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ABSTRACT In electrochemical micro-machining technology using ultra-short pulses, the machining
accuracy is limited by pulse width of the power supply. Here, a mathematical model for tuning pulse width in
electrochemical micro machining by means of differential circuits was proposed. Using this model, the step
responses of the system under different time constants were simulated, which showed that the pulse width
of the step response becomes quite short when the time constant of the differential circuit is short enough.
Based on the model, an electrochemical micro-machining system was produced. Using this system, some
micro-structures were successfully produced. The machining accuracy reaches the nanometer scale. This
illustrates our model for tuning pulse width in electrochemical micro machining.

INDEX TERMS Electrochemistry, differential circuit, micro-machining, pulse width tuning.

I. INTRODUCTION
Electrochemical theory is used widely in chemical power,
sensors, biological signal analysis and micro machining
[1]–[5]. The electrochemical system is a coupled electronic
and ion circuit system. The performance of the electrochemi-
cal system is determined by the coupled electronic-ion circuit.

Using the electrochemical theories, a series of immune-
sensors, enzyme sensors and DNA sensors were pro-
posed and these biological processes were investigated in
details [6]–[10]. The electrochemical theories are also used
to model electrochemical systems for many ion batteries and
the operating performance of the batteries was improved
significantly [11]–[14]. The electrochemical theories are also
used for electrochemical treatment in the local control of solid
tumors in preclinical and clinical studies [15], [16].

R. Schuster used an equivalent circuit model to describe
the coupled electronic and ion circuit for the electrochem-
ical micromachining and proposed electrochemical micro-
machining (ECM) technique using ultra short pulses [17].
The technique increased machining resolution of the micro
structures significantly and has received extensive attention
in the world [18]–[23].

Typical micro-nano electromechanical systems include
micro-nano motors, sensors, and fluid devices, etc. The cor-
responding micro-nano manufacturing technologies include
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ultrasonic machining technology [24], laser machining tech-
nology [25], EDM technology [26], and electrochemical
machining technology [27]. Among them, electrochemical
machining technology has high machining efficiency for con-
ductor materials and plays an important role in manufacturing
various micro-nano structures.

Although the precision of micro-ECM can be greatly
improved by using ultra-short pulse signals, the machining
accuracy is limited by the pulse power supply. The pulse
width of voltage signals produced by the power supply has
not been reduced without limitation. In addition, the cost
of ultra-short pulse power supply is high and difficult to be
widely used in practical production. It is because the step
signal of ultra-short pulse width is used in the above micro-
ECM technology, the shorter the pulse width of the step
signal, the higher the requirement for power supply.

In order to solve the above problems, this paper puts
forward a mathematical model for tuning pulse width of
the voltage signals by means of the differential circuits in
the micro-ECM. Using the model, the step responses of the
system under different time constants are simulated, which
shows that the pulse width of the step response becomes
quite short when the time constant of the differential circuit
is short enough. Based on it, stray corrosion in micro-ECM
is investigated and the system time constant corresponding
to the best localization of micro-ECM is determined. Based
on the model, an electrochemical micro machining system
is produced. Using this system, some micro-structures such
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as the micro-cantilever beam and the micro-curved beam
are successfully produced. The machining accuracy reaches
the nanometer scale. Here, the ultra-short pulse signals are
generated by ordinary step signals plus a differential circuit,
so there is no special requirement for expensive power sup-
ply. This illustrates our mathematical model for tuning pulse
width in electrochemical micro machining.

II. CONTROL EQUATION AND PULSE WIDTH TUNING
BASED ON ONE DIFFERENTIAL CIRCUIT
On the basis of the existing rectangular pulse ECM circuit, a
differential circuit is introduced, and the conventional rect-
angular pulse signal is transformed into a tip pulse signal,
which is more suitable for ECM. The characteristic of the
differential circuit is related to its time constant τ (τ = RC).
The smaller is the time constant, the shorter the charge and
discharge time on the electric poles. Here, the tip pulse of
the output end of the differential circuit is used for ECM.
In order to improve the accuracy of ECM, the differential
circuit is required to have a rapid charge and discharge speed.
Therefore, the time constant of the differential circuit should
be as small as possible.

When the time constant of the differential circuit is given,
the rectangular pulse voltage signal is used as the input, and
then the output voltage waveform has positive and negative
peaks. In ECM, the workpiece is connected to the positive
pole of the power source so that its metal atoms lose electrons
in the oxidation reaction. The tool is connected to the negative
electrode of the power source and the hydrogen ions on
the negative electrode surface receive electrons during the
reduction reaction.

At the moment when the rectangular pulse signals drop,
the reverse voltage output from the RC differential circuit will
lead to reverse ECM. Therefore, the reverse voltage of the
output of the RC differential circuit must be eliminated. For
this purpose, a simple single-phase half-wave rectifier circuit
is introduced to filter the reverse voltage signal.

By introducing the RC differential circuit into the equiv-
alent circuit of micro-ECM, the equivalent circuit diagram
of the micro-ECM system with the differential circuit can
be obtained, as shown in figure 1. Since the single-phase
rectifier circuit has no effect on the time-domain response of
the machining system, it is ignored in the theoretical analysis.

FIGURE 1. Equivalent circuit of the micro-ECM system with differential
circuit.

In Fig. 1, I is the total current, I1 is the electrolyte circuit
current, and I2 is the resistive current in the differential cir-
cuit; 8 is the pulse voltage of the power supply, 81 is the

voltage between the positive and negative electrodes of the
electrochemical reaction,82 is the voltage on the capacitance
of the differential circuit, and ϕ is the voltage on the double
layer capacitance on the electrode surface;R is the differential
circuit resistance, Re is the electrolyte resistance, and Rr is
the electrochemical reaction resistance; C is the differential
circuit capacitance, Cd is the double layer capacitance on the
electrode surface.

From Fig.1, we know

I1 = Cd
dϕ
dt
+
ϕ

Rr
(1)

where t is the time.
The reaction resistance Rr is very large. The current com-

ponent on it can be neglected. Thus

I1 = Cd
dϕ
dt

(2)

From circuit Ohm’s law, we obtain

81 = ReCd
dϕ
dt
+ ϕ (3)

I2 =
81

R
=
ReCd
R

dϕ
dt
+
ϕ

R
(4)

I = C
d82

dt
(5)

Considering I = I1+ I2, and combining Eqs. (2), (4) and (5),
yields

C
d82

dt
= Cd

dϕ
dt
+
ReC1

R
dϕ
dt
+
ϕ

R
(6)

Doing Laplace transform to Eq. (6), yields

Cs82(s) =
R+ Re
R

Cd sϕ(s)+
1
R
ϕ(s) (7)

From Fig. 1, it is also known

8 = 81 +82 = ReCd
dϕ
dt
+ ϕ +82 (8)

Doing Laplace transform to Eq. (8), yields

8(s) = ReCd sϕ(s)+ ϕ(s)+82(s) (9)

Combining Eq. (7) with (9), yields

G(s)=
ϕ(s)
8(s)
=

RCs
RReCdCs2+(RCd+ReCd+RC)s+1

(10)

From Eg. (10), we can obtain the Laplace transform of the
system response to unit step voltage

C(s)=G(s)R(s)=
RC

RReCdCs2+(RCd+ReCd+RC)s+1
(11)

The unit step time response of the system is obtained by
inverse Laplace transform

ϕ(t) =
RCωn√
1− ξ2

e−ξωnt sinωn
√
1− ξ2t (12)
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where ξ is the damping factor of the system, ωn is its natural
frequency.

ξ =
RCd + ReCd + RC
√
RReCdC

(13)

ωn =
1

√
RReCdC

(14)

The double layer capacitance on the electrode surface
Cd = CpS, Cp = 20-50 µF/cm2, it is DL capaci-
tance per unit area; S is effective area for the electrode
to participate in the reaction; for the tool pole 10µm in
diameter, S ≈7.85×10−7cm2. So, we know that Cd ≈
(1.57-3.93)×10−5µF. Usually, the differential circuit capaci-
tance is taken to be 0.01-1µF. From these data, we know that
RCd � RC and RCd could be neglected. Thus, the damping
factor of the system can be given by

ξ =
ReCd + τ
√
ReCdτ

(15)

From constant inequality, a+ b ≥ 2
√
ab, it is known

ReCd + τ >
√
ReCdτ (16)

Hence, the damping factor ξ >1 and the system is an over-
damped second-order system. The unit step response of the
system is

ϕ(t) =
RCωn√
ξ2 − 1

e−ξωnt sinωn
√
ξ2 − 1t (17)

When the process parameters (electrode diameter, elec-
trolyte type, and electrolyte concentration) are determined,
the electrolyte resistance (Re) and double layer capacitance
(Cd) are both fixed constants. Therefore, the step response
of the ECM system with the differential circuit is only
related to the time constant τ of the differential circuit. Using
Eq. (17), the step responses of the system under different time
constants are simulated (see Fig. 2). In order to facilitate the
comparison of the same processing test, the tool electrode
diameter is taken to be 10 µm. Fig. 2 shows:

With the decrease of the time constant τ , the charge and
discharge times of the differential circuit decrease, and the
peak response time and the peak voltage of the system also
decrease. Therefore, the smaller the time constant τ of the
differential circuit, the better the precision of ECM. However,
the smaller is the time constant τ , the smaller the correspond-
ing peak voltage ϕmax. The peak voltage ϕmax on the double
layer must be larger than the decomposing voltage ϕd of the
workpiece in order to ensure the normal process of ECM, that
is, ϕmax ≥ ϕd. Therefore, it is necessary to adjust the input
voltage of the pulse power supply.

According to Eq. (17), the peak time tp of the step response
is

tp =
arc cot ξ

√
ξ2−1

ωn
√
ξ2 − 1

(18)

FIGURE 2. Step response of the system for different τ .

The peak voltage of the response is

ϕmax = ϕ(tp) =
RCωn√
ξ2 − 1

e−ξωntp sinωn
√
ξ2 − 1tp (19)

In order for the peak voltage of the step response to reach
the decomposition voltage of the workpiece, it is necessary to
modify the voltage of the pulse power supply. The modified
peak voltage is

ϕ′max = Kϕmax (20)

where K is the modified factor.
Combining Eq. (20) and the decomposition condition

ϕ′max ≥ ϕd, we obtain

K ≥
ϕd

ϕmax
(21)

Take the decomposition voltage to be ϕd = 0.85 V and
combine Eqs. (18) and (19) with (21), the minimummodified
factor K of the pulse power supply under different time
constants τ is calculated (see Fig. 3a). As can be seen from
the figure:

With the increase of the time constant τ , the coefficient
K decreases sharply, and then gradually tends to 1. This is
because the larger the time constant τ , the slower the charge
of the capacitor, and more voltage of the pulse power supply
is applied to both ends of the resistance R. The output voltage
of the differential circuit is basically the same as the input
voltage of the pulse power supply.

When the differential circuit time constant τ = 0.5 µs,
the correspondingminimummodified factor (K ) of the power
supply voltage is 1.83. That is, the peak voltage of the step
response of the system will be greater than the decomposition
voltage ϕd of ECM if the voltage of the pulse power supply is
greater than 1.83 ϕd. According to Fig. 3a, we determine the
modified factor for different time constants, and then the step
responses for the modified voltages are simulated as shown
in Fig. 3b. It shows:
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FIGURE 3. Modified factor K and step response after modification. a) K
changes with τ ; b) step response after modification.

As the time constant τ of the differential circuit changes,
the peak voltage of the step response of the system can be
guaranteed to be exactly equal to the decomposing voltage
of the workpiece by adjusting the output voltage of the pulse
power supply. When the time constant τ = 0.5 µs, the peak
response time of the system is about 383 ns.

Stray corrosion in ECM mainly refers to the phenomenon
that the non-machined area far away from the electrode is
corroded and it is the main factor that affects the preci-
sion of ECM. In electrochemical machining of micro-holes,
the dimension precision of micro-hole diameter is determined
by the machined side gap between the tool and workpiece,
which is the direct reflection of the localization of electrolytic
machining. Therefore, it is representative to study the local-
ization of the machining method by machining micro-holes.

According to the effect of electrode steady-state potential
on ECM under different pulse conditions, we know that if

FIGURE 4. Step responses and 1ϕ changes of the system. a) step
responses of the system; b) 1ϕ changes along with τ .

the electrode potential in machining area can exceed the
decomposition potential of anodic metal, the electrode poten-
tial in non-machined area is lower than the decomposition
potential, the electrochemical reaction can only occur in the
processing zone, and there is no electrochemical reaction
in the non-processing zone. That is, only the material in
the processing zone is dissolved and corroded, which could
greatly improve the localization of ECM. According to the
mathematical model of real pulse ECM system based on dif-
ferential circuit, the step response of the systemwith different
time constants τ and clearance d between the workpiece and
tool is simulated. The results are shown in Fig. 4a. It shows:

The smaller is the clearance d , the greater the peak voltage
of the system response when the time constant τ of the
differential circuit is the same. When the clearance is 0.5 µm
and 1 µ m, the difference of corresponding peak voltage
1ϕ could reflect the localization of ECM. The larger is 1ϕ,
the lower is the voltage at the place far from the electrode,
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the weaker is the electrochemical reaction and the better is
the localization of ECM. Therefore, we can approximately
describe the localization of ECM by using the difference of
peak voltage 1ϕ. Because the time constant of differential
circuit has a main effect on the step response of the system,
the localization of ECM is different under different time
constants. In order to increase the precision of ECM as highly
as possible, a time constant value of differential circuit should
be found where the corresponding peak voltage difference
1ϕ is maximized.
Taking the time constant τ of differential circuit as vari-

able, the peak voltage of system response is calculated when
the distance between poles is 0.5 µm and 1 µm. The differ-
ence 1ϕ between the two voltages is obtained (see Fig.4b).
It shows:

With the increase of the time constant τ , the voltage
difference 1ϕ increases sharply at first and then decreases
slowly. When the time constant increases to close to the pulse
duration ton,1ϕ tends to be zero.When the time constant τ =
0.13 µs, the voltage difference 1ϕ reaches the maximum.
Therefore, when the system time constant τ = 0.13 µs,

by adjusting the peak voltage of the system response, the
voltage of themachining area could be higher than the decom-
posing voltage of the workpiece, while the voltage of the
non-machining region far from the electrode is lower than the
decomposing voltage. Thus, the localization of micro ECM
could be the best.

III. CONTROL EQUATIONS AND PULSE WIDTH TUNING
BASED ON QUADRATIC DIFFERENTIAL CIRCUITS
In order to further improve the machining accuracy, the sec-
ond differential circuit is introduced to further shorten the
peak time of the system response. On the basis of the machin-
ing technology with the first differential circuit, the quadratic
differentiation of the pulse signals from the signal generator is
completed. The equivalent circuit of the micro-ECM system
is shown in Fig. 5 (time constant τ1 = R1C1, τ2 = R2C2).
Using Eq. (22), the step responses of the system are sim-

ulated. In order to improve the localization of micro-ECM,
the time constant of τ1 = τ2 = 0.13 µs is used. The step
responses of the first and second differential circuits are given
in Fig. 6a. It shows:

The peak response time of the micro-ECM system with the
first differential circuit is 200 ns, while the peak response time
with the second differential circuit is 96 ns. With the increase
of differential times, the peak system response time is short-
ened. At the same time, the peak voltage of the response will
be greatly reduced, which also needs to be corrected by tuning
the output voltage of the pulse power supply.

According to the above equation, the response voltage peak
of the micro-ECM system with the secondary differential
circuit can also be modified, and the minimum modified
factor K of the pulse power supply can be obtained. Here,
we still take the decomposing voltage of the workpiece to be

FIGURE 5. Equivalent circuit of the micro ECM system based on quadratic
differential circuit.

ϕd = 0.85 V, and then

K ′ =
ϕd

ϕmax
= 8.85

The step response of the modified system is shown
in Fig. 6b. It shows:

The modification of peak voltage has no effect on the
response time. Therefore, the pulse width of the system
response can be adjusted by controlling the differential times,
while the peak voltage of the system response can be adjusted
bymodifying the output voltage of the pulse power supply for
the micro-ECM technology based on the differential circuit.

IV. TEST
Based on the above analysis, the experiment of the ECM
based on differential circuits is done. The electrolyte is
H2SO4 solution with concentration of 0.05mol/L and the tool
electrode is tungsten wire 10 µ m in diameter. The circuit
of the micro ECM system after introducing the quadratic
differential and rectifying circuits is shown in Fig. 7. In the
half-wave rectifier circuit, the rectifier diode D is Schottky
diode 1N5822, the forward on-voltage is 0.52V, the reverse
breakdown voltage is 40V, and the resistance R′ is 80 �. The
time constants of the two order differential circuits are both
0.13 µ s, in which the capacitance is C1 = C2 = 0.01µF and
the resistance is R1 = R2 = 13�.

Using the system, we produced some micro-structures on
the nickel film (see Fig. 8). The pulse signal frequency was
100 kHz, the duty cycle was 50%, and the pulse peak voltage
was 10.86 V.

For machining a micro-cantilever beam, the width of the
machining slot was 11.13 µm, and the machining clearance
between the tool and the workpiece was only 565 nm.
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FIGURE 6. Step responses for different differential times before and after
modification. a) before modification; b) after modification.

FIGURE 7. Diagram of the electrochemical machining based on
differential circuits.

For the micro-curved beam, the width of the spiral groove
was 11.037 µm, and the machining clearance between the
tool and the workpiece was 519 nm.

The above results show that the micro-structure obtained
using ourmachining system has little stray corrosion, uniform
groove widths, and flat micro-groove edges. The machining

FIGURE 8. Machined micro-structures. a) tool electrode; b) micro-beam
machined; c) micro-curved beam.

clearance reaches nanometer level. It illustrates our mathe-
matical model for tuning pulse width of the voltage signals
by means of the differential circuits in the micro-ECM.

Using conventional circuit, if the pulse signal frequency
is 100 kHz, the duty cycle is 50% (pulse width is 5µs),
the machining clearance between the tool and the work-
piece is 42µm. For conventional circuit, in order to increase
machining accuracy, only effective way is increasing pulse
signal frequency (reduce pulse width). In [17], using 50 ns
pulse width voltage, and the machining accuracy is 2 µm.
Using our novel circuit, if the pulse signal frequency is still
100 kHz, and the duty cycle is 50% (pulse width is 5µs), the
machining clearance between the tool and the workpiece gets
to about 500nm (without using expensive nanosecond pulse
power source).

The precision using our method reaches nanometer order
of magnitude, and the machining accuracy is much higher
than that of using 50 ns pulse width voltage in refer-
ence [17] (it is 2 µm). Compared with the conventional
circuit, the accuracy of the new method is improved by about
80 times under the same pulse width. Compared with the
nanosecond pulse power source, the accuracy increased about
4 times.

V. CONCLUSION
The present study proposed a mathematical model for tuning
pulse width of the voltage signals by means of the differ-
ential circuits in electrochemical micro machining. Using
the model, the step responses of the system under differ-
ent time constants were simulated, which showed that the
pulse width of the step response becomes quite short when
the time constant of the differential circuit is short enough.
Based on it, stray corrosion in ECM was investigated and
the system time constant corresponding to the best localiza-
tion of micro ECM was determined. Based on the model,
an electrochemical micro machining system was produced.
Using this system, some micro-structures were successfully
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produced. The machining accuracy reaches nanometer scale.
This illustrates our mathematical model for electrochemical
micro machining with differential circuits.
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