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ABSTRACT In this paper, a stochastic SIRS epidemic model with general awareness-induced and four
independent Brownian Motions is established. We verify the global existence of a unique positive solution
and find out the noise modified reproduction number Rg which is a sharp threshold for the dynamics:
If Rg < 1, the disease will die out; if Rg > 1, the disease persists and there exists a global asymptotically
stable stationary distribution under parameter restrictive conditions. Numerical simulations are presented to

illustrate the theoretical results.

INDEX TERMS Stochastic modeling, stability analysis, necessary and sufficient condition, stochastic

stabilization, stationary distribution.

I. INTRODUCTION

Compartmental epidemic models for infectious disease are
established to illustrate the transmission behaviour in a host
population. Classical SIR model partitions the host popula-
tion into the susceptible compartment S, the infectious com-
partment / and the recovered compartment R. At a time 7, the
size of population in compartments S, /, and R are denoted by
S(t), 1(t), and R(t), respectively. Ordinary differential equa-
tions that describe the changes of sizes in each compartment
can be written as

ds

p =A—-dS—(B1—BfU))SI + SR

d/

Frie (Br = B2 fUNSI — (a2 +y + )]

dR

i vl —(d3 + S)R. (D

Parameter A denotes the influx of susceptible hosts, y and
8 are the rate of transfers of hosts from compartment / to
R and from R to S, respectively. Accordingly, 1/y is the
mean infectious period and 1/§ is the mean immune period.

The associate editor coordinating the review of this manuscript and
approving it for publication was Jenny Mahoney.

29648 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/

Parameter d, d», d3 are background mortality rates for com-
partment S, I and R [1]. Considering the effects of media cov-
erage though the transmission process, the incidence of the
disease in this model is given by a general awareness-induced
incidence bilinear expression (81 — B2 f(1))SI [2], where 81
is the direct contact rate, B, is the maximum reduced
contact rate due to the effects of media coverage to
protected individuals. Based on biological considerations,
B1 = B2 > 0, the function f(I) satisfies the following basic
assumptions:

HD f0)=0,1"(t) = 0;

(H2) limj oo f(I) = 1.

The total population N (¢) = S(¢) + I(t) + R(¢) satisfies the
equation

N'(t) =A —d\S(t) — (dr + )1 (1) — d3R(1),

so N(¢) can vary with time. The basic reproduction number
of the deterministic model (1) is

Ro=B1/(y +d2» + @),

which measures the average number of secondary infections
from a single infective host in an entirely susceptible popula-
tion during the host’s infectious period [3]. More specifically,
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if Ry < 1, the disease-free equilibrium Py = (A/d1, 0, 0)
is globally asymptotically stable which means the disease
will die out; if Ry > 1, Py is unstable and there exist
an endemic equilibrium P* = (§*,I*, R*) which is glob-
ally asymptotically stable, the endemic equilibrium P* =
(8*, I'*, R*) satisfies the following equations:

A—di S* = (Bi — B fU*)S* " + SR* = 0;
(B1 = B fI*NS™ T = (da + y + a)[* = 0;
yI* —(ds + §)R* = 0.

To account for variability of the environment and stochastic-
ity in the disease transmission process, as well as uncertainty
in measurement of model parameters, various noise terms
have been introduced into model (1), an ODE model becomes
a system of stochastic differential equations (SDE). There are
generally two approaches to derive a SDE model. To describe
demographic stochasticity, Allen [4] discussed the approach
of deriving stochastic differential equations from the for-
ward Kolmogorov equation of continuous time Markov chain
models. Schramm and Dimitrov [5] describe threshold as a
random process, develop an extension to differential equation
models of dynamical systems. To incorporate stochasticity
in measurement and estimation of model parameters, noise
terms have been introduced into deterministic models as
perturbations to model parameters [6]-[13].

Some stochastic epidemic models exist disease-free equi-
librium, the stochastic threshold of the model has been
obtained [6]-[10]. Some stochastic epidemic models have no
disease-free equilibrium anymore, the asymptotic behavior
around the deterministic model’s disease-free equilibrium
and endemic equilibrium has been obtained [11]-[13].

It remains an open question find an appropriate form of
a sharp stochastic threshold(reproduction number) for the
dynamics of SDE epidemic models that plays the role of Ry
for ODE models.

In the present paper, we add four different white noises
into the deterministic system (1) by perturbing model
parameters B1,d;,d> + « and d3 to By + 04B4(t), dy +
01B1(1), dy + o + 02B> () and d3 + 03B3(1), where o1, 02, 03
are perturb intensities, then the deterministic model becomes
to

dS = [A —dy S — (B — Ba FU)SI + SR)dr
+01SdB (1) — 04SIdB4(1),

dI = [(B1 — o fU)SI — (d2 +y + )] ]ds
+ 04SIdB4(t) + oI dBa (1),

dR = [yl — (d3 + §)R]dr
+ o3RdB3(1), ()

We found out an improved stochastic noise reproduction
number Rg which determine the extinction and persistence
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of the disease.

BiA _ 05 oiA’
RS — A 2 2dl—djo}
S =
y+dy+o
_ 022 1
I RV AR
2
% A? 3
2 o digf '
(dl - T)(y +d +a)

More specifically, if Rg < 1, the disease dies out almost
surely; if Rg > 1, the disease will weakly persistence and
there exist a stationary distribution. The main contributions
of this paper are summarized as follows:

o Compared with the previous works on stochastic mod-
eling of epidemic models, the general SIRS model(2) is
stochastic perturbed by four independent noises which
enable the non-existence of disease-free equilibrium.
It expends the adding method of parameter perturbation,
contain previous works as special cases.

o The stability necessary and sufficient condition of the
general SIRS model is obtained which is a sharp thresh-
old for the disease dynamics. Our definition of Rg con-
tains the deterministic model’s Rg ,some stochastic SIS
models’ stochastic reproduction number and SIRS mod-
els’s stochastic reproduction number as special cases.

« Stochastic perturbations paly a positive role in disease
extinction as they lower the reproduction number Rg.
This agrees with control strategies on stochastic sta-
bilization of a given unstable system [14]-[19], and
provide a new thinking of disease Control.

In section 2, we prove the global existence of positive
solutions. Stability analysis of the disease-free equilibrium
is carried out in Section 3. In section 4, we give the per-
sistence results in two versions: weak stochastic persistence,
the existence of a globally stable stationary distribution under
the condition Rg > 1. In section 5, An example and numer-
ical simulations are provided to substantiate our theoretical
results.

Il. EXISTENCE OF THE GLOBAL POSITIVE SOLUTION
Let (2, F, {F:}:>0, P) be a complete probability space with
a filtration{F;};>0. We use (B1(¢), Ba(t), B3(t) and (Ba(t)
to denote independent Brownian motions defined on the
probability space. To establish that model (2) is well-posed,
we show that the model has a unique global positive solu-
tion. Uniqueness of the solution follows from the Lipschitz
properties of the coefficients of drift term and diffusion term.
Global existence of solutions typically requires linear growth
condition [14], which does not hold in model (2) because of
the bilinear incidence. In this section, we first show that there
exist a unique maximal positive solution, and then prove that
this solution is global.

Theorem 2.1: For any initial data (S(0), 1(0), R(0)) € R3,
the stochastic SIRS epidemic model (2) has a unique positive
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solution (S(¢), I(¢), R(t)) € Ri that exists for all + > 0 with
probability one.

Proof: For any given initial data (S(0), 7(0), R(0)) € R3,
Lipschitz property of the right-hand-side functions implies
that a unique local positive solution (S(¢), I(¢), R(t)) € R3+
exists in a maximal interval [0, t,), where 7, < +00 is the
escape time from ]Ri [14]. For ¢t € [0, t.), a solution can be
expressed as

t
S(t) = e1(0)[So + /0 (A + 8R()p; ' (s)ds],
I1(t) = Ippa(1),
t
R(t) = ¢3()[Ro + y /0 1(9)p3 ' (5)ds],

where
t o2
o1(1) = exp fo [— B = Baf U@)I@) — dy = -

o7 1%(u)

t
|du + 018, () — / a4l(u)dB4(u)},
0

t
e2(1) = exp| fo [(B1 = Baf 1w)Sw) = dr = —

078 w) + o3
2

t
+ / 015 (0dB(w)|.
0

|du + 02B,(1)

0_2
3
@3(1) = exp[(—ds — 8 — 7)t
+ 03B3(1)].

Therefore, with probability 1, a sample path of model (2)
starting in Ri will remain in Ri for as long as the solution is
defined. The escape time 7, is then the blow-up time, and we
need to show that 7, = oo almost surely. Let kg be sufficiently

large such that S(0), 1(0), R(0) all lie with the interval(0, k),
For each integer k > ko, define the stopping time

7, = inf{t € [0, 7,) S(¢t) +1(t) + R(t) > k},

where inf@) = o00. Set 100 = limg_, oo Tk, then 70 < 7.
It suffices to prove that 7o, = oo a.s. forall# > 0. Suppose on
the contrary that 7o, < 00. Then there exists pair of constants
T > 0and ¢ € (0, 1) such that P{toc < T} > ¢, and thus
there exists integer k1 > kg such that P{t;y < T} > ¢ for all
k > k.

Consider function V(S,1,R) = S + I + R. Using the Ito
formula, for any # € [0, T] and k > k;

EV(S(t A ), It A i), R(t A T1))
= V(5(0), 1(0), R(0)) + E/OM LV(S(s), 1(s), R(s))ds,
where LV satisfies
LV(S,I,R)=A—d1 S —(dr+a) —d3 R <A.
Therefore,
EV(S(0), 1(1), R(1)) = V(S(0), 1(0), R(0)) + AT,

29650

heret € [0, T]. Set 2 = {tx < T} C , then w € 2 and
k > ki imply that S(tx) + I(tx) + R(tx) > k, hence

V(S(0), 1(0), R(0)) + AT

> E[lg, (0)V(S(tk), I(tk), R(ti))]

> ¢k.
Letting k — o0, we have V(S(0), 1(0), R(0)) + AT > oo,
a contradiction. O

Ill. THE BASIC REPRODUCTION NUMBER

AND THRESHOLD THEOREM

Let Rg be given in (3). We establish in this section that Rg is
a sharp threshold for the stability of the disease-free solution
Po = (8,0, 0), where S is the solution of

dS(t) = (A — dy S)dt + o1 SAB; (1).

Before proving the main theorem we put forward a lemma.

Lemma 3.1: Considering the following stochastic
differential equation
dx(t) = (A — dy x(t))dt 4+ o1 x(t)dB(t). 4

where A, d;,o; are constants. The solution is stable in
distribution, ergodic and satisfies

o1 T A
lim — x()dt = —,
T Jo d

T—o0 1

lim i 2(1)dt 24 (5)
m — X = —a7=.

T—oo T Jy 2d12 — d1012

Proof: The integral form of (4) can be written as

T T
x(T) = x(0) + AT — d, f x(t)d + o / x(1)dB(1).
0 0

Dividing both sides by T and sending T — oo, applying the
ergodic property of the stationary distribution [20] and also
the large number theorem of martingales, we have the result
that

li 1/T (t)dt = A (6)
TLH;OT 0 * dy

Then we need to prove that

lim /T 2(t)dt 207 (M
im — X = —.
T-o00 T Jo 2d} —dyo}

To find the second moment of x(¢),we use Ito’s formula
d(x2(1)) = (0f — 2d)x>(1)dt + 2Ax(1)dt + 201 x*(1)dB; (1).
Using the same method and combining the mean moment of
the stationary distribution, we obtain
1T, 242
lim — x“(t)dr = P
T—oo T Jo 2d1 - d]al
We now prove the main theorem. } _
Theorem 3.2: The disease-free solution Pg = (S, 0, 0) is

almost surely asymptotically stable if Rg < 1 and is almost
surely unstable if Rg > 1.
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Proof: We use the method of linearization for the stabil-
ity analysis. Consider the linearized system at Py:
dx(t) = [~y x(1) = BiSy(t) + 8z(n)]dr
+01x(1)dB1 (1) — 04 Sy(1)dBa (1),
dy(t) = [f1S — y — da — aly(r)dt
+ 02y(t)dB () + 04Sy(t)dBa(t),
dz(t) = [yy(t) — (d3 + §)z(1)]ds
+ 03z(¢)dB3(2). ®)

The analytic solution of the second equation in (8) is
t
0 = 3o [ [1560 -y - da
0

2 2
ot oy -
—a— 72 — %Sz(u)]du

+o1B1(t) + 04/
0

t

S(u)dB4(u)}. ©)

From lemma 3.1, S(¢) satisfies

o1t A

lim — S(uwydu = —; (10)
=00t Jo d|

S L 2A2
lim — | S*(u)du = ———; (1D
t—o0 t Jo 2d{ — dyof

Combining with the fact that B;(¢) satisfy B;(¢)/t — 0 a.s.
ast — 00, we arrive at

1 A
1imsup—10g|y(t)|:ﬁl——y—dz—a
t—oo 1 dl
2 272
o __ouh

2 2d% —dio?

Let
BA 022 crA%A2
M=——-y—d—a———— ——,
! d; 4 2 2 2d12—d1012
o3
M =—d3 —6— > (12)

Theniy < 0.IfRS > 1,theni; > 0,and y(t) > exp(r ;) a.e.
for sufficiently large 7. Therefore y(r) — oo exponentially,
and Py is a.e. unstable.

Suppose that RS < 1. Then A1 < 0. This implies that
¥(t) — 0 exponentially a.s. as t — oo. Hence for any
0 < €1 < —Aq, there a & > 0 such that

(O] < §exp |G + e . (13)

From the third equation of system (8) and by the Ito’s formula,
we can derive the following relation

t
2(1) = &M t+o3Bs(1) [Z(O) + / )/y(s)e_)‘2 5_0333(S)ds]. (14)
0

Since B;(t)/t — oo,i =1, 2, 3, thereexistT > Oand ey > 0

such that
|Bi(t)| <ext, t>T, a.s.
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with
A1+ e+ 2ozl < 0 (15)
A2+ lo3lez < 0 (16)

Substituting (13) into (14) we obtain
T

01 = [z + [y
0

e s—oaBs(s)dS]exzr—oaBs(n

t
=B f yEetta—iastosler s g
T

T

< [0+ [ yives)
0

X o—*2 5=03B3(5) ds] 2t —03Bs(0)

t

+y Ee(kz+|03\62)tf e —hateloss g
T

< (C; + Cz)e()»2+\03|62)t + C3e()~1+é|+2|03|62)t,

where

T
Cr= 0+ [yl s,
0

Cy — vI§] R
A1 — oA + €1 + €203]
Cs = v Il

A1 — Aok + €1 + €03

Therefore, |z(z)] — 0 exponentially a.s. ast — oo. A similar
argument can be used to show that |x(¢)] — 0 exponentially
a.s. as t — oo. Summarize all the three results, the largest
Lyapunov exponents of the linearized system (8) are nega-
tive. By the Oseledec Multiplicative Ergodic Theorem [21],
we conclude the disease-free solution (S’ ,0,0) of system (2)
is almost sure exponentially stable if Rg < 1. U

Remark I: In theorem 2, we gain necessary and sufficient
conditions related to the basic reproduction number Rg (3) for
the stochastic SIRS model’s stability behaviour. Our method
is different from Lyapunov function method which typi-
cally provides only sufficient conditions of the disease-free
equilibrium.

Remark 2: fdy = dp = d3 = panda = o4 = 0,
our stochastic SIRS model(2) becomes to the model in ref-
erence [11]. They point out that ROD does not exceed a critical
level, which has been proved theoretically in this paper. The
stochastic reproduction number is

2 2
s BiA 9 D 9

T unt+y) 2m+y) 0 2uty)
Remark 3: 16 f(I) = 50r p1 = o = e,d) = dp =
d3; = u,04 = 0 and o1 = 0p = o3 = 0, our stochastic SIRS
model(2) becomes to the model in Jiang et al. [7]. They have
obtained a threshold of the stochastic system
7 BiA o2A?
0 = -
pu+y+e 2ul(n+y+e)

29651



IEEE Access

X. Zhong et al.: Sharp Threshold for the Dynamics of a SIRS Epidemic Model

If Ry < 1,I(¢) tends to zero exponentially. This threshold Ro
is equivalent to our Rg .

Remark 4: If 01 = 0o = 03 = 04 = 0, our stochastic SIRS
model(2) becomes to the deterministic model(1). There is a
disease-free equilibrium (£ I , 0, 0), the stochastic reproduc-
tion number RS equals to RD By theorem 3.1, the disease-free
equilibrium is asymptotlcally stable.

Regarding the global asymptotic stability of Py, we have
the following result.

Theorem 3.2: Assume that the stochastic reproduction
number R‘S < 1 and the direct contact transmission coef-

2
ficient satisfies B < 04\/ 2y +dy + o + %), Then for
any given initial data (§(0), 1(0), R(0)) € R3 | the solution
(S(), I(t), R(t)) of model (2) has the property

lim sup
—0o0

log(I(t)) <0, a.s.

which means the disease will die out globally.
Proof: By the Ito formula, we have
t
log(I(1)) = log(1(0)) + /0 [(B1 — B2 f U ())S(w)

2 2 2
o;S(w) _ U—z]du
2 2

— 0By (t) + M(1), a7

—y—d—a-—

where M (1) = fot 048 (u)dB4(u) is a continuous local martin-
gale. By the exponential martingale inequality (see Mao [14],
Theorem 7.4 on P44) and Borel-Cantelli’s Lemma, we get
that for almost all w € €2, there exits a random integer ko(w)
such that if k > ko,

_ 1 1 2
M(t) < Ev/ S2(u)du+ Ink, (18)
0
for all ¢t € [0, k]. Combining (17) and (18) we obtain

t
log(1(1)) = log(1(0)) + /0 [(B1 = Baf U (u))S (u)

(1 —v)o2S(u)?

v —d—a —
y—a -« )

2
— —]du — 02Bs(1) + Ink.

We define LV (x) as

LV(x) = (B1 — B2 fNS(w) —y —da — «
(A =vopSw? o3
2 27
Noting that
LV(Iw) < prSw)—y —dy —«
- v)64 Sw? o3
2 2
. S
=2 -2 o=

29652

it follows that

2 2
2(1— V)02 2

2
+—Ink — 02Ba(¢).
v

log(1(r)) = log(1(0)) + [

Thus fork — 1 <t < k, we have

limsupllog(l(t)) < ﬂ—lz —y—dy—o— 0—22
=00 2(1 —v)a} 2
, 02B (1)
— lim sup .
I— 00

By the low of large numbers to the Brownian motion and
sending v — 0

1
lim sup —log(I(1)) <

t—00 2(1 — V)U4 2

A
L

which means /(¢) is almost sure exponentially stable in the
large. Whence the proof is complete. |

IV. STOCHASTIC PERSISTENCE
In this section we establish that the disease persists in the
population if Rg > 1. There are several concepts of stochastic
persistence [6], [10]. Firstly, We demonstrate weakly persis-
tence of our stochastic SIRS model.

Theorem 4.1: 1If Rg > 1,then the disease will be weakly
persistent.

Proof:If it’s not true, there is a ¢ € (0, 1),such that

p(Q) > ¢.

= {w|limsup I(¢) = 0}

11— 00
so for every w € 1, thereis a 71 = T1(w) > 0,such that
I1t) =0, t > Ty,
as we know

o2
R(Z,(,()) — e—(a’3+5+73)1+0333(l)[R(0’ (,())

t 02
+ / VI(s, w)e T+ 3)5-03B3(5) g )
0
02
= o BRETITBBOIR, )
T 2
'i_/ 1 yl(s’ w)e(d.’a+3+73)X—O'3B3(s)ds]’
0

so for any ¢ > 0, there exist 7> = T>(w) > 0, such that
R(t) <e, t > T>.

Fort > T = max{T, T>}, using Lemma 3.1 we know

1 [t A48
lim — / S(uydu = 2.
t—oo t Jy dp
! 2A + 8¢)?
lim - | S2(u)du = %; (19)
i~ 1 o 242 — dyo
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Moreover by the large number of martingales, there is also a
set €25 such that for every w € o,

1 [f By(t
lim [~ / 045(s)dBa(s) + 22520
t—=o0 t Jo t

1=0.
Since p(£27) = 1, we can find some w € 21 N 2,. Now fixed
any w; € Q1 N Q) fort > T(wy),

fa@, w) =0
t
log((z, w)) = log(1(0)) +/0 (B1(S(s,0) —y —da

2 2¢2
0'_2_64S (s, )

1ds
2 2

—o —

t
+ / 04S()AB4(s) + 02Ba (1)
0

Using (19) and sending ¢ — 0, the above equation yields

o1 B1A
liminf - log({(t,w)) = — —y —d>r —
t—o0 t d;

012 042A2
2 24} —do}
>0

which means lim,_, o I(f) = o0, however this contradicts
1(¢) = 0. The proof is complete. U

Next, we concentrate on the existence of stationary dis-
tribution. To prove the main results, we need Khasminskii’s
stationary distribution theorem [21]. let X(#) be a regular
time-homogeneous Markov process described by the stochas-
tic differential equation

k
dX(t) = b(X)dt + Y 0,(X)dB,(1).

r=1

The diffusion matrix is defined as follows:

k
A(x) = (ag(x), aj(x) = Y o}(x)of(x)

r=1

Lemma 4.2: The Markov process X (¢) has a unique sta-
tionary distribution p if there exists a open bounded domain
U c R!,and the condition are satisfied.

(A) In the domain U and some neighborhood thereof,
the smallest eigenvalue of the diffusion matrix A(x) is
bounded away from zero.

B)Ifx e R! U, the mean time 7 at which a path issuing
from x reaches the set U is finite, and sup,.x E¥1 < oo
for every compact subset K C R!. Let f(-) be a function
integrable with respect to the measure . Then

1 T
P(limTeoo?/O FXE(@)dt = A‘yf(x)u((d)x)) =1,

forall x € R!.
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Before the main proving, Let us introduce five parameters
which will be used in Theorem 4.3

_ 2@ +dit+dy) 2di+dr+a)

] 5 [ Fi ]
2d1 +d3)dy +do +a+y)
+ )
2dy +ds + 5)] I*o?
81+ 27
® 26(dy + o) + 2(dy + d3)(a +dr + )
2 =
1)
S+di+dy ,
SRR LS
0y = 2dzy + (dr + o — d1)(d3 + 9)]
Y
y+dr+a—d ,
A RS
Y
al*o7  (di +d3)X(S*) | a3(S*)
w =
2 182 )
(dr+ o —d)*(R*)?  (di + d3)(S*)?
- - —~
Y w3 1)
d — d1)(R*)?
(Y — (d2 + a — d1)(RY)
Y
2(dy +dr + o)
a = ——
B
2d1 +d3)dy +do +a+y)
+ .
8
% 207%\2
Theorem 4.3: If RS >landw < @ +§§’)2(S N RN
w1 (©7)

—d)2(R*)? . . C .
(dyta=d)"(RT)” Thep there exists a stationary distribution for

the st)(/)ccﬁastic system (2).

Proof: Since Ry > Rg > 1,then there exists a positive
equilibrium (S*, I*, R*) of the deterministic SIRS model,
it satisfies

A =diS* + (B — Bof I)S*T* — SR*,
B1 — Bof U'NS* =y +dr + a,
yI* = (ds + OR". 20)

Define a positive function as follows
V(S,I,R) = (S+1+R—S"—I* —R*)?
+ai(S+1—8*—1%?
1
+ay(I —I* — I*lnl—*)
+a3(R — R’
=Vi+aVo+aVz+azVs.

Here ay, ay, as are constants to be specified later. By Ito’s
formula, we obtain

LVi =28 —=S8*+I—-I"+R—R"A
—diS — (dy + @)l — d3 R] + o}25?
+022]2+a32R2.
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Adding the three equations in (20), we get A = d|S* + (dr +
a)l[* + d3R*, using this to replace A gives
LV =2(S—S*"+1—-I"+R—R"[—di(S— 5%
—(dy +a)I —I*) — d3(R — R")]
+078% + o} 1% + o3 R?
= —2di(S = 5% = 2da + )T = I*)’
—2d5(R — R*)* + 0{S* + 051> + 05R?
=2(dy +dy + a)(S — SHUT —T7)
—2(dy + d3)(S — S*)(R — R¥)
—2dy +d3 + o) — I*)(R — RY).

To calculate V,

LV, =28 —S*+1—IYA—d\S — (y +do + )]
+ 8R] + 028% + o312, Q1)

Substituting (20) into (21) yield

LV, =2(S = S*+1 —I")A—d\S — (y +dy + )]

+8R] + 078 + a3 1?

=28 —S*4+1 —I")[—di(S — 5%
—(a+dr+a)I —I%)
+8(R — R)] + ofS* + o31?

= —2d1(S — $*)* — 2(a +dy + y)I — I*)?
+0{8? + o3 1?
=20 +dy+a+y)S—SHU —T)
+258(S — S*)(R — R*) 4+ 28(1 — I*)(R — R¥)

we calculate V3 and use (20) as above we get

I* I*
Lvy = (1 - 7)(/35 —y—dy—a)l + E(ofsz +03)
I*
=B — S —TI") + 7(@%52 + o)),
we calculateVy
LVy = 2(R — R")[yl — (d3 + 8)R] + 03R?
= 2y(R — R")I — I*) — 2(d3 + 8)(R — R*)?
+032R2.

di+ds
8 £l

Selecting coefficients a; =
2(d1+d3)(dg+d2+0(+}/), az = d2+;lf—d1 we obtain

a 2(dy +/§12+a) +

2418 +di +d
_ ]( +81+ 3)(S_S*)2
_20(da+ ) +2(d1 +d3)(e+dr+y)
)
2dsy +(d2+ o —di)(d3 + )]
Y
[2(d1 +dy + @)
B
2dy + d3)dy + dy + a4 y)I¥o}
+ P) ] 2

LV =

(I —1*)?

(R — R*)?
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2di +do+a)  2d) +d3)d) +dr+a+y)
+ +

B 8

Ady +d3 + 8), 10}

+ (1 3 )] 1 o2
SI* 2
§+d +d

+%022]2+

Using the coefficients determined above, we obtain

d —d
yroteZd oo

LV = —w1(S — 5 — wo( — I)* — 03(R — R)? + w.
If o satisfies the following condition
o< a)ls‘z A a)272 A a)31_32,
then we find out the ellipsoid U
1S =82 + (I — 1) +3(R—R? =w

stay in Ri. Taking U to be a neighborhood of the ellipsoid
such that U € R3, then the inequality (S,/,R) € R \
U,LV < 0 holds, which implies the condition (B2) in
reference [21] is satisfied. On the other hand, it is to see
that the diffusion matrix is uniformly elliptic in U. Thus the
stochastic system (2) has a stationary distribution w(-) and it
is ergodic. 0

V. NUMERICAL SIMULATIONS ANALYSIS

In this section, we provide three numerical simulation results
for the stochastic model(2) to substantiate theoretical find-
ings: threshold theorem in section 3 and persistence theorem
in section 4. Using Milstein’s higher order method [22], [23],
the numerical equations are

Sk1 = Sk + (A — d1Sk — (B1 — Bof Ux))Skdk + SRy) At
1
+ 018k Atk i + SoTSEEN — DA

1
— ou Skl Atés i + 50425,31,{2(53 . — DAL,
D1 = I + [(B1 — Bof TSkl — (d2 + v + )l ] At
1
ool Al + SOFIHE  — DAL

1
+ ou Skl Atéa i + 5042S131k2($i , — DAL,
Riy1 = Ry + [y Ik — (d3 + SRy ] At
1
+ 3RV Atgs i + 50321%%(532,,( — DA, (22)

where &1k, &1k, &1k, 1.k, kK = 1,2, ..., n are independent
stochastic variables N(0,1).
Note that
pLA _ o3 ofA
A T2 2d2—dio?
y+dr+a
022 1
2 y+d+a
O"% A?

dyo? ’
2@ -2y +d +a)

S
RO
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TABLE 1. The fixed parameters of model (2).

Parameters | A d1 do d3 B « v
Value 100 0.10 0.11 0.09 0.10 0.20 0.10
Unit person | day~ Y day~Y day™Y day~Y day™Y day~]
TABLE 2. The variable parameters of model (2).
Ro R§ B1 B2 o1 a2 a3 o4
0.5818 | 0.8869| 0.0004| 0.0003| 0.0100| 0.0100| 0.0100| 0.0005
0.9466 | 1.3304] 0.0006] 0.0003] 0.0100] 0.0300] 0.0100] 0.00056
1.2815 1.3304] 0.0006] 0.0003] 0.0100] 0.0100] 0.0100] 0.0002
1000
500 | S
It
—R(®
(0]
o] 50 100
Time t

(a)One sample path of the stochastic SIRS model

1000
500 S
1t
M ——R()
(o}
o 50 100
Time t
(b)Another sample path of the stochastic SIRS model
4 5 5
25 =10 4><‘IO 4><‘IO
2
3 3
> 15
2 2 2
e 1
1 1
0.5
0 0 0
go0 10001100 1 ©o 1 4 0 A1
S It R(t)

(c)Density of the stochastic SIRS model’s solution

FIGURE 1. Extinction behaviour under the conditions: Rg <landRy <1.

According to the structure of the reproduction number,
we assume some fixed parameters in table 1 and some vari-
able parameters in table 2. Modifications of the parameters in
table 2 will cause the fluctuation of Ry and Rg around 1.

Firstly, we give two examples to support the threshold the-
orem 3.1: under the condition of Rg < 1, disease will die out
no matter the value of Ry lower or bigger than 1. we assume
that f(I) = 1’? and the initial values are (480,320,200).
In figure 1, we choose the first row’s parameters in table 2
which guarantee R‘g < Ro < 1. Fig.1(a) and Fig.1(b)
present two different sample paths of S(¢), 1(¢), R(¢). Both of
the infective class go to 0. To illustrate the extinction situa-
tion in probability, we also statistics 40000 times simulation
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1000
800 stochastic S(t)
stochastic I(t)
600 stochastic R(t)

deterministic S(t)
400 f e deterministic I(t)
————- deterministic R(t)
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o] 100 200 300
Time t

(a)One sample path of the stochastic SIRS and the
deterministic SIRS model

1500
1000
500
,& D
o
o 20 40 G0 80 100
Time t
(b) Another sample path of the stochastic SIRS model
4 5 5
3 =10 4 =10 4 =10
2.5
3 3
2
=
215 2 2
=
1
1 1
0.5
0 0 0
900 10001100 -1 o 1 4 0 A
St) It) Rqt)

(c)Density of the stochastic model’s solution

FIGURE 2. Extinction behaviour under the conditions: Rg <1butRy > 1.

results on S(10000),/(10000) and R(10000), the frequency
histogram show the extinction of disease.

In figure 2, we choose the second row’s parameters in
table 2 which guarantee Rg < 1. Since Ry > 1, the deter-
ministic model(1) has an endemic equilibrium E* which is
globally asymptotical stable. By theorem 3.1, I(t) of sys-
tem(2) tends to 0. we can observe that the sample paths of the
solution converge to (5,0,0)in Fig.2(a) and Fig.2(b), where S
is the solution of dS = (A —dj S)dr + o1 SAB(t). 40000 times
stochastic simulations on $(10000),/(10000) and R(10000)
also be presented in Figure 2 (c), it clearly show the extinction
of disease.

To investigate the persistence behaviour, we use the third
row’s parameter in table 2 which satisfy the condition
in Theorem 4.1 and 4.2. We can compute the determin-
istic model’s endemic equilibrium is (687.2436, 86.8768,
43.4384). In figure 3(a), solution fluctuate around the
endemic equilibrium which means the disease persistence.
In figure 3(b), we present the frequency histograms based
on 200000 stochastic simulations for /(¢) at time t = 10000.
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(a)Trajectories of the stochastic and deterministic model
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(c)The density bar though continuous-time section

FIGURE 3. Trajectories and stationary distribution with the conditions:
Rg >1andRy > 1.

In figure 3(c), we collect S(¢), I(¢), R(¢) from ¢t = 300001
to ¢t = 500000 step on At = 1. Comparing the curves of
figure 3(b) and figure 3(c), we can conclude that there exists
a stationary distribution for the stochastic system(2).

VI. CONCLUSION

In this paper, we investigated the dynamics of a stochastic
SIRS model with general awareness-induced incidence and
four independent Brownian motions. Firstly, we have verified
the existence and uniqueness of the global positive solution.
Then we have derived the noise modified basic reproduction
number Rg for the stochastic model and show that it is a
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sharp threshold. More specifically, if Rg < 1, the disease-free
solution Py is asymptotically stable; if Rg > 1, the disease is
weakly persistent and there is a stationary distribution under
a parameter restrictive condition. The sharp threshold is a
new result which gives a sufficient and necessary condition
about the stability of disease-free solution since there is
no disease-free equilibrium for the general stochastic SIRS
model(2). We have shown wide range numerical investiga-
tion results of the stochastic model to substantiate the sharp
threshold Rg and the existence of the stationary distribution.
Our results provide a new thinking to disease preventive
strategy: stochastic perturbation, efforts should be made to
prevent the disease to spread widely in the population.

Some interesting topics deserve further investigations, it is
also interesting to consider the global stability behaviour of
the disease-free solution since simulation show the stability
property under different initial values. We leave these for
further investigations and look forward to solving them in the
near future.
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