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ABSTRACT This study proposes a three-dimensional (3-D) absolute attitude reconstruction algorithm of
a rigid body target based on multi-station high-resolution range profile (HRRP) sequences. The existing
3-D reconstruction algorithms rely on the target motion form and the reconstructed attitude is inaccurate
due to the mismatch of the micro-motion model. In this study, the coordinates of the scattering centers are
first calculated from the HRRP sequences of each radar using the factorization method. Then, the multi-
station data are associated with the reconstructed scattering center coordinates, and the absolute coordinates
is estimated by the relationship between the associated radar line-of-sights (LOSs) and the absolute LOSs.
The 3-D reconstruction algorithms for the stable scattering centers and the sliding scattering centers are
studied. Numerical simulations verify that the proposed algorithm can reconstruct the 3-D absolute attitude
of a rigid body target and is not affected by the mismatch of the target micro-motion model.

INDEX TERMS Absolute attitude, reconstruction before association, factorization method, singular value
decomposition (SVD) method.

I. INTRODUCTION
Ballistic missile defense is an important part of a national
missile defense system. After the warhead and the missile are
separated, there are often many companion targets, including
the engine, the debris, and the actively released bait. These
companion targets can cause great difficulties for ballistic
missile defense, and it is very important to be able to identify
the warhead from the numerous false targets and baits in the
ballistic missile defense.

After separating from the missile, the warhead performs
a spin motion to stabilize the orientation; meanwhile, the
lateral force generated during the separation causes a pre-
cession upon the warhead: this phenomenon is called micro-
motion [1], which is an inherent property of a warhead.
Compared with the warhead, the debris and bait do not
need to control the attitude and will roll or sway in space.
Therefore, the micro-motion characteristics can be used
to distinguish a true warhead target from a false one.

The associate editor coordinating the review of this manuscript and
approving it for publication was Junjie Wu.

Many studies have been published on warhead recognition
based on target micro-motion characteristics. V. C. Chen
proposed that the micro-motion causes a change in the radar
echo frequency, called the micro-Doppler frequency [1].
In [2]–[4], different time-frequency analysis methods were
proposed to estimate the target micro-motion parameters
based on the target narrowband echo. As the radar bandwidth
increases, the projection range of the scattering centers can
be resolved in the distance dimension. In [5]–[7], the target
micro-motion parameters were estimated based on the HRRP
sequences or the inverse synthetic aperture radar (ISAR)
images. The basis of these algorithms is to build a reasonable
micro-motionmodel of the target. In themicro-motionmodel,
the motion parameters are assumed to be constant. However,
the actual target motion is often more complicated. In 3-D
space, the warhead is affected by various external forces,
causing its motion parameters, such as the precession angle,
to change, which leads to the mismatch of the micro-motion
model.

The attitude of the target changes with the micro-motion
and can be used for warhead identification. Here, the
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absolute attitude of the target is defined as the three-
dimensional (3-D) scattering center coordinates of the target
in the ground coordinate system. The ISAR image contains
the structure and motion information of the target and is
widely used in the 3-D absolute attitude reconstruction algo-
rithms [8]–[12]. In [8], the target scattering centers were
projected onto the range-Doppler (R-D) plane, and the target
image was reconstructed using the projected image sequence.
The algorithms in [9]–[11] were based on the interferomet-
ric inverse synthetic aperture radar (InISAR). The InISAR
system employed multi-radars to obtain multi-view ISAR
images, and the height information was obtained using a
multi-antenna interference technology. However, the move-
ment of most space targets is complex, as it is characterized
by spin, precession, nutation, tumbling, for example, causing
the ISAR imaging by standard RD algorithm to be blurred.
Thus, some complex algorithms are proposed to solve this
problem. In [12], the 3-D coordinates were reconstructed by
modeling the equivalent rotational angular velocity by a linear
polynomial with time.

With the development of computer vision technology,
the 3-D scattering center coordinates reconstruction algo-
rithms based on HRRP sequences were proposed [13]–[19],
referring to the 3-D reconstruction algorithm of visual images
in the field of computer vision. M. A. Stuff et al. proposed an
algorithm to recover the 3-D coordinates of the scattering cen-
ters from the 1-D range data using the rigid body invariance
property [13]. In [14], a reconstruction algorithm based on
the factorization method was proposed, which uses the sin-
gular value decomposition (SVD) method to reconstruct the
3-D coordinates of the scattering centers. The reconstruction
algorithm based on signal space invariance proposed by [15]
is essentially the same as the method in [14]. However, the
3-D attitude reconstruction algorithms in [14] and [15] have
ambiguities that cause the solutions of the parameters to
not be unique, that is, there is an arbitrary rotation matrix
between the reconstructed scattering center coordinates and
the real coordinates. Several approaches have been reported
to overcome the problem of the rotation ambiguity [16]–[19].
In [16], the 3-D absolute coordinates were extracted by con-
structing a parameter matrix, which is unique for any rota-
tion translation, but this method degrades as the number of
scattering centers and pulses increases. In [17], the relation-
ship between the line-of-sight (LOS) and the target motion
parameters was derived, and the arbitrary rotation matrix was
calculated based on the relationship; thus, this method fails
with the mismatch of the micro-motion model. The same
problem exists in [18] and [19], which assumed that the target
motion form is known.

Since the absolute attitude of the target is difficult to be
reconstructed with the single-station echo, we estimate the
absolute scattering center coordinates with the multi-station
data. The data association of different radars is the basis of
themulti-station 3-D absolute attitude reconstruction. In [20],
the distances from the target to the radars were assumed to
be much larger than the baseline length between the radars,

and the projection positions of the targets on different ISAR
images were considered to be substantially the same. In [21],
the motion equation of the scattering centers on the R-D
image was approximated by a quadratic polynomial, and the
Kalman filter (KF) and the nearest-neighbor standard filter
(NNSF) were used to associate the scattering centers between
different frames. The amplitude of the scattering centers was
incorporated to the KF states in [18]. In [22], the speeded up
robust features (SURF) were used to extract feature points
and estimate the transformation matrix between the ISAR
images. The relationship between the rectangular structure on
the target and the projection on the ISAR images was deduced
with the radar LOS known, and the linear structure on the
ISAR images were associated in [23]. These algorithms focus
on satellite targets, which contain straight-line structure, and
the attitude changes slowly. However, the warhead contains
only a few points, and the attitude changes quickly.

In this study, we propose a 3-D absolute attitude recon-
struction algorithm based on multi-station HRRP sequences.
This algorithm proposes the strategy of ‘‘reconstruction
before association’’. In the reconstruction step, the single-
station 1-D range data are extracted from the echo of each
radar and are associated with the KF and the NNSF method.
Then, the scattering center coordinates and radar LOS unit
vectors are calculated from the 1-D range sequences by
the factorization method. In the association step, the multi-
station data are associated with the reconstructed scatter-
ing center coordinates, and the 3-D absolute attitude of
the target is reconstructed by the relationship between the
associated LOSs and the absolute LOSs. The 3-D recon-
struction algorithms for the stable scattering centers and the
sliding scattering centers are studied. Compared with the
existing algorithms, the proposed algorithm has the following
innovations:

1. There is an arbitrary rotation matrix between the
3-D scattering center coordinates reconstructed by the fac-
torization method and the absolute coordinates. The existing
rotation elimination method requires the motion form of the
target. The algorithm proposed in this paper draws on the
idea of multi-station positioning. After obtaining the relative
scattering center coordinates, we reconstruct the absolute
scattering center coordinates with the coordinates of multi-
ple radar stations and the target micro-motion model is not
required. Thus, the absolute attitude reconstructed by the
proposed algorithm is not affected by the mismatch of the
micro-motion.

2. Different from the ‘‘association before reconstruction’’
strategy adopted in the existing multi-station reconstruction
algorithms, the proposed algorithm proposes the strategy of
‘‘reconstruction before association’’. Firstly, the 3-D scatter-
ing center coordinates of the target are reconstructed with the
HRRP sequences of each radar, and then the multi-station
data are associated with the reconstructed 3-D coordinates.
Compared with the 1-D HRRP or 2-D ISAR image, the
3-D scattering center coordinate contains structural informa-
tion of the rigid body and is easier to associate.
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FIGURE 1. Multi-station stable scattering centers reconstruction
geometry.

The remainder of the paper is organized as follows:
Section II introduces the multi-station 3-D reconstruction
geometry and the signal model. Section III presents the
single-station scattering center coordinates reconstruction
algorithm. Section IV presents the multi-station data associ-
ation algorithm. Simulation results are given in Section IV,
and conclusions are given in Section V.

II. MULTI-STATION 3-D RECONSTRUCTION GEOMETRY
AND SIGNAL MODEL
The proper observation geometry and signal model are the
basis for further research on 3D reconstruction. In this
section, we focus on the multi-station 3-D reconstruction
geometry and signal model. According to [30], the spatial
target scattering centers can be divided into two types: the
first type of scattering centers is fixed on the target body,
and does not change with the radar LOS. These scattering
centers are called stable scattering centers and include the
telemetry window, concavity, and missile tail. The second
type of scattering centers, called the sliding scattering centers,
appear at the edge of the target and change with the radar
LOS. The multi-station reconstruction geometry of the two
types of scattering centers and the signal model are given as
follows.

A. MULTI-STATION STABLE SCATTERING CENTERS
RECONSTRUCTION GEOMETRY
Fig. 1 illustrates the multi-station stable scattering centers
reconstruction geometry. To model the problem, the orthog-
onal coordinate system o-xyz is defined as the object-fixed
coordinate system, with the origin being the centroid of the
target. O-XYZ is a topocentric coordinate system, whose
origin is at a radar in the radar system, referred to as the
reference radar, and three coordinate axes point to the east,
the north, and the sky direction. Consider a space rigid body
target consisting of N scattering centers, whose coordinates
in the object-fixed coordinate system isXi = [xi, yi, zi]T , i =
1, · · · ,N , and then the ith scattering center coordinate in

the topocentric coordinate system at time tk is given by the
following:

X̃i (tk) = R (tk)Xi + T (tk) (1)

whereR (tk) and T (tk) are the rotation matrix and translation
vector between the object-fixed coordinate system and the
topocentric coordinate system, respectively. According to [1],
the motion of the target can be broken into micro-motion
and translation, corresponding to R (tk) and T (tk), respec-
tively. Here, we assume that the translation of the target is
completely compensated and set o-uvw to be the reference
coordinate system, whose coordinate axis direction is consis-
tent with that of the topocentric coordinate system, and the
origin is at the centroid of the target. The coordinate of the
ith scattering center coordinates in the reference coordinate
system is given by the following:

X̄i (tk) = R (tk)Xi (2)

The observation radar network system is composed of
M radars, which can meet the synchronization requirements
in time and space. The coordinate of the jth radar in the
topocentric coordinate system is Zj =

[
zxj, zyj, zzj

]T
, j =

1, · · · ,M , and the corresponding radar LOS is LOSj =[
LOSxj,LOSyj,LOSzj

]T
, j = 1, · · · ,M . According to the

relationship between the reference coordinate system and the
topocentric coordinate system, the jth radar LOS in the refer-
ence coordinate system is the same as that in the topocentric
coordinate system.

The range of the target is obtained bymatch filtering.When
the bandwidth of the radar is large enough, the scattering
centers of the target can be resolved over the radial range.
The radial range of the ith scattering center on the jth radar is
defined as the inner product of the ith target scattering center
coordinate and the jth radar LOS unit vector:

ρij (tk) = X̄i (tk)T LOSj (3)

where the superscript ‘‘T’’ denotes the transpose. Since the
coordinates of the radars can be obtained by the global
positioning system (GPS) positioning and the target centroid
position can be obtained by the multi-station narrowband
positioning [25], the radar LOS unit vectors in the topocentric
coordinate system can be calculated. Meanwhile, according
to (1), there is only a translation vector T (tk) between the
reference coordinate system and the topocentric coordinate
system, that is, the target centroid position coordinate is
also a known parameter. Therefore, the 3-D absolute attitude
reconstruction problem studied in this paper is to reconstruct
the absolute coordinates of the target scattering centers with
the absolute radar LOSs known. For the sake of simplicity,
in the following chapters, we refer to the target scattering
center coordinates and the unit vectors of the radar LOSs in
the reference coordinate system as absolute coordinates and
the absolute radar LOS unit vectors, respectively.
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FIGURE 2. Multi-station sliding scattering centers reconstruction
geometry.

B. MULTI-STATION SLIDING SCATTERING CENTERS
RECONSTRUCTION GEOMETRY
The sliding scattering centers change as the radar
LOS changes. Taking a smooth cone as an example, the scat-
tering centers appear at the intersection of the plane formed
by the radar LOS and the target symmetry axis with the cone
bottom. Since the radar LOS and the sliding scattering centers
are always on the same plane, only the change of the radar
LOS pitch angle causes the variation of the projection range
of the scattering centers, and the azimuth has no effect on the
projection distance. Fig. 2 is the multi-station sliding scatter-
ing centers reconstruction geometry. The coordinate system
in the sliding scattering center reconstruction geometry is
similar to that in the stable scattering center reconstruction
geometry, except that the radar LOS azimuth is 90◦ and the
coordinate system is two-dimensional. The projection range
of the ith sliding scattering center on the LOS of radar j is
given by the following:

ρij = yi (tk) cos
(
βj
)
+ zi (tk) sin

(
βj
)

= Xi (tk)T LOSj (4)

where Xi (tk) is the coordinate of the ith scattering center
in the reference coordinate system at time tk and βj is the
jth radar LOS pitch angle.

C. SIGNAL MODEL
The carrier frequencies of the radars in the radar network are
assumed to be different, which means the signals transmitted
by the different radars do not affect each other and the echoes
are independent. The jth radar transmits the wideband linear
frequency modulation signal can be written as follows:

s(t̂, tk ) = rect
(
t̂
Tp

)
exp

(
j2π

(
fjt +

1
2
µt̂2

))
(5)

where t̂ is the fast time, t is the full time, tk is the slow time,
t = tk + t̂ , Tp is the pulse width, fj is the carrier frequency of
the jth radar, µ is the chirp-rate, rect (u) = 1 when ‖u‖ ≤ 0.5
and rect (u) = 0 when ‖u‖ > 0.5. The transmitted pulse is

reflected back after encountering the ith scattering center, and
the echo received by the jth radar can be written as follows:

sr (t̂, tk )=Airect
(
t̂ − τi (tk)

Tp

)
· exp

(
j2π

(
fj (t − τi (tk))+

1
2
µ
(
t̂ − τi (tk)

)2))
(6)

where Ai is the scattering coefficient of the ith scattering
center, τi (tk) = 2ri (tk) /c, ri (tk) is the distance between
the ith scattering center and the radar, and c is the speed of
light. Since the target translation has been fully compensated,
the reference signal is selected as follows:

s0(t̂, tk ) = rect
(
t̂ − τ0
Tp

)
· exp

(
j2π

(
fj (t − τ0)+

1
2
µ
(
t̂ − τ0

)2)) (7)

where τ0 = 2r0/c and r0 is the distance between the target
centroid and the radar. The dechirping procedure is to multi-
ply sr

(
t̂, tk

)
with the complex conjugate of s0

(
t̂, tk

)
, yielding

the following equation:

sc
(
t̂, tk

)
= Airect

(
t̂ − τi (tk)

Tp

)
· exp

(
−j2πµ

(
t̂ − τ0

)
1τ (tm)

)
· exp

(
−j2π fj1τ (tk)

)
exp

(
jπµ (1τ (tk))2

)
(8)

where 1τi (tk) = τi (tk) − τ0. The HRRP sequences are
obtained by performing a fast Fourier transform operation
with the fast time t̂ and removing the residual video phase,
which results in the following:

Sc (r, tk) = Aisinc
(
2B
c
(r +1ri (tk))

)
· exp

(
−j

4π
λ
1ri (tk)

)
(9)

where 1ri (tk) = ri (tk) − ri0. From (7), we can see that
the peak of the HRRP modulus |Sc (r, tk)| appears at r =
−1ri (tk). Therefore, the peaks of the HRRP can reflect the
distance between the target scattering centers to the reference
center, that is, the target centroid. To obtain the accurate radial
ranges of the scattering centers, we use the iterative adaptive
algorithm (IAA) in [26] to obtain the super-resolution result
of the HRRP sequences and extract the peak to obtain the
1-D range sequences of the scattering centers. For the details
of the algorithm, please refer to reference [26].

III. SINGLE-STATION SCATTERING CENTERS
RECONSTRUCTION
Different from the existing algorithm, the proposed
algorithm proposes the strategy of ‘‘reconstruction before
association’’. Firstly, the 3-D scattering center coordinates
are reconstructed by the range data of each radar, then,
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FIGURE 3. Flowchart of the 3-D absolute attitude reconstruction
algorithm.

the multi-station data are associated by the reconstructed
scattering center coordinates, and the 3-D absolute attitude
are reconstructed by the relationship of the associated LOSs
and the absolute LOSs. The flowchart of the 3-D absolute
attitude reconstruction algorithm based on the multi-station
HRRP sequences is shown in Fig. 3. The advantage of this
algorithm is that the reconstructed scattering center coordi-
nates contain the structural information of the target and are
easy to associate; meanwhile, no prior information of the
target motion form is needed. In this section, we introduce
the ‘‘reconstruction’’ step in the ‘‘reconstruction before asso-
ciation’’ strategy.

A. SINGLE-STATION RANGE DATA ASSOCIATION
To reconstruct the 3-D coordinates by using the range data of
each radar separately, we need to associate the single-station
range data first. The range data association of the scattering
centers in the time-range plane is essentially the same as the
track association of the point target in the 2-D Cartesian coor-
dinate system in target tracking, thus the track association
algorithms such as KF and NNSF [27], Multiple Hypothesis
Tracking [18] are used in scattering centers association. Here
the KF and NNSF are used to associate the single-station
range data considering the issues of simplicity and real-time.

Here, we consider the radial range of the scattering cen-
ter at each moment as the position of a point target on
the time-range plane, and the range sequence as the track of
the point target. According to themotion characteristics of the
target, the radial range ρ, the velocity v, and the acceleration
a of the scattering center do not change much at the adjacent
moment, thus we can use constant acceleration model to
model the motion, and the KF to associate the radial range
of the same scattering center. The state vector of the point

target at time tk is given by the following:

g (k) =
[
ρk vk ak tk ṫk ẗk

]T (10)

where ρk and tk are the position of the point target at time tk ,
and vk , ak , ṫ , and ẗ are the velocity and acceleration of the
scattering center along the two coordinate axes. The KF is a
recursive algorithm that uses the predicted and observed val-
ues to estimate the current optimal value, and it contains two
steps: the prediction step and the update step. In the prediction
step, the target state is predicted with the estimated state in
the previous recursive step. In the update step, the target state
is updated by a weighted sum of the predicted state and the
observation. For the details of the algorithm, please refer to
reference [27].

Since the range sequences contain multiple scattering cen-
ter range data, the problem of themulti-target data association
need to be solved. The NNSF is a simple and effective data
association algorithm. In the NNSF, first a tracking gate is
set, which is centered on the predicted position of the target
and the size is guaranteed to correctly receive the echo with a
certain probability. Then, the measurement that falls into the
tracking gate is regarded as a candidate measurement, that is,
the candidate measure meets the following requirement:(

yk −Hgk|k−1
)T S−1k (

yk −Hgk|k−1
)
< ε (11)

where yk is the observation, gk|k−1 is the predicted target
state,H is the observation matrix, Sk is the innovation covari-
ance matrix, which can be obtained in the Kalman prediction
step, ε is a small positive value. If only one observation
falls into the tracking gate, the coordinates of the observation
can be directly used for the Kalman update step. If multiple
observations fall into the same tracking gate, the observation
with the smallest value in (11) is selected as the candidate
observation.

The detailed procedures of the single-station range data
association are as follows:

Step 1: Initialize the 1-D range sequences of N scattering
centers with the first 5 range data, k = 5;

Step 2: Predict the state change of each scattering center
using the KF prediction steps.

Step 3: Use the NNSF to select the candidate observations
associated with the range sequence of each scattering center;

Step 4: Perform the KF updating steps with the candidate
observations, and obtain the updated range data, k = k + 1;
Step 5: Repeat Step 2 to Step 4 until k = K .

B. 3-D STABLE SCATTERING CENTER RECONSTRUCTION
After the single-station range data association, we obtain
the 1-D range sequences of the scattering centers. From (2),
we can see that the 1-D radial range sequences are the
products of the target scattering center coordinates and the
radar LOS unit vectors. According to the coordinate system
conversion principle, we can convert the motion of the target
into the motion of the radar LOS. Thus, the projection range
of the ith scattering center on the radar LOS at time tk is given
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by the following:

ρik = sTi ck (12)

where si is the coordinate of the ith scattering center in the
object-fixed coordinate system and ck is the jth radar LOS
unit vector at time tk in the object-fixed coordinate system.
The radial range sequences of the stable scattering centers
can be represented as in the matrix-vector form as follows:

8N×K = STN×3C3×K (13)

where

8N×K =


ρ11 ρ12 · · · ρ1K
ρ21 ρ22 · · · ρ2K
...

...
. . .

...

ρN1 ρN2 · · · ρNK


S3×N = [ s1 s2 · · · sN ]

C3×K =
[
c1 c2 · · · cK

]
(14)

The 1-D range sequences observation matrix can be repre-
sented by

Y = 8+W (15)

where W is the observation noise matrix.
From (13) we can see that the 1-D range sequences couple

the scattering center coordinates and the target motion. When
the radar LOS unit vectors can be calculated, the absolute
attitude can be evaluated by the relationship between the
estimated radar LOSs and the absolute radar LOSs. However,
the missiles are usually non-cooperative and the coordinates
of the scattering centers are unknown, then the radar LOSs
cannot be directly estimated from the 1-D range sequences.
According to (15), S and C can be obtained by solving the
following optimization problem:

min
S,C

∥∥∥Y− STC
∥∥∥2
2

s.t. diag(CTC) = 1K×1 (16)

where 1K×1 is a K × 1 identity matrix. The optimization
problem can be solved by the factorization method in [17].
The solution steps are as follows:

Step 1 Compute the reduced SVD of observation Y to
obtain YN×K ≈ UN×333×3VT

3×K ;
Step 2 Form the affine scattering center coordinates matrix

ŜA = U3×N and the affine radar LOS matrix ĈA =

33×3VT
3×K ;

Step 3 Form a K × 6 matrix D with the row of the affine
radar LOS matrix ĈA;
Step 4 Calculate the least squares solution of Dw = 1K×1

with M ≥ 6 and obtain the symmetric matrixW;
Step 5 Perform the Cholesky decomposition with W to

obtain the affine transformation matrix P;
Step 6 Form the Euclidean scattering center coordinates

matrix ŜE = PŜA, and the Euclidean radar LOS matrix
ĈE = PĈA.

However, there are still infinitely many orthogonal matri-
ces that satisfy the equation:

W = PTP = PTOTOP (17)

Thus, a rotationmatrix exists between the Euclidean recon-
structed coordinates ŜE and the absolute coordinates of the
scattering centers.

C. 2-D SLIDING SCATTERING CENTER RECONSTRUCTION
Similar to (13), the radial range sequences of the sliding
scattering centers have the form

8N×K = STN×2C2×K (18)

where

8N×K =


ρ11 ρ12 · · · ρ1K
ρ21 ρ22 · · · ρ2K
...

...
. . .

...

ρN1 ρN2 · · · ρNK


S2×N = [ s1 s2 · · · sN ]

C2×K =
[
c1 c2 · · · cK

]
(19)

si in S is the coordinates of the ith sliding scattering center
in the object-fixed coordinate system, ck in C is the radar
LOS unit vector at time tk . The 2-D Euclidean reconstruction
can be obtained by extending the reconstruction algorithm
in Section III.B to the 2-D scenario.

IV. MULTI-STATION DATA ASSOCIATION
When the space target is observed by a radar network,
the orders of the projection range sequences are not the same
due to the different viewing angles of the radars, then the
orders of the scattering centers reconstructed by the fac-
torization method are different. Therefore, the multi-station
data association is essential for multi-station absolute attitude
estimation. In this section we focus on the ‘‘association’’
step in the ‘‘reconstruction before association’’ strategy and
estimate the absolute coordinates of the scattering centers.

A. MULTI-STATION SCATTERING CENTERS ASSOCIATION
The essence of multi-station scattering centers association is
to find the relationship between the scattering center coordi-
nates reconstructed from the 1-D range data of different radar.
According to (17), there exists a rotation matrix between
the Euclidean reconstructed coordinates ŜE and the absolute
scattering centers. Suppose Oj is the transformation matrix
between the scattering center coordinates ŜjE reconstructed
from the jth radar and the absolute coordinates SR, and Oj is
a 3× 3 rotation matrix for the stable scattering centers and a
2× 2 rotation matrix for the sliding scattering centers, which
results in the following:

SR= OjŜ
j
E (20)

The scattering center coordinates reconstructed by the
range sequences of the reference radar is set as the reference
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coordinates, then the scattering center coordinates recon-
structed by the range sequences of the jth radar is given by:

Ŝ1E= O−11 OjŜ
j
E = Oj1Ŝ

j
E (21)

where Ŝ1E is the reference coordinates, O1 is the correspond-
ing rotation matrix, and Oj1 is the transformation matrix
between ŜjE and Ŝ1E . Since O1 and Oj are rotation matrices,
Oj1 is also a rotation matrix, andOj1 is a 3×3 rotation matrix
for the stable scattering centers and a 2 × 2 rotation matrix
for the sliding scattering centers. The scattering centers asso-
ciation problem is transformed into the rotation matrix esti-
mation problem. The transformation error ei between the ith
scattering center coordinate ŝjEi reconstructed from the range
sequences of the jth radar and ŝ1Ei reconstructed from the
range sequences of the reference radar is defined as follows:

ei =
∥∥∥ŝ1Ei −Oj1ŝ

j
Ei

∥∥∥
2

(22)

Then the transformation error e between ŜjE and Ŝ1E can be
expressed as the square sum of ei:

e =
N∑
i=1

e2i =
N∑
i=1

∥∥∥ŝ1Ei −Oj1ŝ
j
Ei

∥∥∥2
2

(23)

The transformation matrix Oj1 estimation problem is to
find a matrix that minimizes the transformation error e under
the condition that the rotation matrix orthogonal constraint is
met and can be expressed as follows:

min
Oj1

N∑
i=1

∥∥∥ŝ1Ei −Oj1ŝ
j
Ei

∥∥∥2
2

s.t. Oj1OT
j1= OT

j1Oj1= I (24)

where I is a 3 × 3 identity matrix for the stable scattering
centers and a 2 × 2 identity matrix for the sliding scattering
centers. There are two types of methods for solving the
above problems: one is the linear algebra method, which
is represented by the SVD algorithm [28], and the other
is the nonlinear iteration method, which is based on a Lie
algebra [29]. Since the nonlinear optimization method has
certain requirements on the selection of the initial value selec-
tion, and the linear algebra method can obtain the analytical
solution, we employ the SVD method proposed in [28] to
estimate the rotation matrix Oj1.

Expanding the cost function in (23), we have the following:

N∑
i=1

∥∥∥ŝ1Ei −Oj1ŝ
j
Ei

∥∥∥2
=

N∑
i=1

(
ŝ1 TEi ŝ1Ei − 2ŝ1 T

Ei Oj1ŝ
j
Ei + ŝj

T

EiO
T
j1Oj1ŝ

j
Ei

)
(25)

The first term on the right side of the equation (25) is
independent of Oj. The third term is also independent of Oj

due to OT
j1Oj = I, and thus the cost function can be rewritten

as

−

N∑
i=1

ŝ1 TEi Oj1ŝ
j
Ei = −

N∑
i=1

tr
(
Oj1ŝ

j
Eiŝ

1 T
Ei

)
= −tr

(
Oj1

N∑
i=1

ŝjEiŝ
1 T
Ei

)
(26)

where tr (·) is the trace of the matrix. To estimate Oj1,
we define the following:

Q =
N∑
i=1

ŝjEiŝ
1 T
Ei (27)

where Q is a 3 × 3 matrix for the stable scattering centers
and a 2 × 2 matrix for the sliding scattering centers. The
SVD decomposition is applied on Q, yielding the following:

Q = U6VT (28)

where U and V are the orthogonal matrices, 6 is a diagonal
matrix composed of the singular values, and the diagonal
elements are arranged in descending order. When there are
more than two non-collinear stable scattering centers, or more
than one non-collinear sliding scattering centers, Q is full
rank. Then, the estimated transformation matrix Oj1 is given
by the following:

Ôj1 = UVT (29)

For the proof of the algorithm, please refer to [28].
From (29), we find that Ôj1 is the product of two orthogonal
matrices; thus, it still is an orthogonal matrix, which satisfies
the rotation matrix orthogonal constraint.

After obtaining the transformationmatrix Ôj1, we calculate
the associated scattering center coordinates matrix and the
radar LOS matrix, respectively, as follows:

ŜjR = Ôj1Ŝ
j
E (30)

Ĉj
R = Ôj1Ĉ

j
E (31)

Comparing (30) with (21), we find that the associated
scattering centers coordinate reconstructed from the range
sequences of the jth radar are consistent with the reference
coordinates, and the multi-station data association is com-
pleted.

B. THE TARGET ABSOLUTE ATTITUDE ESTIMATION
After multi-station data association, the scattering center
coordinates reconstructed from the other radars are consistent
with those reconstructed from the reference radar. According
to Section IV.A, a transformation matrix O1 exists between
the associated scattering center coordinates and the absolute
coordinates. In this section, we remove the effect of O1 and
obtain the absolute coordinates of the scattering centers.

Fig. 4 shows the relationship between the reconstructed
geometry and the absolute geometry at time tk . The solid line
is the target absolute scattering center coordinates and the
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FIGURE 4. Relationship between the reconstructed geometry and the
absolute geometry.

absolute radar LOSs, and the dotted line is the associated scat-
tering center coordinates and radar LOSs at time tk . A rotation
matrix Ok

1 exists between the associated scattering center
coordinates matrix Ŝ1R and the absolute scattering center coor-
dinates matrix Ŝk at time tk ; meanwhile, the same rotation
matrixOk

1 exist between the associated radar LOS matrix Ĉk
R

at time tk and the absolute radar LOS matrix Ĉk , where
Ĉk
R =

[
ĉkR1 ĉkR2 · · · ĉ

k
RM

]
, in which ĉkRj is the kth column

of Ĉj
R and represents the associated LOS of the jth radar at

time tk . Therefore, we can estimate the transformation matrix
Ok

1 by the relationship between the associated radar LOSs and
the absolute radar LOSs. Here, Ok

1 is a 3× 3 rotation matrix
for the stable scattering centers and a 2 × 2 rotation matrix
for the sliding scattering centers.

Assuming that the positions of the radars and the target
centroid position are known, the absolute LOS unit vector of
the jth radar at time tk can be represented as the following:

ckj =
Zj − Tk∥∥Zj − Tk

∥∥ (32)

where Zj is the position of the jth radar and Tk is the tar-
get centroid position at time tk . The transformation error e
between Ĉk

R and Ĉk
R is defined as follows:

e =
M∑
j=1

e2j =
M∑
j=1

∥∥∥ckj −Ok
1 ĉ
k
Rj

∥∥∥2
2

(33)

where ej is the transformation error between the associated
LOS and the absolute LOS of the jth radar at time tk . Then
the transformation matrix Ok

1 estimation problem is to find
a matrix that minimizes the transformation error e under the
condition that the rotation matrix orthogonal constraint is met
and can be expressed as follows:

min
Ok

M∑
j=1

∥∥∥ckj −Ok
1 ĉ
k
Rj

∥∥∥2
s.t. Ok

1O
k T
1 = OkT

1 Ok
1 = I (34)

FIGURE 5. Target model composed of stable scattering centers.

where I is a 3 × 3 identity matrix for the stable scattering
centers and a 2 × 2 identity matrix for the sliding scattering
centers. The SVD method is applied again to solve the above
optimization problem. When there are more than two non-
coplanar ckj for the stable scattering centers reconstruction,
or more than one non-coplanar ckj for the sliding scatter-
ing centers reconstruction, the algorithm has a unique solu-
tion. The estimated absolute scattering center coordinates at
time tk are given by the following:

Ŝk = Ôk
1Ŝ

1
R (35)

where Ŝ1R is the associated scattering center coordinates
reconstructed from the range sequences of the reference radar
and Ŝ1R = Ŝ1E .

V. SIMULATION
In order to highlight the contributions of this paper, we per-
form three experiments to show the effectiveness of the pro-
posed algorithm. The experiment environment and results are
listed as follows:

A. THE RECONSTRUCTION OF THE STABLE SCATTERING
CENTER COORDINATES
In this simulation, we verify the reconstruction performance
of the proposed algorithm for the stable scattering centers.
Fig. 5 is the target model composed of stable scattering
centers. According to the electromagnetic scattering charac-
teristics, the target contains 4 stable scattering centers dis-
tributed on the four vertices of the triangular pyramid, and the
coordinates of the scattering centers in the object-fixed coor-
dinate system are respectively [0, 0, 0.9m], [1m, 0,−0.6m],
[0, 1.8m,−0.6m], and [−1.0392m,−0.6m,−0.6m]. The
angular frequencies of spin and nutation are ws = πrad/s,
and wn = 2πrad/s, respectively. The nutation angle is 10◦,
and the angle between the nutation axis and the Z axis of the
reference coordinate system is 100◦. The target is observed
by three radars, and the bandwidth of the radars is 2 GHz,
ranging from 8 GHz to 12 GHz. The azimuth and elevation
angles of the radars in the object-fixed coordinate system
are respectively [0◦, 20◦], [90◦, 23◦], and [−50◦, 18◦]. The
radar pulse repetition frequency is 150 Hz and the data length
is 2 s. Here we use CST software to generate the wide-
band echo data. First, the target model is generated in the
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FIGURE 6. HRRP sequences and the extracted 1-D range sequences of the target. (a) HRRP sequences obtained
from radar 1; (b) Extracted 1-D range sequences from radar 1; (c) HRRP sequences obtained from radar 2;
(d) Extracted 1-D range sequences from radar 2; (e) HRRP sequences obtained from radar 3; (f) Extracted 1-D
range sequences from radar 3.

CST based on the structural parameters of the target; then,
the radar parameters and the azimuth and elevation angles of
the radar LOSs calculated from the target motion parameters
are input in the solver of the CST software, the wideband
echoes of the target are obtained finally and used for 3-D
scattering center coordinates reconstruction.

Fig. 6 shows the HRRP sequences and the extracted 1-D
range sequences of the target. Fig. 6(a), (c) and (e) shows the
target HRRP sequences obtained from three respective radar
echoes obtained by the IAA algorithm. Each figure contains
four curves, indicating that the target contains four scatter-
ing centers. Fig. 6(b), (d), and (f) shows the corresponding
1-D range sequences after range extraction and single-station

association. In order to remove the glitch on the 1-D range
curves caused by noise and wrong association, the Kalman
smoothing algorithm is used to smooth the associate result
a second time. Fig. 6 shows that the 1-D range sequences are
consistent with the theoretical values.

Fig. 7 shows the 3-D scattering center coordinates recon-
struction results. Fig. 7(a) shows the 3-D coordinates recon-
struction results of four scattering centers at t = 0.0067s,
and the specific coordinates of the scattering centers are listed
in Table 1. Fig. 7(b) shows the 3-D motion trajectory of
the scattering center B, and Fig. 7(c)-(e) shows projection
of the scattering center motion on three coordinate axes.
Fig. 7(a) and Table 1 indicate that the reconstructed scattering
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TABLE 1. The absolute and reconstructed scattering center coordinates at
t = 0.0067s.

center coordinates are consistent with the absolute coordi-
nates. It can be seen from Fig. 7(c) that the 3-D motion of
the scattering center B has a large reconstruction error at some
time. This is because the 1-D range sequence of the scattering
center B intersects with that of the scattering center C or D at
these moments, and there will be an association error in the
single-station association step.

The effect of signal-to-noise ratio (SNR) on the reconstruc-
tion performance of the proposed algorithm was studied and
the results are below. We added the Gaussian white noise to
the echo data generated by CST, the SNR ranged from 5 to
30 dB. Here, the echo SNR is defined as the ratio of the
average energy of the single echo to the noise power. One
hundred Monte Carlo experiments were performed on the
target under each SNR, and the root normalized mean square
error (RNMSE) of the reconstructed scattering center coor-
dinates was used to measure the reconstruction performance.
The RNMSE is defined as follows:

RNMSE =

√√√√√√√√
K∑
k=1

∥∥∥Ŝ jk − X jk∥∥∥22
K∑
k=1

∥∥∥X jk∥∥∥22
(36)

Fig. 8 shows the RNMSE of the reconstructed scattering
centers coordinates versus SNR. From Fig. 8, we found that
the reconstruction error of the proposed algorithm decreases
as the SNR increases. The reconstruction error of the scat-
tering center A is significantly smaller than that of the
other three scattering centers. This is because the 1-D range
sequence of the scattering center A has no intersection with
the other range sequences, and the reconstruction error caused
by the association error is avoided.

B. THE RECONSTRUCTION OF THE SLIDING SCATTERING
CENTER COORDINATES
In this simulation, we verify the reconstruction performance
of the proposed algorithm for the sliding scattering centers.
Fig. 9 shows the target model composed of sliding scattering
centers. According to the electromagnetic scattering char-
acteristics, the target contains five scattering centers, where
A is a stable scattering center and B–E are sliding scattering
centers. The coordinates of the scattering centers A-E in
the object-fixed coordinate system are respectively [0, 0.9m],

FIGURE 7. 3-D scattering center coordinates reconstruction results.
(a) 3-D coordinates reconstruction results of four scattering centers at
t = 0.0067 s; (b) 3-D motion trajectory of the scattering center B;
(c) Projection of the scattering center B on X axis; (d) Projection of the
scattering center B on Y axis; (e) Projection of the scattering center B on
Z axis.
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FIGURE 8. RNMSE of the reconstructed scattering centers coordinates
versus SNR.

FIGURE 9. Target model composed of sliding scattering centers.

[0.3m, 0], [0.6m,−0.5m], [−0.3m, 0], and [−0.6m,−0.5m].
The angle frequency of spin and angular frequency of nuta-
tion are respectively ws = πrad/s, and wn = 2πrad/s. The
nutation angle is 10◦, and the angle between the nutation axis
and the Z-axis of the reference coordinate system is 100◦. The
target is observed by two radars, The azimuth and pitch angle
of the radar in the object-fixed coordinate system are 38◦ and
45◦ respectively. The other radar parameters are consistent
with the parameters in Section V.A.

Fig. 10 shows the HRRP sequences and the extracted 1-D
range sequences of the target. Fig. 10(a) and (c) shows the
respective target HRRP sequences obtained from two radar
echoes by the IAA algorithm. Fig. 10(b) and (d) are the
corresponding 1-D range sequences after range extraction
and single-station association. Three range curves can be
observed in Fig. 10 because scatter D and E are sheltered and
cannot be observed by the radars. The range sequences are
consistent with the real values.

Fig. 11 shows the 2-D scattering center coordinates
reconstruction result. Fig. 11(a) shows the results of the
2-D coordinates reconstruction of four scattering centers
at t = 0.0067s, and the specific coordinates of the
scattering centers are listed in Table 2. Fig. 11(b) shows
the 2-D motion trajectory of the scattering center C, and
Fig. 11(c) and (d) are the projection of the scattering cen-
ter motion on two coordinate axes. Fig. 11(a) and Table 2

FIGURE 10. HRRP sequences and the extracted 1-D range sequences of
the target. (a) HRRP sequences obtained from radar 1; (b) Extracted 1-D
range sequences from radar 1; (c) HRRP sequences obtained from
radar 2; (d) Extracted 1-D range sequences from radar 2.

indicate that the reconstructed scattering center coordinates
are consistent with the absolute coordinates. In Fig. 11(d),
the errors at the peaks and valleys are large. The large errors
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FIGURE 11. 2-D scattering center coordinates reconstruction result.
(a) 3-D coordinates reconstruction results of four scattering centers
at t = 0.0067 s; (b) 2-D motion trajectory of the scattering center C;
(c) Projection of the scattering center C on X axis; (d) Projection of the
scattering center C on Y axis.

are because the target projection range changes gradually at
these locations; consequently, the error between the estimated

FIGURE 12. RNMSE of the reconstructed scattering centers versus SNR.

TABLE 2. The absolute and reconstructed scattering center coordinates at
t = 0.0067s.

range data and the real range is large, resulting in a large
reconstruction error.

In order to verify the anti-noise performance of the algo-
rithm, Gaussian white noise was added to the echo signal
generated by CST, and the echo SNR ranged from 5 to 30 dB.
Then one hundred Monte Carlo experiments were performed
under different SNR conditions. The variation of the RNMSE
with the SNR is shown in Fig. 12. From Fig. 12, we can
find that the reconstruction error of the algorithm decreases
gradually before 25 dB and is stable after 25 dB. The recon-
struction performance is worse than that in Section V.A, since
the extracted range sequences are worse.

The above two experiments verify the effectiveness of the
proposed algorithm, both for the target composed of stable
scattering centers and for the target composed of sliding
scattering centers.

C. THE COMPARISON EXPERIMENT WITH THE EXISTING
ALGORITHM
In order to illustrate the superiority of the proposed algorithm
in 3-D absolute attitude reconstruction, the 3-D reconstruc-
tion algorithm based on the target micro-motion model[17]
is performed to rebuild the absolute coordinates of the scat-
tering centers in the same condition of the experiment in
Section V.A, except that the nutation angle is 10◦ plus a
random perturbation. The SNR is set to be 30 dB. The recon-
structedmotion trajectories of the scattering center B by these
two types of algorithms are shown in Fig. 13 (a) and (b),
respectively. From Fig. 13, we can find that the reconstruction
error of the reconstructed algorithm in [17] is greater than that
of the proposed algorithm. This is because the transforma-
tion matrix estimation algorithm in [17] is an optimization
algorithm based on the target micro-motion model. When
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FIGURE 13. The comparison of the 3-D reconstruction algorithm
in [17] and the proposed algorithm. (a) 3-D motion trajectory of the
scattering center B reconstructed by the reconstruction algorithm in [17];
(b) 3-D motion trajectory of the scattering center B reconstructed by the
proposed algorithm.

the assumed micro-motion model does not match the actual
motion model, the transformation matrix obtained by the
algorithm is inaccurate, so is the reconstructed absolute atti-
tude of the scattering centers. By contrast, the transformation
matrix is estimated from the multi-station data, so no target
motion model knowledge is required. Thus, the 3-D absolute
attitude reconstruction algorithm proposed in this paper can
obtain more accurate results when dealing with real data due
to the mismatch between the actual target motion and the
micro-motion model.

VI. CONCLUSION
With the aim of resolving the warhead recognition problem,
this study proposes a 3-D absolute attitude reconstruction
algorithm based onmulti-stationHRRP sequences. This algo-
rithm proposes the strategy of ‘‘reconstruction before associa-
tion’’. In the reconstruction step, the single-station 1-D range
data are extracted from the echo of each radar and are associ-
ated with the KF and the NNSF method. Then, the scattering
center coordinates and radar LOS unit vectors are calculated
from the 1-D range sequences by the factorization method.
In the association step, the multi-station data are associated
with the reconstructed scattering center coordinates, and the
3-D absolute attitude of the target is reconstructed by the
relationship between the associated radar LOSs and the abso-
lute radar LOSs. The 3-D reconstruction algorithm for the
stable scattering centers and the sliding scattering centers

are investigated. Simulation results show that the proposed
algorithm can obtain good reconstruction effects, and the
reconstructed 3-D absolute attitude are not affected by the
mismatch of the micro-motion model. In practical applica-
tion, the synchronization of multiple radars is a problem.
Besides, the algorithm in this study only considers the con-
tinuous HRRP sequences. In actual observation, the HRRP
sequences are usually incomplete due to certain reasons,
including the occlusion effect and RCS fluctuation, and the
discontinuous HRRP sequences should be considered in the
subsequent work.
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