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ABSTRACT Being trajectory tracking key for safe mobile robot navigation, Fuzzy Logic (FL) has been
useful in tackling uncertainty and imprecision to realize robust and smooth trajectory tracking. In this paper,
we present the Z-number based Fuzzy Logic control for trajectory tracking of differential wheeled mobile
robots. The unique point of our approach lies in the ability to encode constraint and reliability in multi-input
and multi-output rules, whose antecedent universe considers only the instantaneous measurements of
distance and the orientation gaps, and whose consequent universe is computed by the interpolative reasoning
and the gradedmean integration approach. As a consequence, not only our approach avoids the complexity of
encoding error gradients, but also is advantageous to model versatile control rules able to cope with missing
observations and noisy inducements on actuators. Our experiments using both physics-based simulations
and real-world tests based on a Pioneer 3DX robot architecture have elucidated the superior efficacy and
the feasibility of the proposed controller regarding accuracy, robustness, and smoothness compared to other
well-known related frameworks such as Fuzzy Logic Type 1, Fuzzy Logic Type 2 and Fuzzy Logic with PID.
Our results provide unique insights to realize generalizable algorithms aided by FL and Z-number towards
robust trajectory tracking.

INDEX TERMS Trajectory tracking, mobile robot, fuzzy logic, interpolative reasoning, Z-number.

I. INTRODUCTION
The recent spread of technological advancements have led
mobile robots into the increasingly influential role through-
out business segments facing cutting-edge innovation, ris-
ing costs and deficit in labor, such us autonomous vehicles,
agriculture, forestry, manufacturing, exploration and trans-
portation [1], [2]. In line of the above, since the pure pursuit
strategy proposed by Wallace et al. in the mid 80’s [3],
the trajectory tracking problem has attracted the attention
of the robotics community and has motivated the develop-
ment of high-order and versatile motion planning and control
algorithms. The reader may refer to [4] for a review on the
developments of pure pursuit and the related approaches.

Although the pure pursuit strategy is a straightforward,
simple and widely known controller in trajectory tracking,
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approving it for publication was Amjad Ali.

it is well-understood that tuning of the (look-ahead) radius
parameter is essential to realize smooth robot trajectories
with the concomitant requirement for high accuracy. Con-
versely, having habitually emerged in the Robotics, Control
and Machine Learning communities, the self-tuning learners,
such as the Fuzzy-PID, PID with Neural Networks and PID
with Genetic Algorithms, and the related non-linear adaptive
control algorithms, such as the adaptive PID with minimum
variance [5], allow control algorithms to perform well in
changing environments and a variety of scenarios, aiming at
smoothness of trajectories and comfortability of drive.

Notwithstanding early trajectory tracking approaches were
inspired by single-input-single-output control systems, such
as PID, researchers proposed more amenable and flexible
schemes able to model the multi-input-multi-output com-
plexity of mobile robots, such as Model Predictive Con-
trol (MPC) and Linear Quadratic Regulators (LQR). As such,
one of the recent developments concerns the tracking error
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learning control for path tracking of mobile robots in out-
door environments proposed in [6], in which the method
tackles the mismatch between the dynamics of the plant
and the model to update the control actions, reducing the
euclidean error despite high level of noise compared to the
conventional error-based control method. Also, theMPCwith
robot dynamics and the lateral slip of tires was developed
in [2], [7], in which simulations show the improved accuracy
and the decrease of errors in displacement, heading and lateral
velocity compared to the model based on kinematics. MPC
with an active safety steering control unit was developed by
Junyu Cai et al. [8], showing the control efficacy and the
vehicle comfortability due to minimal lateral acceleration and
rollover stability.

Other forms of adaptation in trajectory tracking based
on recursive methods and observers were also proposed in
the literature. By using an augmented vehicle model con-
sidering both kinematic and dynamic equations of motion,
a back-stepping controller was addressed in [9] achieving
exponential convergence to the followed trajectory; yet uncer-
tainties, saturation and actuator failures during motion were
unaddressed topics. By using a three-order dynamic system,
the adaptive sliding mode trajectory tracking with external
disturbances and inertia uncertainties was proposed in [10],
in which results show the robustness being able to elim-
inate external forces and inertia uncertainties. Muhammad
Asif et al. [11] developed the output feedback with adap-
tive Sliding Mode Controller (SMC), and revealed that the
high gain observer and the globally bounded state feedback
is robust against un-modeled dynamics and disturbances.
In [12], the Vector-Field-Orientation (VFO) control was pro-
posed to solve the path following task for unicycle kinemat-
ics with the amplitude-limited control input. This method
has advantages such as rapid, non-oscillatory, and easily
predictable transients in the closed-loop system. Ren and
Ma [13] designed the trajectory tracking control for an omni-
directional mobile robot, showing that a state observer esti-
mating unknown internal dynamics and external disturbances
compensated the friction effects effectively and improved
the accuracy in tracking. Path following using a nonlinear
Lyapunov-based control law considering a bounded curva-
ture and nonholonomic constraints of a skid-steered mobile
robot was presented by Huskic et al. [14]; here, experi-
ments show reduction in the mean error at higher speeds
on various types of terrain. In [15], a model-based adaptive
observer was used to estimate the sliding effect and the cor-
nering stiffness of tires, and to determine the steering angle
by backstepping-adaptive control, showing reduction in the
mean and the maximum absolute error at low and medium
speed in off-road contexts.

Conventional controllers based on PID and MPC depend
on the accurate estimation of the controller coefficients of the
system model. In contrast, Fuzzy Logic (FL) is well-known
to be independent on the system model, yet the performance
relies on the versatility to handle uncertain and imprecise
information. For instance, Fuzzy Logic Type-1 was shown

to handle imprecision to a controllable degree in tuning
PID gains [16], [17]. Wu et al. [18] presented the trajec-
tory tracking control based on kinematic back-stepping and
Fuzzy Sliding Mode, in which numerical results exhibited
the improved accuracy, rapidity and smoothness compared
to the conventional Sliding Mode Control (SMC). Seong-
soo et al. [19] used the Artificial Immune method to optimize
the output scaling coefficient of Fuzzy Logic and to improve
the overall tracking error. Dian et al. [20] developed the Type-
2 Fuzzy Logic to adjust the gains of SMC-based trajectory
tracking, achieving decreased tracking error and improved
response time under random external disturbances in x and
y-axis compared to the non-singular terminal SMC with and
without FL.Wu et al. [21] developed the SMCwith FL able to
generate virtual reference inputs and a function approxima-
tion of robot dynamics based on Fourier-series, being more
robust compared to PID considering uncertainties, unknown
dynamics, saturated control inputs and external disturbances.

In 2011, L. Zadeh showed that the reliabilities of linguistic
terms are significant to extend the versatility of reasoning
using Fuzzy variables [22]. Here, the concept of a Z-number
was proposed as a 2-tuple, in which the first component
represents the constraints and uncertain information, and
the second component encodes the reliability and confidence
of truth. Nowadays, Z-number is being actively used to
solve multidisciplinary decision making problems [23]–[27].
Aliev et al. [28] proposed Z-number based Fuzzy sys-
tem for the Multi-Criteria Decision-Making (MCDM), and
Kang et al. [29] proposed the method to convert Z-number
to Fuzzy number. And, in [30], an omnidirectional robot was
shown to navigate effectively by using Z-number based FL,
in which the controller is able to reach a number of waypoints
in the plane under carefully fixed steering angles.

Although Z-numbers have attracted the attention of the
Control and Robotics community, it is unclear whether
Z-numbers are effective in multi-input-multi-output trajec-
tory tracking control schemes when the gradient of the
tracking errors are unknown, and whether competitive per-
formance is attainable in challenging and curvature-varying
trajectory tracking scenarios. Thus, in this paper, to answer
these questions, our contributions are as follows:
• We present a Z-number based Fuzzy Logic (Z-FL) tra-
jectory tracking control scheme with rules modeling the
multi-input and multi-output nature of mobile robots.
Our approach is inspired by the study of [30]; however,
unlike [30], our scheme encodes the control rules only
based on instantaneous measurements of distance to
target and orientation gaps, which is more amenable
to model control rules with finer and non-linear land-
scape, and more amenable to evaluate and to adapt
the performance at high resolution, being relevant for
practical navigation scenarios. Also, unlike [30], our
approach avoids using the gradient of the tracking errors,
which is due to our aim in evaluating the performance
frontiers of our approach to navigate in scenarios with
varying curvature. The consequent universe is computed
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by the interpolative reasoning based on α-cuts [31], and
defuzzification is performed by the graded mean inte-
gration representation [32]. Whereas the interpolative
reasoning enables to tackle missing observations in the
extended rule base, the inference system preserves much
of the information while performing Fuzzy operations.
As a result, our approach is advantageous to encode not
only constraints, but also the reliability of sophisticated
rules, extending the versatility in modeling the control
landscape.

• To validate the efficacy and the robustness of the pro-
posed controller, (1) we performed rigorous computa-
tional and real-world experiments using a physics-based
simulation environment and a Pioneer 3DX mobile
robot, (2) we evaluated the trajectory tracking perfor-
mance not only by using relevant considerations on
accuracy, but also using trajectories with distinct curva-
ture profiles and diverse levels of disturbance, and (3) we
compared to the existing well-known frameworks based
on Fuzzy Logic (FL): FL-Type 1, FL-Type 2 and FLwith
PID.

• Our results demonstrate that our approach brings the
overall improved performance in terms on accuracy,
robustness and smoothness compared to the existing
well-known frameworks relevant to trajectory tracking
based on Fuzzy-Logic, and provides unique insights
useful to realize control algorithms towards robust and
generalizable trajectory tracking performance.

The rest of this paper is organized as follows: Section II
presents the preliminary concepts; Section III describes
the trajectory tracking using Z-number based Fuzzy Logic.
In Section IV, simulation studies and results are discussed,
and Section V presents the insights on real-world tests.
Section VI concludes this paper.

II. PRELIMINARIES
In this section, we describe the fundamental ideas related to
our approach.

A. MOBILE ROBOT KINEMATICS
We consider a differential wheeled mobile robot consisting
of a structure with two driving wheels mounted on the front
axle, and one caster wheel on the rear axle. The kinematic
equation of such configuration is as follows:Ẋ (t)Ẏ (t)

φ̇(t)

 =
v · cosφv · sinφ

ω,

 (1)

where v and ω are linear and angular velocities of the robot
(Fig. 1), and φ is the heading direction. Linear and angular
velocities are defined as follows:[

v
ω

]
=

[
(ωr + ωl)rω/2
(ωr − ωl)rω/L,

]
(2)

where ωr (ωl) is the angular velocity of the right (left) wheel,
rω is the wheel radius, and L is the distance between the
frontal wheels.

FIGURE 1. Basic idea of trajectory tracking in a differential drive mobile
robot.

Basically, the above-described model is under-driven due
to two degrees of freedom and three variables. Therefore,
only two variables can be actively tracked, and the remaining
one is a follow-up state. The errors of position and orientation
in the global system at time t are defined as follows:Xe(t)Ye(t)

φe(t)

 =
Xr (t)− X (t)Yr (t)− Y (t)
φr (t)− φ(t),

 (3)

where Xr (t) and Yr (t) denote coordinates of the reference
trajectory along the X-axis and the Y-axis, respectively, and
φr (t) is the reference angle.

B. FUZZY LOGIC CONTROL (FLC)
In a FLC system with m inputs, a Fuzzy System (FS)
Aj (j ∈ [m]) is defined as follows:

Aj =
{
(xj, µA(xj)) | µA(xj) ∈ [0, 1] ∀xj ∈ R

}
, (4)

where µA : xj → [0, 1] is the membership function, whose
representation using a convex triangular shape is as follows:

µA(xj) =



0, if xj < a1

L =
( xj − a1
a2 − a1

)
, if xj ∈ [a1, a2]

R =
( a2 − xj
a3 − a2

)
, if xj ∈ [a2, a3]

0, if xj > a3,

(5)

where a1 ≤ a2 ≤ a3 as shown by Fig. 2-(a), and L(R) is a
strictly increasing (decreasing) function in the given interval.
Then, in a set with n rules, and x ∈ R2, x = (x1, x2), the ith
rule is:

λi : If x1 is Ai,1 ∧ x2 is Ai,2 → ϕ is Bi, (6)

where Bi is a consequent FS, x1 = e and x2 = ė. Thus,
a Fuzzy mapping in FLC is a function ϕ : x→ R, as shown
by Fig. 2 (b). A typical mapping is defined by the centroid
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FIGURE 2. (a) Basic concept of a triangular membership function.
(b) Basic concept of mapping in FLC.

defuzzification:

ϕ(x) =

n∑
i=1

fi(x) · Bi

n∑
i=1

fi(x)

, (7)

fi(x) = µAi,1 (x1) · µAi,2 (x2), (8)

where ϕ denotes the control signal v, and fi(x) denotes the
firing strength of the ith rule for observation x computed from
the product t-norm of membership functions (i ∈ [n]).

III. TRAJECTORY TRACKING USING Z-NUMBER BASED
FUZZY LOGIC
In this section, we describe Z-number-based Fuzzy Control
(Z-FL) for trajectory tracking.

A. BASIC CONCEPT
The control architecture is shown by Fig. 3, whose
basic idea is to realize the control mapping Z-FL :

(D(t), φe(t)) → (v(t), ω(t)) by using the (given) reference
trajectory (Xr (t),Yr (t)) and both the position X (t),Y (t) and
the heading direction φ(t) ∈ [−π, π] at time t . In Fig. 3,
the block DH computes the following:

D(t) =
∥∥∥pe(t)∥∥∥, (9)

φe(t) = sgn(qz) · arccos
(
ûφ(t) · pe(t)

D(t)

)
, (10)

where ‖ · ‖ denotes the Euclidean norm, the vector
pe(t) = (Xe(t),Ye(t), 0) denotes the error of the position
at time t , φe(t) ∈ [−180◦, 180◦] denotes the error in the
heading direction, sgn(·) denotes the signum function, qz is
the z-component of the vector q = ûφ(t) × pe(t), arccos(·)
denotes the inverse cosine (cos−1) in degrees, and ûφ(t) =
(cosφ(t), sinφ(t), 0) is the unitary vector of the heading
direction at time t . The reader may note that both vectors
pe(t) and ûφ(t) are defined in the xy-plane, and that the
range of φe(t) ∈ [−180◦, 180◦] is defined as such due to
sgn(·) = {−1, 0,+1} and 0◦ ≤ arccos(·) ≤ 180◦.

The architecture portrayed by Fig. 3 is advantageous since
it allows a single Z-FL function tomap error to control signals
of linear and angular velocity. Such concept enables not only
the unified interface to model sophisticated rules for robot

FIGURE 3. Control architecture for trajectory tracking.

FIGURE 4. Basic concept of a Z-number, Z = (A,R). The first component
denotes the (a) Constraint A, and the second one denotes the
(b) Reliability R.

control, but also the simple and computationally-efficient
framework. Furthermore, the ability to include input gra-
dients, orientation references, environment conditions and
user preferences becomes straightforward. Yet the study
of Z-FL structures with increased sophistication is out of
the scope of this paper and left for future studies in our
agenda.

B. Z-NUMBER
In Z-FL, a Z -number [22] is an ordered tuple:

Zj =
{
(Aj,Rj) | µAj ∈ [0, 1], µRj ∈ [0, 1]

}
, (11)

where j ∈ [m], m denotes the number of inputs, Aj is the
constraint (restriction) on the values of observation x, and Rj
is the reliability metric (or degree of truth) of Aj. For reasons
of simplicity in modeling and efficiency in computation, A
and R are defined by triangular MFs (Eq. 5), as exemplified
by Fig. 4.

C. INTERPOLATIVE REASONING
In a set of n Z-FL rules and m inputs, the ith rule is expressed
as follows:

λi : If x1 is Zi,1 ∧ x2 is Zi,2 ... xm is Zi,m → ϕ is ZCi , (12)

where Zi,j = (Ai,j,Ri,j) denotes the Z-number for the ith rule
(i ∈ [n]) and the jth input (j ∈ [m]), and ZCi = (Bi,Ri) is a
consequent Z-number.

In the context of trajectory tracking of a mobile robot,
x1 = D(t) and x2 = φe(t) (outlined in Fig. 3) represent
the antecedent universe modeled by triangular MFs, as shown
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TABLE 1. Rules for trajectory tracking.

FIGURE 5. Membership functions of (a and b) the antecedent D and φe,
and (c) the reliability metric.

by Fig. 5 (a)-(b), and the consequent universe consists of the
linear velocity ϕ1 = v(t) and the angular velocity ϕ2 = ω(t)
as high-level control signals (outlined by Fig. 3 and defined
by the rule set in Table 1). The linguistic values for distance
D are: OFF Range (OFF), Too Very Very Near (TVVN), Very
Very Near (VVN), Very Near (VN), Near (N), Far (F), Very
Far (VF), Very Very Far (VVF), Too Very Far (TVF). And the
linguistic values for the heading angle error φe are: Too Very
Large Negative (TVLN), Very Very Large Negative (VVLN),
Very Large Negative (VLN), Large Negative (LN), Small
Negative (SN), Very Small Negative (VSN), Very Very Small
Negative (VVSN), Too Very Small Negative (TVSN), Zero
(OFF), Too Very Large Positive (TVLP), Very Very Large
Positive (VVLP), Very Large Positive (VLP), Large Posi-
tive (LP), Small Positive (SP), Very Small Positive (VSP),
Very Very Small Positive (VVSP), Too Very Small Positive
(TVSP). The reliability terms for both the antecedent and
consequent are defined over Sometimes (S), Usually (U), and
Always (A), as shown by Fig. 5 (c). Compared to the conven-
tional approaches, the large number of instances in Table 1
allow not only to define control rules with finer granular-
ity [33], but also allows to adapt the performance of Z-FLwith
the response at high resolution, being relevant for practical
navigation scenarios.

Thus, when observation x = (x1, x2, ..., xm) is known, with
xj = Z∗j = (A∗j ,R

∗
j ), j ∈ [m], each Z-number ϕ∗(x) =

(B∗,R∗) in the consequent universe is computed as follows:

ϕ∗(x) =

n∑
i=1

fi(x) · (Bαi ,R
α
i )

n∑
i=1

fi(x)

(13)

fi(x) =
1

dαi (x,A
∗)+ dαi (x,R

∗)
, (14)

where ϕ∗ : x → (B∗,R∗) denotes the α-cut interpolation
function [31], Bαi denotes the α-cut of the consequent of
the ith rule, and dαi (x,A

∗) denotes the distance between the
observation x and A∗ w.r.t. the ith rule and overall inputs
j ∈ [m] based on the α-cut interpolation [26], [31], [34]. Here,
α = 0 corresponds to the lower level of the triangular MFs,
while α = 1 corresponds to the mid-point of the triangu-
lar MFs. In the above description, the consequent ϕ∗(x) =
(B∗,R∗) is the result of a weighted average of the set of
antecedent rules, in which rules with smaller distance (imply-
ing high similarity) to the observation x ∼ Z∗ = (A∗,R∗)
receive higher weighting importance. Compared to the con-
ventional approaches, the interpolative mechanism is useful
to enhance the robustness of reasoning over sparse rules,
enabling the deduction of consequents in situations in which
the observation is unable to match missing antecedents.

D. INFERENCE SYSTEM
Defuzzification of the above-computed consequent Z-number
ϕ∗(x) = (B∗,R∗) is realized by the canonical representa-
tion of the multiplication of triangular Fuzzy numbers [32],
as follows:

ϕ(x) = P(B∗) · P(R∗), (15)

where ϕ : ϕ∗(x)→ R denotes a mapping from the Z number
ϕ∗(x) = (B∗,R∗) to a crisp value, andP(·) denotes the Graded
Mean Integration Representation (GMIR) of a Fuzzy number
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[35], defined as follows:

P(A) =

∫ wA

0

h
2
(L−1 +R−1)∫ wA

0
h · dh

, (16)

where A is a Fuzzy number, wA ∈ [0, 1], h ∈ [0, 1], and L−1
is the inverse of function L (Eq. 5).

When the Fuzzy number A is defined by a triangu-
lar MF with the tuple (a1, a2, a3) (Eq. 5), the following
holds [32], [36]:

P(A) =
a1 + 4a2 + a3

6
(17)

The above-described defuzzification allows to compute
with Fuzzy numbers efficiently while preserving much of the
information in the embedded ambiguity, and enables efficient
canonical Fuzzy operations such as addition, multiplication
and ranking [32], [36], [37].

E. PERFORMANCE CRITERIA
In order to evaluate the effectiveness of trajectory tracking,
a number of relevant performance indexes are used, as fol-
lows:
• Integral of the Absolute Error: IAExy and IAED which
denote the accumulated error from the set-point over
time and which is suitable for small settling time [13].

IAExy =
∫ T

0

(
|Xe(t)|+|Ye(t)|

)
dt (18)

IAED =
∫ T

0
D(t)dt (19)

• Maximum Absolute Error (MAExy) [13] and Maximum
Error (maxD) which is useful to judge the suitability for
narrow environments.

MAExy = max
{
max Xe(t)
t∈[0,T ]

,max Ye(t)
t∈[0,T ]

}
(20)

maxD = max D(t)
t∈[0,T ]

(21)

• Root Mean Square Error (RMSED) [38] which is useful
to evaluate the occurrence of large errors.

RMSED =

√
1
H

∫ T

0

[
D(t)

]2
dt, (22)

where | · | denotes absolute value, and H denotes the
number of measurements for trajectory tracking overall
the time interval t ∈ [0,T ]. For simplicity and without
loss of generality, H = 1+ T/h for small h which is set
according to hardware (robot) and software considera-
tions (described in next Sections).

IV. SIMULATION STUDIES
To evaluate the effectiveness and the feasibility of the Z-FL
control for trajectory tracking within the context of a differen-
tial wheeled mobile robot, we performed rigorous computa-
tional experiments. This section describes our configurations
and presents our key findings.

FIGURE 6. Matlab and Pioneer P3-DX mobile robot in V-REP.

A. SIMULATION SETTINGS
We implemented themodel of the differential wheeledmobile
robot described in Section (2), and its trajectory tracking
using Z-FL control strategy described in Section (3) using
Matlab 2018(b) and V-REP. The model in V-REP is based
on a physics-based Pioneer 3DX mobile robot, which is a
differential mobile robot with two frontal driver wheels, a rear
caster wheel (driven) and 16 ultrasonic sensors.

In V-REP, we used the bullet physics engine (v.2.78) with
simulation mode at accurate (default) level and time step 50
ms. The Matlab environment communicates with V-REP by
the legacy remote API which supports blocking calls and
bidirectional data streaming, as portrayed by Fig. 6.

Our computing environment was an Intel(R) Xeon(R)Gold
6140 CPU @2.3GHz, 128 GB RAM, 16 cores, 32 threads
and Windows 10, 64 bit. The sophistication on both Fuzzy
rule composition and mobile robot modeling (e.g. addition of
sensors) brings no significant difference on the measurement
of performance due to (1) the large pool of cores/threads
available for computation, and (2) the reasonable amount of
available memory to store measurements.

In order to evaluate and compare the trajectory track-
ing performance to the approaches being relevant to our
scope, we implemented and contrasted to trajectory tracking
schemes based on FL. In particular, we compared the perfor-
mance of Z-FL against the following: (1) FL-Type 1 [39] (for
simplicity, we will refer to it as FL), (2) FL-Type 2 [40] and
(3) FL-PID [16], [17].

To ensure fairness in our comparisons, the rule bases for FL
and FL-Type 2 are based on Table 1 and their membership
functions based on Fig. 5, in which the reliability terms
are neglected. The rules for FL-PID is based on [16] and
Mamdani type inference mechanism and well-known min-
max composition and the centroid defuzzification, whereas
FL and FL-Type 2 use the Sugeno type fuzzy inference
mechanism but FL-Type 2 uses Karnik-Mendel (KM) type
reduction [40].

Furthermore, in line with the above motivations, the range
of linear velocity is set to [0 m/s, 0.5 m/s], and the range
of angular velocity is set to [−6 rpm, 6 rpm], both of which
are set equally for Z-FL, FL and FL-Type 2. Following the
standard model, FL-PID has no explicit mechanism to ensure
fixation of lower and upper bounds on linear and angular
velocities. The values of the above velocity boundaries are
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FIGURE 7. Reference scenarios for trajectory tracking include paths with distinct geometry and curvature profiles.

FIGURE 8. Results on line trajectory tracking. Top: Trajectories, Center : Error in X ,Y Bottom: Linear velocity.

FIGURE 9. Results on circle trajectory tracking. Top: Trajectories, Center : Error in X ,Y Bottom: Linear velocity.

FIGURE 10. Results on lemniscate trajectory tracking. Top: Trajectories, Center : Error in X ,Y Bottom: Linear velocity.

decided based on our interest and scope to evaluate the suit-
ability for safe navigation at indoor environments. Due to the
above fact, the study on the extended upper boundaries of
linear and angular velocities (e.g. racing cars) is out of the
scope of this paper and is left for future studies in our agenda.

B. TRAJECTORY SCENARIOS
We used trajectory tracking scenarios with distinct curvature
profiles to evaluate the performance and generalization abil-
ity of Z-FL and the above-described benchmark methods.
In particular, we used the following scenarios:
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FIGURE 11. Results on B-Spline 1 trajectory tracking. Top: Trajectories, Center : Error in X ,Y Bottom: Linear velocity.

FIGURE 12. Results on B-Spline 2 trajectory tracking. Top: Trajectories, Center : Error in X ,Y Bottom: Linear velocity.

FIGURE 13. Summary of trajectory tracking performance overall scenarios, control methods and performance metrics.

• Line. (Fig. 7(a)):

(Xr (t),Yr (t)) = (0.3t + 3.15, 0.3t + 3.15) (23)

• Circle (Fig. 7(b)):

(Xr (t),Yr (t)) =
(
cos(0.3t)+4, sin(0.3t)+3.15

)
(24)

• Lemniscate (Fig. 7(c)):

(Xr (t),Yr (t))=
(
sin(0.3t)+4, sin(0.3t)·cos(0.3t)+3.15

)
(25)

• B-Spline 1 (Fig. 7(d)):
We generated trajectories by using the versatility of
B-Splines to model sophisticated trajectories relevant to
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FIGURE 14. Effect of low-level noises in trajectory tracking performance overall scenarios, methods and performance metrics.

real-world applications, as follows:

(Xr (t),Yr (t) =
NC∑
c=1

Bu
c,k (u) · (x̂c, ŷc) (26)

Bu
c,k (u) = wc,k · Bu

c,k−1 + (1− wc+1,k ) · Bu
c+1,k−1

(27)

Bu
c,1(u) =

{
1, if u ∈ [uc, uc+1)
0, if otherwise

(28)

wc,k (u) =


u− uc

uc+k−1 − uc
, if uc 6= uc+k−1

0, if otherwise
(29)

u = u1 +
t
T
· (uL − u1), (30)

where Bu
c,k denotes the B-Spline over the interval

u ∈ [uc, uc+1) with order k = L−NC and knot sequence
in non-decreasing order u = (u1, u2, ..., uL); and (x̂c, ŷc)
is the cth control point of the above-mentioned B-Spline,
c ∈ [NC], in which x̂c (ŷc) is the cth element of the tuple
x̂ (ŷ), and NC denotes the number of control points.
The reader may note that the above-described trajec-
tory is parameterized over the domain t ∈ [0,T ] and
u ∈ [u1, uL], and depends on two factors: the knot
sequence u, and the control points (x̂c, ŷc), ∀c ∈ [NC],
each of which is user-defined and task-specific.
Thus, by using Eq. 26, the trajectory of B-Spline 1 is
defined by the knot sequence u = (0, 0, 0, 0, 1, 2, 3, 4, 5,
6, 7, 8, 9, 10, 10, 10, 10), and the control points defined
by the tuple x̂ = (0.61, 1.27, 1.91, 1.62, 1.58, 0.67,
1.07, 0.35, 0.36, 1.17, 1.59, 1.86, 1.97) and the tuple

ŷ = (3.17, 3.31, 3.17, 2.46, 2.21, 2.38, 1.12, 1.57, 0.60,
0.78, 0.69, 0.69, 0.67). As a result, L = 17, NC = 13
and k = 4.

• B-Spline2 (Fig. 7(e)):
By using the same above-described concept (Eq. 26), yet
considering a curvature profile with potential applica-
tion for guided patrol with full coverage, the trajectory
of B-Spline 2 is defined by the knot sequence u = (0,
0, 0, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 9, 9, 9), and the control
points defined by x̂ = (1.61, 1.92, 1.76, 0.60, 0.59, 1.76,
1.87, 0.43, 0.59, 1.54, 1.81, 1.66) and ŷ = (3.15, 2.80,
2.53, 2.79, 1.88, 2.19, 1.32, 1.61, 0.77, 0.94, 0.97, 0.92).
Here, L = 16, NC = 12 and k = 4.

For all the above-described trajectory scenarios, the param-
eter t is defined at 0, h, 2h, ...,T . Here, the following holds:
T = (H − 1)h, where H is used (1) to define the number
of measurements used by the performance metrics outlined
by Eq. (18) - Eq. (22), and (2) to quantify the number of
control iterations. Due to the distinct geometry of trajectory
scenarios, T is set accordingly, i.e. T = 7 for the line
reference (Eq. 23), T = 25 for the circle (Eq. 24) and the
lemniscate (25) references, T = 28 for B-Spline 1, and
T = 25 for B-Spline 2. In line with V-REP configurations,
we use h = 0.05 for all scenarios and all evaluated methods.
Furthermore, the initial position was set not only to be

off-track, but also to have initial heading direction being
different from the initial desired direction for navigation.
As such, our aim is to evaluate the above-described trajectory
tracking methods under challenging conditions. Due to the
combination nature of all possible robot configurations in the
plane, it is computationally intractable to evaluate all such
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FIGURE 15. Effect of high-level noises in trajectory tracking performance overall scenarios, methods and performance metrics.

FIGURE 16. Interface of Pioneer P3-DX mobile robot.

configurations. Yet, we believe that the above notion is rele-
vant to better grasp the performance of trajectory tracking for
mobile robots. Thus, under the above-mentionedmotivations,
the initial robot position was set to (5.25 m, 4 m,−π rad) for
the line, the circle and the lemniscate scenarios; and (1m, 3m,
−π rad) and (1.5 m, 3 m, −π rad), for the B-Spline 1 and
B-Spline 2 scenarios, respectively.

C. RESULTS AND ANALYSIS
In order to show the performance of trajectory tracking of
Z-FL and the related approaches, Figs 8-12 show the refer-
ence and achieved trajectory (top), the error of both x-axis
and y-axis (middle), and the achieved linear velocity (bot-
tom). Also, Fig. 13 shows the accuracy metrics of Z-FL
and the related approaches in terms of IAExy (blue), IAED
(orange), MAExy (yellow), max(D) (purple) and RMSED
(green). By observing these figures, we note the following
facts:

• In line and circle trajectories, Z-FL is significantly better
in terms of IAExy and IAED.

• There is no significant difference among Z-FL, FL,
FL-type2 in terms ofMAExy and maxD at line, circle and
lemniscate trajectories.

• In lemniscate trajectory, FL-PID is better than Z-FL in
terms of MAExy and maxD, however Z-FL is signifi-
cantly better in terms of IAExy, IAED and RMSED.

• In circle, lemniscate and B-spline 2 trajectories, Z-FL
is significantly better than other controllers regarding
minimum overshoot and steady state error of X (t) and
Y (t) displacement errors.

• In all trajectories, although the average speed of Z-FL is
lower than other controllers, the fluctuation amplitude is
comparatively smaller than other controllers, implying
the improved comfortability.

Overall, Z-FL achieves significantly better trajectory
tracking performance compared to the related approaches.
We believe the above results are due to not only the represen-
tation of uncertainty in Z-FL, but also due to the interpolation
and the inference system. Encoding the reliability in the input
allows to extend the versatility (degrees of freedom) of the
control landscape, the interpolative reasoning allows tack-
ling missing observations in the rule base, and the inference
system allows to preserve ambiguity when computing with
Z-numbers.

D. EFFECT OF NOISE
To evaluate the robustness of the proposed Z-FL controller,
we performed rigorous computational experiments by adding
arbitrary Gaussian noise as follows: ωr(l) = ωr(l) + δ · p,
where p ∈ N (0, 1) is a random number with standard
normal distribution, and δ = 0.1(1) is termed as low (high)
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FIGURE 17. Line trajectory tracking using a Pioneer 3DX robot. Top: Trajectories, Center : Error in X ,Y Bottom: Linear velocity.

FIGURE 18. Circle trajectory tracking using a Pioneer 3DX robot. Top: Trajectories, Center : Error in X ,Y Bottom: Linear velocity.

FIGURE 19. Lemniscate trajectory tracking using a Pioneer 3DX robot. Top: Trajectories, Center : Error in X ,Y Bottom: Linear velocity.

noise. The simulation time is divided into three phases: in the
first/second/third phase, noise is added to the angular velocity
of the right/left/both wheel(s).

To show the robustness performance under noise induce-
ments, Figs. 14 and 15 show the accuracy metrics of all
approaches in terms of IAExy (blue), IAED (orange), MAExy
(yellow), max(D) (purple) and RMSED (green). As we can
observe, Z-FL shows the comparatively better performance
on all trajectories with high and low noise level, except w.r.t
MAExy under high-noise level. We believe these results are in
line with ability of Z-FL to cope with missing observations
and the efficiency (and better response to noise) when han-
dling ambiguity.

V. EXPERIMENTAL STUDIES
In order to evaluate the performance of Z-FL and the related
approaches on a real-world scenario relevant to trajectory
tracking, we used a Pioneer 3DX mobile robot (see Fig. 16)

embedded with an onboard laptop. In all the real-world
experiments, we used MATLAB 2019a, and the same tra-
jectory (noise) configurations outlined in Sec. 4.2 (Sec. 4.4).
As such, we carried out 60 experiments (4 trajectory tracking
methods, 5 path tracking scenarios, 3 situations considering
noises on wheel speed).

The computing environment in our laptop was an
Intel(R)Core(TM) i5-6200 CPU @2.3GHz, 8 GB RAM,
2 cores and Windows 10, 64 bit. The laptop communicated
with the robot through an RS-232 compatible serial port,
and a client-server interface based on the Advanced Robotics
Control and Operations Software (ARCOS) [41]. Communi-
cation with the Pioneer 3DX robot was realized with one sec-
ond sample time. Also, the initial angle is set to 0 rad to allow
the challenging path tracking scenario since the initial pose is
opposite to the tracked path. The main parameters of Pioneer
3DX are as follows: L = 39 cm, rw = 10 cm, all of which
denote the reported hardware configurations [42].
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FIGURE 20. B-Spline 1 trajectory tracking using a Pioneer 3DX robot. Top: Trajectories, Center : Error in X ,Y Bottom: Linear velocity.

FIGURE 21. B-Spline 2 trajectory tracking using a Pioneer 3DX robot. Top: Trajectories, Center : Error in X ,Y Bottom: Linear velocity.

In order to show the performance of trajectory tracking
of Z-FL and the related approaches, Fig. 17-21 show the
reference and achieved trajectory (top), the error of both
x-axis and y-axis (middle), and the achieved linear velocity
(bottom). Also, Fig. 22 shows the summary of accuracy
metrics of Z-FL and the related approaches in terms of IAExy
(blue), IAED (orange),MAExy (yellow), max(D) (purple) and
RMSED (green). As we can observe from Figs. 17 - 22 we can
note the following facts:

• Overall trajectories, Z-FL is significantly better than all
related algorithms.

• There is no significant difference among controllers in
terms of maxD and MAExy at line, circle and lemniscate
trajectories.

• In all trajectories, Z-FL is significantly better than other
controllers regarding minimum overshoot and steady
state error of X (t) and Y (t) displacement errors.

• The smooth paths are obtained by both FL-PID and
Z-FL.

By considering the above facts, Z-FL is shown to be com-
paratively superior to other relevant approaches in real-world
experiments, in which real trajectories are followed with
minimal errors.

A. EFFECT OF NOISE
To evaluate the robustness of Z-FL and of the related
approaches, we performed rigorous real-world experiments
by adding arbitrary Gaussian noises to the robot velocities
(linear and angular velocities), following the same notions
outlined in Sec. 4.4.

In order to show the comparison of robustness on trajectory
tracking of Z-FL and the related approaches, Fig. 23 and
Fig. 24 show the summary of accuracy metrics of Z-FL
and the related approaches in terms of IAExy (blue), IAED
(orange), MAExy (yellow), max(D) (purple) and RMSED
(green). From these figures, we note the following facts:

• In all trajectories with high and low level of noise, Z-FL
is significantly better than other controllers.

• There is no significant difference among controllers in
terms of maxD andMAExy at line, circle and lemniscate
trajectories.

Furthermore, the previous results allow identifying a num-
ber of insights:

• In all scenarios, Z-FL outperforms other controllers
on IAExy and IAED, implying Z-FL demonstrates the
unique advantage of minimizing the error over a sus-
tained period of time.

• In all scenarios, Z-FL outperforms other controllers on
RMSED which implies Z-FL is able to eliminate small
and large errors.

• Z-FL has the minimum MAExy and maxD in most of
scenarios which implies that Z-FL is suitable for narrow
environments.

• Z-FL shows the utmost attractive performance from the
viewpoint of accuracy under diverse levels of noise.,
implying the improved level of robustness.

• In all trajectories, although the average speed of the
robot using Z-FL is slower than other controllers,
the fluctuation amplitude is smaller compared to other
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FIGURE 22. Summary of trajectory tracking real performance overall scenarios and performance metrics.

FIGURE 23. Summary of trajectory tracking real performance overall scenarios and performance metrics under low-level noise
inducements.

controllers, which implies the improved driving com-
fortability.

Considering the performance on both simulation and
real-world tests, Z-FL attained the utmost overall perfor-
mance on the studied trajectory tracking scenarios; imply-
ing that Z-FL is advantageous for trajectory tracking
especially at moderate speeds, e.g. navigation in indoor

environments such as factories and hospitals needing safe
navigation with moderate speed. In future work, we aim
at addressing the trajectory tracking problem at higher
speeds by using the appropriate robot hardware and inter-
face allowing the navigation in indoor and outdoor envi-
ronments relevant for fast patrolling, road planning and
exploration.
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FIGURE 24. Summary of trajectory tracking real performance overall scenarios and performance metrics under high-level noise
inducements.

VI. CONCLUSION
We presented a Z-number based Fuzzy Logic (Z-FL) control
scheme for trajectory tracking with rules encodes by the
instantaneous measurements of both the (Euclidean) distance
to target and the orientation gap. Not only our approach
avoids the complexity of encoding the gradient of the tracking
errors, but also it is more amenable to model the multi-input-
multi-output nature of mobile robots, therefore allowing finer
expressibility of the non-linear control landscapes, and better
ability to evaluate the performance at high resolutions; all of
which is relevant for practical navigation scenarios.

Our in-depth and rigorous scrutiny using both simulations
and real-world experiments based on the Pioneer 3DXmobile
robot elucidated the outstanding effectiveness and the feasi-
bility of Z-FL in terms of accuracy, robustness and velocity
fluctuation compared to the related controllers such as Fuzzy
Logic, Fuzzy Logic Type 2 and Fuzzy Logic-PID for trajec-
tory tracking in navigation scenarios with a relevant set of
curvature profiles.

Our results provide the state-of-the-art insights useful to
realize control algorithms aided by FL and Z-number, able
to achieve robust and generalizable performance. Our future
works involve developing higher-order interpolation methods
enabling tracking at higher speeds and robust performance.
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