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ABSTRACT Due to manufacturing errors and material deteriorations in the metal rubber of clamps,
the clamp stiffness of the pipeline is uncertain. This paper presents a non-intrusive multi-dimensional Cheby-
shev polynomial approximation method (M-CPAM) to evaluate uncertain characteristics of the frequency
response function (FRF) of the clamp-pipeline system (CPS), where the clamp stiffness parameters are taken
as unknown but bounded interval variables. Firstly, a finite element model of the clamp-pipeline system is
established. Secondly, the variance-based global sensitivity analysis is implemented to determine significant
stiffness parameters. Then, the uncertain intervals of the clamp stiffness are measured by experiments and the
dispersion of the clamp stiffness is described. Finally, based on the measured stiffness interval, the uncertain
frequency responses of the CPS under different tightening torques are analyzed by the proposed M-CPAM,
and the effectiveness of simulation results is verified by experiments. Compared with the results obtained
from the Monte Carlo simulation, the experimental measurements, and the polynomial chaos expansion,
the proposedM-CPAM provides a more accurate, time-saving and practical method for solving the uncertain
frequency responses of the CPS with interval stiffness variables. The results show that the clamp stiffness
has great dispersion under the same tightening torque. A frequency shift phenomenon will be observed when
the clamp stiffness is uncertain. Moreover, the dispersion of the frequency response of the CPS tends to be
concentrated with the increase of the tightening torques.

INDEX TERMS Clamp-pipeline system, experiment, frequency response function, uncertainty analysis,
interval-based method.

I. NOMENCLATURE
A cross-sectional area of the beam element
Ai the i-th order eigenvector
ai1,··· ,ig Chebyshev polynomial expansion coefficient
b uncertain parameter vector
bLi , b

H
i the lower and upper bounds of the ith member

of b
C damping matrix of the CPS
C(b) damping matrix with uncertain interval vector

The associate editor coordinating the review of this manuscript and

approving it for publication was Nagarajan Raghavan .

E Young’s modulus
I cross-section inertia moment
F external force vector
f (x1, · · · , xg) multi-dimensional Chebyshev polyno-

mial approximation
fX (X) joint density of X
g the number of uncertain parameters
h(x1, · · · , xg) actual deterministic frequency response

value of CPS
Ke
p stiffness matrix of the beam element

KH total stiffness matrix of the clamp
KP stiffness matrix of pipeline
K stiffness matrix of the CPS
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K (b) stiffness matrix with uncertain interval
vector

Kx translational stiffness of the clamp in
the x-direction

Kz translational stiffness of the clamp in
the z-direction

Kθx torsional stiffness of the clamp in the θx
direction

Kθz torsional stiffness of the clamp in the θz
direction

L length of the beam element
M mass matrix of the CPS
Me

p mass matrix of the beam element
M(b) mass matrix with uncertain interval

vector
m Gaussian points number
n Chebyshev polynomial expansion

number
n̄ modal order number
n̂ number of stiffness parameters
N̄ total number elements of the p-order

chaos polynomial set
Si primary sensitivity coefficient
STi total sensitivity coefficient
Tw transformation matrix
TL tightening torque of the left bolt
TR tightening torque of the right bolt
Tj(x) the first-class Chebyshev polynomials
Ti1 (x1) · · · Tig (xg) Chebyshev polynomial value at the

interpolation point
ue node freedom of beam element
Ü , U̇ , U acceleration, velocity and displace-

ment vectors of the CPS
u the number of zeros appeared in

i1, · · · , ig
v beam elements number
VY total variance
Vi, Vij variance component
X stiffness parameters vector
X̃ tensor product
X−i all parameters of X except Xi
X−ij all parameters of X except Xi and Xj
xi standard interval parameter
xm Gaussian integral point
1Fz variation of the loading force in the z-

direction
1z variation of the displacement in the z-

direction
1Tx variation of the torque in the θx direc-

tion

GREEK SYMBOLS
1θx variation of the angular displacement in the θx

direction
ρ(x) weight function of Chebyshev polynomial

ρ material density of the pipeline
µY mean of Y
ϕαk (ζk ) αk th-order marginal orthogonal polynomial
δij Kronecker delta symbol

ABBREVIATIONS
FRF frequency response function
CPS clamp-pipeline system
MCS Monte Carlo simulation
PCE polynomial chaos expansion

II. INTRODUCTION
The pipeline system, as an important component for trans-
porting fluids such as lubricating oil, fuel oil, and hydraulic
oil, is widely used in the aviation industry. The pipeline
system is fixed on the outside of the engine casing through
the clamp [1]. Along with the increasing complexity of
working environment, the researches on the vibration of the
pipeline system in aero-engines become an important issue.
At present, the vibration of the engine external pipeline has
become one of the main causes of the aero-engine failure [2],
[3]. Meanwhile, the stiffness of the clamp including the metal
rubber has inherent uncertainty, which will affect the accurate
prediction of the pipeline vibration response. Therefore, it is
essential to account for dynamic uncertain characteristics of
the CPS and provide an efficient simulation methodology for
uncertainty analysis. This paper presents a multi-dimensional
Chebyshev polynomial approximation method for uncertain
frequency response analysis of the CPS with interval stiffness
variables.

The pipeline system, in which the inside diameter of the
pipe is much smaller than the pipe length, usually be modeled
based on the Euler-Bernoulli beam or the Timoshenko beam
model [4]–[9], [26]. Besides, the pipe [10] and the shell
element [11], [12] were also used in the literatures to develop
the corresponding finite-element model. For instance, Gao
et al. established the reduced hydraulic pipeline model using
the Euler-Bernoulli beam [6], [7] and Timoshenko beam [8],
in which the clamp was simplified as springs. Based on
incompressible potential flow, Firouz [12] established a fluid-
structure interaction model for stability analysis using the
shell model. Quan et al. [13] proposed a bionic hydraulic
pipeline model based on a vascular physiological structure.
And this model includes the rubber material model and the
fluid-structure interaction (FSI) dynamic equation. The FSI
analysis of an aero hydraulic pipe was carried out by Zhang
et al. [14], in which various kinds of friction coupling mod-
els were compared. Liu and Jiao [15] established a multi-
objective pipeline routing algorithm to avoid the possible
resonance of aero-engine. Ai et al. [16] utilized active con-
trol strategies to minimize the pressure-introduced resonance
of the hydraulic pipeline. Besides, a variety of constitutive
models of the clamp damping material were presented in
previous literatures [17]–[19]. Zhang et al. [18] established
the relationship between the physical parameters (such as the
damping factor and the Poisson’s ratio of the clamp damping
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material) and the preparation parameters, and they found
that the mechanical properties of nickel-based rubber can be
controlled by adjusting the relative density during manufac-
turing. Lazutkin et al. [19] proposed a novel manufacturing
technology to produce the new metal rubber that is more
effective than traditional rubber in vibration reduction of
pipelines.

The above literatures are about the study of vibration
characteristics of deterministic pipeline system. However,
the vibration analysis of CPS with uncertainty would be more
complex than that of the deterministic models. The uncer-
tainty methods can be roughly divided into three categories:
the probabilistic uncertainty method, the fuzzy uncertainty
method and the interval uncertainty method [20]. After fur-
ther considering the uncertain parameters as random or inter-
val variables, a goal of the stochastic vibration analysis is
to determine an accurate and robust estimation for response
boundaries or the high-order statistical characteristics. In this
regard, the method of the polynomial chaos expansion (PCE)
has been attracted considerable attention [21]–[30] due to its
globallyminimized approximation errors.Wan et al. [24] pro-
posed amethod to deal with a large number of random param-
eters considering the multi-factor influence of PCE scheme.
Manan and Cooper [25] provided regressionmodels for curve
fitting of the FRF using the PCEmethod. Ritto et al. [26] used
the probabilistic method to consider the uncertain parameters
of the internal flow in the pipelinemodel and extended the sta-
bility analysis. Jacquelin et al. [28], [29] used the polynomial
chaos expansion (PCE) to evaluate a dynamical uncertain sys-
tem and found the phenomenon of amplitude oscillations in
the resonance region. Liu et al. [30] developed a sparse surro-
gate model for the structural reliability analysis. Zhang et al.
[31] proposed an efficient sensitivity analysis method using
the dimensional reduction algorithm. Dundulis et al. [32]
proposed an integrated failure probability estimation method
to estimate the failure probability of gas pipelines. Duan [33]
applied the Monte-Carlo simulation method for uncertainty
analysis of pipeline systems with various uncertain pipe and
fluid properties. Ahammed and Melchers [34] carried out
the probabilistic analysis of pipelines subjected to pitting
corrosions. The fuzzy method was investigated in the litera-
tures to model uncertain parameters with ambiguous bound-
aries or regions [35]–[39]. For instance, Klimke et al. [36],
[37] used the sparse grid interpolation method to obtain the
fuzzy value. Puig et al. [38] proposed a solution method for
linear systems with fuzzy parameters that do not change with
time.

The interval method aims at the uncertain parameters
which have clear boundaries but are difficult to describe the
distribution. Some typical interval methods include the Taylor
series expansion method [40], the polynomial approximation
method [20], [41]–[48], etc. Qiu et al. [40] applied the Taylor
series expansion method to obtain the dynamic response
interval of a truss structure. Wu et al. [41], [42] illustrated
an application of the CPAM for the interval analysis of the
two-degree-of-freedom car model. In conjunction with the

sparse integration grid, Wu et al. [43], [44] improved the
numerical efficiency of the Chebyshev inclusion function.
Fu et al. [20], [45], [46] applied the interval precise inte-
gration method and the Legendre polynomial approxima-
tion method for the interval response estimation of cracked
rotors. Muscolino et al. [47] used the rational series expan-
sion to obtain the interval of the FRF of 24-bar truss
structure.

To summarize, Numerical methods for uncertainty analy-
sis have been developed for many engineering models with
uncertain parameters. This paper develops a non-intrusive
M-CPAM for the uncertain frequency response of clamp-
pipeline systems with interval variables, which is seldom
studied in previous literatures. Moreover, the intervals of the
clamp stiffness are given by experimental tests. And exper-
imental validations of the FRF of the CPS under different
tightening torques are carried out, which is a concrete step
forward compared with the existing literatures dealing with
uncertainty in engineering systems.

The structure of this paper is as follows. Firstly, the estab-
lishment of the dynamic model of the clamp-pipeline system
and the global sensitivity analysis based on variance are
carried out in Section 2. Secondly, the uncertain frequency
response analysis method of CPS is proposed in Section 3.
Then the effectiveness of the proposed interval-based method
is verified by comparing the results of simulation and exper-
iment in Section 4. Finally, the main conclusions are given in
Section 5.

III. DYNAMIC MODEL AND PARAMETER SENSITIVITY
ANALYSIS OF THE CPS
A. DYNAMIC MODEL OF THE CPS
Euler-Bernoulli beam [6], [7], [26] or Timoshenko beam
[8], [9] model is frequently used to calculate the pipeline
system whose inner diameter is much smaller than the pipe
length. When the ratio between the length and the diame-
ter of the pipeline is greater than 5 times, Euler-Bernoulli
beam can be adopted for dynamic modeling [49]. Therefore,
the Euler-Bernoulli beam with translational and rotational
degrees of freedom in x and z directions is adopted to build
the finite element model of the pipeline. This determines a
simple simulation model but reserves numerical accuracy in
general.

As depicted in Fig 1. (b), each node of the beam model
consists of four degrees of freedom. Oxyz is the local coor-
dinate system, and subscripts A and B represent the node A
and node B, respectively. In Fig 1. (c), Kx and Kz denote the
translational stiffness in the x and z-directions, respectively.
Kθx and Kθz denote the torsional stiffness in the θx and θz-
directions, respectively.

As illustrated in Fig 1(b), each beam element contains the
following degrees of freedom:

ue = [xA, zA, θxA, θzA, xB, zB, θxB, θzB]T (1)
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FIGURE 1. The finite-element model of the CPS: (a) physical dimensions,
(b) the beam element model, (c) the system finite element model.

and the stiffness matrix can be written as [6]:

Ke
p =

EI
L3



12
0 12
0 −6L 4L2 sym
6L 0 0 4L2

−12 0 0 −6L 12
0 −12 6L 0 0 12
0 −6L 2L2 0 0 6L 4L2

6L 0 0 2L2 −6L 0 0 4L2


(2)

where E is Young’s modulus; I is the cross-section inertia
moment; L is the length of the beam element.
The mass matrix of the beam element can be expressed as:

Me
p=

ρAL
420



156
0 156
0 −22L 4L2 sym

22L 0 0 4L2

54 0 0 13L 156
0 54 −13L 0 0 156
0 13L 3L2 0 0 −22L 4L2

−13L 0 0 3L2 22L 0 0 4L2


(3)

where ρ is the density; A is the cross-section area.
Considering the influence of the clamp width, the 14mm

long clamp is modeled by four springs and four torsional
springs (see Fig. 1 (c)). Each spring is set to half of the clamp
stiffness. The stiffness matrix of the clamp is expressed as:

KH = diag
[
0 · · · K̄H 0 · · · K̄H 0 · · · K̄H 0 · · · K̄H · · · 0

]
K̄H =

[
Kx
2

Kz
2

Kxθ
2

Kzθ
2

]
(4)

The global stiffness matrix and mass matrix of the pipeline
can be written as Kp andM.

Kp =

v∑
w=1

TT
wK

ew
p Tw, M =

v∑
w=1

TT
wM

ew
p Tw (5)

where v is the number of beam elements; Kew
p denotes the

extended matrix of the w-th mass element matrix; Mew
p

denotes the extended matrix of the w-th stiffness element
matrix. Tw represents the transformation matrix. The model
established in this paper is a straight pipe model, so Tw is the
unit matrix.

The total stiffness matrix of the CPS is:

K = Kp + KH (6)

and the Rayleigh damping is considered:
C = αM + βK
α = 4π (ξ2/ω2 − ξ1/ω1)/ (1/ω2 − 1/ω1)

β = (ξ2ω2 − ξ1ω1)/
(
ω2
2 − ω

2
1

) (7)

where ω1 = 2π f1 and ω2 = 2π f2; f1 and f2 denote the first
two-order natural frequencies; ξ1 = 0.02 and ξ2 = 0.02 are
the modal damping ratios of the CPS. This determines the
equation of motion for the CPS can be written as:

MÜ + CU̇ + KU = F (8)

whereMis the mass matrix, Cis the damping matrix, F is the
external force vector. Ü , U̇ andU is the acceleration, velocity
and displacement vectors of the CPS, respectively.

The displacement transfer function matrix of the CPS is
written as:

Hd (ω) = (−Mω2
+ jωC + K)−1 (9)

Following the orthogonality of vibration modes, Eq. (9)
can be further rewritten as [50]:

Hd (ω) =
n̄∑
i=1

AiAT
i

−ω2 + 2ξiωijω + ω2
i

(10)

where Ai and ωi are the i-th order eigenvector matrix and
eigenvalue, respectively, and ξi is the i-th modal damping
ratio, n̄ is the modal order number.

This further determines the transfer function matrix for the
structural acceleration as:

Ha(ω) =
n̄∑
i=1

−ω2AiAT
i

ω2
i + 2ξiωijω − ω2

(11)

The acceleration frequency response function of the exci-
tation point â and the measurement point b̂ is:

H âb̂
a (ω) =

n̄∑
i=1

−ω2AâiAb̂i
ω2
i + 2ξiωijω − ω2

(12)

where Aâi and Ab̂i represent the values at points â and b̂ in the
eigenvector of the i-th order.
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B. THE GLOBAL SENSITIVITY ANALYSIS OF THE CPS
The clamp is composed of the strap, metal rubber and con-
necting bolt. As a matter of fact, due to manufacturing errors
and material deteriorations in the metal rubber, the stiffness
of the clamp is naturally uncertain. In order to study the effect
of the uncertainty of clamp stiffness on the system, sensitivity
analysis is necessary first. The frequency equation of the
CPS can be generally represented by a multivariate function
Y = h(X). Herein, the vector X containing all stiffness
parametersKx ,Kz,Kθx , andKθz is used to mimic the dynamic
characteristic of clamps. To identify significant stiffness
parameters, the variance-based global sensitivity analysis is
employed as follows:

h(X) = µY +
n̂∑

k=1

hi (X i)+
∑
i<j

hij
(
Xi,Xj

)
+

∑
i<j<k

hijk
(
Xi,Xj,Xk

)
+ · · · + h12···n̂(X) (13)

where µY denotes the mean of Y . n̂ represents the number
of stiffness parameters. The component functions are defined
as: 

hi (Xi) = E−i [h(X)|Xi]− µY
hij
(
Xi,Xj

)
= E−ij

[
h(X)|Xi,Xj

]
− hi (Xi)

− hj
(
Xj
)
− µY (∀j > i)

· · ·

(14)

in which, the conditional expectations E−i [h(X)|Xi] and
E−ij

[
h(X)|Xi,Xj

]
are [31]:

E−i[h(X)|Xi = xi] =
∫
X−i

h(X−i, xi)fX−i (X−i)dX−i
E−ij[h(X)|Xi = xi,Xj = xj]
=
∫
X−ij

h(X−ij, xi, xj)fX−ij (X−ij)dX−ij (∀j > i)
· · ·

(15)

This implies the sub-vector X−i of (n̂-1) parameters con-
tain all elements of X except Xi, whereas X−ij is a vector of
(n̂-2) parameters without Xi and Xj. fX (X) is the joint density
of X. Especially, the conditional expectations in Eq. (15) are
equal to the expected value of h(X) itself:

Ei{E−i[h(X)|Xi]} = µY ,

Eij{E−ij[A(X)|Xi,Xj]} = µY ,

· · · (16)

Therefore, the total variance of h(X) can be orthogonally
decomposed as:

VY =
n̂∑
i=1

Vi +
∑
i<j

Vij +
∑
i<j<k

Vijk + · · · (17)

where the variance components are defined as:

Vi = Ei[h2i (Xi)],Vij = Eij[h2ij(Xi,Xj)], · · · (18)

In which, Vi is referred to as primary effect. Vij denotes
the effect of interaction between Xi and Xj on VY . The vari-
ance component Vi is interpreted as the expected reduction

of the total variance VY obtained as a result of fixing Xi,
which derives the primary sensitivity coefficient of stiffness
parameter Xi as follows:

Si =
Vi
VY
=
Ei[h2i (Xi)]

VY
(19)

According to this definition, all sensitivity indices can be
expressed, and added up to one:

n̂∑
i=1

Si +
∑
i<j

Sij +
∑
i<j<k

Sijk + · · · + S12···n̂ = 1 (20)

The total sensitivity focuses on the reduction in variance
should all input variables but Xi be fixed. This reduction in
variance is written as V−i [Ei(Y |X−i )]. And the remaining
variance of Y after fixing Xi is expressed as:

VTi = VY − V−i [Ei (Y |X−i)] (21)

In view of the identity of total variance, VY =

V−i [Ei (Y |X−i)]+E−i [Vi (Y |X−i)], the total sensitivity coef-
ficient can be written as:

STi =
VY − V−i [Ei (Y |X−i)]

VY
=
E−i [Vi (Y |X−i)]

VY
(22)

In order to easily illustrate the effect of the uncertainty of
clamp stiffness on the CPS, the low-frequency region that
contains the first and second-order frequencies of the CPS
are selected for uncertainty analysis in this paper. The param-
eters of the CPS are as follows: Young’s modulus, density
and Poisson’s ratio of pipeline are 204 GPa, 7850 kg/m3

and 0.3, respectively. The length, inner diameter and outer
diameter of pipeline are 500 mm, 6.4 mm and 8 mm,
respectively.

The pipeline is fixed on the casing. When the casing
has a large vibration displacement, the vibration excitation
is transmitted to the pipeline through the clamp. The thin-
walled casing mainly suffers from radial deformation, so the
pipeline fixed on the casing is mainly subject to external
radial excitation. Therefore, the uncertain acceleration fre-
quency response of the pipeline system in the z-direction
(radial direction) is the main object of this paper. The sen-
sitivity of the spring variable can be quantified by the contri-
bution of the variable to the total variance of the frequency
equation. Thus, the global sensitivity of CPS is analyzed by
Monte Carlo simulation. Assuming that the spring stiffness
conforms to the normal distribution, the mean stiffness of
clamp in four directions is the same as those in Ref. [51].
The variable coefficient of the spring parameters is set as 0.1.
The sensitivity analysis results with 10000 samples are shown
in Figs. 2 and 3.

The primary sensitivity mainly considers the influence
of a single input variable on the system output. While the
total sensitivity includes not only the effects of changes in
a single input variable on the system, but also the effects of
interactions with other input variables on the system output.
The difference between the total sensitivity and the primary
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FIGURE 2. Global sensitivity coefficients of four spring parameters to the
first-order frequency of the CPS: (a) primary sensitivity coefficient, (b)
total sensitivity coefficient. Each boxplot is determined by 100 rounds of
the MCS method.

sensitivity can be used to measure the coupling effect of
a single spring with other springs. In Fig. 2, the primary
sensitivity coefficients of Kz and Kθx are 0.9344 and 0.0553,
respectively. And the total sensitivity coefficients of Kz and
Kθx are 0.9378 and 0.0568, respectively. In Fig. 3, the primary
sensitivity coefficients of Kz and Kθx are 0.9417 and 0.0473,
respectively. And the total sensitivity coefficients of Kz and
Kθx are 0.9473 and 0.0480, respectively. Results show that
the total sensitivity of the first and second-order frequencies
of CPS is slightly greater than the main sensitivity, which
indicates that the coupling effect of springs could be ignored.
The changes of Kz and Kθx springs dominate, whereas the
sensitivity coefficients of the other two spring parameters
(Kx and Kθz) are approximately 0. Therefore, the uncertainty
caused by the changes of Kz and Kθx will be the focus of this
paper.

FIGURE 3. Global sensitivity coefficients of four spring parameters to the
second-order frequency of the CPS: (a) primary sensitivity coefficient, (b)
total sensitivity coefficient. Each boxplot is determined by 100 rounds of
the MCS method.

IV. METHODS FOR UNCERTAIN FREQUENCY RESPONSE
ANALYSIS OF THE CPS
The structure of this section is as follows. Firstly, the Poly-
nomial chaos expansion (PCE) method is briefly introduced
in Section 3.1. Then a multi-dimensional Chebyshev poly-
nomial approximation method based on interval algorithm is
proposed in Section 3.2. Finally, aiming at CPS, in order to
illustrate the advantages of the interval method proposed in
this paper over other methods (PCE and MCS), the results
of the two examples calculated by the three methods will be
compared in Section 3.3. Among them, Monte Carlo simula-
tion (MCS), as a common method, will not be repeated here.

A. POLYNOMIAL CHAOS EXPANSION METHOD
A commonly used probability method (PCE) is briefly intro-
duced. Firstly, define an index vector α = [α1, · · · , αn̂]T with
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each integer αi ∈ [0, p]. Then, the order of a n̂-variate chaos
polynomial ϕα(X) can be expressed using the length of the
index vector |α| =

∑n̂
k=1 αk . On this basis, a set of chaos

polynomials is defined by using the highest order-parameter
p and n̂-dimensional random vector X can be written as:

{φi(X), i = 0, · · · , N̄ − 1} :=
⋃
|α|≤p

n̂∏
k=1

ϕαk (Xk ) (23)

where ϕαk (Xk ) denotes an αk th-order marginal orthogonal
polynomial represented uniquely by the probabilistic charac-
teristic of the input random variable Xk .

It is worth noting that the number of elements of the p-order
chaos polynomial set {φi(X)}N̄−1i=0 is:

N̄ =
(
n̂+ p
p

)
=

(n̂+ p)!
n̂!p!

(24)

where p is the highest polynomial order and n̂ is the dimen-
sionality of the input random vector X . In addition, arbitrary
two elements in the polynomial set {φi(X), i = 0, · · · , N̄−1}
are orthogonally defined. And E

[
φi(X), φj(X)

]
= δij (as

i, j = 0, · · · , N̄ ), where δij is the Kronecker delta symbol.
On the basis of the generalized Fourier expansion theorem,

the original FRF H (X;ω) can be approximately represented
by the polynomial chaos expansion (PCE) basis functions
with N̄ terms:

Ĥ (X;ω) =
N̄−1∑
i=0

ai(ω)φi(X) (i = 0, · · · , N̄ − 1) (25)

where Ĥ (X;ω) is the approximation model. The expansion
coefficients ai(ω) are evaluated as:

ai(ω) =
∫
X
φi(X)H (X;ω)fX (X)dX (i = 0, · · · , N̄ − 1)

(26)

The PCE surrogate model could obtain a good approxima-
tion of the original FRF H (X;ω), given that:

lim
N̄→+∞

Pr

∥∥∥∥∥∥H (X;ω)−
N̄−1∑
i=0

aiφi(X)

∥∥∥∥∥∥
2

= 0

 = 1 (27)

where ‖ . ‖2 represents the Euclidian norm for the residual
error function of the N̄ -term-based PCE surrogate model.
Pr [ . ] denotes the probability. The detailed derivation process
of PCE can be found in Ref. [30].

B. THE PROPOSED MULTI-DIMENSIONAL CHEBYSHEV
POLYNOMIAL APPROXIMATION METHOD
In view of the spring stiffness of the two clamps on the
left and right sides of the pipeline in the same direction is
not exactly the same, the one-dimensional Chebyshev poly-
nomial approximation method which can only consider the
variation of one parameter in the estimation of frequency
response function may not be appropriate. Therefore, a multi-
dimensional Chebyshev polynomial approximation method

(M-CPAM) that belongs to an interval algorithm is proposed.
The uncertain parameter vector can be written as:

b = [b1, b2, · · · bg], bi ⊂ [bLi , b
H
i ] (i = 1, 2, · · · g)

(28)

where g is the number of uncertain parameters, bLi and bHi
are the lower and upper bounds of the i-th element of b,
respectively.

Before introducing the interval algorithm, the basic princi-
ple and steps of function approximation based on Chebyshev
orthogonal polynomial are briefly introduced. The first-class
Chebyshev polynomials can be written as:

Tj(x) = cos(j arccos(x)), x ∈ [−1, 1] (29)
T0(x) = 1

T1(x) = x

Tj+1(x) = 2xTj(x)− Tj−1(x), j = 1, 2, · · · , n

(30)

where n is the order of the Chebyshev polynomial. This
Chebyshev polynomial is orthogonal with theweight function
ρ (x) = 1√

1−x2

∫ 1

−1

Ti(x)Tj(x)
√
1− x2

dx =


π i = j = 0

π/2 i = j 6= 0

0 i 6= j

(31)

According to Weierstrass theorem, a polynomial function
f (x) can always be found that satisfies the following formula:

‖h(x)− f (x)‖ ≤ ε (32)

where ε is any small positive real number, h(x) is the original
function.

The Chebyshev polynomial approximation function is
defined in the standard interval [−1, 1], whereas the uncertain
clamp stiffness is arbitrary interval. Therefore, the interval
transformation should be used to convert the arbitrary interval
[bLi , b

H
i ] into the standard interval [−1, 1].

xi =
2bi − bHi − b

L
i

bHi − b
L
i

, xi ∈ [−1, 1], bi ∈
[
bLi , b

H
i

]
(33)

Extending to multiple dimensions, an n-order optimal
square approximation on the basis of the Chebyshev orthog-
onal polynomials is established. The multi-dimensional
Chebyshev polynomial approximation f(x1, · · · , xg) can be
expressed as:

h(x1, · · · , xg) ≈ f(x1, · · · , xg)

=

n∑
i1=0

· · ·

n∑
ig=0

(
1
2

)u
ai1,··· ,igTi1 (x1) · · · Tig (xg)

(34)
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where u denotes the number of zeros appeared in i1, · · · , ig;
ai1,··· ,ig represents the Chebyshev polynomial expansion
coefficient, which can be written as:

ai1,··· ,ig =
(
2
π

)g ∫ 1

−1
· · ·

∫ 1

−1

×
h(x1, · · · , xg)Ti1 (x1) · · · Tig (xg)√

1− x21 · · ·
√
1− x2g

dx1 · · · dxg

i1, · · · , ig = 0, 1, 2 · · · (35)

Since the original frequency response function is usually
complex in form, it is difficult to integrate directly. Convert-
ing the multiple integral of Eq. (35) into a numerical integral,
and then the polynomial coefficient ai1,··· ,ig can be calculated
by Gauss-Chebyshev numerical integral.

ai1,··· ,ig =
(
2
h

)g m∑
i1=1

· · ·

m∑
ig=1

h(x1, · · · , xg)Ti1 (x1) · · · Tig (xg)

=

(
2
h

)g m∑
i1=1

· · ·

m∑
ig=1

R(X̃) (36)

where R(X̃) = R(x1, · · · , xg) =
m∑

ig=1
h(x1, · · · , xg)Ti1 (x1) · · ·

Tig (xg).
h(x1, · · · , xg) and Ti1 (x1) · · · Tig (xg) represent the actual

deterministic frequency response value and the Cheby-
shev polynomial value at the interpolation point. X̃ ∈

(x11 , · · · , x
1
m)⊗· · ·⊗ (xg1 , · · · , x

g
m) denotes the tensor product

of the Gaussian point. It is worth noting that the number of the
symbol ⊗ is g − 1. The number of Gaussian points on each
dimension is m(m ≥ n + 1). For Chebyshev type Gaussian
integral, the Gaussian integral point can be denoted as:

xm = cos
(
2m− 1
k

π

)
, k = 1, 2, · · · ,m (37)

In this way, the polynomial coefficients ai1,··· ,ig can be
determined by the original function value and the Cheby-
shev polynomial function value at the Gaussian interpolation
points. By substituting Eq. (36) into Eq. (34), the Chebyshev
polynomial surrogate model of the frequency response func-
tion can be obtained.

According to the above sensitivity analysis result, Kz, and
Kθx have a great influence on the uncertainty analysis of CPS.
Thus, g is taken as 4 in Eq. (34), that is, Kz1, Kz2, Kθx1,
and Kθx2 are interval variables. And the uncertain parameter
vector can be specifically expressed as:

b = [b1, b2, b3, b4], b1 ⊂ [KL
z1,K

H
z1 ], b2 ⊂ [KL

z2,K
H
z2 ],

b3 ⊂ [KL
θx1,K

H
θx1] , b4 ⊂ [KL

θx2,K
H
θx2] (38)

where subscripts L andH denote the lower and upper bounds
of clamp stiffness, respectively.

Considering the matrices in the equation of motion for the
CPS as functions of the uncertain parameter vector, Eq. (8)
can be rewritten as:

M(b)Ü(b)+ C(b)U̇(b)+ K(b)U(b) = F(b) (39)

FIGURE 4. Calculation procedure for the CPS using the M-CPAM.

The interval of acceleration frequency response function
of the excitation point â and the measurement point b̂ is
H âb̂
a (ω) =

[
H âb̂
a (ω, b), H̄ âb̂

a (ω, b)
]
. The lower and upper

bounds of the frequency response function can be expressed
as:

H âb̂
a (ω, b) = min

(
n̄∑
i=1

−ω2Aâi(b)Ab̂i(b)

ωi(b)2 + 2ξiωi(b)jω − ω2

)
(40)

H̄ âb̂
a (ω, b) = max

(
n̄∑
i=1

−ω2Aâi(b)Ab̂i(b)

ωi(b)2 + 2ξiωi(b)jω − ω2

)
(41)

It is difficult to solve the interval range of the frequency
response function directly. However, the Chebyshev polyno-
mial surrogate model only needs a small number of original
frequency response samples to calculate the approximate
model at each frequency. Thus, the extreme values of the solu-
tions (40) and (41) are transformed into the extreme values
of the solutions (34). Based on the maximum value theorem
for continuous function on a closed interval, the upper and
lower bounds of the approximated function can be obtained
by searching the maximum andminimum values of the multi-
dimensional Chebyshev surrogate model f(x1, · · · , xg) on the
standard interval [-1,1]. The calculation procedure for the
CPS using the M-CPAM is shown in Fig. 4.

C. RESULTS COMPARISON
In this section, three uncertainty estimation methods will be
compared. The mean of translational stiffness is taken as
Kz1 = Kz2 = 4.6 × 106N/m, and the mean of torsional
stiffness is taken as Kθx1 = Kθx2 = 55 N·m/rad. The small
uncertain level is assumed as the interval variable with 6.8 %
uncertainty for theM-CPAM,which corresponds to a variable
coefficient of 0.02 for the PCE andMCS. The larger uncertain
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FIGURE 5. Comparison of three uncertainty estimation methods under small uncertain level: (a) MCS, (b) PCE, (c) M-CPAM.

FIGURE 6. Comparison of three uncertainty estimation methods under larger uncertain level: (a) MCS, (b) PCE, (c) M-CPAM.

FIGURE 7. Test rig of clamp stiffness: (a) translational stiffness, (b) torsional stiffness.

level is assumed as the interval variable with 32% uncertainty
for the M-CPAM, which corresponds to a variable coefficient
of 0.1 for the PCE and MCS. Two examples under small
uncertain level and the larger uncertain level are used to verify
the proposed interval method. The calculations are performed
using a personal computer with Intel Core i7-6700 3.40 GHz
processor and 16 GB of RAM. The computing time using the
MCS, PCE and M-CPAM is 650.6 s, 213.1 s and 101.8 s,
respectively. And the results are depicted in Figs. 5 and 6.

The results of the three methods agree well in small
uncertain level. However, in larger uncertain level, the PCE
method will cause the amplitude oscillation in the reso-
nance region (see Fig. 6(b)). This amplitude oscillation phe-
nomenon caused by PCE also existed in Ref. [29]. The

interval method still agrees well with MCS results (see
Figs. 6(a) and (c)), which indicates that the applicability of the
interval method is better. And the interval method provides
a more accurate and time-saving and practical method for
uncertainty analysis of CPS.

V. UNCERTAINTY ANALYSIS AND EXPERIMENTAL
VERIFICATION OF THE FRF OF CPS
A. EXPERIMENTAL TEST
According to the results of sensitivity analysis in Section 2.2,
the stiffness intervals of the clamp (Kz and Kθx) need to be
measured. The test process is outlined as follows.

The self-designed clamp stiffness test rig is shown in Fig. 7.
A complete test sequence includes forward loading, forward
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FIGURE 8. Test results of clamp 1: (a1-a3) translational stiffness data of Kz1 for the first, second and third test, (b1-b3) torsional stiffness data
of Kθx1 for the first, second and third test.

FIGURE 9. Test results of clamp 2: (a1-a3) translational stiffness data of Kz2 for the first, second and third test, (b1-b3) torsional stiffness data
of Kθx2 for the first, second and third test.

unloading, reverse loading, and reverse unloading. In the
experiment, the loading shaft slowly moves forward or back-
ward by rotating the handwheel, the force transducer is

subjected to compression or tension, and finally the displace-
ment is applied to the clamp. To be specific, the loading
and unloading process is realized through threaded parts and
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TABLE 1. Summary of test results.

TABLE 2. Comparison of simulation and experimental results under the same tightening torques of bolts on both sides.

TABLE 3. Comparison of simulation and experimental results under the same tightening torques of bolts on both sides.

FIGURE 10. Hammering test rig.

controlled by internal spring support. To avoid gaps during
loading and unloading, the forward and backward distance of
the handwheel is amplified by the spring. The force sensor
is connected to the two-end structure through the bolt of
M8, and the force indicator can display the value of the
tension pressure in real time. The displacement of clamp
is measured by the dial gauge (see Fig. 7(a)). As for the
angular stiffness test, worm drive loading method is applied
to load torque accurately (see Fig. 7(b)). The angle sensor
adopts BWL326 tilt angle sensor with a resolution of 0.01◦

and a measurement range of ±90◦, which could meet the
requirements of the experiment.

The translational stiffness in the z-direction and the tor-
sional stiffness in the θx-direction are expressed as:

Kz = 1Fz/1zKθx = 1Tx/1θx (42)

where1Fz and1z represent the variation of the loading force
and displacement in the z-direction.1Tx and1θx denote the
variation of the torque and angular displacement in the θx
direction.

In order to facilitate the analysis of the influence of tight-
ening torque on the CPS, the stiffness intervals of the clamp
under 5 tightening torques (3 N·m, 5 N·m, 7 N·m, 9 N·m
and 11 N·m) will be given here. The stiffness interval test
process consists of three times disassembly and reassembly
of the clamp. Once the clamp is reassembled, 7 complete
tests should be completed under each tightening torque. The
loading force and displacement data, torque and angular
displacement data should be recorded at each test (The test
data will not be shown here owing to space constraints).
Substituting these data into the Eq. (42), the stiffness test
results are shown in Figs. 8 and 9. The detailed calibration
process of clamp stiffness can be found in Ref. [51].
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FIGURE 11. The FRF of simulation and experiment with uncertain stiffness parameters under the same tightening torques of bolts on both sides:
(a) 3 N·m, (b) 5 N·m, (c) 7 N·m, (d) 9 N·m, (e) 11 N·m.

A box plot that commonly used in statistics is adopted
to describe stiffness intervals of the clamp. In each group
of test results, the pink point is the test data of the clamp
stiffness under different tightening torques of the bolt. The
black upper and lower bounds are the extreme values of the
test data. The blue upper and lower bounds are the quartiles
of the test data. The red line is the median of the test data. The
maximum value, minimum value, and the standard deviation
of the test data are shown in Table 1. Some conclusions can
be summarized as follows:

(1) With the increase of tightening torque, the rate of
change of the average value of Kθx is greater than that of Kz
(see Figs. 8 and 9).

(2) The standard deviations of the stiffness data show
that the clamp stiffness has great dispersion under the same
tightening torque. And the dispersion ofKz is greater than that
of Kθx (see Table 1).

(3) In this study, the maximum translational stiffness
is about 1.6 times the minimum translational stiffness
(clamp1 under the tightening torque of 7 N·m). And the
maximum torsional stiffness is about 1.4 times the mini-
mum torsional stiffness (clamp2 under the tightening torque
of 3 N·m). Therefore, it is necessary to study the effects of
stiffness uncertainty on frequency response.

For the sake of illustration, this section will briefly describe
the hammering test (see Fig 10) for obtaining the frequency
response data of the experiment in Section 4.2. A unidi-
rectional lightweight acceleration sensor (CA-YD-125, mass
1.5 g) is adopted to reduce the effect of additional mass on
the natural frequency of the pipeline. The type of impact

hammer is PCB086C01. The response data of the experiment
are collected by the LMS front-end controller. The node
coordinates of knocking point are (0, 0.075, 0), and the node
coordinates of the acceleration sensor are (0, 0.225, 0).

B. UNCERTAINTY ANALYSIS UNDER THE SAME
TIGHTENING TORQUES OF BOLTS ON BOTH SIDES
Considering the influence of reassembly in the process of
experiment, the clamp is reassembled every three groups of
tests. The intervals of the frequency response are obtained
by combining nine groups of experimental data. During the
experiment, when measuring the frequency response of the
CPS, a weak peak was found in the low-frequency region
(0Hz-50Hz). This is because the acceleration sensor has a
weak signal before the input pulse signals, which is consid-
ered to be a hardware problem of the test system. In order to
eliminate such interference, the 50Hz-800Hz frequency band
is intercepted for analysis when comparing the simulation
results with the experimental results.

Taking the intervals of translational stiffness Kz and tor-
sional stiffness Kθx (see Table 1) as uncertain variables, the
proposed M-CPAM is adopted to calculate the interval of the
FRF of the CPS under the same tightening torques of bolts
on both sides. The simulation and experimental results are
shown in Fig 11 and Table 2.

Generally, the simulation results agree well with the exper-
imental results, and the maximum error occurs at 11 N·m is
7.8%. One of the reasons for the error between simulation and
experiment may be that the clamp containing metal rubber
has been tightened and loosened many times. The mechanical
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FIGURE 12. The FRF of simulation and experiment with uncertain stiffness parameters under the
different tightening torques of bolts on both sides: (a) TL = 3 N·m, TR = 5 N·m, (b) TL = 9 N·m,
TR =5 N·m, (c) TL = 11 N·m, TR = 3 N·m, (d)TL = 11N·m, TR = 9 N·m.

properties of the clamp may deteriorate somewhat when the
hammering test is carried out. Thus, the stiffness interval
of the clamp during the hammering experiment is not com-
pletely consistent with the original measured stiffness interval
of the clamp, resulting in errors.

It can be seen in Fig 11 that uncertainties have a significant
influence on the dynamic response of CPS. With the increase
of tightening torques, the interval values of the first-order
and second-order natural frequency of the CPS gradually
increase, which is a recognized frequency shift phenomenon.
The amplitude at the resonance increases with the increase of
tightening torques. It can be also seen that with the increase
of tightening torque, the dispersion of frequency responses of
simulation results tends to be concentrated except at 11 N·m
(see Figs 11(a) and (d)). The possible reason is that after the
tightening torque increases to a certain extent, the test results
of the clamp stiffness interval is no longer accurate, leading to
the deviation of simulation results. Compared with the exper-
iment, the simulation results still have some overestimation
in the resonance region. However, controlling the wrapping
effect has always been the goal of uncertain estimation. In the
future research, interval algorithm should be further improved
to narrow the gap between experiment and simulation.

C. UNCERTAINTY ANALYSIS UNDER THE DIFFERENT
TIGHTENING TORQUES OF BOLTS ON BOTH SIDES
In the actual engineering practice, the tightening torques of
clamps on both sides of the pipeline may not be identical.

In order to consider the influence of such factors, this section
will conduct uncertainty analysis of the FRF of the CPS
under the different tightening torques of bolts on both sides.
Tightening torques of the left bolt and right bolt are defined
as TL and TR. The simulation and experimental results are
shown in Fig 12 and Table 3.

In Figs 12(b) and (c), the average tightening torque of bolts
on both sides is 7 N·m. By comparing these two cases with the
case under the same tightening torques (see Fig 11(c)), it can
be seen that the frequency interval (150Hz-160Hz, 459Hz-
477Hz) of the resonance region is basically close in the three
cases. Therefore, to a certain extent, when the tightening
torque of bolts on both sides is different, the average tighten-
ing torque can be used to approximate the uncertain interval
of the FRF of CPS. It is worth pointing out that under some
working conditions (Fig 12(c)), the amplitudes of simulation
and experiment are not consistent, which may be caused by
the excessive difference of tightening torque between the
left and right sides of the pipeline during the experiment.
On the whole, the experimental and simulation results are in
good agreement, which further verifies the correctness of the
proposed method. That is to say, the proposed M-CPAM for
estimating the interval of the FRF of the CPS is desirable.

VI. CONCLUSION
For the clamp containing metal rubber layer, the stiffness
uncertainty exists naturally in engineering. In this paper,
the intervals of the clamp stiffness under different tightening
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torques are measured by a self-designed test rig. Based on the
measured data, a non-intrusive multi-dimensional Chebyshev
polynomial approximationmethod (M-CPAM) is proposed to
evaluate the uncertain characteristics of frequency response
function (FRF) of clamp-pipeline system (CPS) caused by the
uncertainty of the clamp stiffness. The superiority and effec-
tiveness of the proposed method are verified by comparing
with the results obtained from the Monte Carlo simulation
(MCS), the experimental measurements, and the polynomial
chaos expansion (PCE). The results show that the proposed
method provides a more accurate, time-saving and practical
method for solving the uncertainty of FRF of CPS. Some
conclusions based on the current study are summarized as
follows:

The clamp stiffness has great dispersion under the same
tightening torque. Moreover, the dispersion of the transla-
tional stiffness Kz is greater than that of the torsional stiffness
Kθx . For this paper, the maximum translational stiffness is
about 1.6 times the minimum translational stiffness. And the
maximum torsional stiffness is about 1.4 times the minimum
torsional stiffness.

The frequency shift phenomenon will be observed in the
resonance region of CPS when the clamp stiffness is uncer-
tain. As the tightening torque increases from 3 N·m to 9 N·m,
the dispersion of frequency responses of tends to be concen-
trated.

Compared with the experimental results, the simulation
results still has some overestimation in the resonance region.
In our future works, interval algorithm will be further
improved to reduce the wrapping effect. Fluid effects during
modeling and frequency response in other directions during
testing will also be considered in the future study.
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