∣2} = E

{
ĝHmkgmk ′g

H
mk ′ ĝmk

}
= tr

(
E
{
gmk ′g

H
mk ′ ĝmk ĝ

H
mk

})
= τρp · tr

(
Rmk ′Rmk444mkRmk

)
. (67)

2) For ∀k ′ ∈ Pk ,

E
{∣∣∣ĝHmkgmk ′ ∣∣∣2}
= E

{
ĝHmk

(
ĝmk ′ + g̃mk ′

) (
ĝHmk ′ + g̃Hmk ′

)
ĝmk

}
= E

{
ĝHmk ĝmk ′ ĝ

H
mk ′ ĝmk

}
+ E

{
ĝHmk g̃mk ′ g̃

H
mk ′ ĝmk

}
.

(68)

Since ∀k ′ ∈ Pk , therefore we have
^

ymk,p =
^ymk ′,p and

444mk = 444mk ′ . For the first termE
{
ĝHmk ĝmk ′ ĝ

H
mk ′ ĝmk

}
, we have

E
{
^ymk,p

^y
H
mk,p

}
= τρp

∑
k ′∈Pk

Rmk ′ + IN = (444mk)
−1. (69)

Therefore, we can obtain

^ymk,p ∼ NC
(
0, (444mk)

−1
)
. (70)

From (6), the first term E
{
ĝHmk ĝmk ′ ĝ

H
mk ′ ĝmk

}
can be rewrit-

ten as

E
{
ĝHmk ĝmk ′ ĝ

H
mk ′ ĝmk

}
= E

{
τ 2ρ2p ·

∣∣∣∣(Rmk ′444mk
^ymk,p

)H
Rmk444mk

^ymk,p

∣∣∣∣2
}

= τ 2ρ2p · E
{∣∣∣^yHmk,p444mkRmk ′Rmk444mk

^ymk,p
∣∣∣2} . (71)

With the random matrix theory and the fact that ‖A‖2 =
tr
(
AAH ), we have the following result shown as [20]

E
{∣∣∣aHBa∣∣∣2} = |tr(BA)|2 + tr

(
BABHA

)
, (72)

where the vector a ∼ NC (0,A) with covariance matrix
A ∈ CN×N and any diagonalizable matrix B ∈ CN×N .
By exploiting the above property, we can obtain the following
results. Straight-forward computations E

{
ĝHmk ĝmk ′ ĝ

H
mk ′ ĝmk

}
can be yield to

E
{
ĝHmk ĝmk ′ ĝ

H
mk ′ ĝmk

}
= τ 2ρ2p ·

(∣∣∣tr (444mkRmk ′Rmk444mk444
−1
mk

)∣∣∣2
+ tr

(
444mkRmk ′Rmk444mk444

−1
mk444mkRmkRmk ′444mk444

−1
mk

)
= τ 2ρ2p ·

(∣∣tr (444mkRmk ′Rmk
)∣∣2

+ tr
(
444mkRmk ′Rmk444mkRmkRmk ′

))
(b)
= τ 2ρ2p ·

∣∣tr (444mkRmk ′Rmk
)∣∣2

+ τρp · tr
((
Rmk ′ − Cmk ′

)
Rmk444mkRmk

)
= τ 2ρ2p ·

∣∣tr (Rmk ′Rmk444mk
)∣∣2

+ τρp · tr
((
Rmk ′ − Cmk ′

)
Rmk444mkRmk

)
, (74)

where (b) follows tr(ABC) = tr(CAB) = tr(BCA).

Consequently, for the second term E
{
ĝHmk g̃mk ′ g̃

H
mk ′ ĝmk

}
,

we have

E
{
ĝHmk g̃mk ′ g̃

H
mk ′ ĝmk

}
= tr

(
E
{
g̃mk ′ g̃

H
mk ′

}
· E
{
ĝmk ĝ

H
mk

})
= tr

(
Cmk ′τρpRmk444mkRmk

)
= τρp · tr

(
Cmk ′Rmk444mkRmk

)
. (75)

E
{∣∣∣ĝHmkgmk ′ ∣∣∣2} =

{
τρp · tr (Rmk ′Rmk444mkRmk) , k ′ /∈ Pk
τ 2ρ2p · |tr (Rmk ′Rmk444mk)|

2
+ τρp · tr (Rmk ′Rmk444mkRmk) , k ′ ∈ Pk

(63)

E


∣∣∣∣∣
M∑
m=1

ĝHmkgmk ′

∣∣∣∣∣
2
 =


τρp

M∑
m=1

tr (Rmk ′ (Qmk)), k ′ /∈ Pk

τ 2ρ2p

(
M∑
m=1

tr (Rmk ′Rmk444mk)

)2

+

M∑
m=1

tr (Rmk ′ (Qmk)), k ′ ∈ Pk
(73)
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Combining (74) with (75), we can achieve

E
{∣∣∣ĝHmkgmk ′ ∣∣∣2} = τ 2ρ2p · |tr (Rmk ′Rmk444mk)|

2

+ τρptr (Rmk ′Rmk444mkRmk) . (76)

Through the above-described procedure, E
{∥∥ĝmk∥∥4} can

be given as

E
{∥∥ĝmk∥∥4} = τ 2ρ2p |tr (RmkRmk444mk)|

2

+ τρptr ((Rmk − Cmk)Rmk444mkRmk) . (77)

Therefore, we can complete the proof of the lemma 4.
Lemma 5: The expectation of the norm-square of the sum

inner product of ĝmk and gmk ′ ,∀m can be expressed as (73),
as shown at the bottom of the previous page.

Proof: The term E
{∣∣∣∑M

m=1 ĝ
H
mkgmk ′

∣∣∣2} can be rewrit-

ten as

E

{∣∣∣∣∑M

m=1
ĝHmkgmk ′

∣∣∣∣2
}

= E
{∑M

m=1

∑M

n=1
ĝHmkgmk ′g

H
nk ′ ĝnk

}
, (78)

which can be decomposed into the following four cases:
1) For n 6= m and ∀k ′ /∈ Pk ,

E


M∑
m=1

M∑
n 6=m

ĝHmkgmk ′g
H
nk ′ ĝnk


=

M∑
m=1

M∑
n6=m

E
{
ĝHmkgmk ′g

H
nk ′ ĝnk

}
(c)
= 0, (79)

where (c) is owing to the fact that ĝmk is uncorrelated
with gnk ′ and both have zero mean.

2) For n 6= m and ∀k ′ ∈ Pk ,

E


M∑
m=1

M∑
n 6=m

ĝHmkgmk ′g
H
nk ′ ĝnk


=

M∑
m=1

M∑
n6=m

E
{
ĝHmkgmk ′

}
· E
{
gHnk ′ ĝnk

}
= τ 2ρ2p

M∑
m=1

M∑
n6=m

tr (Rmk ′Rmk444mk) · tr (444nkRnkRnk ′),

(80)

3) For n = m, and ∀k ′ ∈ Pk ,
M∑
m=1

E
{
ĝHmkgmk ′g

H
mk ′ ĝmk

}
=

M∑
m=1

E
{∣∣∣ĝHmkgmk ′ ∣∣∣2}

=

M∑
m=1

(
τ 2ρ2p |tr (Rmk ′Rmk444mk)|

2
+tr (Rmk ′ (Qmk))).

(81)

4) For n = m, and ∀k ′ /∈ Pk ,

M∑
m=1

E
{
ĝHmkgmk ′g

H
mk ′ ĝmk

}
=

M∑
m=1

tr
(
E
{
gmk ′g

H
mk ′

}
· E
{
ĝmk ĝ

H
mk

})
=

M∑
m=1

tr (Rmk ′ (Qmk)). (82)

With the (79)-(82), we complete the proof of lemma 5.

Based on the above presented lemmas, now we calculate
Ak , B1k , B2k , and B3k .

1) Compute Ak ,

Ak = ρuηk

∣∣∣∣∣
M∑
m=1

E
{
ĝHmkgmk

}∣∣∣∣∣
2

= ρuηk

∣∣∣∣∣
M∑
m=1

E
{
ĝHmk

(
ĝmk + g̃mk

)}∣∣∣∣∣
2

= ρuηk

∣∣∣∣∣
M∑
m=1

tr (Qmk)

∣∣∣∣∣
2

. (83)

2) Compute B1k ,

B1k = ρuηkE


∣∣∣∣∣
M∑
m=1

ĝHmkgmk − E

{
M∑
m=1

ĝHmkgmk

}∣∣∣∣∣
2


= ρuηkE


∣∣∣∣∣
M∑
m=1

ĝHmkgmk

∣∣∣∣∣
2

−

∣∣∣∣∣E
{

M∑
m=1

ĝHmkgmk

}∣∣∣∣∣
2


(d)
= ρuηkE

τ 2ρ2p
(

M∑
m=1

tr (RmkRmk444mk)

)2

+ τρp

M∑
m=1

tr (RmkRmk444mkRmk)

− τ 2ρ2p

(
M∑
m=1

tr (RmkRmk444mk)

)2


= ρuηk

M∑
m=1

tr (Rmk (Qmk)), (84)

where (d) is obtained from lemma 3.
3) Compute B2k ,

B2k = ρu

K∑
k ′ 6=k

ηk ′E


∣∣∣∣∣
M∑
m=1

ĝHmkgmk ′

∣∣∣∣∣
2


(e)
= ρu

∑
k ′∈Pk\{k}

ηk ′

τ 2ρ2p
∣∣∣∣∣
M∑
m=1

tr (Rmk ′Rmk444mk)

∣∣∣∣∣
2
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+

M∑
m=1

tr (Rmk ′ (Qmk))


+ ρu

∑
k ′ /∈Pk

ηk ′

M∑
m=1

tr (Rmk ′ (Qmk))

= τ 2ρ2pρu
∑

k ′∈Pk\{k}

ηk ′

∣∣∣∣∣
M∑
m=1

tr (Rmk ′Rmk444mk)

∣∣∣∣∣
2

+ ρu

K∑
k ′ 6=k

ηk ′

M∑
m=1

tr (Rmk ′ (Qmk)), (85)

where (e) is derived from lemmas 4 and 5.
4) Compute B3k ,

B3k = E


∣∣∣∣∣
M∑
m=1

ĝHmknm,u

∣∣∣∣∣
2


= E

{
M∑
m=1

ĝHmk · E
{
nm,unHm,u

}
· ĝmk

}

=

M∑
m=1

tr (Qmk). (86)

Substituting (83)-(86) into (20), the desired results can be
arrived after some simple mathematical derivations.

APPENDIX C
PROOF OF THEOREM 3
With the results presented in (13), we have

rk,u =
√
ρu

M∑
m=1

√
ηk ĝ

H
mkgmkqk

+
√
ρu

K∑
k ′ 6=k

M∑
m=1

√
ηk ′ ĝ

H
mkgmk ′qk ′+

M∑
m=1

ĝHmknm,u.

(87)

Then, with (6), the ĝHmkgmk ′ can be expressed as

ĝHmkgmk ′ = τρpRmk444mkgHmk ′gmk ′ϕϕϕ
H
k ′ϕϕϕk

+ τρpRmk444mk

∑
k ′′∈Pk\{k ′′}

gHmk ′′gmk ′

+ϕϕϕHk ′N
H
m,pgmk ′ . (88)

Therefore, we have

1
M
√
ρuηk

M∑
m=1

ĝHmkgmk

−
τρp

M
√
ρuηk

M∑
m=1

tr (Rmk444mkRmk)
a.s.
−−−−→
M→∞

0, (89)

where ‘‘
a.s.
−−−−→
M→∞

0’’ denotes almost sure convergence.

APPENDIX D
PROOF OF THEOREM 5
Proof: Due to the fact that the form of the SINR constraint

in (29) is not a polynomial functions, therefore, we can con-
vert into the following polynomial form as (90), as shown at
the bottom of this page, where 9 is given by

9 = ρu

K∑
k ′ 6=k

ηk ′

M∑
m=1

tr (Rmk ′ (Qmk))+

M∑
m=1

tr (Qmk). (91)

Thus, (90) can be written as follows

η−1k

(
M∑
m=1

amkηk +
(
τ 2ρ2pbkk ′ + ckk ′

)
ηk ′ +

dk
ρu

)
≤

1
t
,

(92)

where amk , bkk ′ , ckk ′ and dk can be respectively denoted as

amk =
tr (Rmk (Qmk))

(tr (Qmk))
2 , (93)

bkk ′ =

∑
k ′∈Pk\{k}

∣∣∣∣ M∑
m=1

tr (Rmk ′Rmk444mk)

∣∣∣∣2(
M∑
m=1

tr (Qmk)

)2 , (94)

ckk ′ =

K∑
k ′ 6=k

M∑
m=1

tr (Rmk ′ (Qmk))(
M∑
m=1

tr (Qmk)

)2 , (95)

dk =

M∑
m=1

tr (Qmk)

ρu

(
M∑
m=1

tr (Qmk)

)2 . (96)

It is shown that the left-hand side of (92) is a polynomial
function. Therefore, problem P2 is a standard GP.

ρuηk
M∑
m=1

tr (Rmk (Qmk))+ τ
2ρ2pρu

∑
k ′∈Pk\{k}

ηk ′

∣∣∣∣ M∑
m=1

tr (Rmk ′Rmk444mk)

∣∣∣∣2 +9
ρuηk

(
M∑
m=1

tr (Qmk)

)2 ≤
1
t

(90)
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APPENDIX E
PROOF OF THEOREM 6
Define the set of variables in P4 as S = {ξ̄ξξ k , uk ′k , vk ′k}, and
the objective function as

h (S)= min
∀k

∣∣aTk ξ̄ξξ k ∣∣2∑
k ′∈Pk\{k}

u2k ′k +
K∑

k ′=1
v2k ′k +

1
ρd

. (97)

Therefore, the super-level of h (S) belongs to S, for any
t ∈ R+, can be given as

Q (h, t)

= {S : h (S) ≥ t}

=

S : min
∀k

∣∣aTk ξ̄ξξ k ∣∣2∑
k ′∈Pk\{k}

u2k ′k +
K∑

k ′=1
v2k ′k +

1
ρd

≥ t


=

{
S :

∥∥∥∥∥
[
xT1kI+Pk\{k}, x

T
2kIK ,

1
√
ρd

]T∥∥∥∥∥ ≤ 1
√
t
aTk ξ̄ξξ k ,∀k

}
,

(98)

where I+Pk\{k} represents the matrix consisting of the k ′-th,
(k ′ ∈ Pk , k ′ 6= k) column of unit matrix IK and x1k =
[u1k , . . . , uKk ]T , x2k = [v1k , . . . , vKk ]T .

Since the super-level setQ (h, t) can be written as an SOC,
therefore, it is a convex set and h (S) is quasi-concave. With
the fact that the (59a) is a quasi-concave, the optimization
problem is a quasi-concave and can be determined with the
bisection method.
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