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ABSTRACT This paper presents an optimal method for rotordynamic simulation of induction motors,
including the effects of unbalanced magnetic pull (UMP). The developed simulation method containing the
UMP model is simple but still accurate for the actual design process of induction motors. The UMP model
is simplified by using the magnetizing current without calculation of the rotor current. The effects of the slot
opening and saturation are initially incorporated into the model by using the Carter factor. To improve the
accuracy of the model, the magnetizing current is calculated by the finite element analysis (FEA), and the
proposed correction factor is also built into the model. Moreover, mixed eccentricity is modeled and applied
to the time step rotordynamic simulation for considering the actual rotor eccentricity condition. Based on
the developed UMP and eccentricity models, rotordynamic simulation methods within the induction motor
design process are proposed and tested in a standard four-pole induction motor. The simulation results show
that inclusion of the UMP force reduces the critical speeds and generates electromagnetic excitation. The
study further shows that the effects of UMP vary with a change in static eccentricity, dynamic eccentricity,
slip, and bearing stiffness. Finally, based on the results, a utilization plan of the developed methods is
proposed.

INDEX TERMS Induction motor, mixed eccentricity, rotordynamics, unbalanced magnetic pull.

NOMENCLATURE
Bδ Air-gap magnetic flux density.
C Damping matrix.
c Correction factor.
edy Amplitude of dynamic eccentricity.
emix Amplitude of mixed eccentricity.
est Amplitude of static eccentricity.
F Magnetomotive force.
Fg Gravity force matrix.
Fub Unbalance force matrix.
Fump UMP force matrix.
Fx Net UMP force in horizontal direction.
Fy Net UMP force in vertical direction.
G Gyroscopic matrix.
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approving it for publication was Xiaodong Sun .

Im Magnetizing current.
K Stiffness matrix.
kC,s Carter factor for stator.
kC,r Carter factor for rotor.
kC,tot Total Carter factor.
Kump UMP stiffness matrix.
lst Stator stack length.
M Mass matrix.
N Number of turns in a winding.
n Degree of polynomial.
p Pole pair number.
q Displacement vector.
q̇ Velocity vector.
q̈ Acceleration vector.
r Air-gap radius.
wν Winding factor.
t Time variable.
xst x coordinate of static eccentricity.
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x1-y1 Stator reference coordinate system.
x2-y2 Reference coordinate system with the bearing cen-

ter as origin.
yst y coordinate of static eccentricity.
α Circumferential location of the air gap on the rotor

surface.
δ Air-gap length.
δ0 Mean air-gap length.
δ0
′ Equivalent mean air-gap length.

δ0
′′ Equivalent mean air-gap length multiplied by cor-

rection factor.
εmix Relative mixed eccentricity.
θdy Direction angle of dynamic eccentricity.
θmix Direction angle of mixed eccentricity.
θst Direction angle of static eccentricity.
3 Air-gap permeance.
µ0 Air permeance.
v Harmonic order.
� Rotor angular velocity.
�n First critical speed of the rotor.
ω Electric angular velocity.

I. INTRODUCTION
In electrical machines, unbalanced magnetic pull (UMP) is
unavoidable as it results from factors such as manufacturing
tolerances and machine vibration. From the viewpoint of
rotordynamics, the UMP results in additional vibration and
bearing wear of the rotor system, which are critical for the
stability and service life of the machine. These effects are
gaining interest owing to the increase in the demand for high-
speed and high-performance electrical machines. Therefore,
a simulation method including the UMP effect on rotordy-
namics is required in the electrical machine design process.

The UMP results from an asymmetric air-gap magnetic
flux density distribution between the rotor and the stator.
Therefore, it is important to accurately simulate this distri-
bution in the air-gap eccentricity condition. The generation
principle of the air-gap magnetic flux varies depending on the
type of electrical machine. This study focuses on the induc-
tion motor, which is the most widely used electrical machine
type in industrial applications owing to its simple structure
and low manufacturing cost. However, the process of UMP
calculation in an induction motor is more complicated than in
other types of electrical machines, such as traditional perma-
nent magnet synchronous machines [1] or permanent magnet
bearingless machines [2]–[4]. This is because the induction
motor has a secondary circuit, where the rotor magnetic flux
must be calculated. Moreover, the effect of parallel circuits in
the cage rotor and the stator winding must be considered.

For the calculation of the UMP in an induction motor, two
common approaches are the analytical method and the numer-
ical method. The numerical method is based on the finite
element analysis (FEA). Based on these two approaches, var-
ious attempts have been made to find appropriate solutions.
Dorrell et al. [5], [6] studied an analytical method for cal-
culating UMP caused by static, dynamic, and axial-varying

eccentricity in a cage induction motor. In particular, they
incorporated the rotor differential flux into their model. Ten-
hunen et al. [7] solved the magnetic field by the FEA and
calculated the forces by applying a method based on the
principle of virtual work. The force was measured using
an Active Magnetic Bearing (AMB) system and compared
with results obtained by using the principle of virtual work.
They developed an impulse method for calculating the fre-
quency response of the electromagnetic force on whirling
cage rotors [8] and studied the effects of equalizing cur-
rents [9] and saturation [10] on the magnetic force. By using
this method, they found that equalizing currents in both par-
allel branches in the stator winding and the rotor cage reduce
the amplitude of the magnetic force. Holopainen et al. [11]
developed an electromechanical rotor model including the
electromagnetic force caused by arbitrary rotor motion in
cage induction motors and estimated the parameters in the
model by using the impulse method. Frauman et al. [12]
studied the effect of slot harmonics in induction motors
by using the impulse method. They found that the force
components caused by slot harmonics increase with slip,
and they can be reduced by increasing the number of rotor
slots. Silwal et al. [13] studied the electromagnetic force
and damping in a cage induction machine with dynamic
eccentricity using the Power Balance Method (PBM)
implemented in the FEA and evaluated the prospects and
limitations of this method. A fast simulation method was
introduced by Han and Palazzolo [14], who proposed a sim-
plified magnetic equivalent circuit (MEC) model in 2D. The
MEC is coupled with the motor electric model for transient
simulation. Han et al. calculated UMP forces by the Maxwell
stress tensor method, and the results were verified by com-
paring them with the FEA results.

The asymmetry of the air-gap magnetic flux density dis-
tribution is caused by several factors such as rotor eccen-
tricity, diametrically asymmetric phase windings, and sta-
tor deformation and vibration. Moreover, the asymmetry is
affected by slot harmonics and saturation of the magnetic
circuit. This study focuses on the rotor eccentricity, which
is the main factor from the viewpoint of rotordynamics. The
rotor eccentricity is a result of several types of eccentricity;
most studies address the UMP by considering conventional
static and dynamic eccentricities. Dorrell [6] alsomodeled the
UMP with axial-varying rotor eccentricity, and Di et al. [15]
modeled the curved dynamic eccentricity caused by shaft
bow, as the deflection of the shaft is an important and com-
mon problem in large electrical machines. They found that
deflection produces an axial UMP force, which has an influ-
ence on the lifetime of the thrust bearings.

Overall, the literature review shows that various methods
for estimation of UMP forces were studied. Nevertheless,
the existing methods are still not suitable for rotordynamic
simulation. The numerical method based on FEA can achieve
accurate results by taking into account the saturation of the
magnetic circuit and the flux leakage as well as the effect of
rotor/stator slotting. On the other hand, the main drawback
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of this method is its high computational cost especially for
dynamic eccentricity simulation. The analytical method, in
contrast, does not have a high computational cost; however,
it is difficult to take all the factors into consideration in the
analysis. In addition, the existing methods calculate UMP
forces by static and dynamic eccentricity separately. This is
different from an actual rotor eccentricity condition, where
static and dynamic eccentricities are present simultaneously.
Therefore, a special and optimized method for rotordynamic
simulation by considering both the UMP calculation and the
rotordynamic simulation process is required.

In this study, an optimal method for rotordynamic simula-
tion of induction motors including UMP is developed, which
is simplified but still accurate for the actual design process
of induction motors. The developed method is based on an
analytical UMP force equation, and it uses the magnetizing
current without separate calculations of the stator and rotor
magnetic fluxes on the grounds that themagnetizing current is
nearly constant regardless of the speed change in the constant
load condition [16]. Moreover, to improve the accuracy of
the effect of slot opening, saturation, flux leakage, and load
variation, two parameters are used:
• Magnetizing current, calculated by the FEA
• A novel correction factor, inversely calculated from the
UMP force, which is estimated by the FEA

By this process, the accuracy of the UMP force calculation
is improved, yet the computational cost is not significantly
increased. Finally, by a combination of the proposed mixed
eccentricity model and the time step rotordynamic simula-
tion concept, a rotordynamic simulation method consider-
ing simultaneously the static and dynamic eccentricity is
obtained. Based on these methods, a rotordynamic simulation
process in the induction motor design is suggested.

For validation of the developed methods, the simulation
was conducted for a 30 kW four-pole induction motor, and
the results obtained from the variation of static eccentricity,
dynamic eccentricity, slip, and bearing stiffness showed the
effects of the UMP on the rotordynamics of an induction
motor.

II. SIMULATION METHOD INCLUDING THE
UMP CALCULATION
In this section, a simulation method is developed to deter-
mine the rotordynamic characteristics of an induction motor
affected by the UMP. First, mixed air-gap eccentricity is mod-
eled employing the concept of time step simulation. Then,
an analytical UMP force equation is established based on the
eccentricity modeling. The accuracy of the analytical UMP
calculation is improved by using the results obtained by the
FEA. Finally, the rotordynamic simulation process including
UMP calculation within the overall design process of an
induction motor is presented.

A. MIXED ROTOR ECCENTRICITY MODELING FOR TIME
STEP ROTORDYNAMIC SIMULATION
Prior to UMP modeling, the concept of air-gap eccentricity
has to be defined and delineated because the rotordynamic

simulation method including UMP calculation depends on
the eccentricity model. This study considers static eccen-
tricity and dynamic eccentricity simultaneously. There-
fore, a mixed eccentricity model is defined by using the
method studied in the previous research [1]. In this model,
the dynamic eccentricity has a time-dependent term because
it is defined from actual rotor behavior; however, in each
time step, it can be considered a static condition calculated
from the instantaneous location of the rotor. Consequently,
the mixed eccentricity can be considered a static condition in
each time step, and thus, the UMP can be modeled without
separate definitions for static and dynamic eccentricity in the
following section.

FIGURE 1. Mixed eccentricity model for the time step analysis.

Fig. 1 explains the concept of mixed eccentricity. First,
a new reference coordinate system is defined by parallel
translation of the x1-y1 stator reference coordinate system as
the same degree as the static eccentricity. Here, static eccen-
tricity is defined by its amplitude est and direction angle θst as
the initial constant condition. The bearing center can be con-
sidered to be the origin of the newly defined x2-y2 reference
coordinate system, i.e., the origin of dynamic eccentricity.
Thus, dynamic eccentricity is defined in x2-y2 reference coor-
dinates by its time-dependent amplitude edy(t) and direction
angle θdy(t), which are calculated from the whirling motion
of the rotor. Consequently, mixed eccentricity can be defined
as the amplitude emix and the direction angle θmix by (1) and
(3) established with the amplitudes and direction angles of
the static and dynamic eccentricities. Here, εmix is the relative
mixed eccentricity, and δ0 is the mean air-gap length.

emix(t) =

√√√√(
est cos θst + edy(t) cos

(
θdy(t)

))2
+
(
est sin θst + edy(t) sin

(
θdy(t)

))2 (1)

εmix(t) =
emix(t)
δ0

(2)

θmix(t) = tan−1
(
est sin θst + edy(t) sin

(
θdy(t)

)
est cos θst + edy(t) cos

(
θdy(t)

)) (3)
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B. UMP CALCULATION OF INDUCTION MOTORS IN
THE STATIC ECCENTRICITY CONDITION
This section explains the UMP calculation method for rotor-
dynamic simulation in the induction motor design process.
Typically, a Campbell diagram is used to determine critical
speeds, and a vibration response plot is employed to study
variable excitations and their effect on vibration. However,
a large number of calculations are required to obtain these
results when using the time step simulation concept, which
leads to a high computational cost. Therefore, it is neces-
sary to develop an appropriate simulation model that ensures
both the accuracy and a reasonable computation load. This
study proposes a simplified UMP calculation model, while
maintaining the accuracy of the rotordynamic analysis. The
model uses the magnetizing current and the Carter factor
with the following assumptions. The assumptions for the
simplification of the UMP model are:

1) The magnetizing current, calculated in the concentric
rotor, rated speed and rated load condition, is constant
regardless of variation in the air-gap eccentricity and
rotor speed. For a machine in which the load variation
is not significant, this assumption is valid [16].

2) Stator/rotor slot opening, saturation, and flux leakage
only have an effect on the magnitude of the UMP,
not its time harmonics. Therefore, these effects can be
taken into account in the UMP model by increasing the
equivalent mean air-gap length.

In the following sections, the UMP calculation model is
established within the assumption that mixed eccentricity
is static at instantaneous time. The UMP variation caused
by the time-dependent term of the dynamic eccentricity is
considered in the time step rotordynamic simulation process.

1) ANALYTICAL CALCULATION OF AIR-GAP MAGNETIC
FLUX DENSITY DISTRIBUTION
The asymmetry of the air-gap magnetic flux density distribu-
tion generates the UMP. Therefore, calculation of the air-gap
magnetic flux density distribution is required, and it can be
modeled in terms of rotating air-gap permeance harmonics
and surface magnetomotive force (MMF) harmonics as

Bδ(α, t) = µ0
F(α, t)
δ(α, t)

= 3(α, t)F(α, t). (4)

Here, α is a variable for defining the circumferential location
of the interested air gap on the rotor surface. It is presented
as the relative angle from the centerline of a predetermined
stator tooth, which coincides with the horizontal axis of the
x1-y1 reference coordinates as in Fig. 1, and t denotes time.
For the definition of the air gap permeance, the air gap
length is first defined by (5) using the mixed eccentricity
model. Unlike the existing conventional separate definitions,
this equation can take into account static eccentricity and
dynamic eccentricity simultaneously because it involves the
time-dependent eccentricity and direction angle

δ(α, t) = δ0 {1− εmix(t) cos (α − θmix(t))} . (5)

Air-gap permeance is obtained by inverting the air-gap length
andmultiplying the air permeanceµ0. It can be approximated
in a series form in the mixed eccentricity condition [17] and
written as

3(α, t) =
µ0

δ(α, t)
=

µ0

δ0 {1− εmix(t) cos (α − θmix(t))}

=
µ0

δ0

∞∑
m=0

εmix(t)m cosm (α − θmix(t))

=
µ0

δ0

√
1− ε2mix

[
1+

∞∑
m=1

2

(
1−

√
1− εmix(t)2

εmix(t)

)m
cos {m (α − θmix(t))}] . (6)

When a three-phase symmetrical stator has three same wind-
ings shifted in space by 2π /3 electrical degrees and it is
fed with a balanced current system, the total MMF can
be calculated by the magnetizing current Im and harmonics
series as [18]

F(α, t) =
3
√
2 NIm
πp


wf 1 sin(ωt − pα)

+
wf 5
5

sin(ωt + 5pα)

+
wf 7
7

sin(ωt − 7pα)+ · · ·

 . (7)

Here,wf ν is the winding factor (ν = 1,−5, 7, etc.), which can
be obtained by using the well-known method given in [19],
N is the phase-winding number of turns, p is the pole pair
number, and ω is the stator supply frequency. Generally,
magnetizing current is calculated analytically in the electro-
magnetic design in the induction motor design process.

Thus, when the rotor has mixed eccentricity, the air-gap
magnetic flux density distribution can be expressed as

Bδ(α, t)

=
3
√
2µ0NIm

πpδ0
√
1− εmix(t)2

×

[
1+ 2

∞∑
m=0

(
1−

√
1− εmix(t)2

εmix(t)

)m
cos {n (α − θ)}

]

×

wf 1 sin(ωt − pα)+ wf 5
5

sin(ωt + 5pα)

+
wf 7
7

sin(ωt − 7pα)+ · · ·

 . (8)

2) EFFECT OF SLOT OPENING ON THE AIR GAP
MAGNETIC FIELD
The consideration of the air-gap magnetic field is based on
the concept of a machine formed by two unslotted cylinders.
However, in general, an induction motor has a slotted stator
and rotor. Therefore, the next step is to consider the effect of
slotting on the air-gap magnetic field.

This study takes into account the effect of slotting by using
the Carter factor in the model. The analytical equations of
the factor for different stator and rotor geometries are given
in [19]. Here, the slot opening length is defined by adding a
virtual slot opening resulting from the teeth oversaturation to
the physical slot opening [18].
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Thus, by obtaining the Carter factors for the stator (kC,s)
and rotor (kC,r), the equivalent mean air-gap length is calcu-
lated as

δ′0 = kC,skC,rδ0 = kC,totδ0. (9)

Here, kC,tot is the total Carter factor. Further, the updated
relative mixed eccentricity is expressed by (10) by applying
the Carter factor and the mixed eccentricity established in
section II. A.

ε′mix =
emix

δ′0
=

emix

kC,totδ0
(10)

3) UMP FORCE AND LINEARIZED STIFFNESS
The UMP is calculated from the previously obtained air gap
flux density distribution by using the Maxwell stress tensor
method. The net UMP forces in the horizontal and vertical
directions are calculated by integrating the Maxwell stress
tensor in the air gap around the rotor surface as

Fx =
∫ 2π

0

(Bδ(α, t))2

2µ0
rlst cosαdα

Fy =
∫ 2π

0

(Bδ(α, t))2

2µ0
rlst sinαdα. (11)

Here, r is the air-gap radius and lst is the length of the stator
stack.

By using the obtained UMP force equation, the UMP stiff-
nesses in the horizontal and vertical directions are linearized
around the static eccentricity point (xst, yst) as

kump,x ≈
dFx
dx

∣∣∣∣
x=xst

, kump,y ≈
dFy
dy

∣∣∣∣
y=yst

. (12)

4) IMPROVEMENT OF THE ANALYTICAL UMP CALCULATION
BY COMBINING IT WITH THE FEA
In the established UMP force equation, the magnitude of the
UMP force depends on themagnetizing current and the Carter
factor. However, in the analytical estimation of these values,
an error is inevitable because of the assumptions made in the
analytical calculation process. For example, a varying load
slightly changes the magnetizing current, but it is assumed
to be a constant in the analytical calculation. Moreover,
the model does not include the effects of saturation and flux
leakage. Therefore, this section focuses on improving the
accuracy of the analytical calculation by combining it with
the FEA-based approach. First, the magnetizing currents are
estimated in several load cases by calculating the air gap
magnetic fluxes by the FEA. Unlike analytical calculation,
this calculation takes account of the variation in the mag-
netizing current caused by a change in load. Second, as all
the remaining effects cannot be considered by an analytical
model with the Carter factor only, a new load/eccentricity-
dependent correction factor c is introduced, and it is multi-
plied by the equivalent air-gap length. The updated equivalent
mean air-gap length is obtained as

δ′′0 = c · kC,totδ0. (13)

To obtain this correction factor, UMP forces for several
eccentricity cases in the eccentricity range under study are
obtained by the FEA within certain load condition. Then,
by using the FEA-calculated UMP forces in the selected
eccentricity cases and the analytical UMP force equation
established in the previous section, the correction factors
are inversely calculated for every selected eccentricity cases.
Furthermore, by using polynomial curve fitting, the function
for the correction factor in the eccentricity range under study
can be obtained as

c =
n∑
i=1

aiεn + an+1. (14)

Here, n = degrees of polynomial < number of the FEA-
calculated cases at different eccentricities. The correction
factor function is calculated for all load cases individually.

Finally, the UMP force equation is revised by substituting
the updated magnetizing current and applying the updated
equivalent air-gap length. This revised equation calculates
UMP force magnitudes that are close to the FEA-calculated
UMP force values. On the other hand, the simulation time
is not significantly increased, and therefore, an improved but
computationally efficient rotordynamic simulation method is
achieved.

C. MODELING OF ROTOR–BEARING SYSTEM WITH UMP
In the rotor-bearing system model of the induction motor,
the UMP is considered with two different approaches.

First, the UMP is applied as an external force to the elec-
trical rotor, and the equation of motion is expressed as

Mq̈+ (C+�G)q̇+Kq = Fub + Fg + Fump (15)

where q is the displacement vector, and M, C, G, and
K are the mass, damping, gyroscopic, and stiffness matri-
ces, respectively. The term � is the rotor angular velocity.
Fub, Fump, and Fg are the unbalance force, the UMP force,
and the gravity force matrices, respectively.

Second, the UMP is applied as a linearized negative stiff-
ness spring. The equation of motion with UMP can be
established using the UMP stiffness matrix Kump, linearized
around a given static eccentricity as

Mq̈+ (C+�G)q̇+ (K−Kump)q = Fub + Fg. (16)

D. ROTORDYNAMIC SIMULATION METHODS WITHIN
THE INDUCTION MOTOR DESIGN PROCESS
By applying the above-discussed UMP calculation meth-
ods and the rotor-bearing system model, the rotordynamic
simulation process including the UMP is established in the
induction motor design process and presented in Fig. 2 as a
flowchart.

According to the design process of an induction motor,
the stator and rotor dimensions are determined initially
by analytical electromagnetic calculations. In this stage,
the magnetizing current and the Carter factor are determined
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FIGURE 2. Flowchart of the proposed rotordynamic simulation processes considering UMP in the electrical
machine design process.

for a concentric rotor in the rated rotor speed and load con-
dition. These values are used in the analytical equation for
calculating UMP (see Method 1 in the flowchart of Fig. 2).
In the improved method (Method 2), a load-dependent mag-
netizing current function and a load/eccentricity-dependent
Carter factor function are obtained by using the improved pro-
cess presented in the previous section. By using the updated
magnetizing current and the Carter factor functions, the equa-
tion applied in Method 1 for UMP calculation is updated.

The obtained UMP force equation is applied to the rotor–
bearing system model as a nonlinear external force. Then,
this equation of motion is solved by the time step analysis
by applying a numerical integration method, which is per-
formed by using the ode15s function inMATLAB. This time-
transient analysis is conducted for a certain rotor speed and
eccentricity case by the following process. First, the mixed
eccentricity at a time step is calculated by using the rotor
displacement obtained at the previous time step by (1)–(3) in
section II. A, and then, the UMP force is calculated by using
the model presented in section II. B. With the same process,
the rotor displacement and the UMP force are updated at
every time step, and the rotor motion is obtained until the
motion reaches a steady state. Finally, the steady-state motion
is selected as the result. The same simulation process is
repeated for different rotor speed and eccentricity cases.

To determine the effects of static eccentricity and dynamic
eccentricity separately, two eccentricity types are controlled
independently. Static eccentricity is controlled as an initial
constant value in the eccentricity model. However, dynamic
eccentricity cannot be defined as an initial constant value
because it depends on the rotor whirling motion, which is
a result of simulation at every time step. Meanwhile, it is

a valid assumption that in a linear system, at a constant speed,
the response amplitude increases linearly as a function of
unbalance mass. Hence, in this study, the dynamic eccentric-
ity is controlled by the magnitude of the unbalance mass.

A simple alternative to the time step simulation is to solve
the motion equation with a linearized UMP spring model
using an eigenvalue analysis. The UMP stiffness can be
obtained from the previously established UMP force equation
by linearization around a given static eccentricity. This is a
simple and fast method for the rotordynamic analysis. The
applicability of the method is investigated by comparing it
with the results obtained by the time step simulation.

III. SIMULATION RESULT
To investigate the effect of UMP on the rotordynamics of
an induction motor, rotordynamic simulation is conducted
for a common 30 kW squirrel cage induction motor. The
simulation model is designed to obtain steady-state rotor
motion at each rotational speed in the presence of mixed rotor
eccentricity. By interpreting the change in the rotor motion
by varying several factors such as static eccentricity, dynamic
eccentricity, slip, and bearing stiffness, the effect of UMP is
determined. Furthermore, the results are compared with the
results reported elsewhere in the literature [6], [20] to verify
the simulation method.

A. INDUCTION MOTOR UNDER STUDY AND
ITS FEA ROTOR MODEL
Table 1 lists the parameters of the 30 kW squirrel cage
induction motor under study. The rotor part of the motor is
modeled with beam finite elements as shown in Fig. 3. The
model has four degrees of freedom per node, and it is assumed
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TABLE 1. Parameters of the induction motor under study.

FIGURE 3. Motor structure and finite element model of the rotor system
under study.

that there is no displacement in the axial direction and no
rotation around the rotor axis. The rotor is supported by two
deep groove ball bearings (6312/C3 on the drive side and
6210/C3 on the non-drive side). The bearing stiffness values
(Kbearing) are estimated by using a simplemethod proposed by
Gargiulo [21], and the bearing damping values are estimated
as 2.5·10−5 · Kbearing [22]. The UMP is applied to the rotor
by using two different approaches (external force or linear
spring) at node 23 located in the middle of the electrical rotor
as shown in Fig. 3. Thus, axial distribution of the UMP force
is not considered in this model.

B. UMP CALCULATION BY TWO METHODS AND ITS
COMPARISON WITH THE FEA RESULTS
For verification of the developed UMP calculation methods,
air-gap magnetic flux density distributions and UMP force
are calculated for the induction motor under study by using
Methods 1 and 2 presented in section II. B. This is followed
by a comparison with the FEA-based results.

InMethod 1, themagnetizing current, the Carter factor, and
the UMP force are obtained by analytical calculations only.
On the other hand, in Method 2, FEA results are required.
Therefore, a two-dimensional time-stepping electromagnetic
FEA was performed in different load conditions and at dif-
ferent eccentricities. First, the magnetizing current, in each
of the studied load conditions with a centered rotor, was cal-
culated by using the FEA. Second, a set of FEA calculations
were performed to obtain the UMP force in different load
conditions and at different static eccentricities. The correc-
tion factor function for all interested eccentricity and load
conditions is calculated inversely from the FEA-calculated
UMP force. This correction factor function and the newly cal-
culated magnetizing current are used to obtain the improved
UMP force equation. Table 2 presents the results obtained by
the FEA and the analytical Methods 1 and 2. Here, Method 2
is simply the process for updating the analytical UMP force
equation to get the same UMP force with the FEA results.
Therefore, the results calculated by Method 2 are equal to the
FEA results.

FIGURE 4. Equivalent mean air-gap length calculated by Method 1 and 2.

FIGURE 5. Comparison of UMP forces calculated by Methods 1, 2,
and FEA.

Figs. 4 and 5 show the equivalent mean air-gap length
and UMP force by varying eccentricity for different cases
of calculation method and slip. Here, in the case of small
eccentricity (<10%), it is assumed that the correction fac-
tor is the same as with the 10% eccentricity because the
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TABLE 2. UMP force comparison between analytical methods 1,2, and FEA.

FEA-calculated UMP force can have a significant error at a
small eccentricity. Fig. 5 shows that the UMP force calcu-
lated by using the purely analytical Method 1 is much larger
than the results obtained by the FEA. Most probably, this is
explained by the fact that the analytical calculation method
cannot accurately simulate all the effects of saturation, slot
opening, and flux leakage. Thus, in Method 2, the UMP force
equation is updated by using the correction factor calculated
inversely from the FEA result. Fig. 5 shows that when the slip
increases toward the rated value, the UMP force decreases,
which is in agreement with the measured results in [6]. When
using Method 2, although the magnetizing current increases
with an increase in slip, the same trend is observed with an
increase in the equivalent mean air-gap length (Fig. 4).

FIGURE 6. Air-gap flux density distributions in the 30% eccentricity
condition.

Fig. 6 depicts the calculated air-gap magnetic flux density
distributions at the 30 % eccentricity. A comparison between
the methods reveals that the fundamental distributions are
quite similar, but there is a difference in the magnitudes
of higher harmonics. In the FEA result, the magnitude of
higher harmonics is greater than in the analytical results. This
deviation is probably caused by the slot openings of both the
stator and the rotor. In the FEM result, the slot opening effect
is shown as a fluctuation at every slot in the model, whereas
in the analytical result, this effect is considered by reducing
the magnetic flux density based on the Carter factor.

In the rotordynamic analysis at each time step, if the
resultant UMP force by the analytical model is in agreement
with the FEA result, the error in space distribution of the
air gap magnetic flux density does not have an influence on
the rotordynamic result because only the total resultant UMP
force having a certain direction is applied to the rotor. Thus,
it can be concluded that developed UMP model is suitable
for the rotordynamic analysis. Whereas, the effect of UMP on
the rotordynamics is more dependent on the time-dependent
variation in the direction and amplitude of the UMP force.

C. SIMULATION PLAN FOR DETERMINING THE
EFFECT OF UMP
Previous studies show that UMP affects the rotordynamics
mainly in two ways; first, by a reduction in the critical speed
as a result of a negative stiffness effect, and second, by gener-
ating additional vibration excitations. To investigate these two
effects on the rotordynamic behavior, the vibration response
of the rotor is obtained in the speed range from 500 rpm to
20,000 rpm. Normal speed steps of 100 rpmwith 10 rpm steps
close to the peak response points are applied and plotted by
collecting the overall vibration amplitude (measured at node
23) of the rotor for every speed step. This speed range is opti-
mal for detecting the UMP effect associated with the critical
speed. Here, the first critical speed�n of the rotor under study
is at 15,100 rpm without the consideration of UMP.

The condition for reference simulation including the UMP
effect is such that the slip is 0.02, the static eccentricity
is 30 %, the unbalance mass is 960 g·mm, the bearing
stiffnesses are 8.1·107 N/m (Drive end) and 9.6·107 N/m
(Non-drive end), and the simulation method is Method 2 with
the time step analysis. By studying the vibration responses
while varying the conditions individually, the effect of each
parameter can be observed. First, the responses for the five
different static eccentricity cases: 0 %, 10 %, 20 %, 30 %,
and 40 % are obtained to determine the effect of variation
in the static eccentricity. Second, the responses for the three
different unbalance mass cases: 480 g·mm, 960 g·mm, and
1,920 g·mm are obtained to determine the effect of variation
in the dynamic eccentricity. Third, the responses for the three
different slip cases: 0 (No-load condition), 0.01, and 0.02 are
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FIGURE 7. Vibration responses versus rotor speed in different static eccentricity cases using Method 2 (center figure),
close-up near the 0.25 speed ratio (left), and close-up near the critical speed (right).

obtained to determine the effect of variation in slip, which can
be regarded as the effect of variation in the load condition.
Fourth, the responses for the three different bearing stiffness
cases: 8.1·107 N/m (Drive end), 9.6·107 N/m (Non-drive
end), and 5·107 N/m at both ends and 1·107 at both ends
are obtained to determine the change in the UMP effect by
varying the bearing stiffness. Finally, the responses for the
three different simulation methods suggested in this study:
Method 1 by using pure analytical calculation, Method 2
improved by the FEA, and adopting the linearized UMP
spring coefficients from Method 1 and 2 are obtained to
compare and discuss the usefulness of each method. Here,
all responses including the UMP effect are compared with
the result obtained without the UMP effect because the pur-
pose of these simulations is to determine the effect of the
UMP. In order to easily compare the rotor speed of the peak
response with the critical speed, the rotor speed is expressed
as the speed ratio to the first critical speed �n (15,100 rpm)
for the case without UMP.

Additionally, to determine the characteristics of the UMP
excitations and the fundamental reason for the change
in the vibration response, the rotor orbit and the Fast
Fourier transform (FFT) of the displacement at one-fourth
of the critical speed (rotor speed at which the resonance
caused by twice the line frequency occurs) are obtained.
To simultaneously determine the effect of slip, results for two
slip cases, 0 and 0.02, are obtained and compared.

D. SIMULATION RESULTS AND DISCUSSION
Fig. 7 shows vibration responses in different static eccen-
tricity cases. Two effects are apparent in the close-up fig-
ures around two response peaks: One is the effect on the rotor
critical speed and the corresponding vibration amplitude, and
the other is the effect of twice the line frequency excitation
generated by the UMP force.

As to the first effect, a comparison of the results in the 0 %
static eccentricity case (with dynamic eccentricity only) and
the case without UMP shows that the reduction in the critical
speed is mainly caused by dynamic eccentricity; according
to the results, the critical speed decreases by 0.6 % due to

the dynamic eccentricity. On the other hand, the reduction
in the critical speed caused by static eccentricity is relatively
small. When the static eccentricity is changed from 0 % to
40 %, the critical speed decreases only by 0.15 %. Moreover,
according to the results, the vibration amplitude at the crit-
ical speed decreases by 0.06 % as a result of the dynamic
eccentricity but it increases by 0.02 % when the static eccen-
tricity is changed from 0 % to 40 %. The decrease in the
amplitude caused by the dynamic eccentricity is mainly due
to a decrease in the unbalance response, which, again, occurs
as a result of a reduction in the critical speed. By contrast,
the increase in the amplitude caused by the static eccentricity
is a result of an increase in the magnitude of the UMP force.

As to the second effect, the results show that the static
eccentricity produces a peak response at the 0.25 speed ratio
(one fourth of the critical speed). This peak response results
from twice the line frequency excitation which coincides
with the mechanical natural frequency of the rotor. In the
studied machine, twice the line frequency is equal to four
times the speed frequency because it is a four-pole machine.
Additionally, the vibration amplitude at the 0.25 speed ratio
is increased by the static eccentricity. The reason for this is
that the amplitude of the UMP increases with an increase in
the static eccentricity. This result is in agreement with [20],
where the generation of twice the line frequency vibration as
a result of the UMP is explained. Fig. 11 shows the frequency
component occurring as a result of this excitation in the FFT.

Fig. 8 presents the vibration responses in three cases of
dynamic eccentricity. For the reference dynamic eccentricity
(unbalance mass: 960 g·mm), the reduction in the critical
speed is 0.66 %. When the dynamic eccentricity is two times
the reference dynamic eccentricity, the corresponding critical
speed reduction increases to 1.32 %. However, when it is
half of the reference dynamic eccentricity, the correspond-
ing critical speed reduction decreases to 0.53 %. It means
that the critical speed reduction has a positive correlation
with the dynamic eccentricity. Furthermore, theoretically,
when the unbalance mass increases, both the centrifugal force
and the UMP force caused by the dynamic eccentricity will
increase. However, the close-up in Fig. 8 shows that the
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FIGURE 8. Vibration responses versus rotor speed in different dynamic eccentricity (unbalance mass)
cases using Method 2 (right), close-up near the 0.25 speed ratio (left).

FIGURE 9. Vibration responses versus rotor speed in different slip cases with 30 % static eccentricity using Method 2
(center figure), close-up near the 0.25 speed ratio (left), and close-up near the critical speed (right).

vibration change with an increase in the unbalance mass
is mainly caused by the centrifugal force. Thus, it can be
concluded that the UMP caused by the dynamic eccentricity
has no significant effect on the vibration amplification at the
0.25 speed ratio. This is probably explained by the fact that
the UMP force caused by the dynamic eccentricity is much
smaller than the UMP force caused by the static eccentricity.

Fig. 9 shows the vibration responses in different slip cases.
It demonstrates that when the slip increases from 0 to 0.02,
the reduction in the critical speed decreases. The reason
for this is probably that the UMP force decreases with an
increase in slip as shown in Table 2. By contrast, the peak
response close to the 0.25 speed ratio occurs at a relatively
low rotor speed when the slip increases. This is because this
peak response occurs when the twice-line frequency excita-
tion coincides with the mechanical natural frequency of the
rotor. However, when the slip increases, the line frequency at
the same rotor speed increases, and therefore, the resonance
occurs at a relatively low rotor speed.

For investigation of the vibration excitations generated by
the UMP, Fig. 10 and 11 show the rotor orbit and rotor
displacements in the time and frequency domains at the
122 Hz supply frequency (near the 0.25 speed ratio) for cases
with and without UMP. In particular, to investigate the effect
of slip, results for two different slip cases: 0 and 0.02 are
obtained. Firstly, the results show that higher frequency

excitations are generated by the UMP, and specifically,
a 4× speed frequency (twice the line frequency) component
appears to be higher than the other harmonics. This is prob-
ably the main cause of the peak response at the 0.25 speed
ratio and the three small circles in the fundamental circle as
in the rotor orbit.

Considering the effect of slip, a comparison of the fre-
quency domain displacements between no slip and 0.02 slip
cases reveals a change in the electromagnetic excitation fre-
quency when the slip is generated. First, the first harmonic
frequency decreases because this harmonic is due to the
whirling motion of the rotor, and its frequency decreases
as the rotor speed decreases. Second, the fourth harmonic
frequency remains unchanged because this harmonic comes
from twice the line frequency excitation. Finally, two slightly
different harmonics appear around the second, and third and
fifth harmonic frequencies move toward the fourth harmonic
frequency. Additionally, the results show that the slip reduces
all the electromagnetic excitation magnitudes. Because of
these changes in excitations, the rotor orbit becomes smaller
in size and different in shape as shown in Fig. 10(d). The
vibration of the rotor is generated from both the unbalance
mass excitation and the UMP force excitation. However,
in the presence of slip, twice the line frequency becomes
slightly smaller than four times the whirling frequency.
Therefore, the rotor orbit rotates around the center of whirling
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FIGURE 10. Time-domain displacement and rotor orbit at the 122 Hz supply frequency (near the 0.25 speed ratio) for three cases:
without UMP and two different slip cases with UMP. a) Without UMP; time-domain displacement. b) Without UMP; rotor orbit.
c) With UMP (two different slip cases); time-domain displacements. d) With UMP (two different slip cases); rotor orbits (left), rotor
orbit for the 0.02 slip case in 0.05 s and 0.15 s (right).

FIGURE 11. Frequency-domain displacement at the 122 Hz supply frequency (near the 0.25 speed ratio) for three
cases: without UMP and two different slip cases with UMP.

motion as in Fig. 10(d) for the 0.02 slip case. This orbit
is obtained in 0.05 s for about three rotations of the rotor.
It is compared with the orbit during 0.15 s to determine the
rotation of the orbit.

Fig. 12 presents the overall vibration amplitude for dif-
ferent bearing stiffness cases. It shows that the degree of
the UMP effect for the induction motor depends on the
structural properties of the rotor–bearing system. When the
rotor–bearing system is less stiff, the UMP effect is more
significant. When considering the actual operation of the
machine under study, the UMP effect is not harmful to the
system because the UMP-generated vibration appears at a
rotor speed that is significantly above the operating range of
the motor. However, when the bearing stiffness is 107 N/m,
the UMP effect occurs within the operation range, rendering
it harmful to the system.

Finally, Fig. 13 shows the vibration responses in differ-
ent simulation methods. It shows that the UMP effect in
Method 1 is stronger than the effect in Method 2 because

FIGURE 12. Vibration responses versus rotor speed in different bearing
stiffness cases.

the UMP force calculated by Method 1 is higher than the
result obtained by the FEA and Method 2. On the other hand,
when investigating the result obtained by the linearized UMP
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FIGURE 13. Vibration responses versus rotor speed in different
simulation method cases.

negative stiffness spring model, it can be seen that the critical
speed reduction effect appears to be slightly different with
the result by time step analysis with Methods 1 and 2, and
larger vibration at the 0.25 speed ratio is not detected unlike
with the methods by time step analysis. Here, the UMP spring
stiffnesses are calculated from the UMP force equations by
Method 1 and 2, respectively.

Thus, when using Methods 1 and 2, two types of UMP
effects can be observed. However, the degree of the effect is
affected by the accuracy of the calculated UMP force. The
method with the UMP spring model can only simulate the
effect of critical speed reduction, and furthermore, this effect
appears somewhat differently with the actual effect. There-
fore, if only the variation in the critical speed is of interest
and the error is within an acceptable range, this method can
be employed as a simple simulation method. However, the
acceptability of the error cannot be defined clearly, probably
because the degree of error depends on the rotor–bearing
system.

Based on the results obtained, a suggestion for the simula-
tion strategy can be made. By usingMethod 1, the UMP force
equation and the linearized UMP stiffness can be obtained by
analytical calculation in the induction motor design process
without extra cost. Further, if the rotordynamic simulation
includes the use of the UMP stiffness, the result can be
obtained quite easily. Therefore, this result can provide initial
guidelines for the analysis of the UMP effect, even though
there is an error in the UMP force amplitude. The obtained
UMP effect is probably larger than the actual effect because
the calculated UMP force is higher than the actual force,
as shown in Table 2. Therefore, these guidelines can be taken
as a criterion providing a safety margin in the initial design
process. In pursuit of the final design, where accurate estima-
tion of theUMP effect is required, simulation by the improved
Method 2 and the time step analysis is advisable and the
rotordynamic result can be updated for the final analysis.

IV. CONCLUSION
This study addressed the development of UMP force calcu-
lation methods for rotordynamic simulation. The proposed

methods used the magnetizing current and included the
effects of slot opening and saturation by including the Carter
factor. Moreover, a correction factor was introduced and
calculated by the FEA to improve the UMP force equation.
Based on this model, a rotordynamic simulation process con-
cerning the UMP force was designed into the induction motor
design process, and the UMP effect on the rotordynamics of
the induction motor was investigated. Moreover, the feasibil-
ity of the proposedmethods was discussed. Themain findings
of the study can be summarized as follows:

1) By the developed analytical UMP calculation model,
the UMP force resulting from the air-gap eccentricity
was calculated and compared with the FEA result.
By using the magnetizing current and the correction
factor obtained by the FEA, the analytical UMP force
equation was improved.

2) The negative stiffness effect of the UMP reduces the
critical speed of the rotor system. This effect results
mainly from the dynamic eccentricity, whereas the
reduction caused by the static eccentricity is negligible.

3) The results for the rotor displacement in the frequency
domain show that the vibration components with the
2�, 3�, 4�, 5� frequencies are generated by UMP.
Specifically, twice the line frequency excitation (4� in
the case of a four-pole machine) leads to a higher vibra-
tion when it coincides with the natural frequency of
the rotor. Hence, in the four-pole machine under study,
a higher vibration appears at one-fourth of the critical
speed. Moreover, this excitation is amplified by the
static eccentricity but not by the dynamic eccentricity.

4) The results obtained for different values of bearing
stiffness show that the degree of the UMP effect
depends on the rotor–bearing system. A less stiff rotor-
bearing system results in a greater effect of the UMP.

5) The simulation method applying the pure analytical
UMP calculation and the linearized UMP stiffness can
be used as a rough guideline in the initial stage of the
induction motor design process. An improved simula-
tion method supported by the FEA can be employed
in the final stage requiring accurate estimation of the
UMP effect in the induction motor design process.
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