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ABSTRACT The existing path tracking methods usually neglect the effect of the drivers on the steering
control. This paper proposes a robust steering control method of human-machine steering torque superposi-
tion based on linear matrix inequality (LMI) algorithm. First, the model for solving steering superposition
torque introduces the steering system and steering resistance torque model in addition to the vehicle model,
which increases the nonlinearity and uncertainty of system, and the human in torque superposition control
also increases the external interferences. Therefore, this paper proposes a LMI robust control algorithm to
reduce the external interference and the influence of uncertain factors on the system and improve the tracking
performance of system, by use of Lyapunov stability theory and Schur complement property to convert the
region pole assignment and robust control constraint conditions into LMI convex optimization problem. The
next, the nonlinear vehicle dynamics solving model including Fiala tire model, steering column model is
established; the nonlinear tire model is linearized by use of affine function, and the steering superposition
control law is solved by use of LMI. Then, the union CarSim and Simulink simulation is conducted under
different situations to verify the robustness and control performance of control system. Finally, through
establishing the hardware-in-the-loop experiment table based on LabVIEW-RT, the effectiveness of control
strategy is verified. The test results show that the method solves the model uncertainty and the robustness
decrement problem resulting from human intervention, ensuring a good tracking performance, and a stable
system at the same time.

INDEX TERMS Steering system, intelligent vehicle, LMI, human-machine co-driving.

I. INTRODUCTION
With the rapid development of modern automobile technol-
ogy, the unmanned vehicles will gradually achieve industri-
alization, the pilotless automobile has gradually become the
hot topics studied by many scholars around the world [1]–[3].
Current unmanned driving is controlled usually by steering
wheel angle [4], [5], often the steering intervention cannot
be realized by a driver, thus completely separating the driver
from autopilot control, easily causing the adverse effects such
as ‘‘situational awareness’’ decreasing [6]–[8]. In order to
solve the problem of the driver away from the control, this
paper puts forward a kind of control method based on the
steering torque input for the human-machine co-driving.

The associate editor coordinating the review of this manuscript and
approving it for publication was Xiaoli Luan.

A lot of control methods are used for path tracking control
research by predecessors, and have achieved a good control
effect. In order to obtain the accuracy of path tracking under
automatic driving, Marino et al. [9] use a nested PID steering
control algorithm, through measuring by use of gyroscope
etc., then the target path and road centerline deviation is used
as a control input of controller, obtaining a better tracking
effect. Zhang et al. [10] optimized the optimal PID controller
parameters through ISE, IAE, ITAE, ITSE and other perfor-
mance index, and obtained satisfactory dynamic and static
performance. Vehicle dynamics model is established accord-
ing to the vehicle parameters, and a steering system model is
established based on least square method by Han et al. [11],
and then the neural network PID controller for the dynamic
model and the steering system model is established, this
controller has a better real-time.
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However, the parameter adjustment based on PID control
algorithm usually uses the method of trial and error, and
lack of self-adaptability. According to the finite preview
optimal control method, Kang et al. [12] have designed the
linear quadratic regulator (LQR) control system to realize
the vehicle lateral control, and the path tracking effect is
verified by real vehicle. Yakub and Mori [13] have lin-
earized the nonlinear tire model, by use of the model pre-
dictive control (MPC), testing the path tracking performance
at changing forward speed and road surface, the result of
simulation shows that the controller will helpful to keep
the vehicle stability. A multi-point preview driver model is
combined with the linear quadratic optimal control (LQR) as
the foundation [14], a steering control strategy is derived from
Receding Horizon method, and achieving a good tracking
effect.

The above control strategy belongs to a typical control
method based on accurate model, its control effect is directly
affected by the precision of model, a model has uncertainty
in the actual application, so the robust control strategy for
the path tracking problem is put forward. Hu et al. [15]
proposes a robust H∞ output feedback control method,
the controller has the stronger robustness for the tire side cor-
nering stiffness, yaw rate and surface curvature. He et al. [16]
have proposed a robust control algorithm based on the lin-
ear matrix inequality (LMI), this method can keep a path
tracking ability and stability under an uncertain external
disturbance.

All of the above research strategy can solve the problem of
path tracking well, but all of them are based on the steering
wheel angle as a single input to control, thus a very precise
angle calculation must be required, and the steering wheel is
locked when working, leading to the driver can’t intervene,
when necessary, so that the driver will feel too nervous in the
real driving. And it is humans machine co-driving at present
and for some time to come, rather than completely unmanned.
In order to solve this problem, Yang et al. [17] have proposed
a path tracking control method of linear time-varying sys-
tem based on model predictive control, the nonlinear vehicle
dynamics model is established, the steering wheel torque is
used as the control variable of system, realizing the function
of human-machine co-driving.

But this method cannot solve the problem of road surface
disturbance and sensor noise etc., the system can’t have very
good robustness [18], [19]. Therefore, main contributions of
the paper are as follows:

1) The steering wheel torque is used as the control vari-
able of system, the function of human-machine co-driving is
introduced in this paper.

2). The robust human machine controller based on LMI
is established, and solve the robustness problem about road
surface disturbance and sensor noise.

The nonlinear fiala tire model is applied in this paper,
local linear is conducted according to affine function, and
then combining to the vehicle dynamics model. The second

part of this paper is to establish mathematical model, mainly
including steering column model, vehicle dynamics model;
the third part mainly introduces the robust control algorithm
based on LMI; the fourth part is the results of simulation;
the fifth part is the result of experiment; the sixth part is
summary.

II. ESTABLISHING MATHEMATICAL MODEL
A. STEERING SYSTEM DYNAMATICS MODEL
Steering system is shown in Fig. 1, it is a system for motor
torque as a single input variable.

FIGURE 1. Steering system configuration.

The motor speed ratio and steering gear ratio are Nm
and Ns respectively. To facilitate the combined with vehicle
dynamics model, all the applied forces in steering system are
equivalent to the steering knuckle, so equation (1) can be
derived.

Jeqδ̈ + Beqδ̇ + τdis + τf sign (δ̇) = NsNmτm (1)

where, τm is motor torque, τdis is the steering resistance
torque of ground surface to tire, τf is the friction torque of
steering system, δ is steering wheel angle. Inertia Jeq and
damping Beq in the steering knuckle of steering system is
respectively:

Jeq = Jfw + (NmNs)2Jm + N 2
s (Jc + mrr

2
p )

Beq = Bfw + (NmNs)2Bm + N 2
s (Bc + Brr

2
p )

By using x1 =
[
δ δ̇

]
as state variable, convert (1) into

state space model (2):

ẋ1 = A1x1 + B1τm + N1w1

y1 = C1x1 (2)

where

A1 =

 0 1

0 −
Beq
Jeq

 B1 =

 0
NmNs
Jeq

 N1 =

 0

−
1
Jeq


C1 =

[
1 0

]
w1 = τdis + τf sign(δ̇)

Equation 2 expresses the relationship between the motor
torque τm and the steering wheel angle. Where, steering
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resisting moment τdis and steering system friction torque τf
are added into the system in the form of external disturbance.

B. VEHICLE DYNAMIC MODEL
This section describes the combination of tire model with
vehicle two dof model, nonlinear tire can be described as
Fiala tire model (3) [20].

Fy =

−µFz
[
1−
(
1−

Cα |tanα|
3µFz

)3
]
sgn(α), |α| < αsl

−µFzsgn(α), |α| ≥ αsl

(3)

where, Fz represents the vertical force applied on the auto-
mobile, µ is the friction factor of ground, α is side slip angle,
Cα is cornering stiffness.

In order to simplify the calculation complexity, the local
linearization of nonlinear Fiala tire model is conducted,
as shown in Fig. 2. The process can be described as: Fiala
tire model is divided into the infinite sub-segments, thus each
segment is approximate to a straight line, the slope of any
point on each straight line can be considered with the same
value, the value is the tire side angle stiffness. Then supposing
that the side angle of the initial point on the straight line is α0,
the corresponding cornering force is Fy0, then its cornering
force at other location on the straight line can be described
the following affine function:

FIGURE 2. Linearization of tire model.

Where, if the sideslip angle of front and rear tire is αf 0, αr0,
the tire cornering stiffness corresponds toCf 0,Cr0, the lateral
force corresponding to the front and rear tire is respectively
Fyf ,Fyr .

Fyf (αf ) = Fyf 0 + Cf 0(αf − αf 0)

Fyr (αr ) = Fyr0 + Cr0(αr − αr0) (4)

Assuming that the vehicle’s longitudinal speed is constant,
thus a nonlinear two degrees of freedom vehicle dynamics
model [21] is shown in Fig. 3, so that:

v̇y =
1
m

[
Fyf (αf )+ Fyr (αf )

]
− vxψ̇

ψ̈ =
1
Iz

[
aFyf (αf )− bFyr (αf )

] (5)

FIGURE 3. Automobile dynamics model.

FIGURE 4. Path tracking control strategy.

where, m is quality of automobile, vx is speed of of auto-
mobile, ωr is yaw velocity of automobile, Iz is the rotational
inertia of automobile along the y-axis direction, β is sideslip
angle of automobile, a and b are respectively the distance
from the automobile mass center to the front and rear axle,
Fy1,Fy2 represent respectively the cornering force applied on
automobile front and rear wheels. Sideslip angle αf , αr of
front and rear wheels are respectively:

αf =
vy + aψ̇

vx
− δ

αr =
vy − bψ̇

vx
(6)

By combining the equation (4), (5) and (6), and converting
into matrix form, the automobile two degree of freedom
model merging tire model (8) can be derived, the model
can represent the dynamical response of lateral automobile
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movement to the input steering wheel angle.

ẋ2 = A2x2 + B2u2 + N2w2

y2 = C2x2 (7)

where, status variable x2 =
[
Y vy ψ ψ̇

]T
y2 =

[
Y ψ

]T

A2 =


0 1 vx 0

0
Cf 0 + Cr0

mvx
0

aCf 0 − bCr0
mvx

0 0 0 1

0
aCf 0 − bCr0

Izvx
0

a2Cf 0 − b2Cr0
Izvx



B2=


0
−Cf
m
0
−aCf
Iz

 N2=


0 0
1 0
0 0
0 1

 C2=

[
1 0 0 0
0 0 1 0

]

wT
2 =


Fyf 0 + Fyr0 − Cαf 0αf 0 − Cαr0αr0

m
aFyf 0 − bFyr0 − aCαf 0αf 0 + bCαr0αr0

Iz


C. COMBINATION OF STEERING SYSTEM AND COMPLETE
VEHICLE SYSTEM
By combining (2) and (7), a complete vehicle dynamic
model (8) integrated into the steering system can be obtained.

ẋ = Ax+ Bu+ Nw

y = x

A =
[

A1 0
B2C1 A2

]
B =

[
B1
0

]
N =

[
N1 0
0 N2

]
x =

[
δ δ̇ Y vy ψ ωr

]T w =
[
τ dis w2

]T (8)

III. ROBUST CONTROLLER DESIGN BASED ON LMI
The robust control law can be supposed to

u = Kx (9)

K is the state feedback gain matrix Lyapunov function [22]
is:

L = xTPx (10)

where, P is positive definite matrix, thus according to (8) and
(9), a derivation for (10) is:

L̇ = ẋTPx+ xTPẋ

= (Ax+ BKx+ Nw)TPx+ xTP(Ax+ BKx+ Nw) (11)

Supposing

Q1 = P(A+ BK) (12)

Thus

L̇ = xTQT
1x+ x

TQ1x+ (Nw)TPx+ xTP(Nw) (13)

FIGURE 5. Tracking performance of simulation.

xTQT
1x+ x

TQ1x = xTQx =
[
xT wT

] [Q 0
0 0

] [
x
w

]
(Nw)TPx+ xTP(Nw) =

[
xT wT

] [ 0 PN
NTP 0

] [
x
w

]
(14)

Equation (15) can be derived from equation (13).

L̇=
[
xT wT

][ Q PN
NTP 0

][
x
w

]
=λT

[
Q PN

NTP 0

]
λ

(15)

where

λ =

[
xT

wT

]
, λT

=
[
xT wT

]
The selection of performance indicators is:∫ t

0
yTydt ≤ ρ2

∫ t

0
wTwdt (16)

According to the equation (9), can derive:

yTy− ρ2wTw = xTx− ρ2wTw

=
[
xT wT

] [ I 0
0 −ρ2I

] [
x
w

]
= λT

[
I 0
0 −ρ2I

]
λ

(17)

According to (15) and (17), (18) can derived by adding two
equation:

L̇ + yTy− ρ2wTw = λT
[
Q+ I PN
NTP −ρ2I

]
λ (18)

Supposing [
Q+ I PN
NTP −ρ2I

]
< 0 (19)

Thus

L̇ + yTy− ρ2wTw ≤ 0 (20)

By integrating (20), can derive:

L ≤ ρ2
∫ t

0
wTwdt−

∫ t

0
yTydt+ L (0)

≤ ρ2
∫ t

0
wTwdt+ L (0) (21)
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FIGURE 6. a) Steering wheel torque. b) Steering wheel angle. c) Yaw rate. d) Side slip angle.

By the equation (10) and (21), can derive:

Pmin ‖x‖2 ≤ xTPx ≤ ρ2
∫ t

0
wTwdt+ L (0)

Thus

‖x‖2 ≤
ρ2
∫ t
0 w

Twdt+ L(0)
Pmin

(22)

Therefore, under the limited time domain and defined
interference, the state of the system is bounded. However,
the premise meeting the above situation is the establishment
of (19). According to the Schur complement lemma, (19) can
converted into: Q PN I

NTP −ρ2I 0
I 0 −I

 < 0 (23)

According to the equation (13), (14), (23) can be turned
into (24):PA+ PBK+ATP+KTBTP PN I

NTP −ρ2I 0
I 0 −I

 < 0 (24)

Supposing matrix Z =

P−1 0 0
0 I 0
0 0 I



both sides in the matrix is multiplied by Z, can derive:AP−1+BKP−1+P−1AT
+P−1KTNT N P−1

NT
−ρ2I 0

P−1 0 −I

<0

(25)

because of the positive definite matrix P, so that:

P > 0 (26)

Combining the equation (25) and (26), the gain matrix K
can solved by using MATLAB LMI toolbox.

IV. SIMULATION AND RESULT ANALYSIS
In this section, the target path is set as a double lane change,
the mathematical model built through the Matlab/Simulink
is simulated jointly with CarSim, the gain matrix K solved
by the above part is substituted into a combined simulation
model. In simulation model CarSim, the ground adhesion
coefficient is set as µ = 1, the speed vx = 40km/h. In addi-
tion, in order to highlight better the advantages of LMI control
algorithm, this paper also sets up the control algorithm based
on PID and Receding Horizon Control (RHC) for contrast, its
path tracking effect is shown in Fig. 5.
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FIGURE 7. Structure diagram for hardware-in-the-loop test.

As can be seen from Fig. 5, the control algorithm based
on PID and the robust control strategy based on LMI
can track very well the target path, but the overshoot for
the control algorithm based on PID is larger in process
of 100-120 m and 100-180 m, and path deviation is larger
in the process of 60-170 meters. However, the overall jitter
for the robust control algorithm based on LMI is smaller,
without too large overshoot, the overall tracking effect is
better.

The steering wheel torque and angle based on three algo-
rithm are shown in Fig. 6a and Fig. 6b, as shown in the
figure, the steering wheel torque and angle based on PID,
RHC and LMI algorithm can turn very well with the change
of path. The turning angle for the path tracking based on
PID control is smaller, the torque amplitude under RHC
control is enough, but its overall vibration is larger, but
the response under the LMI control can not only ensure
enough turning angle but also more gently, the effect is
better.

Fig. 6c and Fig. 6d are the contrast figure for the horizontal
pendulum angular velocity and mass center side-slip angle
under three algorithms. From the figure, it can be seen that
the horizontal pendulum angular velocity and mass center
side-slip angle for the path tracking under PID control reach
to stable for a long time. This two parameters under RHC
and LMI control reach to stable fast, but before reaching the
steady state, the response speed of RHC is slower than the
response speed under the LMI control, and tracking accuracy
is poorer.

FIGURE 8. Tracking performance of experiment.

V. TEST OF HARDWARE-IN-THE-LOOP
A. TEST OF PATH TRACKING BASED ON TORQUE
CONTROL
Through constructing the hardware-in-the-loop experiment
bench based on LabVIEW RT, the designed path tracking
robust control algorithm is verified. Hardware-in-the-loop
experiment bench consists of PXI, dSPACE, steering rack,
etc. Among them, the control procedures are embedded into
dSPACE real time system by building of Simulink, CarSim
including vehicle dynamics model and road information are
embedded into PXI real time system by LabVIEW, the steer-
ing resistance torque is loaded through the servo motor,
the communication between components is realized through
analog signals or CAN signals.

Fig. 8 is the data collected by test, the experiment set
speed is 40 km/h, roads with double lane change, ground
adhesion µ value is 1. It can be seen from the Fig. 8, three
kinds of control algorithm can better track the target path,
but the tracking effect under the LMI control algorithm with
respect to the other two has faster response, smaller over-
shoot, more smooth curve, the overall tracking effect is the
best.

Fig. 9a and Fig. 9b is the angle and torque condi-
tion under all kinds of control algorithm collected by test,
it can be seen from the figure, all the three kinds of con-
trol algorithm can calculate the target torque according
to the requirements of path, which applies to the motor
and generates the corresponding steering wheel angle. But
when changing lanes in double lane change, the steering
wheel torque under the LMI control with respect to the
other two control is bigger, the response is faster, it shows
that vehicles can more quickly and more stably avoid the
obstacles ahead under emergency cases, and it can effec-
tively improve the operation and safety performance of
automobile.

Fig. 9c is the current data of steering system execution
motor collected by test, it can be seen from the figure, during
14∼20 s, the motor current curve under the PID control
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FIGURE 9. a) Steering wheel angle. b) Steering wheel torque. c) Electric
current.

tends to level, it shows that the control algorithm cannot well
make the quick vehicle action according to path. The motor
current controlled by RHC and LMI can allow the vehicle
to move more quickly depending on the path, but by the
comparison between the two, under RHC control, the noise of
motor current has some fluctuation; but under LMI control,
the current is more stable, this shows that the system ability
against interference under LMI control is stronger, the system
robust performance is better.

B. TEST OF HUMAN-MACHINE CO-DRIVINE
This paper verifies the performance of human-machine co-
driving system by selecting a part of serpentine route, the set
condition is as follows: the speed is 40km/h, the front preview
distance is 15 m, a control of the vehicle is realized together
through the professional drivers and controllers, the tested
serpentine road and tracking effect are shown in Fig.10a.

FIGURE 10. a) Tracking performance of co-driving. b) Steering torque of
co-driving. c) Lateral deviation of co-driving.

Fig. 10b is the hand torque and steering shaft total torque
collected under the path tracking control based on torque
control, based on the path tracking in control of torque con-
trol, the driver can be involved in controlling the vehicle
steering system, and the robust control algorithm based on
LMI can well ensure the stability of vehicle. It can be seen
from Fig. 10c, for the serpentine path tracking control of
human-machine co-participation, the tracking error is within
±0.11 m, the overall tracking effect is ideal.

VI. SUMMARY
This paper designs a path tracking controller for the steering
torque input of robust control algorithm based on LMI, and
it is verified by relevant test. Main works in this paper can be
divided into the following several parts:
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A. Setting up the steering column model and nonlinear two
degree of freedom vehicle model, considering such problems
as interference and uncertainty.

B. The effectiveness of the control algorithm has been
verified through the simulation and hardware-in-the-loop test
platform. Simulation and test results show that the LMI
robust controller based on torque control can realize the path
tracking under human-machine co-driving, and can ensure
stability and robust performance of the system.
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