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ABSTRACT The use of exoskeletons for clinical lower-limb stroke rehabilitation offers the potential of
improved and customized rehabilitation that reduces the requirements and demands placed on multiple
staff members. Initial research with lower-limb exoskeletons show potential to alleviate this problem.
Conventional assistance-based exoskeleton devices simply enforce the desired gait trajectory for the patient
in order to ensure safety and stability. Unfortunately, if the end-user does not have to work to contribute
to successful motion, rehabilitation often does not occur. Recent evidence has suggested that assistance-as-
needed control prevents users from slacking, facilitating functional motor recovery. Assistance-as-needed
control turns off assistive torques during periods when the patient is able to execute a desired gait pattern
but if the patients gait deviates sufficiently from a desired trajectory then assistive torques are generated to
compensate for the patients loss of strength. This strategy encourages the patient to contribute effort while
still enabling the exoskeleton to guide movements. Assistance-as-needed control inherently leads to aperiodic
gait patterns and has accordingly been difficult to employ in lower-limb exoskeletons due to the need to
ensure stability. This work demonstrates how virtual constraint control—a method with robust stability
properties used in prostheses and assistive exoskeletons control—can be combined with a velocity-modulated
deadzone to ensure stability. Simulations suggest that the method can accommodate a large deadzone while
remaining stable across a range of unanticipated gait pathologies, as demonstrated using Lorenz mappings
that can accommodate the aperiodic nature of the resulting gait.

INDEX TERMS Exoskeletons, bipedal gait, rehabilitation, assistance-as-needed, stability, virtual con-
straints.

I. INTRODUCTION

Each year, approximately 15 million people suffer from a
stroke worldwide and 5 million of these individuals are left
with a permanent disability [1]. Current stroke rehabilitation
practices are physically demanding and require the effort of
multiple physiotherapists. Researchers are accordingly inves-
tigating the use of lower limb electromechanical exoskeletons
as ameans to facilitate gait rehabilitation [2]. Many exoskele-
ton devices simply perform the desired gait trajectory for
the individual in order to ensure safety and stability [3]-[5].
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Unfortunately, if the exoskeleton ensures the correct trajec-
tory regardless of whether or not the user contributes effort,
it can result in an unsuccessful rehabilitation process as the
patient can become reliant on the device and begin to slack in
their rehabilitation training program [6].

The central aim of our work is to design a lower-limb
exoskeleton control strategy that promotes functional reha-
bilitation following a stroke by preventing the user from
slacking. In order to properly rehabilitate someone who has
had a stroke, one must promote brain plasticity and functional
motor recovery. Brain plasticity is the functional reorgani-
zation or creation of neural connections in the brain that
allow for the learning of a task following a brain injury [7].
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There are many facets of neurological rehabilitation that can
be studied and incorporated into an exoskeleton control strat-
egy that best promotes brain plasticity and functional motor
recovery [7]. Recent exoskeleton models are starting to con-
verge on the idea of assistance-as-needed (AAN) control as a
means to facilitate functional motor recovery by preventing
slacking. Assistance-as-needed control ensures the patient
puts forth maximum effort in the completion of their gait by
applying the required compensatory torques to account for
the patient’s weakness.

Early adopters of the AAN control framework created
control strategies that allow for a manual reduction in the
amount of assistance provided to the user limbs [8]-[11].
This manual reduction in assistance requires active therapist
tuning to best accommodate the patient’s changing level of
disability.

More complex AAN control strategies remain passive as
long as the patient is on track in their gait cycle, but if they
deviate too far from the desired trajectory, then the controller
provides the required torques to compensate for the patient’s
weakness. This compensatory torque attempts to ensure that
the patient completes a biomimetic walking pattern while
encouraging them to contribute effort. The work done in [12]
presents an example of an adaptive AAN policy using an end
effector tunnel around the desired trajectory as a means to
actively provide the proper assistance torques throughout the
gait cycle without therapist specific tuning.

Advances in non-linear control theory have led to the
development of more sophisticated control techniques and
stability analyses that can address the needs of AAN
rehabilitative control strategies. One such technique is an
autonomous control strategy called virtual constraint control,
which uses a phase variable to enforce virtual constraints,
ensuring stability via a set of hybrid zero dynamics [13], [14].
Virtual constraint control has been implemented on lower
limb prosthetics [15] and assistive lower-limb exoskeletons
[5] with demonstrated robust stability properties. In this work
we apply virtual constraints to a rehabilitative exoskeleton to
create an autonomous control framework with demonstrated
stability properties.

In order to validate the proposed controller, a dynamic
model was created to simulate a combined human-
exoskeleton system with 6 degrees of freedom of actuation
in the sagittal plane. The Lagrangian dynamic model accu-
rately represents the different phases of gait present in typ-
ical human locomotion, including non-instantaneous double
support phase, fully actuated swing and stance phase, and
an underactuated phase during terminal stance. The model
provides an accurate representation of human walking despite
its simple structure by combining the work done in [16]
and [17]. Model validation is shown in Section II of this paper.

In Section III, the implementation of virtual constraint
control as a means to enforce an autonomous control frame-
work is described. Section IV describes the design of
the assistance-as-needed control policy. The control policy
ensures that there is active consideration of the patient’s
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retained strength throughout the completion of their gait
rehabilitation.

Conventional virtual constraint control cannot guarantee
stable trajectories in the presence of the large deadzones
that are required to implement clinically realistic assistance-
as-needed rehabilitation. The key innovation of this paper,
described in Section V, is to incorporate a velocity constraint
on the size of the deadzone that ensures momentum conser-
vation and stability.

Simulation results and stability analyses are presented and
discussed in Section VI for different gait pathologies, one
of which is commonly developed following a stroke. In par-
ticular, we analyzed stability using Lorenz mappings rather
than Poincare mappings as this allows for the analysis of
aperiodic systems. The autonomous AAN control policy is
aperiodic given the lack of a dependence on time or strictly
enforced joint angle trajectories, thus allowing for variations
in positional and velocity state information on a step to step
basis. Finally, Section VII gives concluding thoughts and
proposes future work.

Il. DYNAMIC MODEL FORMULATION

In order to properly capture the dynamics associated with
human walking, a model was created with three sub-phases.
These sub-phases include the fully actuated swing and stance
phase, as well as the non-instantaneous double support phase
and the underactuated phase of gait that occurs during termi-
nal stance. Coupling these three gait phase models led to a
simulation that captured all of the kinematics and dynamics
associated with human walking (see Figure 1). The masses
associated with each of the links of the biped as well as the
total mass of the model can be seen in Table 1.

Underactuated

Double Support Swing/Stance

~
Seeal
Smmm———
-
-
-
-
———

| TS
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FIGURE 1. Phases of gait associated with the dynamic model. Within each
phase the beginning position of the model is depicted in solid lines and it
progresses to the ending position, depicted in dashed lines. When one
phase of gait ends, the next begins meaning that there are no
unmodelled aspects of the gait cycle.

A. CHOOSING A SIMPLIFIED MODEL
In the fully actuated phases of gait, the dynamic model was
simplified by reducing the number of links included in the
Lagrangian formulation from seven links to six links. This
reduction in modelling complexity used the technique out-
lined in [16], which models the stance foot as a point torque
at the heel joint thus eliminating the need to model the stance
foot link in the fully actuated phases of gait (see Figure 2).
The fully actuated phases of gait include the majority of
the swing/stance phase as well as the double support phase.
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TABLE 1. Link masses associated with the dynamic model.

Links (Swing and Stance Leg) Mass (kg)
Foot Link 1.12kg
Knee Link 3.72kg
Hip Link 8.23kg
Torso Link 43.20kg
Total Mass 78.4kg

Joint 3

Joint 2

Y

Joint 6
Joint 1 X

7770777777777 77

FIGURE 2. The kinematic model used to formulate the biped’'s dynamics.
The stance foot is replaced with a control torque at Joint 1 simplifying the
Lagrangian modelling.

Modelling the stance foot as a point torque reduces the dimen-
sion of the dynamics from a seven degree of freedom (DoF)
bipedal walker to a six DoF bipedal walker without a loss in
modelling accuracy. The model is given by,

Biox6)biex1) = Ciox1) + (Mix1 — Mi)gy » (1)

where 1<i<6 is representing each of the actuated degrees of
freedom, é(ﬁx 1y is the joint angular accelerations, M1 — M;
is the total moment applied to each of the links, Bgxe) is the
inertial matrix, and Cex1) is a combination of Coriolis and
gravitational terms. Representing the stance foot dynamics
as a point torque also avoids singularities when attempting to
determine the magnitude and location of the ground reaction
force on the stance foot.

The second technique used to reduce the complexity of the
dynamic model, presented in [17], eliminates the need for
branch chain modelling of the torso by representing the center
of mass (CoM) of each link with an additional eccentric
component (see Figure 3). Although the eccentric component
of the CoM is irrelevant for most of the joints, it becomes
crucial in the formulation of the torso dynamics. The torso
dynamics are included by modelling the link connecting the
stance hip joint to the swing hip joint as having a length of
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FIGURE 3. The CoM representation for each link in the kinematic chain,
as per [17]. By including a non-zero eccentricity at the link connecting the
stance hip joint to the swing hip joint of the biped, the dynamic effect of
the unmodelled torso link is modeled without the need for branch chain
modelling.

zero with an eccentric CoM in the sagittal plane. This non-
zero eccentricity includes the torso in the dynamics without
requiring a branch chain to model it.

B. NON-INSTANTANEOUS DOUBLE SUPPORT

The double support phase is often treated as instantaneous
in a simulation framework to simplify calculations [14],
[18]-[21]. As a result, roughly 20% of healthy human walk-
ing goes unmodelled and can not be considered in the
analysis of proposed control policies. Achieving the non-
instantaneous double support phase of gait is done by con-
straining the motion of the trailing foot link of the fully
actuated model such that the toe remains on the ground until
the biped moves into the swing phase [17]. Two constraint
equations are used,

fi = (~lisin(6))+S =0 (horizontal)  (2)

i=1

Hh= (Z (licos (6;)) =0 (verticle) 3)

i=1

where /; is the link length, 6; is the joint angle with respect
to vertical, S is the step length, fi is the constraint ensur-
ing step length remains the same, and f> is the constraint
ensuring the foot remains on the ground. The two constraints
must be satisfied to ensure the biped achieves rotation about
the trailing toe. Given the constraints in equations 2 and 3,
the dependent joint angle trajectories can be computed to
ensure the constraints are satisfied. In the case of this bipedal
walker, the dependant angles were chosen to be the trailing
legs knee and ankle joint.

Defferentiating the constraint equations twice allows for
the constraint forces (A, Arz) on the trailing toe to be
determined to ensure toe remains in contact with the ground
throughout the double support phase [17]. The constraint
force equations are added to the formulation of the dynamics,
thus ensuring that they are actively considered throughout
double support:

B6x6) licos(B)ex1  Lisin(0i)ex1 Biox1
licos(0:)1x6 0 0 Afl
lisin(6;)1 x6 0 0 A2
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] Cex1) (Mit1 — Mi)gx
= Yo, liGi.sin(Qi) + 0 )
Y5 | —libicos(6r) 0

where the only previously undefined term 6;, is the link
angular velocity

The double support phase now becomes an 8 x 8 system of
equations due to the two added Lagrangian constraint force
calculations representing estimates of the horizontal and ver-
tical ground reaction forces on the trailing toe. During this
constrained double support phase of gait, the dynamics asso-
ciated with the model are still 6 DoF. No longer modelling the
double support phase as instantaneous means the dynamics
within this phase can now be analyzed, thus resulting in a
more accurate representation of human gait.

C. UNDERACTUATED PHASE

The underactuated phase of gait is triggered when the CoM of
the bipedal model projected onto the ground passes over the
stance toe thus causing rotation about this joint. This rotation
about the stance foot means the stance foot must now be
included in the formulation of the dynamics and cannot be
modelled as simply a control torque at the heel. Adding the
stance foot into the dynamic model formulation results in a
7 DOF system:

Baxnbiax1y = Caxiy + Mix1 — M7, (5)

This phase of gait is considered to be underactuated as
there is an inability to apply torque at the stance toe when the
biped begins to rotate, hence tracking of a desired trajectory
at this joint cannot be achieved. Through the implementation
of an underactuated phase on a model with feet a more
accurate representation of human walking in the sagittal plane
is achieved. This accurate yet simplified model of human
walking is used as the testbed to simulate the proposed control
framework.

lIl. VIRTUAL CONSTRAINT IMPLEMENTATION

A common limitation of current rehabilitation exoskele-
ton controllers is that although they are able to replicate
biomimetic gait, stability is very difficult to guarantee. The
difficulty in guaranteeing stability stems from the fact that
time-dependent joint angle trajectories are used as references
for the controller. Not guaranteeing stability means that the
exoskeleton can only be used at slow speeds, in regulated
environments, and with the use of external stability aids such
as crutches or a walker.

Current advances in non-linear control now allow for these
reference trajectories to become autonomous using a tech-
nique known as virtual holonomic constraints [13], [22]. This
reference trajectory generation technique replaces time with
another monotonically increasing variable known as a phase
variable (see Figure 4). In this work, the phase variable was
chosen to be the angle created between the stance ankle of the
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FIGURE 4. The example of the virtual constraint formulation shows that

the dependence on time can be replaced by the monotonically increasing
phase variable (normalized to be between 0 and 1).

biped and the stance hip,

_1, —(lisin(01)+1sin(62))
(l1cos(01)+1cos(62))

(6)

Opv = tan

where L is the length of the shank link, /5 is the length of
the femur link, 6] is the angle of the shank link with respect
to vertical, 6, is the angle of the femur link with respect to
vertical. This phase variable is similar to work done in [13],
as this angle was shown to increase monotonically throughout
gait.

The use of virtual constraints as a means to create an
autonomous control framework not only allows for stability
to be guaranteed but this method also possesses more robust
stability properties [23]. These robust stability properties
stem from the fact that the system does not need to return to
a particular instance in time following a perturbation, which
occurs with time-dependent reference trajectories. Instead,
the system can react to the perturbation, which would result in
a change in the phase variable. From this change in the phase
variable, the resultant reference trajectories would change
accordingly, and the biped could continue tracking. This time-
invariant phase variable provides disturbance handling that
is similar to how humans handle perturbations related to
gait [23].

IV. ASSISTANCE-AS-NEEDED CONTROL

Proper rehabilitation of gait for a stroke victim involves
the promotion of brain plasticity [7]. One way in which a
patient can achieve functional motor recovery following a
neurological injury is to have a rehabilitation program that
promotes high-intensity training [24]. AAN control increases
the intensity of the rehabilitation by reducing the possibility
for the patient to slack throughout the gait cycle. Reducing the
possibility to slack is achieved by only providing corrective
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torques if the patient deviates substantially from the desired
joint angle trajectories.
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FIGURE 5. Joint angle reference trajectories are now tunnel trajectories in
which the controller does no work if the tracking error is within the
specified bounds. The specified bounds are related to the known
standard deviation in human walking (1.25xSt.Dev).

AAN control was achieved by placing a deadzone around
the desired reference trajectory of each of the actuated joints
on the exoskeleton, originally developed in [25]. The dead-
zone illustrated in Figure 5 was chosen to be 1.25 times the
standard deviation in typical human walking. Non-zero con-
trol torques are only applied if any of the joint angles trajec-
tories deviate outside of their associated deadzone, as defined
by the upper and lower thresholds,

04,i= {0r,i (Op.v) +1.25x0;,
Or,i (Bp.v) +1.25x0; @)

where 6, ; defines the bounds of the desired deadzone tra-
jectory of each joint, o; is the standard deviation associated
with each joint, originally developed in [25], and 6, ; (Bp.v)
is the mean joint angle reference trajectory determined from
the phase variable, 6p v .

This deadzone size of 1.25 times the standard deviation
in typical human walking was chosen as it led to adequate
freedom around the desired trajectory without having the
ability to deviate to the point that premature contact could
be made with the ground, thus resulting in a fall. Typi-
cal human walking is known to be within two standard
deviations of the desired trajectory. The chosen deadzone
size, therefore, envelops trajectories that are always in the
biomimetic range. Individual deadzones where placed around
the actuated joints of the exoskeleton instead of around the
end effector trajectory as this ensures biomimetic trajecto-
ries are enforced at each joint and not simply on the foot
path.

V. VELOCITY MODULATED DEADZONE CONSTRAINT

Virtual constraints can be chosen to ensure stability when
trajectories are explicitly enforced via feedback loops at the
joint level [15]. However, when virtual constraints only acti-
vate outside of a deadzone, it becomes much harder to ensure
stability. For deadzones large enough to be clinically relevant,
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it is possible for sufficient momentum to be lost within the
deadzone that the exoskeleton stops walking. Remember that
virtual constraint control uses an autonomous control strat-
egy, and thus has no explicit concept of time. Momentum
loss must accordingly be constrained within the deadzone to
ensure walking stability.

The key innovation of our work is to introduce a velocity-
dependent restriction on the size of the deadzone, which
ensures adequate momentum and thus gait stability. This
restriction begins when the horizontal velocity of the biped
drops below 1.1m/s. The deadzone size is reduced to zero
when the horizontal linear velocity of the biped drops below
1m/s, at which point stability could no longer be guaranteed.
The restriction occurs over a small change in horizontal
walking speed to ensure the deadzone remains as large as
possible while stability can be guaranteed. The deadzone size
is restricted using a sigmoid function scaling factor,

5

s my\5 4
S.F = —49492.4 "k (IVeoue| 1% ) =951.777
m s

N
m?
m\4 53 m\ 3
s (el =17) " +1840.1 " (1V gl — 1)
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where Vo is the velocity of the CoM of the biped in
the horizontal direction, and S.F is the scaling factor mul-
tiplied by the standard deviation of each joint angle trajec-
tory (0<S.F<1.25). The sigmoid function ensures a smooth
restriction occurs, rather than on on/off type modulation of
the deadzone size. We use a minimum-jerk sigmoid function
scaling, but any sigmoid function should be sufficient.

This deadzone modulation forces the controller to take a
more active role following movements within the deadzone
that cause a loss in walking speed below the specified thresh-
old so that continued progression can be achieved throughout
the gait cycle. Upon restoring momentum above the thresh-
old, the controller then restores the deadzone around the
desired trajectory so that the AAN policy can be achieved.

VI. RESULTS AND DISCUSSION

Simulations for a variety of different gait pathologies were
performed in order to validate the proposed autonomous
AAN control law (see Figure 6). These tested pathologies
include full strength gait, paretic gait, hemiparetic gait, gen-
eral weakness across all joints, drop foot, and unilateral weak-
ness getting progressively worse from hip to ankle.

The proposed control law was robust enough to handle
each pathology and facilitate stable steady state walking
without knowledge of the individual pathologies. For the
purpose of this paper, however, the results for paretic gait and
hemiparetic gait are included.

A. COMPLETE LOWER LIMB PARALYSIS SIMULATION

Analyzing the joint angle trajectory outputs for the paretic
simulation show that the controller achieves biomimetic gait
patterns (see Figure 7). For the stride depicted in the results,
no modulation of the deadzone size was required as there
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FIGURE 6. Block diagram of the AAN controller with the user torque contribution for different gait pathologies. The
dynamic model block contains the dynamics associated with each of the three previously described sub phases. The
deadzone block applies the control torques to the dynamic model if the tracking error (e) is greater than the

1.25xSt.Deviation threshold for any of the joints.
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FIGURE 7. Joint angle trajectory plots, for paretic gait, show that the
controller was able to maintain biomimetic walking profiles by forcing
the trajectories back into the deadzone throughout gait.

was no reduction in walking speed below the 1m/s thresh-
old. Therefore, the size of the deadzones remained at the
1.25 times standard deviation limit for the full gait cycle. Had
a loss in walking speed been observed, the deadzone sizes
would have been restricted to ensure the controller takes over
the actuation of each joint. The proposed control strategy only
applies corrective torques if one of the joints deviates outside
of the deadzone. It can be seen by analyzing the control
torques associated with the paretic gait simulation that there
are areas of zero control torque at the start of both the stance
and swing phases of gait (see Figure 8). The controller was
only able to briefly apply zero control torque as the simulated
patient had zero retained strength and quickly began to fall
outside of the deadzone.

B. HEMIPARETIC GAIT SIMULATION

The joint angle trajectory outputs associated with the
hemiparetic gait simulation show that the proposed control
framework was able to achieve biomimetic gait trajectories
(see Figure 9). Comparing the hemiparetic control torque
outputs to those from the full paretic simulation shows that
there is an increase in the number of times when the con-
troller outputs are zero. Increases in zero control torque are
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FIGURE 8. Control torques for each joint, given the paretic gait, show
areas of zero torque when each of the joints is within the specified
deadzone.

especially evident in the swing phase of gait (see Figure 10).
These increases in areas of zero control torque are due to
the increase in retained strength in the hemiparetic gait sim-
ulation. Therefore, the controller is allowing the patient to
complete that section of gait as they are able to stay within
the bounds of normal human walking more often.

Similar conclusions can be drawn by looking at the joint
angle trajectory outputs. When analyzing the outputs from
the full paretic gait, it was noted that the trajectory outputs
approach the upper and lower bounds of normal walking
very quickly as the simulated patient is not able to provide
any joint torques. The hemiparetic outputs at the knee and
hip joint show that there are fewer harsh approaches to the
bounds of the tunnel trajectory, especially in the swing phase
of gait. This ability to naturally stay within the bounds of the
deadzone also explains why there were more areas of zero
control torque during this phase when comparing the two
simulations. The patient is able to contribute more towards
the completion of their gait and therefore, the controller does
no work.

There are a few areas in which the desired control policy
was not able to maintain the trajectories within the specified
deadzone. These areas are mainly in the underactuated phase
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FIGURE 9. Joint angle trajectory plots of the leg with no retained
strength, for hemiparetic gait, show that the controller was able to
maintain biomimetic walking profiles by forcing the trajectories back into
the deadzone throughout gait.

between 40-50% and between 90-100% of the gait cycle. This
lack of containment within the deadzone stems from how the
joint angles were referenced. The joint angles in this model
were referenced with respect to vertical rather than using
relative joint angle references.

Therefore, when the model is in the underactuated phase of
gait there is no way to acquire information about the relative
joint angle between the stance shank and stance foot. Further-
more, because a desired trajectory cannot be tracked at the
toe during underactuation this leads to tracking discrepancies
when trying to stay within the deadzone, especially at the
ankle joint. Also, near the end of the joint angle trajectories at
100% of the gait cycle contact is made with the ground thus
forcing the swing foot flat which leads to the ankle trajectory
deviating outside of the deadzone as well.

The AAN control policy presented in this work provides
theoretical improvements to current adaptive AAN policies
used to rehabilitate lower limb gait pathologies. The pro-
posed AAN control strategy was applied to a 6DOF lower
limb exoskeleton whereas the work done in [12] applies
an adaptive AAN control policy to a single limb while
ambulating on a treadmill. Providing actuation to both legs
allows for the device to be used to rehabilitate patients that
do not simply have a unilateral gait pathology. Further-
more, deadzones were placed at each joint of the exoskele-
ton device instead of at the end effector position, thus
ensuring biomimicry is achieved at the joint level. Also,
in this work stability is formally analyzed, in contrast to
more anecdotal proof in other work (e.g. the work done
in [12]).

C. STABILITY ANALYSIS

With the implementation of the autonomous control strategy
as a means to facilitate gait rehabilitation, the stability of
the system can now be formally demonstrated. In this work
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FIGURE 10. Control torques for each joint of the leg with no retained
strength, in the hemiparetic simulation, shows areas of zero torque when
each of the joints is within the specified deadzone.

we approach stability within a state-space framework [26],
broadly defining it by the ability of the controller to remain
within the vicinity of a bounded invariant set in terms of
positional and velocity state information. For continuously
differentiable systems, state-state stability benefits from the
formalism of stability in the sense of Lyapunov. For hybrid
systems such as periodic orbits in bipedal walking, Poincare
mappings are typically used instead to determine the exis-
tence and assess the stability of periodic orbits in bipedal
walking [27], [28]. In this work, however, the bipedal walking
is aperiodic given the allowance for state and time variations
throughout gait, due to the autonomous control framework
as well as the deadzone around the joint angle trajectories.
Lorenz mappings are a useful tool to analyze the stability of
aperiodic systems, by looking at the maximum or minimum
value of a particular metric at any point in the gait cycle,
rather than at a specific instance in the state flow like Poincare
mappings [29]. Lorenz mappings can both demonstrate state
boundedness and show the relationship between deadzone
size and the boundaries of the chaotic behaviour.

In the analysis of this bipedal system, two different metrics
were used in order to draw conclusions about the systems
overall stability. The first metric was step length. Main-
taining consistent step lengths throughout steady-state walk-
ing means that proper progression of the phase variable is
achieved. Therefore, proper tracking of each actuated joint
is also achieved given the adequate PD gains of the control
law. The second metric used for the stability analysis was the
horizontal velocity of the CoM of the bipedal system. If the
analysis shows that the walking speed is maintained, then this
means that the phase variable is progressing at the correct rate
as well. Having information regarding each of the positional
and velocity states means one can draw conclusions regarding
the systems overall stability.

The first pathology that was analyzed using the previously
described stability analysis technique was the full paretic gait
in which the patient is unable to contribute any effort in their
lower limbs. Looking at the Lorenz maps associated with the
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FIGURE 11. Lorenz maps of minimum horizontal CoM velocity and max step length. The results show that the deadzone modulation constraint was

able to stabilize walking when previously a loss in momentum was observed.

velocity of the CoM and the step length before the deadzone
modulation constraint (see Figure 11) it can be seen that
unstable walking was produced as both maps collapse to zero
on the y-axis. This collapse to zero on the y-axis means that
the control law was unable to maintain walking momentum,
despite using virtual constraint control, due to the presence of
the deadzone.

After the velocity dependant deadzone modulation con-
straint, it can be seen that the control law was able to correct
for the decrease in walking speed. The Lorenz map still shows
fairly chaotic behaviour around the line y = x, relating to a
limit cycle, as the patient is continuously losing momentum
given their lack of any retained strength and the allowance for
motion within the deadzone. Due to the fact that they have
no retained strength, they are unable to ensure the proper
progression of the phase variable is achieved and therefore,
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the constraint must force a collapse in the deadzones and
take control of the walking until the walking speed increases
above the threshold. Analyzing the Lorenz map of the step
length achieved throughout steady-state walking after the
implementation of the constraint, it is clear that the controller
was able to produce consistent step lengths. The small amount
of deviation around the line y = x is due to the allowable joint
angle deviations within the deadzone, thus producing slightly
different step lengths throughout the simulation.

The second pathology that was analyzed using the concept
of Lorenz mapping was the simulated hemiparetic gait pathol-
ogy. This pathology relates to the patient having full strength
in one of their limbs but having no retained strength in the
other limb. This pathology is common following a stroke and
must be tested using the proposed rehabilitative control law
as stroke rehabilitation is the main focus of this work.
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minimum horizontal CoM velocity metric, it is noticed that the chaotic behaviour is reduced, and the system more tightly approaches a limit cycle.
This behaviour leads to the observation that second order periodicities are present given the unilateral gait pathology.

Analyzing the Lorenz maps associated with the hemi-
paretic gait simulation (see Figure 12) it can be seen that
an appropriate steady-state walking speed was achieved
using the proposed velocity-modulated control law. Adequate
steady-state walking was achieved as there are no devia-
tions towards infinity, nor are there any indications that the
bipedal model was losing momentum and slowing down
towards zero. Also, by looking at the Lorenz map associated
with the step length it can be seen that appropriate step
lengths were achieved throughout the steady-state walking
simulation. Similar to the paretic gait pathology simulation,
the hemiparetic simulation led to small variations in the step
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length due to the allowable deviations of each joint within
their respective deadzone.

It is interesting to note that these two different patholo-
gies resulted in different walking speeds as the patient has
some control over the speed in which the phase variable
progresses. In the paretic pathology simulation, the average
walking speed was around 1m/s whereas for the hemiparetic
gait pathology the average walking speed was around 1.4m/s.
This difference in walking speed stems from the fact that
the patient’s effort is actively considered throughout gait and
therefore, they have the ability to chose how fast the phase
variable progresses if they have enough retained strength.
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Throughout this work it is interesting that the walking
speed for the hemiparetic gait seems fairly chaotic given the
jumping across the line y = x on the Lorenz map. If instead
the Lorenz map is split into two separate maps; one for the
right leg as the stance leg and the other for the left leg as the
stance leg an increase in the collapse around the line y = x is
achieved (see Figure 13). This decrease in chaotic behaviour
when looking at every second step shows that second-order
periodicities are present given the unilateral gait pathology.
These second-order periodicities mean that the controller was
able to more closely replicate the gait pattern when the paretic
leg was used as the stance leg. Also, a different but still
repeatable gait pattern was achieved when the unimpaired
limb was used as the stance leg. This difference in gait stems
from the fact the controller is able to apply zero torque more
when one limb is being used as the stance leg versus when
the other limb is being used as the stance leg given the
discrepancies in weakness between the two limbs with the
tested hemiparetic pathology.

VIi. CONCLUSION

This paper details the implementation of an autonomous
assistance-as-needed control law that facilitates walking
rehabilitation for a variety of gait pathologies commonly
found following a stroke. The simulation results of the pro-
posed control law show that there is a consideration of
the patient’s retained strength in real-time with no patient-
specific tuning required, thus further promoting brain plas-
ticity. This consideration of retained strength is shown by
the allowable joint angle deviations within the deadzone as
well as the periods of zero control torque throughout walking.
Furthermore, this control strategy provides improvements to
previous rehabilitative exoskeletons as the autonomous con-
trol framework allows for a variety of walking speeds to be
achieved in real-time. This ability to self-select a walking
speed if the patient has sufficient retained strength further
promotes brain plasticity and adds another dimension of com-
plexity to the rehabilitation program.

Assistance-as-needed control was achieved by placing a
deadzone around each of the desired joint angle trajectories to
ensure biomimetic walking profiles could be performed with-
out controller interference. Given the size of the deadzones
around the desired trajectories, motions within the deadzone
could result in a loss in momentum given that the controller
has no explicit concept of time. A velocity dependant modu-
lation constraint was created to ensure the controller enforced
more strict tracking following motions that caused a loss in
momentum, to ensure steady state walking was maintained.

The stability of the proposed control law was demonstrated
when the exoskeleton system maintained a bounded walking
speed and a bounded step length, illustrated using Lorenz
mappings. The use of Lorenz mappings allowed for state
boundedness to be demonstrated given the contained motion
around the line y = x. This analysis method differs from
the classical bipedal walking analysis method of Poincare
mapping as walking is no longer periodic. The exoskeletons
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stability is guaranteed given the autonomous control frame-
work and therefore, does not require the use of external
stability aids and can be used at a variety of different walking
speeds.

In future work, the proposed control policy could be imple-
mented on a rehabilitation exoskeleton and tested on patients
who have had a stroke as this would further confirm the
ability of the controller to facilitate gait rehabilitation. Also,
the control law could be further refined to reduce control
chattering at the boundary layer of the deadzone. Achieving
this reduction in control chattering could be done by adding
control interpolation at the boundary layer, similar to the
implementation of reduced control chattering in a sliding
mode controller. Finally, increased robustness testing could
be performed with respect to measurement noise as well as
modelling uncertainty.
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