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ABSTRACT In wireless communication systems, Rice factor ratio (RFR) defined as K /(1 + K) is a key
parameter not only to evaluate the quality of communication channel since it can reveal the severity of the
small-scale fading, but also to be employed as a priori information for estimation of other parameters such
as frequency. Consequently, its estimation is important for a variety of wireless application scenarios. In this
paper, we propose an estimation algorithm on the RFR for the received signals that are disturbed by the Rician
doubly selective fading channels and additive noise. During the estimation periods, we initially utilize the
known signals to multiply the received signals. Second-order and fourth-order statistics are then employed to
further deal with the processed signals mentioned above, which disposes of influence of some unnecessary
parameters, e.g., indistinguishable multipaths, maximum Doppler shift, Doppler shift, and noise variance.
Finally, a useful expression on the RFR estimation is derived for the Rician frequency selective fast fading
channels by flexibly mathematical calculation. Furthermore, the presented method only uses the maximum
estimation values of the second-order and fourth-order statistics defined in this paper, which can reduce the
computational complexity. Importantly, the investigated scheme is robust to the signal-to-noise ratio over
0 dB and frequency offset (maximum Doppler shift and Doppler shift), and shows a slight improvement on
the estimation performance with an increase of the aided data length. The performance and benefits of the
proposed approach are verified and evaluated through computer simulations.

INDEX TERMS Rice factor ratio, Rician doubly selective fading channels, second-order and fourth-order
statistics.

I. INTRODUCTION which results in received signals with different magnitudes,

In the past several years, to satisfy the essential requirements
of the traffic growth, the latency reduction and the energy
efficiency in the wireless communications, a variety of
advanced technologies have been introduced in the exist-
ing literature [1]-[5]. Further, many wireless communica-
tion environments for short-term fading can be described
as a statistic model characterized by Rician distribution,
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angles of arrival and phases that comprise one specu-
lar or light-of-sight (LoS) signal and many random reflected,
diffracted, or scattered versions of the transmitted signal.
As the key term for the Rician fading channels, Rice fac-
tor ratio (RFR) is defined as K/(1 + K), where K rep-
resents Rice factor, which is useful for the evaluation of
communication link quality and provides a priori knowl-
edge on the estimation of some parameters. Therefore, like
the Rice factor, its estimation is of practical importance in
all kinds of wireless scenarios, e.g., adaptive modulation,
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channel characterization, localization application, optimal
power loading of transmit diversity systems, mobile sta-
tion velocity estimation, link budget as well as frequency
estimation [6]-[10].

The Rice factor estimation is a sustained research subject;
thus many methods have been addressed in the past few
decades. The existing literature is mainly catalogued into
the envelope-based works and the phase-based ones. In the
envelope-based literature, Greenwood and Hanzo [11] esti-
mated the Rice factor by comparing probability density func-
tion (PDF) of the received envelope data to the hypothesis
Rician envelope PDFs using a suitable goodness-of-fit test.
In [12], the maximum likelihood estimation (MLE) method
was employed to the Rice factor, but it needs a root search
procedure. To reduce the computation of the MLE scheme,
in [13]-[15], the moment-based approaches were presented
to estimate the Rice factor. Naimi and Azemi [16] suggested
two generalized moment-based estimators for the Rice factor
when shadowing was considered.

The additional phase information provided by the in-phase
and quadrature components of the complex baseband sam-
ples, which the aforementioned methods fail to utilize, was
exploited to estimate the Rice factor. The tractable MLE
schemes of the polar signals were presented in [17] and [18].
The estimator for the Rice factor was addressed in [19], which
was based on the statistics of the channel phase derivative,
i.e., the first moment and zero-crossing rate of the received
signal instantaneous frequency. An estimator only used phase
was suggested in [20], where Doppler shift of the dominant
component was known and the dominant source was not
perpendicular to the mobile trajectory.

All the Rice factor estimators mentioned above assume
that the channel is time-varying and narrowband. However,
with requirements for high data rate and development of
wireless communications, lots of current wireless communi-
cation standards and systems are time-varying and wideband.
In order to estimate the Rice factor for wideband channels,
Sasaoka et al. [21] proposed an estimator for multiple input
multiple output channels, where the Rice factor is com-
puted as the ratio of the power in the first delay bin to
the power in the other delay bins. References [22] and [23]
employed the moment approach to calculate the Rice factor
on each delay bin or carrier frequency. However, each bin
does not contain all multipath components in the channel
[24]. A classical moment based Rice factor estimator was
described in [24] for narrowband temporal selective fading
from the single-snapshot wideband measurements.

Among the above mentioned Rice factor and RFR esti-
mators except for [7], [9] and [10], they only considered
the channel coefficients, and therefore are unable to apply
for modulated signals with additive noise [7]. To deal with
this problem, Chen and Beaulieu [25] considered data-aided
and non-data-aided (NDA) methods and utilized autocorrela-
tion of the received signal (namely, the second-order fading
statistics) to estimate the Rice factor when a priori knowl-
edge of the normalized maximum Doppler shift was assumed.
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Nevertheless, the NDA estimator cannot be applied to M-ary
phase shift keying (MPSK) modulated signals [7]. The
fourth-order cross-moments based Rice factor estimator was
investigated in [7] for the MPSK modulated signals. The
suggested approaches in [9] and [10] presented the esti-
mation of the RFR for the purpose of frequency estima-
tion. Moreover, these estimators presented in [7], [9], [10]
and [25] only consider the frequency flat fading channels.
Except for previous estimators published in the literature,
to the best of the authors’ knowledge, the estimation of the
RFR has not been investigated for Rician doubly selective
fading channels which are always encountered in wireless
communication systems, especially for high rate wireless
communications.

Based on the aforementioned analyses, we propose an esti-
mation algorithm on the RFR for the Rician doubly selective
fading channels. In the estimation stage, we first multiply
the known signals and the received signals together. Then,
we employ second-order and fourth-order statistics to cope
with the processed signals mentioned above, where some
unnecessary parameters, such as indistinguishable multi-
paths, frequency offset (maximum Doppler shift and Doppler
shift) and noise variance, are cancelled. We finally derive a
useful expression of the RFR estimation, where the Rician
frequency selective fast fading channels and additive noise
are encountered. The main contributions of this paper are
summarized as follows.

1) The proposed method can be applied to such scenarios
where the transmitted signals are through the Rician
doubly selective fading channels and disturbed by the
additive noise.

2) The proposed method does not need a priori knowledge
of the frequency offset (the maximum Doppler shift and
the Doppler shift) and extra parameter estimation in the
procedure of the RFR estimation, which cannot only
reduce the algorithm complexity, but also avoid error
propagation.

3) The proposed method only employs the maximum
estimation values of the second-order and fourth-order
statistics defined in this paper, which further reduces
the computational complexity.

4) The proposed method is robust to signal-to-noise
ratio (SNR) over 0 dB, the maximum Doppler shift
and the Doppler shift, and its performance exhibits
a slightly improved change with the increase of
the known data length aided for estimation, which
enhances its applications.

The remainder of this paper is organized as follows.
Section II explains the background with respect to the
received signal model such as the Rician frequency selective
fast fading channels, and states the problem to be solved.
Section III proposes the estimation algorithm on the RFR
for the wireless fading channels mentioned above in detail.
The investigated method in this work is verified and eval-
uated by the computer simulations in Section IV, and the
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conclusion part in Section V summarizes the results and
discusses possible applications of the proposed approach.

Il. PRELIMINARY AND FORMULATION

In the wireless communication systems equipped with a
single antenna where the transmitted signals experience the
Rician fading, the received baseband signals can be denoted
as

r(t) = s(t) Q@ h(t, t) + n(t), (1)

where s(¢) is the transmitted signal, A(z, t) is the Rician
doubly selective fading channel coefficient, n(¢) is the addi-
tive white Gaussian noise (AWGN), and ® represents the
convolution operator.

For the Rician doubly selective fading channel coefficient
[26], [27], h(t, T), its complex baseband representation can
be written as

K
ht, T) =1 K T g es(0)8(r — 70)

—— Y PrhNLos e(D8(r — 1), (2)

where Py is the magnitude of the £th path, t; is the propaga-
tion delay at the £th path, L is the number of paths, §(-) is the
Kronecker delta function, and Ay os(¢) and AnLos,.(f) are the
LoS and non-LoS (NLoS) components, respectively. It should
be noted that, according to the definition of the Rice factor
[26], [27], E{lhLos()I?} = E{| Y-7Z) Prhnvos,e(1)|?}, where
E{-} stands for the statistical average operator. It should also
be mentioned that K/(1 4+ K), which is to be estimated,
will approach 1 as K increases; on the contrary, it will be
close or equal to 0 when K decreases, so one of its functions
is as an indicator similar to the Rice factor for the evaluation
on the quality of the wireless communication links.

The existing Rician channel models in the literature
(see [7], [18], [20] and the references therein) assume: the
LoS fading component, hyos(f) = exp(j2mfitcosby + jpo),
where f, 6p, and ¢g are the maximum Doppler shift, angle of
arrival, and initial phase, respectively; the NLoS fading com-
ponent, iNpos. . (f), is non-frequency selectivity with Rayleigh
distribution and unit power, whose mean and autocorrelation
function are zero and zero-order Bessel function, respec-
tively, and whose real and imaginary parts are independent
Gaussian random variables that can be modeled by various
schemes addressed in [28].

Based on the analyses and discussions mentioned above,
we have known that the initial path is the first arrival one.
Thus, without loss of generality, 7p = 0 is assumed. Utilizing
this assumption and substituting (2) into (1), we can discretize
and rewrite it as

K 1
r(k) = <,/ —hLos(k) +,/ H—KPOhNLOS,O(k))S(k)

Ve +1< ZchNLose(k>s(k—m+n(k) 3)
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From the above preliminary and formulation, it shows
that some parameters such as the maximum Doppler shift,
the angle of arrival, the initial phase, the magnitude of the
multipaths, the number of multipaths, the transmitted signal,
and AWGN should be cancelled to estimate the RFR, when
the Rician frequency selective fast fading channels and addi-
tive noise are encountered. Furthermore, as we all know, error
propagation will exist if extra parameters need to be estimated
in the procedure of the estimation on the RFR. In order to
suppress the redundant parameters and variables mentioned
above and solve these issues encountered, we propose a novel
algorithm for the RFR estimation in the succeeding section.

Ill. PROPOSED ESTIMATION ALGORITHM ON

RICE FACTOR RATIO FOR DOUBLY

SELECTIVE FADING CHANNELS

In this section, we firstly derive a useful expression on the
estimation of the RFR. In the procedure of derivation, we
initially multiply the received signals and the known signals
together. Then, we define the second-order and fourth-order
statistics of the processed signals mentioned above.
Employing these two statistics, the expression on the estima-
tion of the RFR is proposed for the doubly selective fading
channels as follows. Finally, we conclude this algorithm
based on the theoretical derivation and estimation of the RFR.

A. DERIVED EXPRESSION ON THE ESTIMATION

OF THE RICE FACTOR RATIO

From (3), we can clearly see that it is difficult to directly
extract the RFR, because of the unnecessary parameters,
the transmitted signals, and AWGN. Consequently, we first
multiply the known signals and the received signals together
by employing data-aided method. That is to say, using
the property of the known signals, i.e., s(k)s*(k) = 1,
k=1,---,N, we can obtain

k) = rk) - s*(k)

/ K
= hLoS (k) +

ATy ZPehNLos e(R)s(k — 1g)s* (k) + w(k),
)

where w(-) also maintains the same statistical property with
the n(-).

To extract the RFR from (4), the second-order and
fourth-order statistics are defined as

Ryz(m) £ E{F*(k) - F(k +m)}, &)
Rizir(l, m, @) 2 E{F*(k)-F(k+1) - F(k+m) - F*(k+q)}. (6)

In the following, we provide two propositions to describe
the second-order and fourth-order statistics of 7, which will
be used to derive the RFR via some mathematical operations.

Proposition 1: By substituting (4) into (5) and doing some
mathematical operations, the second-order statistic of the 7 is

1
Poh k
g0 NLos,0(k)
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given by
o 1
Ryz(m) = 7K exp (]ZJdem) + o KJO Qrfam)
L—1
: (P% + ZP%&m)) +0°8(m), (7)
=1
where f;l = fycosfy is the Doppler shift, Jo(-) is the

zero-order Bessel function, the mean of the additive noise w(-)
is assumed as O for sake of simplicity, and o2 is the variance
of the w(-).
Proof: See the Appendix A for details. |
Proposition 2: By substituting (4) into (6) and doing some
other mathematical operations, the fourth-order statistic of
the 7 is expressed as

Ry (1, m, q)
) exp ]2nfd(l+m q))

(1 ¥ K)2 exp (j2fat ) Jo (27 fatm — ) (P

+ Zpﬁa(m ~)+
=1

= XP (jZﬂfdl) o?8(m — q)
+ ﬁ exp <j27tf;1m) Jo (27de(1 - )) (

L—-1
+ Y P —g9) +
=1

exp (]andm) 28 — q)

o exp (2l — @) Jorefam) (P}
(1+K)2 exp (j2rfa(l — q) )Jo(2rfam)| Py

+ ZPZ(S(m))

P (]and(l - q)) 25(m)

K 21f, JoQrfu)( P
BT ST (J ”fd(m—q)) 0(27fa )( 0

L—-1
+ Y PRO) +
=1
I
TR SE

K o
— exp (127fim — ) r%8(0)

- (Jo(znfdl)Jo (2nfam —0)) (P + > P3s())
=1
(P3+ Li P3s(n = 9)) + Jo@afamlo(27fal — )

=1

L—1 L—1
: (P%) +3 P%S(m)) (pg +3 Pl - q)))
(=1 =1
L—1
Jo @afal) o*60m — o) (P + Y PIS())
o
Jo Qrfym) o281 — q) (pg +y P%(S(m))

=1

1
+1+K

+

1+K
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1 L—1
gl (and(l — q))026(m)<P(2) n ; P2s(l — q))
1 L—1
2 2 2
e (27tfd(m - q))o 5(1)(130 n ;ston - q))
o*(503m — @) + 80md( — ). ®)
Proof: See the Appendix B for the derivation. ]

Obviously, the same terms are included in (7) and (8),
and accordingly we can do some simple algebra operations
on these two equations to derive the RFR. Through setting
I = m = q = 0in (8), we obtain

R;577(0, 0, 0)

-1

_( K Y Z o2
_(1+K> (1+K) 1+K

2

n 4 Gzlilpz_i_;(lilpz) + 2064
l+K & T 1+ K)? ¢
K 2
- (%) +2<1+_K+1+_KZP€+0>' ©)

We set m = 0 in (7) and have

K
Ry — —§ p? 1
rr(O) 1+K+1+K +U (0)

Substituting (10) into (9), we obtain
K\ .,
R;##7(0,0,0) = — <—1 n K) + 2R;;(0). (1D

According to the property of the Rice factor, i.e., K > 0,
and with a simple algebra operation, the RFR can be derived
as

K
17K - 2R%.(0) — Ry###(0, 0, 0). (12)
In (12), if we utilize k;;(O) = (m)Im o and

rrrr(O 0,0) = Rrrrr(l m, q)ll =m=q=0> Where Rrr(m) =

Nom 16” Eﬁ{l Z;}*(k)r(k‘i‘m) and Ry;;(1, m, q) = W{lmq}

k=1 F*(k)F(k 4+ DF(k + m)F*(k + q) respectively
denote the estimations of Ryy(m) and Ryyyy(l, m, q), the
estimator of the RFR can be expressed as

<1+—K)= 2R3 (0) — Ry#7(0, 0, 0). (13)

B. CONCLUDED ALGORITHM ON THE ESTIMATION

OF THE RICE FACTOR RATIO

Based on the analyses, discussions, and mathematical deriva-
tions mentioned above, we can clearly see that the estimation
algorithm on the RFR proposed in this paper does not need
to estimate the extra parameters such as the indistinguish-
able multipaths and noise variance, and to employ a priori
knowledge of the frequency offset (the maximum Doppler
shift and the Doppler shift), which also reduces the algo-
rithm complexity and avoids error propagation. Except for
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Algorithm 1 Estimation of Rice Factor Ratio for Doubly
Selective Fading Channels

Input: r(k)/\

Output: (£¢)

1: Get F(k) = r(k) - s*(k)

2: Calculate R;;(O) which is the estimation of the (5) when
m=0

3: Calculate R; #(0, 0, 0) that is the estimation of the (6)
when [ =m=gq= 0

4: return <1fk) = 21%%(0) —

Ry577(0,0,0)

the above merits, it can be noticed from the equation of the
estimation on the RFR that only maximum estimation values
of the second-order and fourth-order statistics defined in this
paper are utilized, which further reduces the computational
complexity so that the addressed scheme is more suitable
for such application scenarios requiring low computational
loads. Before proceeding to further discussion on perfor-
mance evaluation, we conclude the proposed algorithm on
the RFR estimation for the Rician doubly selective fading
channels in Algorithm 1.

This algorithm clearly describes the mechanism of the
estimation on the RFR. Generally speaking, except for
the simple mathematical form of the estimated component,
we further need to understand the performance of the pro-
posed method. Thus, we will provide a detailed performance
evaluation on the suggested algorithm for several conditions
of interest through the computer simulation as follows.

IV. PERFORMANCE EVALUATION

Performance verification of the proposed RFR estimation
algorithm is carried out in this section. Such scenarios
are considered for the simulations and performance analy-
ses, where the transmitted signals over the Rician doubly
selective fading channels and additive noise are received.
The Zadoff-Chu sequence is employed for known data, and
carrier frequency is set as 2 GHz. The Rician non-frequency
selective fast fading channel coefficient and Rayleigh fre-
quency flat fast fading channel coefficients are generated by
[28]. We have chosen L = 3 and 4 multipaths scenarios
for performance comparisons, respectively. For convenience,
we denote these two scenarios as S1 and S2, and the mag-
nitudes of useful components for the S1 and S2 are as fol-
lows, S1: Pp = 0.55, P; = 0.72, and P, = 0.42; and
S2: Py = 065 P = 052, P, = 045, and
P3 = 0.32. All simulation results are obtained by averaging
over 10,000 Monte-Carlo trails and the RFR is assumed as a
constant value in the estimation procedure.

A. BIAS OF THE ESTIMATED RICE

FACTOR RATIO VERSUS K

In this subsection, the bias of the estimated RFR against K
from 1 to 40, ie., K/(1 + K) € [1/2,40/41] is shown
in Fig. 1 for the S1 and S2, where N = 1024, the mobile
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FIGURE 1. Comparisons of the bias on the estimated RFR versus the K for
different wireless scenarios.

travels at a speed of 200 km/h, angle of arrival 6y = 7 /4,
and SNR is set as 20 dB. From this simulation experiment,
it can be seen that the bias becomes smaller and smaller
with the increments of the K. Furthermore, it is also shown
that the bias of the estimated RFR for the S1 is less than
that for the S2. As predicted, it verifies the effect of the
scenarios with rich multipaths on the estimation performance
of the RFR.

B. STD OF THE ESTIMATED RICE

FACTOR RATIO VERSUS SNR

In the following subsections, the standard deviation (STD)
of the estimated RFR is chosen as the performance index
to further evaluate our proposed algorithm. The STD of the
estimated RFR versus SNR is illustrated in Fig. 2, where
most of parameters are the same as the ones considered in the
previous section except for the K and SNR. In this section,
the Rice factor is set as 10, 20 and 40, i.e., its corresponding
the RFR is 10/11, 20/21 and 40/41, respectively, and the SNR
varies from 2 to 20 dB. As seen from the Fig. 2, the STD
of the estimation on the RFR is approximately from 0.22 to
0.26 for K = 10, from 0.16 to 0.19 for K = 20 and
from 0.12 to 0.15 for K = 40 at the different wireless
scenarios. Furthermore, we clearly see that the STD of the
RFR estimation is somewhat unchanged when the SNR is
higher than 0 dB in all scenarios considered in this paper.
Further speaking, the investigated algorithm is robust at the
SNR of over 0 dB for various scenarios we consider.

C. STD OF THE ESTIMATED RICE FACTOR RATIO VERSUS
FREQUENCY OFFSET (MAXIMUM DOPPLER

SHIFT AND DOPPLER SHIFT)

In this subsection, the influence of the maximum Doppler
shift and the Doppler shift on the estimation perfor-
mance of the proposed scheme is separately investigated
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FIGURE 2. Comparisons of the STD on the estimated RFR versus the SNR
for different wireless scenarios at K = 10, K = 20 and K = 40,
respectively.
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FIGURE 3. Comparisons of the STD on the estimated RFR versus the
mobile speed for different wireless scenarios at K = 10, K = 20 and
K = 40, respectively.

in Fig. 3 and Fig. 4. Some parameters such as N, SNR and
K are set as the ones in the first and second scenario,
respectively. In the first simulation, we employ the relation
between the mobile speed and the maximum Doppler shift,
i.e., fu = fc.v/c, where f. is the carrier frequency, c is the
light speed and v is the mobile speed, and assume that the
angle of arrival 6y = 7 /4 and the mobile travels at differ-
ent speeds from 100 km/h to 200 km/h. Namely, in Fig. 3,
the effect of the maximum Doppler shift on the performance
of the estimated RFR is evaluated. It can be seen from this
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T T T
=10,
B =20, 51

05k k=40, 51
2 [ k=10, 52
c I =20, 52
£ o4t =0, 52 |
(3
%
(5]
2
] 0ar B
b
E - M -
w
202t .
[m}
]
'_
3]

01t -

D 1 1 1
0 it 2

%

FIGURE 4. Comparisons of the STD on the estimated RFR versus the angle
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respectively.
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FIGURE 5. Comparisons of the STD on the estimated RFR versus the N for
different wireless scenarios at K = 10, K = 20 and K = 40, respectively.

figure that the estimated STD of the RFR is almost invari-
ant when the speeds vary from the range mentioned above.
In another simulation, we assume that the mobile speed is set
as 200 km/h, and the angle of arrival 6y varies from 0 to 7 /2.
That is to say, in this simulation, we investigate the influence
of the Doppler shift on the estimation performance. It can be
noticed from the Fig. 4 that the STD of the estimated RFR
is almost unchanged for various angles of arrival. From the
above results, we can conclude that the estimated RFR is
robust to the maximum Doppler shift and the Doppler shift,
which can enhance application scenarios.
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D. STD OF THE ESTIMATED RICE

FACTOR RATIO VERSUS N

In this subsection, we evaluate the effect of the length of the
known data N on the estimation performance in Fig. 5. Except
for N from 256 to 1024, most of the parameters are the ones
adopted in the above subsections, i.e., the SNR, the mobile
speed and the angle of arrival are set as 20 dB, 200 km/h, and
7 /4, respectively. The RFR is set as 10/11, 20/21 and 40/41,
viz., K = 10,20 and 40. It can be seen from simulation results
that the STD of the estimated RFR shows a little change when
N > 1256, and slightly reduces as the N increases. Thus,
as we expected, the proposed method is more suitable for such
applications with the low computational complexity.

V. CONCLUSION
In this paper, the corresponding background of the parameter
that is to be estimated and its formulation are introduced, and
an estimation algorithm on the RFR is proposed for doubly
selective fading channels. The addressed method first pro-
cesses the received signals by employing the property of the
known data, which is to be further handled by utilizing two
propositions with the second-order and fourth-order statis-
tics. Based on the above analyses and mathematical opera-
tions, a useful expression on the estimated RFR is presented
for the scenarios mentioned in the preliminary. The investi-
gated approach does not need extra parameter estimation and
a priori information on the maximum Doppler shift or the
Doppler shift, which not only avoids error propagation, but
also reduces the algorithm complexity. Meanwhile, the sug-
gested method only utilizes the maximum estimation values
of the second-order and fourth-order statistics, which can
further reduce the computational complexity. Furthermore,
the proposed scheme is robust with respect to the SNR over
0 dB, the maximum Doppler shift and the Doppler shift, and
has a small change on the STD with the increasing length of
the known data, which is proven to be the potential applica-
tions where detailed scenarios were not considered and the
proposed scheme is more suitable for the scenarios with the
low computational complexity. Finally, these performance
evaluations are carried out by computer simulation experi-
ments, and their simulation results demonstrate the superior
benefits of the presented algorithm.
APPENDIXES
APPENDIX A
PROOF OF THE PROPOSITION 1
This appendix presents the proof on the second-order
statistic of the F. During the computation of the (7),
E{wk)} = 0, E{w*()} = 0, E{w*wk + m)} =
o?8(m), Efhnios. ()} = 0, E{hf 5.0} = 0,
E{hﬁLos,g(k)hNLos,z’(k + m)} = Jo 2nufgm) 5L — £'), and
E{s* (k —1o)s(k)s(k +m — 1p)s*(k + m)} = §(m) are utilized.
Based on the above identities, we obtain

Ry (m)

= E{F*(k) - F(k + m)}
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PROOF OF THE PROPOSITION 2

In this appendix, we will derive the fourth-order statistic
of the 7. Besides the identities employed in (7), in the
process of calculating (8), E {(hNLos,.(k + DhNvos,.(k +

m)*} = 0, E{hnros,.(k + m)hnies, (K + 1)
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0, E{hf s . (hNLos. . (k + m)hnLes . (k + D} =
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and E{s(k +1—1p)s*(k +Ds*(k+q—t)stk+q)} = 8 —q)
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Substituting (4) into (6), we obtain

Ryypr(l, m, q)
=E{i*(k) - r(k+l) Pk +m) - F*(k + )}

{( T KCXP(—jZFTf:ik—jfbo)

Al
1 L—-1
+V I =1
A2

VOLUME 8, 2020



J. Wang et al.: Estimation of RFR for Doubly Selective Fading Channels

IEEE Access

N wg) (,/ T O (2nfatk + D) + o)

A3
Bl

1
——Poh k+1
+‘/1+K 0hNLos,0(k + 1)

B2

FH
—— " Pehnvos. etk + Dtk + 1 — 10)s*(k + 1)
+ 1+K -

B2

K o
+ﬂ;(ﬂ + l)) (1/ T4K exp (j27fa(k+m)+jgo)

B3
Cl1

1
Poh k+m
+,/1+ 0/INLos,0( )

Cc2

L-1
[ 1
N 7% Z PyhnNLos,¢(k+m)s(k+m—1g)s™(k + m)

C2

w(n + m) K 27k 1
N )( 1_%Kf%p(—v nfa(k + q) — jgo)
C3

1
LV H—Kpohhos,o(k +9)

D2

L—1
[ 1
Vi+k ZP@hNLoS ok +@)s™(k +q — )s(k + q)

D2

w*(n+q)
+‘—f—“>} (15)
D3

D1

By employing the above identities, (15) is composed by
E{A1-B1-C1-D1}
K \° .

= (H—K) exp (727fall +m — ). (16)
E{Al1-B1-C1-D2}

= E{A1-B1-C1-D3}

= E{A1-B1-C2-Dl1}

= E{Al1-B1-C2-D3}

= E{A1-B1-C3-Dl1}

= E{A1-B1-C3.-D2}

=0, (17)
E{Al1-B1 - C2-D2}

= ﬁexp <j27tf}l)

L—1

Jo(2fatm — ) (Pé +3 " Pisim — q)) NGE)

=1

VOLUME 8, 2020

E{Al1-B1-C3-D3}
= K exp (j2nf:11) ozé(m—q),
K
E{A1-B2-C1-D1}
= E{A1-B2-C1-D3}
= E{A1-B2-C2- D1}
= E{A1-B2-C2- D2}
= E{Al1-B2-C2- D3}
= E{A1-B2-C3- D1}
= E{A1-B2-C3- D2}
= E{Al1-B2-C3- D3}
=0,
E{A1-B2 - C1-D2}
= ﬁexp (j27rfdm>

19)

(20)

L—1
Jo(27fall = ) (P% + ; P}s(l — q)) NG

E{Al-B3.Cl

=0,
E{Al-B3-C1

T1+K
E{A2-Bl.Cl1

=0,
E{A2-B1-C2-

K
T (1+K)?

-Jo(2mfam) (

E{A2-B2.C1

K
T (1+K)?

~JoQ2nfal) <

.D1}
— E{A1-B3.
— E{Al -B3-
= E{Al -B3-
= E{Al -B3-
— E{Al -B3-
— E{Al -B3-
— E{A1-B3.

Cl1

C3
C3
C3

- D3}
exp (errf;]m) 028(1 —-q),
- D1}
= E{A2-BIl -
= E{A2-BIl -
= E{A2-Bl -
= E{A2-BIl -
= E{A2-BIl -
= E{A2-Bl -
= E{A2-Bl -

Cl
Cl

C3
C3
C3

D1}

- D1}
exp (jan:j(m — q))

. D2}
c2-
c2-
c2-

D1}
D2}
D3}

. D1}
. D2}
. D3}

. D2}
. D3}
c2-
c2-
. D1}
. D2}
.D3)

D2}
D3}

L—-1

=1

L-1

PG+ Y Pis)

=1

exp (j27fal = )

PG+ Y Pis(m)

)

)

(22)

(23)

(24)

(25)

(26)

31337



IEEE Access

J. Wang et al.: Estimation of RFR for Doubly Selective Fading Channels

E{A2-B2-C1- D2}
= E{A2-B2-Cl

— E{A2-B2-C3

— E{A2-B2-C3

=0,
E{A2-B2-C2-D2}

(1+K)?

: (pg n g P%S(l)) (pg + g P25(m — q))

4—Jb(2ﬂjkn010<2ﬂ7k(l—-Q))

. D3}
— E{A2-B2-C2-
— E{A2-B2-C2-

D1}
D3}

. DI}
. D2}

<J0(27del)fo (2nfatm —q))

27)

L—1 L—1
: (P% +3° P%S(m)) (P3+ > Plou - q))), (28)
=1 =1

E{A2-B2-C3-D3}

_ L enfilosm—g)

1+K

L—-1
, (Pg +> P%S(l)) ,

=1
E{A2.B3.C1-Dl}

— E{A2-B3-Cl
— E{A2-B3-Cl

— E{A2-B3-C3
— E{A2-B3-C3
— E{A2-B3-C3
=0,
E{A2-B3-C2-D3}

T 1+K

. D2}
. D3}
— E{A2-B3-C2.
— E{A2-B3-C2.

D1}
D2}

. D1}
- D2}
. D3}

Jo 2rfym) a*8(1 — q)

L—1
: (Pg +> P%a(m)) :

=1
E{A3-B1-C1-D1}

— E{A3-B1.-Cl
— E{A3.Bl-Cl

— E{A3-Bl-C3
— E{A3-Bl-C3
=0,

E{A3-B1-C3-Dl)}

1+K

31338

. D2}
. D3}
= E{A3-B1-C2.
— E{A3-B1-C2.
= E{A3-B1-C2-

D1}
D2}
D3}

. D2}
. D3}

exp (127fiL = )0 5(m).

(29)

(30)

€1y

(32)

(33)

E{A3-B2-C1-Dl}

— E{A3-B2-C1-D2}

— E{A3-B2-Cl-D3}

— E{A3-B2-C2-Dl)}

— E{A3-B2-C2-D2)

— E{A3-B2-C2-D3}

— E{A3-B2-C3-Dl}

— E{A3-B2-C3.D3)

=0, (34)
E{A3-B2-C3-D2}

= ! JO<2nfd(l—q))025(m)

1+ K
L-1
: (P(% + ) P - q)) , (35)
=1
E{A3-B3-C1-D1}
__K Df 2531 36
= 1+Kexp<] nfd(m—q)>0 @, (36)

E{A3-B3-C1-D2}

— E{A3-B3-Cl-D3}

— E{A3-B3-C2-Dl)}

— E{A3-B3.(C2.D3)

— E{A3-B3-C3-D1}

— E{A3-B3-C3-D2}

=0, (37)
E{A3-B3.C2-D2)

1
= —Jo(2fatm — @)D
L—1
- (pg + Y Pis(m— q)) : (38)
=1
E{A3.B3.C3- D3}
= 04(5(1)5(;11 —q) + 8(m)s(l — q)). (39)

Based on the above detailed derivations, we conclude the
proposition 2.
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