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ABSTRACT This work investigates the stability of Halanay inequality. Some novel results are obtained by
means of constructing an auxiliary differential equation. Some previous works are improved and extended.
After that, the obtained results are applied to investigate the stability of neural networks with time-varying
and distributed delays. At last, some examples along with numerical simulations are presented to illustrate

the validity of the theoretical results.

INDEX TERMS Stability, Halanay inequality, delay neural networks.

I. INTRODUCTION

In recent years, dynamical systems have come to play a more
and more important role in natural scientific, social scientific
and engineering. The main reason for this is that it allows
us to model some kinds of natural scientific, social scientific
and engineering problems appropriately. Due to their great
applications, dynamical systems have been developed very
fast, see for example [1]-[30].

In many real systems including telecommunication sys-
tems, manufacturing systems and network control systems,
time delays often occur due to the limitation of transmission
or switching speed. It is well known that the delay may
cause divergence, oscillation, instability and chaos in sys-
tems. Therefore, it is necessary to consider the influence of
the time delays in the investigation of these systems, and lots
of related literatures have been published [8]-[30].

In the study of the stability of time-delay systems, one
excellent technique is Lyapunov’s method (see for exam-
ple [9], [11], [12], [17]-[19], [22], [23], [29]). The key to
Lyapunov’s method is to construct a suitable Lyapunov func-
tion or functional. However, finding a suitable Lyapunov
function or functional is not an easy case. On the other
hand, many kinds of differential inequalities such as Halanay
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inequality and its generalisations can also be applied to study
the stability of time-delay systems (see for instance [8],
[10], [13]-[16], [24]-[27], [30]). Especially, [10], [13]-[16],
[24]-[26] the authors proposed many kinds of generalised
Halanay inequalities to consider the stability of neural net-
works (which can be seen as a multidimensional differential
equation) with delays.

We mention here that the existing works [8], [10], [14],
[16], [24]-[27], [30] all required some similar conditions, i.e.,

DT u(t) < —a(tu(t) + b(t) sup  u(s) ()
t—t(t)<s<t
and
a(t) >0, b(t)=>0, —a()+b() <O0fort > 0.

In [13], the authors studied the above inequality and obtained
some novel results, i.e., a(t) and b(¢) can be negative in some
interval. However, the authors required the boundedness of
a(t), b(t) and t(¢). It should be pointed out that when —a(t) +
b(t) has no upper bound or lower bound, for example:

a(t) = 0.5t —tcost and b(t) = ¥,

then the existing techniques can’t be used to deal with this
case. The main difficulty is that a(t) sometimes is positive
and sometimes is negative, the usual method characteristic
equation is no longer applicable.
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Inspired by the above discussion, we also investigate the
stability of Halanay inequality (1). The major contributions
of this work are as follows. (i) The uniform positiveness of
coefficient function, and the boundedness of coefficient and
delay functions are no longer required. (ii) The decay rate
of inequality (1) is considered. (iii) The results in [13] are
improved and extended.

The contents of this paper are organised as follows.
In section 2, the main theoretical results and their proof are
provided. In section 3, the theoretical results are applied to
investigate the stability of neural networks with time-varying
and distributed delays. In section 4, some examples along
with their numerical simulations are presented to illustrate the
validity of the theoretical results.

Natation: Throughout this paper, R = (—o0, +0), J,, =
{1,2, ..., n}and DT stands for Dini derivative. For a function
b(t) define b (¢) := max{0, b(t)}. BC((—o0, 0], R) is the
space of all bounded continuous functions. R” stands for the
n-dimensional Euclidean space. AT denotes the transpose of
a vector or a matrix A. | - | denotes the Euclidean vector norm
in R”. Let ||ly|| := max lvil, where y = (y1, ..., yn)! € R™

IAS]

C = C([—7,0]; R" gtands for the space of all continuous
functions ¢ from [—t, 0] into R" equipped with the norm

l¥lle == sup |[¥(O)]. For a function F(¢) define on
0e[—7,0]
[0, 4-00), we complementally define
F@), t=>0,
F 1) = (0, t=
0, t <0.

Il. MAIN RESULTS
The main contribution of this section is to investigate the
stability of the following Halanay inequality:
DYu(t) < —a(®u(t) + b(t) sup  u(s),
t—1(t)<s<t
t € [0, +00), @)
u(t) = ¢(1) € BC((—00,0],R), 1€ (—o0,0]

where u(t) > 0 for t € R, a(t) and b(t) are two scalar
functions and 7(¢) > 0 is the delay function.

Remark 1 Without loss of generality, if delay function is
bounded by a constant t, we define u(t) = ¢(—71) fort < —1,
then system (2) is well defined.

Theorem 1: If b(t) > 0 and

t
lim / [—a(v) + b(v)h(v)]dv = —o0, 3)
t—400 0
where
sup f; a*(v)dv
l’l(l) — et—r(r)g:gt .
Then,

u(t) > 0 ast — +oo.

In addition, if there exists a nonnegative function y(t) such

that
t

lim [ [—a(v) +b(v)h(V) + y(W)]dv = —c0, (4

t—>—+00 0
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then, there is a constant K € [1, +00) such that

u(t) < K sup |@(@)le= 078 1 e [0, +00).
6<0

Proof: Firstly, we show that

u(t) < sup [(0) [l WP OIONY e R (5)
6<0
In order to prove the above inequality, we need to construct
the following differential equation
dy* (t

ydt( ) [—a(?) + b(Or®]y()dr, 1 € [0, +00), ©

Y1) = (1 + &) sup|e(6)], t € (—00,0],
0<0

where ¢ is an arbitrary positive constant. Obviously,

Yo@0) = (1 + &) sup [p(§) [T O+ ORWID ¢ R
6<0

and

u(t) < y°(t), t e (—o0,0].

Suppose there exists a t* > 0 such that

u(t) < y°(t), t e (—oo,t")

and
u(t®) =y (t").
By the nonnegativity of 5*(¢) and A(t), we have

—(t) * *
¥t =T(0) = (1+e)sup p(O)lels 1= O+ WOk
(]

= (14 &) sup [p(§) elol =" 471y
6<0

« eli—el@* ) =b*Wh)ldv

< Yo () TO,

Then we have

sup Y (s) < Y (Oh(t), t € [0, +00).

t—t(t)<s<t
By the above inequality, we get
dy* (1)
<D+u(t) - 7) t=t*

< —a()[u@®) = y*(1M)]

+o(  sup  u(s) — Y (A
T (r*)<s<t*

< —a(t)[u(™) — y ()]

+b(@*)  sup  [u(s) =y ()] =0,

t*—T(t*)<s<t*

which is a contradiction. This means that

u(t) < y°@t), teR. )

By letting ¢ — 0T on both sides of (7), we derive

u(t) < sup |p(6)|efol=a" I IOy,

0<0

teR. )
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From (3) and (8), we have
u(t) - 0 ast— +oo.

In addition, from (4), we can find a T, € [0, +00) such that

t t
f [—a(v) + b(v)h(v)]dv < —f ywdv, te [Ty, +00),
0 0
then

u() < sup |g(@)]e™ o Y
6<0

t € [Ty, +00).

Fort € [0, T], we have

u(t) < sup |p(6)]elol=a0IHBORE)IFy ()ldv = fg 7 (v
0<0
< Ke™ fé y(v)dv’
where,

sup  fo [=a()+bWh(W)+y ()ldv
K = €l0.Tx]

which implies

u(t) < K sup |p(@)e= 0Ot 210, +o00).
6<0
The proof is completed.

Remark 2: For A > 0, if we replace y(s) by A, —

>+l
M‘m, respectively. Then system (2) is exponential,
polynomial and logarithmic stability, respectively.
Theorem 2: If we don’t require the nonnegativity of b(t),
Theorem 1 remains true for replacing b(t) by b (¢).
Proof: Since u(t) > 0 and b™(t) > b(t), then we get the
following delay differential inequality:

and

DYut) < —a(®u@) + b1 () sup  u(s).
t—1(t)<s<t
The proof is similar to the proof of Theorem 1. The proof is
easy, so we omit it.

Remark 3: It should be pointed out that we do not require
the boundedness of a(t) or t(t), which is imposed in [13],
i.e, la(t)] < Mg and |t(t)] < t. Even in this special case,
our condition is

t
lim / [—a(v) + b (Wh(W)]dv = —o0.
t—+00 0

However, the corresponding condition in [13] is

t
lim [—a(v) + b+(v)eM“T] dv = —o0.
t—=>+400 Jg
Obviously, h(v) < eMat for v € [0, +00). In this sense,
this paper improves the results in [13]. In addition, we don’t
have harsh restrictions on delay function t(t). Obviously,
la(] < M4 0 < bY(@) < Mp, [t()] < 7,8 > 0,
T € (O, ML,, In(1 + Aﬁ)) and there exist to > 0and T > 0
such that

to+(k+1)T
/ [—a(v) +bT(V)]dv < =6
to+kT
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for k € Nimply

t
lim f [—a() + bT (W)h(V) + A]dv = —oo0,
0

t—>—+00

where

[6 — MpT(eMa™ — 1)]
= T .
Moreover, we also consider the decay rate of (2), which is not
considered in [13]. Based on the above discussion, this paper
improves and extends the results in [13].

IIl. STABILITY OF DELAY NEURAL NETWORKS

In this section, we apply the obtained results in section 2 to
consider the following non-autonomous neural networks with
time-varying and distributed delays:

A

dxi(t) = [ — ai(t)x;(1) + Z bij()fj(x;(1))

j=1

+ ) cingi((t — (1)

J=1

+ ) i)
j=1

t € [0, +00),

t

hi(x(v))dv + Ii(t)} dt,

t—r,-j(t)
i €Jy, ©))

In order to set the stability problem, we assume the follow-
ing assumptions hold:
(A.1) The functions a;(1), b;j(t), c;j(t), d;j(t) and I;(¢) are all
integrable functions for ¢ € [0, +00), where i, j € J,,.
(A.2) The delay functions 7;;(¢) and r(¢) satisfy

Tij : [07 +OO) - [07 r]’ rlj : [07 +OO) - [0’ T]a

where i,j € J,and T > 0.
(A.3) The functions f;, g; and h; satisfy Lipschitz condition
with Lipschitz’s constants L;, M; and N}, respectively,
where j € J,,.
Definition I [9]: The system (9) is said to be globally
exponentially stable, if there exists a pair of positive constants
B and )\ such that

IxV(@6) = xP0)) < Bllg» — ¢Plce™,

where xV(t) = (xi])(t), xél)(t), . ,xf,])(t))T and x® @) =
(xiz)(t), xéz)(t), R x,(12)(t))T are two different solutions
of system (9) starting form different initial values
) = @@, 0 @), ... .00 ) and (1)
(@70, 8570, ... g ()

Theorem 3: Suppose assumptions (A.1)-(A.3) hold, then
system (9) is globally exponentially stable if there is a con-
stant h € (0, +00) such that

t n
lim { —am+ Y oL
0 .
j=1

t € [0, +00),

t—+00

n

+Y [|c,~j(v)|M,~ - |d,‘j(v)|t]\’ji|hi(v) + A}dv
j=1
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where

sup [l plaiv)— X 1by(WILT* dv
h,‘(t) — elfel—7.0l} Jj€ln

’

i€Jy
Proof: For system (9), we get

dixV(6) — xP )]
dt
- _a,-(t)[xlf‘)(z) - x,-(z’(t)}

+y bij(t)[ﬁ(xj(”(t)) —J?(xfz)(t))]

j=1

+3 clj(t)[gj(xj(”(t — (1) — g\t — n,»(r)))]

j=1

n t
+ Y dy() [h,»(x}”(v)) - h,-(x}”(v))]dv,
j=1 tfr,_'/'(l)
t €0,400), ied,.
Define

7)== k) = xP@), tel-t,400), i€,
From (A.1)-(A.3), we can obtain the following inequalities:

D¥zi(t) < —ai)z(t) + Y 1bi(t)|Lizi(r)
j=1

n
+ ) ley(nIM; sup Z(t +0)

= fe[—,0]

n
+ Y _ldj®|TN; sup z(t +6),
=1 0e[—1,0]
t €[0,400), ielJ,.
Define

Ut) = ma}x{zi(t)}, t €[—1, +00).
iel,

For any t € [0, 400), let i, stand for the index such that
U(r) = |z; (1)]. For t € [0, +00), we get

DYU®)

< —a; (U@ + ) Ib; (DLt
j=1

n

+ > M6 (0IM; sup Zi(t +6)
s fe[—1,0]
n

+ > 1d; (DITN; sup gt +6)
i 0e[—1,0]

< —a, (U@ + Y by OILU @)
j=1
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n
+) |:|Citj(t)|]\/1j + Idi[j(t)|th:| sup U(t +6)
=1 fe[—r,0]
n
< [ ACEDD |b,-,,~<r>|L,} 0
j=1
n
+) |:|Citj(t)|]\/1j + Idi[j(t)|th:| sup Ut +0).
s fel-7,0]
Let
n
a(t) = a; (1) = Y _ Iby;(0IL
j=1
and

b= [|c,-,j<t>|M,» + |d,-,,-<z>|rN,},

j=1
then we get the following delay differential inequality:

DYU®{) < —a®)U@) +b(t) sup Ut +6),

0e[-7,0]
t € [0, 4+00),
Ui)y= sup U(s), tel[-1,0]
s€[—1,0]

From (10), we can obtain

t
lim [—a(v) + b(W)h(v) + Aldv = —o0,
t—=>+400 Jg

where

sup ft1+0 a*(s)ds
h(t) = ef<l-70 .

From Theorem 1, we can find a constant 8 € (0, +00) such
that

sup U(s)e™, te[0,+00).
se[—1,0]

Un) < p
The proof is completed.

IV. EXAMPLES AND NUMERICAL SIMULATIONS
The main contribution of this section is to provide some
examples with numerical simulations to illustrate the effec-
tiveness of the obtained results in sections 2 and 3.

Example 1: Consider a delay differential equation:

du(t) 1 u(t — m|costl)
i (- T + cos t)u(t) + e T
t € [0, +00), an
uity=1, tel[-mn0]
Obviously,
a(t) = ! —cost, b(t)= ;
i+t 285 /1+1¢
and
ht)<e, t=>0
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value

14 16 18 20

FIGURE 1. The solution u(t) of (11).

Then,
'

lim [—a(v) + b(v)h(v)]dv = —o0.
t—>+00 0

Consequently, all the assumptions of Theorem I are satisfied,
it is shown in FIGURE 1 that the solution of (11) is asymp-
totically stable.

Remark 4: We mention here that the delay function t(t) =
|t cos(t)| are neither monotonous nor differentiable.

Remark 5: Obviously, there is no constant \* > 0 satisfies
that

t

lim [—a(v) + b(W)h(V) + A*]dv = —o0.
t—+00 Jo
This shows that system (11) is asymptotically stable but not
exponentially stable.
Example 2: Consider a delay differential equation:

du(t) ( Lo Do) + u(0.5¢)
=(——— 4 sintH)u _—
dt t+1 At + 1)e?
t € [0, +00), (12)
u(0) = 1.
Obviously,
1
)= —— —sint, blt)= ——,
alt) =y —sint. b0 = o
and
h(t) <2¢*, t>0.
Then,

t
lim [—a(v) + b(W)h(v)]dv = —o0.
t—>+400 Jg
Consequently, all the assumptions of Theorem 1 are satisfied,
it is shown in FIGURE 2 that the solution of (12) is asymp-
totically stable.
Remark 6: We mention that the delay function of (12) is
a proportional delay function which is an unbounded delay
function.
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FIGURE 2. The solution u(t) of (12).

Remark 7: It should be pointed out that the existing
works [24]-[26] also considered the Halanay inequalities
with proportional delay. However, they all required uniformly
positive of a(t). In this example, a(t) sometimes is positive
and sometimes is negative, which means that the existing
works [24]-[26] are invalid for this example.

Example 3: Consider a delay differential equation:

d’;(:) = (—0.5 + sin t)u(t)
+0.4¢70572y(t — | cos t]), (13)
t € [0, +00),
uity=1, tel-m0].
Obviously,

a(t) = 0.5 —sint, b(t) = 0.4e 072

and

h(t) S eO.Sn+2’ t Z 0

Then,

t—>—+00

t
lim / [—a(v) + b(W)h(v) + 0.05]dv = —o0.
0

Consequently, all the assumptions of Theorem 1 are satisfied,
it is shown in FIGURE 3 that the solution of (13) converges
exponentially.

Remark 8: Obviously, the function a(t) < O fort € 2km+
%, 2k + ST"), k € N, which means that —a(t) + b(t) can be
positive in some intervals. Therefore the results in [8], [10],
[14], [16], [27], [30]) can not be applicable to this example.

Remark 9: Obviously,

la@®)| < 1.5, 1 € [0, +00).

Though a(t) is a bounded function,
t

lim (—0.5 +sinv + 0.4¢7 072 61'5”) dv = +o0.

t——+00 0

Therefore the results in [13] can not be applicable to this
example.
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walue

FIGURE 4. The solution u(t) of (14).

Example 4: Consider a delay differential equation:

d":l(tt) — (—0.5¢ + £ sin ut) + e *ult — x| cos 1)),
t € [0, +00), (14)

ut)=1, te[-mn0]

Obviously,
a(t) = 0.5t — tsint, b(t) =e ¥
and
h(t) <e¥, t>0,

then

t

lim [a(v) + b(W)h(v) + 0.4t]dv = —o0.
t—>+400 Jy
Consequently, all the assumptions of Theorem 1 are satisfied,
it is shown in FIGURE 4 that the solution of (14) converges
very fast fort > 3.

Remark 10: It should be pointed that a(t) = 0.5t — t cost
has no upper bound or lower bound, which means that the

VOLUME 8, 2020

existing works [8], [10], [13]-[16], [27], [30] can not be
applied to this situation.

Example 5: Consider 2-dimensional non-autonomous
neural networks with time-varying and distributed delays:

2
dxi(1) = [ — ai()x;(t) + Z bij(1)fj(x;(1))

j=1

2
+ ) cii(t)gi(t — (1))

j=1
2 t
+ ) dy(t) hi(xi()dv + nm}h,
j=1 t—rij(t)
te[0,400), i=1,2, (15)

where

ai(t) = —sint + 0.5, ap(t) = —2sint + 1,
b11(t) = 0.1, b1a(t) =0.1, by1(t) =0.2, byp(t) =0.2,
cin(t) = cip(t) = dii(1) = dia(t) = 0.03¢ "7,
c21(1) = exn(t) = da1 (1) = daa(t) = 0.06¢ >,
I1(t) = cost, I(t) =sint,
711(1) = 712(8) = 121 () = T™22(0)
= rn(t) = r2(t) = r21(t) = rn(t) = |cos(t)|.

For eachv € R, fi(v) = fo(v) = arctanv, g1(v) = g2(v) =

i () = h(v) = v.

ItiseasytoseethatLy = L) =My =M, =Ny =N, =1

2
—ar(t)+ Y bij(t)|Lj = —0.3 +sint,
Jj=1

2
—ax(t)+ Y Iby(t)|Lj = —0.6 + 2sin,
j=1
2
> leIM; + [dij0)|TN;] = 0.12¢7"3,
j=1

2
D leai()[M; + |doj ()| TN;] = 0.24e™ 2.

j=1
and
hi(t) <e'?, @) <e*®, t>0.
Then,
t 2
R { — ai(v) + ; 1bi(VIL
2 "
+y [|cl~,-(v)|Mj + |dij(v)|r1\1,]hi(v) +0.1 }dv
= —ojo_,l i=1,2.

Then, all the assumption of Theorem 3 are satisfied, we con-
sider the dynamical behaviour of two solutions x\V(t) =
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FIGURE 5. The states response xf” (t) and xél)(t) of (15).

140 : : : : : : : . .
3
120t H
2
ot .
st .
)
2 efl | .
T |
w} -
ot .
-
ol SN N -~ -~
o . . . . . . . . .
o 5 10 15 20 25 30 ¥ 40 45 50

time t
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FIGURE 7. The states response z; (t) and z,(t) of (15).

@D T @) @2, X of (15) with different
initial values for t € [—1, 0], respectively, which are as
follows

YD) =20+ 5002, ¥ r) =40+ 2062,
vV =30 + 15694 P (1) = 20 + 20e~2.

19510

Define

1) 1 = (z1(t), 2"
= (X @0) = xP ), 1 @) — PN

It is shown in Figure 7 that 7(t) converges exponentially as
pointed out by Theorem 3.

Remark 11: Obviously, the function ai(t) < 0and ax(t) <
0fort € 2km + %, 2k + 5?”), k € N, which means that
ai(t) and ax(t) can be negative in some intervals. Therefore
the existing works [10], [15], [16] can not be applied to this
situation.

V. CONCLUSION

In this work, some novel stability results for Halanay inequal-
ity and delay neural networks have been derived by means of
constructing an auxiliary differential equation. The obtained
results have shown that the coefficient functions can be posi-
tive or negative in some intervals, and has no upper bound or
lower bound. It is noteworthy that our results have improved
and extended the results in [13]. At last, some examples
with numerical simulations have been presented to illustrate
the effectiveness of our main results. In the future, we will
investigate the neural networks whose coefficient functions
and delay functions are all unbounded.
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