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ABSTRACT This paper develops a systematic method to design robust tracking controllers for multi-input
multi-output (MIMO) uncertain discrete-time systems with bounded parametric uncertainties, in particular
of rational multi-affine type, and generic discrete reference signals with bounded first or second discrete
derivatives, also in presence of generic disturbances with bounded first or second discrete derivatives. Theo-
retical tools and systematic methodologies are provided to effectively design robust innovative controllers for
the considered systems. Applicability and efficiency of the proposed methods are validated in two examples
via simulation and experimental tests.

INDEX TERMS Uncertain discrete-time MIMO systems, parametric uncertainties, robust tracking,

discrete-time controllers.

I. INTRODUCTION

There exist numerous discrete and continuous-time uncer-
tain systems, subject to non-standard disturbances, which
need to be efficiently regulated with discrete-time controllers,
whose main feature is to be versatile and easily realiz-
able using digital technologies. Examples of such systems
can be found among mechatronic, demographic, economic,
traffic management, environmental, agricultural, biological,
medical, and other systems (see, e.g., [1], [4], [11], [16],
[20]-[24], [36]).

Control of linear time-invariant (LTI) continuous-time
systems with discrete-time controllers is a well-studied
research topic, if reference signals and disturbances are
polynomial and/or sinusoidal ones, and the used approach
is to discretize a controlled system or a continuous-time
controller designed with continuous-time control techniques
(see, e.g., [6]-[8], [19], [25], [32]). It is well-known that
the last control approach can worsen the control system
performance or even result in unstable closed-loop systems.
Similarly, several control techniques for LTI and nonlin-
ear uncertain discrete-time systems have been proposed
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in presence of polynomial and/or sinusoidal references
and disturbances (see, e.g., [4], [5], [7]-[10], [12], [17],
[18], [25], [26], [29]-[35], [37]-[39], [41]-[45]). Uncertain
parameters of transfer matrices or time-domain representa-
tion ones of the controlled systems are also considered linear
or multi-linear (see, e.g., [2], [4], [10], [13], [14], [27]).

Note that for a continuous-time system the dependence
of its corresponding discrete-time representation matrices on
parameters is quite complex. The performance and/or control
design specifications are usually given by gains, settling time,
bandwidth, stability margins, mean-square error, or a com-
bination of the control signal energy with the mean-square
error.

This paper provides a systematic method for the robust
tracking design of MIMO uncertain discrete-time systems
with bounded parametric uncertainties, in particular, of ratio-
nal multi-affine type, and generic discrete reference signals
with bounded first or second discrete derivatives, also in
presence of generic disturbances with bounded first or second
discrete derivatives. Similar research for a class of MIMO
continuous-time systems has been conducted in [28] and [40].
Some results on robust tracking controller design with generic
reference signals for continuous and discrete singular-input
singular-output (SISO) uncertain linear systems are provided
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in [21]. On the other hand, some results have been obtained
in [27] for MIMO uncertain discrete-time systems with
multi-linear structures with respect to parameters and con-
trollers without a proportional action, using the majorant
systems approach.

In this paper, MIMO uncertain discrete-time systems or
sampled-data plants are regulated with proportional- integral
(PI) and proportional-second order integral (Pl>) discrete-
time controllers to track non-standard reference signals.
The provided results are particularly useful for mechatronic
systems (e.g., rigid and flexible Cartesian robots, rolling
mills, AGVs, conveyor belts, active suspension systems,
printing machines), whose reference signals and distur-
bances are represented by non-standard waveforms (see, e.g.,
[22], [23], [36]). A hardware-software prototype has been
constructed and used to validate utility of the proposed results
from the engineering point of view.

The paper contribution can be summarized as follows.

o The systematic control design approach is proposed
for generic uncertain LTI discrete-time or sampled-data
plants and reference signals and/or disturbances with
bounded first or second discrete derivatives.

« The proposed approach allows one to design a controller
minimizing the tracking error. Alternatively, the pro-
posed method allows one to design a controller mini-
mizing the maximum time constant.

o The innovative structure controllers with PI/PI, con-
trol action have been developed. Comparisons of the
designed controllers to a classical feedback one are pre-
sented.

o The obtained results can be considered as a pseudo-
generalization of the Kharitonov’s results and stability
margins for the discrete-time systems.

The paper is organized as follows. In Section II, the con-
sidered class of MIMO uncertain discrete-time systems is
introduced, the synthesis problem is stated, and a theoret-
ical background is provided. Section III presents the main
analysis and synthesis results. Section IV provides a method
to effectively design robust controllers for the considered
systems. In Section V, the main proposed results are validated
in two examples via simulation and experimentally. Compar-
isons of the designed controllers to a classical feedback one
are presented in the second example. Section VI concludes
this study.

Il. PROBLEM STATEMENT AND THEORETICAL
BACKGROUND

Consider an uncertain discrete-time MIMO plant described
by

Xp+1 = AP)xy + B(p)ug + E(p)dx
Yk = C(p)xr + D(p)d, )]

where x; € R" is the system state, uy € R’ is the control
input, dy € R! is a disturbance, yy € R™ is the system
output, p € g C R” is the vector of uncertain parame-
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ters, A(p), B(p), E(p), C(p), D(p) are matrices of appropriate
dimensions.

Suppose that g can be covered by a finite number N of
hyper-rectangles p; = [pj_, pj‘], and the conditions

rank [ B(p) A(p)B(p) ... A" '(p)B(p)]=n

I —A(p) B(p)
rank|: o) 0

rank [ CT(p) AT()CT () ... ATE)"'CT()]=n ()

are satisfied for each p € p.
Remark 1: The plant (1) can also represent a sampled-data
model of the continuous-time process

X(t) = A(p)x(t) + B(p)u(t) + E(p)d(t)
¥(t) = C(p)x(t) + D(p)d(1). 3)

In such a case, if /_X(p) is a nonsingular matrix, then

i|=n+m

Ap) = AP Bp) = A7) (07 1) Bp)
Ep) = A7 p) (407 1) Eq), @

where T is the sampling time.

Remark 2: The condition (2) implies that rank C = m <
n and rank B > m, i.e., the m outputs of the plant are
independent and the number of the independent control inputs
is at least equal to the number of the outputs to be controlled.

The main objective of the paper is to control the plant (1)
to track any reference signal r; with bounded first discrete
derivative 81ry = rr+1 — rr or bounded second discrete
derivative Sory = 81(817%) = k42 — 21,41 + 1 (see Fig. 1)
in presence of a disturbance dy with bounded first discrete
derivative 81dy = dk4+1 — di or bounded second discrete
derivative 8ydy = dg42 — 2dky1 + dy.

5 10 1% 20

FIGURE 1. A possible reference signal ry with bounded §;ry and §,ry.

Note that generic reference signals with bounded first or
second discrete derivatives are commonly encountered in
practice and easily realizable by digital technologies. In case
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of manufacturing systems, the first discrete derivative of is
proportional to the working velocity, while the discrete sec-
ond derivative is proportional to the acceleration.

In the following, for simplicity of notation, the explicit
dependence of A(p), B(p), E(p), C(p), D(p)onp is omitted
when unnecessary.

If the objective is to track reference signals with bounded
discrete derivatives, the plant (1) can be controlled using the
state feedback control scheme with a PI controller shown
in Fig. 2. Accordingly, in order to track reference signals
with bounded second discrete derivatives, the plant (1) can
be controlled using the state feedback control scheme with a
PI, controller shown in Fig. 3.

J,“"

X, = Ax, + Bu + Ed, Vi
¥, =Cx,+Ddy

\J

R

FIGURE 3. State feedback control scheme with PI, control action.

The control scheme in Fig. 2 is represented as

Xk+1 = Axg + Buy + Edg,
ex = ry — Cxy — Ddy

up =Kpey + Kizk + Ksxi

Zkyl =2k +ex=zk + 1k — Yk =2k + 1k — Cxx — Ddy. (5)
Hence,

&kv1=Acték+Beiri+Ecdy, ex=Caék+ri—Ddy, (6)

where
A+ BK, BK;
Ad:[ o 11}, K; =K, — K,C
Bd:[pr] Ed:[_ED’],Et:E—BKpD
X
Ca=[-C 0], E=M. (7

Similarly, the control scheme in Fig. 3 is represented as
Ek+1=Acbk+Bork+Exdr, ex=Coé+ri—Dd, (8)

where

A+ BK; BK;1 BKp
Ao = -C 1 0 ,
0 1 1

K, =K, — K,C

VOLUME 8, 2020

BK, E
Bo=| I |, Eo=|-D|, E,=E—-BK,D
0 0
X
Co=[-C00], &=z |. )
22

The preliminary notation and definitions are introduced as
follows.

Let A = {a;} be a real n x m matrix, |A| is its
absolute value matrix, i.e., |A| = {|a;|} and max|A| =
max |aij|.

i=1,2,...,n;j=1,2,....m
R(J)r denotes the set of non-negative real numbers.

~ ~ - AT

Gi"en35=[$1$2~-~$n]TGR”,S=[§1§2-~Sn] e

~ -~ AT

RJ", then [§] = [|&] |&] -+ &I1" <& = [51 §y--- Sn]

S lEl <& i=1,2--, o Ec [—g,g];maxg =
max {%‘17527 7511}

Given a square matrix A €
eigenvalue of A, & = Amax(A) denotes

R™", A(A) is the i-th
ax A, T =
2,0

—1/In (Amax (A)) =—1/In (&) is the maximum time constant
of A, @ > @& is an upper estimate of &, and t > T is an upper
estimate of 7.

To design the proposed controllers, the following prelimi-
nary results are stated.

Lemma 1: Given matricesA € R"™" B € R"*", C € R"™*",
if

I—-A B
rank|: C Oi|=n+m (10)

and the pair (A, B) is reachable, then the pairs

([ 4

0j| c R(n+m)><(n+m)
I 9

B = [g} € R<"+’">”) (11)
A 0 O
A2 — —C I 0l e R(n+2m)x(n+2m) ,
0 I 1
B
B2 — 0 c R(n+2m)><r (]2)
0

are also reachable.
Proof: Let (F € R, G € R"”) be a pair of matrices. If
rank (M —F G])=v, VreC, (13)

where C is the space of complex numbers, the pair (F, G) is
reachable [7]. Hence, the pair (A1, Bj) is reachable, if

rank [ Muyym —A1 Bi]=n+m, VieC. (14)
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Since
B M, —A 0 B
rank [ Mytm — A1 Bi ] = m”k[ C (A— DIy O]
AM,—A B 0
C 0x-=DI, |’
(15)

= rank |:

the equality (14) follows from (15) and (10), if A = 1, and
from the reachability condition for the pair (A, B) and (15),
if A # 1.

Similarly, the pair (A3, By) is reachable, if

rank [ Mysom —A2 By =n+2m, VYreC. (16)
Since
rank [ Myiom — Az B2 ]
AL, — A 0 0 B]
= rank C A — DI, 0 0
0 -1 (=Dl 0|
A, —A B 0 0
= rank C 0 (A—DI, 0 , a7
| 0 0 Iy  (A—=DIy |

the equality (16) follows from (17) and (10), if A = 1, and
from the reachability condition for the pair (A, B) and (17),
if L # 1.

Lemma 2: If ro = 0 and dy = 0, the controlled system (6)
can be represented as

Skl = A1k + Berdirk + Ec181dy
ek = Helk, He=[01], (18)

or, equivalently, after applying the Zeta-transform, as

Cet @& — A1) ' [Bet Eal+ 1[I — D]
=He1 (2 —Aa) ' [Bet Eal(z— 1),  (19)

where 811y = rgy1 — 1%, S1dy = di+1 — dy, ex = 1y — yi 18
the tracking error, and [ is the m— order identity matrix.

Proof: Note that if ro = 0 and dy = 0, then (z — 1)Z(r) =
Z(811r), (z — DZ(dy) = 7Z(81dy), where Z(fy) denotes the
Zeta-transform of fi. Setting

G R R 7" 76 6
@ — Acr) —[C(Z_l),} —[63 G4], (20)

it follows that

-1

Gi=(Ic=D=CF['F) . G=—F'F:Gs. QD)
Given a matrix I' € R™*™ it is easy to prove that
FUz—1)-D) ' +I=z-DUcz-1H-D)"" (22
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Hence,

Cer (& —Ac1)™' By +1
=CF;'F2G4 — CG1BK, + 1

1
= CF'F ((z - CFl_le) +1+G3BK,(z — 1)
-1
=(-DI-CF['R) - D+GsBKyz— )

= (G4 + G3BK,)z — )=He1 &I — A1) ™' Baz — 1).

(23)
Similarly, using Symbolic Math Toolbox yields
Cet(@l — A1) 'Ect — D
B E — BK,D
—[—CG] —CGz][ _D ]—D
E — BK,D
=@z-D[G: G4 [ s }
= (z— DHei(d — Ac)) ' Eer. (24)

Lemma 3. 1If ro = ri = 0 and dy = di = 0, the controlled
system (8) can be represented as

Skl = A28k + Beadork + E282dy
ek =Holi, Ho=[0 0 1], (25)

or, equivalently, after applying the Zeta-transform, as

Cor (& —A2) ' [Bea E2l +[I — D)
=Ho (it —A2) ' [Bo Eal (z— 12, (26)

where 81y = ri42 — 2ri+1 + 1, S2dy = diyo — 2dk41 +
dy, ex = ry — yx is the tracking error, and / is the m— order
identity matrix.

Proof: Note that if rp = r; = 0 and dy = d; = 0, then
(z— 12 Z(ry) = Z(8ary), (z— 1)*Z(dy) = Z(82dy). The proof
follows upon verifying (26) via Symbolic Math Toolbox.

Lemma 4: If the pair of matrices (A e R™" C ¢ RmX”) is
observable, then the pairs of matrices

<A1 — I:_A Oi| c R(n+n1)><(n+m) ;

c I
Hi=[01I]e RmX<"+'">> (27)
A 0 0
Az — -C I 0 e R(n+2m)><(n+2m) ,
0 I I
Hy=[0 0 I]eRmmtm (28)

are also observable.
Proof: The proof easily follows by noting that

rank [AI —AITHIT] =n+m, VYreC
rank (A1 = ATH] | = n+2m, ¥ieC.  (@9)
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_Lemma 5: Consider a nonsingular matrix function F(p) €
R™ pegp=|[p~,p"] CR", defined as a ratio of a multi-
affine matrix function to a multi-affine polynomial

i1 0

i
Fi]aiz,"‘,ivpl Py Dy
i1,ip, iy €{0,1}
F(p) = (0
Jirin, JiuP1 Py " Py
i,ig, iy (0,1}
where Fj, ;... i, € R, fi ;.. i, € R,and P € R™" is a

symmetric positive definite (p.d.) matrix. Then, the maximum
of Amax (Q(p)P_l) with respect to p € g, where Q(p) =
FT(p)PF(p), is achieved at one of the 2V vertices of g.

Proof. Note that for constants p;, j # i, it follows that
F(p) = (Fo + piF1)/(fo + pifi). pi € [p; , p;']. Furthermore,
taking into account that Amax(QP~!) = max xTQx

xe{x: xTPx=1}
yields (31), as shown at the bottom of this page.

Therefore, defining p;, X as the maximum points of func-
tion (32), as shown at the bottom of this page, and taking into
accountthatX” F] PF 1% > 0, 3T (Fo+p;F1)! P(Fo+piF1)x >
0, Vpi, the relations (33) hold, as shown at the bottom of this
page.

It readily follows from (33) that if /=0, then the maximum
of f(x, p;) is achieved at one of the vertices of the interval
p; . pi)-

Now, consider the case f; # 0.1f ¢; = 0, then Fpx = 0 and,
therefore, ¢c; = 0 as well. Hence, the maximum of f (X, p;) is
also achieved at one of the vertices of the interval [p;, p;r].
Otherwise, if ¢ > 0, set z = fy + pifi. Then,

(z—a)? + »?

p@ =f (& @—f)/fi)=v 2

where y > 0, «, w € R, @+ w? # 0, are suitable constants.
From (34), it follows that

de(2) = 2_y (az —a? - a)z) . (35)
dz z

Hence, if « > 0, then ¢(z) increases for z < 0, decreases

for z € [0, (a2 + a)z)/a], and increases again for z >

(Ol2 + a)z) /o, Therefore, also in this case, the maximum of

f(, p;) is achieved at one of the vertices of the interval

p; . p;r]. The case o < 0 is proved similarly.

Lemma 6: Consider a nonsingular matrix function F(p) as
that in (30), but with F;, ;, i € R™™ and a symmetric p.d.
matrix P € R Then, the maximum of Amax (F T(p)PF (p))
with respect to p € g is achieved at one of the 2" vertices
of p.

Proof: Taking into account that Amax (F7 (p)PF(p))

max  x! FT(p)PF(p)x, the proof proceeds similarly to
xe{x: xTx=1
the one of Lemma 5.

Lemma 7: Let A € R"™ be a matrix with v real distinct
eigenvalues A;, i = 1,...,v, and p % distinct pairs
of complex conjugate eigenvalues Ap4 op £ jon, h
I,...,pandletuy; =i=1,...,vand upt = ugpLtjupp, h =
1, ..., ube the associated eigenvectors. Then, denoting as Z*
the conjugate transpose of the matrix of the eigenvectors Z =
[u1 o UyUgl  JupiUal — Jupt .. Uay F jUpptap —jubu] and
as A =diag(Ay, ..., Ly, a1 +jor, a1 —joi, ..., o, + jo,,
ay — jo,) the diagonal matrix of the eigenvalues, the matrix

-1
T T
(uahuuh + Mbhubh)]

P=(zz)"= [Zv: win! + 2XM:

i=1 h=1

forz>0orz <0, (34) (36)
((Fo + piF )" P(Fo + piF1)P~ )
max  Amax 3
pi€lp; . pil (fo + pif1)
B i x (Fo 4 piF )" P(Fo + piF1)x
pielp;, pi7 1, xefx: xT Px=1} (fo + pifi )?
x"F{ PFox + x" (F{ PF\ + F] PFo) xpi + x" F{ PF1xp? G1)
= max
pi€lp;, p;r], xe{x: xT Px=1} (fO +pif1 )2
T T T (pT T T T 2
x' F5 PFox +x' (Fy PFy + F; PFy) xp; + x' F;{ PF1xp;
fepy = o PRt (B T o) opi o P PP, (32)
0T P pi€lp;, pi7 ], xefx: xTPx=1}
<(Fo + piF)T P(Fy +PiF1)P_1)
max  Amax 3
pielp; . pi (fo + pift)
C RTFJ PFox + X7 (Fl PF\ + F] PFo) ip; + 2T F] PF5p}
pielp; . pil (fo + pif1)?
co+c1pi + Czp,~2
= max Y 1 2
pielp;, 1 (fo+pift)
co > 0,c0>0,co+c1pi + czpl2 > 0, for Vp; (33)
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is always p.d. Furthermore,

Amax <QP_1> = Afnax (A) = tmax(4)
2
=, (37)
In (Amax (QP~1))
where Q = AT PA.

Note that if the matrix A has distinct eigenvalues,
the matrix P given by (36) is always p.d. and the equality
& = /Amax(OP~1) = Amax(A) always holds in (37), even if
not all eigenvalues of A have magnitudes less than one.

Ill. MAIN RESULTS
Theorem 1: Suppose that the dependence of the dynamic
matrix of the discrete-time system

X1 =A(Pxk, xeR', pep=I[p ,pT1CR  (38)

on uncertain parameters p is of rational multi-affine type.
If for a given p € g the eigenvalues of the matrix
A= A(p) are distinct and all with magnitude less than one,
where P is the matrix obtained from (36) with A = A, and
Amax AT (PPA(P)PY) < (Vh‘ 5 < Lin the 2 vertices of p,
then the system (38) is asymfﬁotically stable for each p € p,
with stability margin ms = ;—-7 > Ty .

Proof. The proof follows from Lemmas 5 and 6.

Theorem 1 can be used to compute the stability mar-
gin my and considered as a pseudo-generalization of the
Kharitonov’s results to discrete-time systems.

Theorem 2: Given the system

Ckt1 = Aci(P)8k + Bei(p)dirk + Eci(p)didy, §o = 0

ek == HCié‘k’ l = 17 27 (39)
where
Siry =8 € [—F1, M1 CR", 7 =0
Sidy = 8dy € [—di, di]CR", dy >0
Sory € [=F2, RICR", =0
Sdy € [—dr, dd] CR", dr >0, (40)

and P € R"*" | = n4m, ny = n+2m is a symmetric p.d.
matrix. Assuming that the plant matrices have rational multi-
affine structures with respect to parameters o = [p~, p™T],
the following equalities hold:

T = —1/In(a;)
lex| < Grifi + Giadi = {grijijp } Fi + {gajp } di. (A1)

where

o1 = o (AL PRI T) =

= max Amax (Aci(p))
pep

gy = il it
iz — 4 gz —
1-— o 1-— i
N b7 Pb.. = Jp p=1T
b, = 11722‘1}: by, Phcij, » hijy = \J heijp P e,

€ijj, = ma‘l/x v ecilePecijl 2F (42)

PEVp
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bcij, 1s the j1-th column of B;, hjj, is the jo-th row of H;, ecjj,
is the ji -th column of E;(p), and V), is the set of the 2" vertices
of .

Proof: The proof follows from [27] and Lemmas 2, 3,
and 6.

A more general method to obtain the maximum time con-
stant and the maximum absolute values of the system (39)
outputs is based on the following theorem.

Theorem 3: Given the system (39), then

fi = —1/11’1 <max Amax (Aci))
PeEYP

lex| < Grifi + Giadi, Yk € [0, kr1, (43)

where

ky
I
G, = max Z HciAgi(p)Bci
PEP
h=0
ky
G4 = max
PE® 1

(el (pEp). (44)
0
Proof: The proof follows from the inequality

k
ekl = D |HeAl)Bei| [8iri-al
h=0

k
+ 3 [HaA ()| 18idial . (45)
h=0

The next result is used to optimize performance of the control
system over eigenvalues of its dynamic matrix obtained with
nominal values p,, of uncertain parameters.

Lemma 8: The roots of the polynomial

A=\ +diih+do1). - (A2 + diajphtdoip),  (46)
if 7 is an even number (respectively, of the polynomial
d() = (W +duh + dap). - -
LA+ diGim1yph + da1y2) A+ dR),  (47)

if 7 is an odd one), have magnitude p < 1, if and only if

1
di 1
F - 0 da 1
Fd: Cee e e : < , =c,
0 - F dii 2
doii)2 1
F
— - 1
dn 1
Fy -~ 0 0 dyy
0 F2 0 dl(ﬁ—l)/z 1
0 0 Fi dri—-1)/2 1
d_
L n 1
_1_
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where
—~1/p  —1/p*
P=| 1/p —1/0%|, F1=[‘11/p] (49)

Proof: According to the Jury criterion, the roots of the
polynomial d(A) = A> + dy/pA + d>/p? have magnitudes
less than one, if and only if 1 + di/p + da/p*> > O,
1 — di/p + da/p> > 0,d2/p> < 1. The proof
follows.

Remark 3: A good choice for the eigenvalues of the control
system dynamic matrix A.;(p,) is given by eigenvalues having
magnitudes less or equal to a given p < 1 or eigenvalues
of a low-pass digital Butterworth filter with cutoff frequency
oy € (0, 1).

Remark 4: Given a reference signal ry = rc(t)|;—7%,
the change of variables t+ = t/p,p > 1, yields
81 (re(t/ P eeric) = 8171/ P, 82 (re(t/ )l e=gy) = Sari/ p*.
Hence, “halving the velocity” (i.e., assuming p = 2)
makes the second discrete derivative (“‘acceleration’) about
four times less and reduces the maximum tracking error
accordingly. “Dividing the velocity by three” (p = 3) makes
the second discrete derivative about nine times less, etc.

IV. CONTROLLER DESIGN
To design the proposed controllers, note that

(A + BK; BK;
A =" _c
[ A 0 B
e 1}_[0][_& —Ki]
=A| — B|K, (50)
A+ BK, BK; BKpn
Ao = —C I 0
|0 I I
A 00 B
=|-CI1O0|-|0 [—Kt —Ki1 — ,‘2]
0 11 0
= A, — B)K. 6

Hence, since in view of Lemma 1 the pairs (A;, Bj) and
(A, By) are reachable, the eigenvalues of A,; and A, for
a fixed p can be assigned at will. Therefore, since in view of
Lemma 4 the control system, whose output coincides with the
tracking error ey, is observable with suitably chosen matri-
ces K and K, it is possible to stabilize the control system
and optimize a performance index related to the tracking
error.

In view of Theorem 2, if the plant matrices are ratio-
nal multi-affine with respect to parameters, upper estimates
of the maximum time constant t; of A.(p) and/or the
gains gij,j,» &dijij, can be obtained, upon covering g with
a finite number of N hyper-rectangles gp; = [pj_,p;'],
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as follows:

PEVp;

7, = —1/maxlog (max \/kmax (ALT,i(p)PjAC,-(p)le))
J

T pp .. . p~LpT
max \/bcijlpjbajl \/hCUZPj hcijz
PEV)

I~ max \/ Amax (ALOPAGPIPT)

PEVpj

8rijijp = Max
J

T p.o.. . p—1,T
max \/ecijlpjewjl (p)\/hCUZPj hcijz

pEij

1 — max \/)»max (AcTi(p)PJ'A”'(p)PJ?I)

PEVp;

8dijij, = max

)

(52)

where P; is obtained from (36) with A = A.(p) computed
at the midpoint of the interval [p;, pﬂ'] or a close point,
provided that con(P;) > 1, and V), is the set of 2" vertices
of g;. If the matrices of the plant are not rational multi-affine
with respect to parameters, time constants 7; and gains g,
&dij,j» can be obtained using the equations (43), (44).

It is well-known that the proportional action makes the con-
trol system faster and results in reducing the error ex. On the
other hand, the control magnitude may increase, for instance,
due to sudden variations of r; and/or di. For example,
if §o = 0, then ug = K},(ro — Ddp). Therefore, it is appropriate
to make the matrix K, bounded, Kp| < IA(p. Note that once
the matrix K (and, therefore, the matrix K;) is computed and
the matrix K, is fixed, the relation K; = K — K,C implies
K, =K,C +K;.

Now, it is possible to design the proposed controllers
by solving optimization problems. For instance, taking into
account Lemma 8, if a desired maximum value e, is chosen
for the maximum error ¢ = max(G,i¥; + Ggd;), the design
algorithm consists in solving the following min-max condi-
tioned problem:

min min  max(é; — &)°
dFd=cg,:|Ky| <k, P<F

or min min  max(ég — &)°>.  (53)
@n€0.) k:|K, | <K, PE®

This problem can be solved by using Matlab commands
Jfmincon and place (see e.g., [2]). Note thatif e; = 0, then (53)
provides the controller minimizing e.

Furthermore, it is possible to design a controller to mini-
mize

min min  max(#g — )
d:FdScKp:|Kp|Sf(p pEp

or min min  max(f; — )%, (54)
©n€O.D K,:|K, | <K, PV

where 7; is a desired maximum time constant, and then to
compute G,; and Gig (and, therefore, the maximum values of
7; and d;) to obtain a prefixed maximum value of e.
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Finally, it is also possible to design a controller minimizing
a quality index of the following type:

pmax(eq — &)> + gmax(ty — )2, p,g>0. (55)
PEP PEP

V. EXAMPLES

The following examples demonstrate applicability and effi-

ciency of the results obtained in the previous sections.
Example I: Consider an uncertain plant

Xk+1 = A1, p2)xi + Bug, yr = Cxy
Ao + Aip1 +Axpr + Ap1p2
A(p1,p2) =
p1+p2+pip2

4 _ [ 04412 07856
0= -0.3616 0.1805
4, _ [02518 —0.2984
17103246 0.3308
A, — | 0-1058 —0.1772
> 7| -0.3220 0.0376

4o, — [0-1830 —0.1370
2= 10.1860 0.1882

0
B:[l] c=[10]
p1 €045 0.55], pr €[0.45 0.55] (56)

regulated by the controller

Zk+1 = Zk + ek, ek = rk — Yk, uk = Kper + Kizx + Kgxk
K, =2, K;=0.0735K;=[19729 0.4451]. (57)

The closed-loop control system is given by

Cer1 = Act(p1, p2)8k + Bk
e, =[0 0 11

A(pq, B(K; — K,C) BK
Acl(Plﬁpz):[ (P pz)-l-_é ) 11}

B, = [Bfl’} : (58)

It is difficult to establish the asymptotic stability of the
control system (58) and even more difficult to calculate

a = max A Ac , . Numerically, it is
p1.prclOds. 0.5] max(Ac1(P1, p2)) y

computed as a = 0.8742. By setting p; = 0.5, p» = 0.5
and using the first equality of (52) with N = 1, an upper
estimate of & is calculated as @ = 0.9510.
By using the first equality of (52) with N = 4 (four
rectangles), an upper estimate is found as a = 0.9047.
Example 2: Consider an uncertain unstable plant

X =Acx + Beu+ Ecd,
p1 € [9,11], pre[6.3,7.7],C =1. (59)

y=Cx, A=p;, B=E=p>

The objective is to design a discrete-time controller with
sampling time 7" = 0.05s.

The sampled-data model of the plant is given by
Xk+1 = Axx + Buy + Edy,, A= eO‘OSpl i

B=E = (""" — )py/pi. (60)
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a) Using the classical control theory, a sub-optimal P
controller with Butterworth cutoff angular frequency w, =
20rad /s under the constraint K, € [0, 10] and state feedback
minimizing the steady-state error corresponding to the unit
step input is obtained as

up = Kper + Koxp = 1.390¢;, — 1.431x; . (61)

b) Using Theorem 3, a sub-optimal PI controller with
Butterworth cutoff angular frequency w, = 20rad /s under
the constraint K, € [0, 10] and state feedback minimizing
G, is obtained as

Zk+1 =2k + €k, ex =T — Yk
ur = 1.900¢; + 1.013z;, — 2.299x;
G,1 = 2.030. (62)

¢) Using again Theorem 3, a sub-optimal controller Pl
with Butterworth poles for w, = 20rad/s under the con-
straint K, € [0, 10] and state feedback minimizing G,; is
obtained as

2lk+1 = 21k + €k, 22k+1 = 22k + 21k
ur = 2.800ex + 2.972z1x + 0.810z0x — 2.694x;
G2 = 3.909. (63)
Figure 4 shows the errors corresponding to the unit step

input obtained with the designed control laws, assuming
p1=10,pp =17.

15
1 i
O | L | I
0 0z 04 08 08 1
1
i
05+ : 1
0 \ ‘ ‘
0 02 04 086 08 1
1 T
05k 1
0
05 ‘ ‘ ‘ ‘
0 02 04 08 08 1
1 T
“12
0
K| L L L i
0 0z 04 08 08 1

kT

FIGURE 4. Time histories of unit step reference ry and corresponding
errors for controllers (61), (62), (63) with p; =10,p, =17.

Figure 5 presents the tracking errors for the unit step
input obtained with the designed control laws, assuming
p1=9,p="77.
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FIGURE 5. Time histories of unit step reference r; and corresponding
errors for controllers (61), (62), (63) with p; =9,p, =7.7.
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FIGURE 6. Time histories of filtered square wave reference ry and
corresponding errors for controllers (61), (62), (63) with p; =9,p, =7.7.

Figure 6 shows the tracking errors for a filtered square
wave signal obtained with the designed control laws, assum-
ingp; =9, pp = 7.7. Note that the tracking errors ex and ex2
are almost equal to zero in the intervals where the reference
is close to constant.
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FIGURE 7. Time histories of filtered sawtooth wave reference ry and
corresponding errors for controllers (61), (62), (63) with p; =9,p, =7.7.
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FIGURE 8. Time histories of reference ry with max |§;ry| = 0.149 and
max 8,7y | = 0.0038 and corresponding errors for controllers (61), (62),
(63) withp; =9,p, =17.7.

Figure 7 shows the tracking errors for a filtered sawtooth
wave signal obtained with the designed control laws, assum-
ing p1 = 9,p> = 7.7. Note that the tracking error ex; is
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FIGURE 9. Experimental prototype.
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FIGURE 10. Time histories of experimental error es and theoretical
error e, using controller (62).

almost equal to zero in the intervals where the reference is
close to linear.

Figure 8 shows the tracking errors for a reference signal
with max [81r;| = 0.149 and max |§2r¢| = 0.0038 obtained
with the designed control laws, assuming p; = 9, p, = 7.7.
It is theoretically obtained from (42) that G, max |§1rx| =
0.3025 and G,, max |§>r;| = 0.0147, while it follows from
Fig. 8 that |ex1| < 0.1667 and |ex2| < 0.0071.

The last two cases have been experimentally validated
by using an industrial HP PC equipped with a 12-bit
input/output data acquisition board (National Instruments)
and a positive-feedback RC circuit (see Fig. 9). The Matlab
Real-Time Windows Target has been used with a 20 Hz
sampling frequency.

Using the controller (62), Figure 10 shows the time
histories of the experimental error e; and theoretical
error e;.

Using the controller (63), Figure 11 shows the time histo-
ries of the experimental error e; and theoretical error e;.
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FIGURE 11. Time histories of experimental error es and theoretical
error e, using controller (62).
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FIGURE 12. Time histories of r; and corresponding errors for
controllers (61), (62), (63) with p; =9, p, = 7.7 after halving the
reference velocity.

Finally, if the reference ‘“‘velocity” is halved, then the
tracking errors obtained with the controllers PI and PI, are
reported in Figs. 11 and 12, respectively. Note that after the
transient phase the obtained errors are respectively the half
and the one-fourth of those in the previous case, in accordance
with Remark 4.

To reduce the tracking errors or increase the reference
“velocity”” without reducing the errors, it is possible to
increase w,. However, this approach may result in higher
control signals during the transient phase.

VOLUME 8, 2020



L. Celentano, M. V. Basin: Robust Tracking Method for MIMO Uncertain Discrete-Time Systems: Mechatronic Applications I EEEACC@SS

VI. CONCLUSION

This paper provides a novel systematic method to design
robust tracking controllers for MIMO uncertain discrete-time
systems, with bounded parametric uncertainties, in particular,
of rational multi-affine type, and discrete reference signals
with bounded first or second discrete derivatives, also in
presence of disturbances with bounded first or second dis-
crete derivatives. The ongoing research is being conducted
on robust tracking methods and fault detection techniques for
MIMO uncertain nonlinear discrete-time systems, in particu-
lar, with unmeasurable states.
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