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ABSTRACT This paper concerns the robust synchronization problems for discrete-time coupled neural
networks with discrete time delay and distributed time delays. Inner parameters in individual neural network
are subject to be uncertain and both coupled matrixes and weight matrixes are supposed to switch from one
mode to another because of the markovian jumping chain. Mixed time delays contain discrete and distributed
time delays and the mixed time delays not only exist in the individual neural cell, but also exist in the coupled
cells. By using the novel Lyapunov-Krasovskii functional method and Kronecker product as tools, mean
square stability conditions are provided in terms of linear matrix inequalities. In numerical simulations, two
examples (with and without unknown parameters) are given and simulation results show the robustness and

effectiveness of our methods.

INDEX TERMS Discrete-time coupled neural networks, Markovian jumping chain, mixed time delays,
linear matrix inequality, Lyapunov-Krasovskii functional method.

I. INTRODUCTION
In the past decades, dynamical neural networks have been
widely applied in a variety of areas, such as signal pro-
cessing, image processing, pattern recognition, combinatorial
optimization problems and so on (see, for instance [1]-[5]).
In the study of such kind of dynamical neural networks,
complicated dynamics (e.g. chaos, which has been deeply
studied in low dimensional system and single system) attract
researchers in recent years. Especially, since Pecora and Car-
roll achieved synchronization between two chaotic oscilators
by PC method and proposed the concept of chaotic syn-
chronization for the first time [6], synchronization, as an
effective way, has attracted people’s attention in the research
of chaotic systems, coupled spatiotemporal chaotic systems,
dynamical neural networks and complex dynamical networks
(see [7]-[12] and references therein).

It is worth pointing out that information latching problems
commonly exist in neural networks and can be handled by
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extracting finite-state patterns [13]. Markovian jumping chain
is a finite state set and can govern the switching between
different modes. So for a class of neural networks with
finite states, markovian jumping chain is an effective tool to
deal with the mode switching problems. Recently, dynamical
properties with markovian jumping chain have been applied
into the research of dynamical recurrent neural networks,
complex dynamical networks and other complicated dynam-
ical networks [14]-[18].

On the other hand, because of the finite speed of infor-
mation transmission and traffic jam in networks, time delays
commonly exists in the dynamical networks. Thus, the study
of dynamic properties with time delay is of great significance
and importance. Time delays in the neural dynamical net-
works can be generally divided into discrete time delay and
distributed time delay. Compared with the study of distributed
time delay, behaviors with discrete time delay in the neural
networks are widely studied in the past few years and a lot
of sufficient conditions to make systems convergence are
achieved. However, due to the parallel pathways of a num-
ber of lengths and axon sizes in networks [19], distributed
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time delays attract more and more researchers’ attentions.
Recently, dynamic behaviors with mixed time delays (dis-
crete time delay and distributed time delay) attract people’s
initial interests [20]-[22]. Compared with continuous net-
work, discrete-time neural network has more applications in
digital field and attract people’s attentions [23]-[28]. How-
ever, the aforementioned discussions about the discrete neural
network are not universal because mixed time delays exist not
only in the inner neural cells but also in the outer coupled con-
nections. In addition, parameters in real network are always
unknown or uncertain and the neural network topology is not
constant. This means practical discrete neural network should
be established with mixed delays, unknown parameters and
unfixed topology. The neural networks model in our study
comes from the novel continuous coupled neural networks
proposed by Zhang et al. [29] and it is convinced that this
novel coupled neural network is an ideal model.

Although some sufficient conditions for stability prob-
lems of discrete neural networks have been derived by some
researchers, as far as we know, there has been no literatures
investigate the synchronization problem for discrete-time
coupled Markovian jumping neural networks with unknown
parameters and mixed time-delays both in the inner neural
cell and in the outer coupled neural cells. Motivated by above
discussions, this paper considers the stability analysis and
robust synchronization problems for a class of discrete-time
coupled Markovian jumping neural networks with mixed
time-delays. Contributions can be listed as follows: 1. Mixed
time delays not only exist in the individual neural cell, but also
exist in the coupled links between different cells. 2. Param-
eters in the individual neural cell are subject to unknown. 3.
System parameters of the discrete coupled neural networks
are switching according to the Markov jumping chain.

The rest paper is organized as follows. Section 2 introduces
the basic models, preliminaries and lemmas. In section 3,
stability analysis and sufficient conditions with LMI (Lin-
ear matrix inequality) are presented. Section 4 gives some
numerical simulations and examples to show the robustness
and effectiveness of our methods. Finally, some concluding
remarks are given in section 5.

Notations: Throughout the paper, R" represents the
n-dimensional Euclidean space. R"*™ is the set of n x m real
matrices. T means the transpose of the corresponding matrix
and the symmetric matrix X > 0 (respectively, X > 0) means
that X is positive semidefinite (respectively, positive definite).
I denotes the identity matrix. A ® B stands for the Kronecker
product of matrices Aand B; diag{- - -} represents a block-
diagonal matrix and * is used to represent a term induced by
symmetry. E[x] represents the expectation of x and E[y|x]
means the expectation of y on condition x. If not explicitly
stated, matrices dimensions are assumed to be compatible for
algebraic operations.

Il. THE SYSTEM MODEL AND PRELIMINARIES
In this paper, based on the structure of coupled neural net-
works with mixed time-delays presented in [29], we consider
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the following neural networks consisting of Ncoupled nodes
with mixed time delays:

xi(k 4+ 1) = —Trgoxi(k) + Apgof (xi(k))
+Br(k)h(xi(k — T1L,r(k)))

T2,r(k)

+Cry Y, olxj(k —v))

v=1

- Z Gy "Dl a5k

+ Z G(Z)DE,%])C)X] — T1,r(k))
2, r(k)
+ Z GO, Y xtk—v). (1)
= v=1
where nonlinear functions are
FGi) = (i (), folxi(k)), -+ fuin(RI)T
h(xi(k)) = (h(xi1(K)), ha(xin(k)), -+ -, ha(in ()T,

oxi(k)) = (01(xi1(k)), 02(xi(k)), - - -, on(xin(k))",

xi(k) = (i1 (k), xp(k), - -+, xin(k)T € R* i =1,2,--- | W
is the state vector of ith neural cell at kth iteration. Wis the
number of neural cells and J,) is the unknown state feedback
diagonal matrix. A,u), B;k), Cry € R are unknown
connection weight matrices in mode r(k). r(k)(k > 0) is
a discrete Markovian process and take values in the finite
state set S = {1, 2, - - - , N} with probability transition matrix
IT = (wap)N =N given by

Tab, a#b

Pr{r(k + 1) = blr(k) =
e+ D=blrky=ab =" T

where ., > O(a,b € S) is the transition probability from
mode ato mode b and

Taa=— Y Tap T =min{Taala € S}.
b=1,b#a

For convenience, we set r(k) = m. GV = (Gg))wxw,L =
1,2, 3 represents outer coupling matrices between neural
cells and satisfies zero row sum and symmetrical, that is to
say

Lj=12,-- .M

(t) Z G(t)

Jj=Lj#i

and G(l) fo) >0,i#]J. Dﬁf,) € R™" is the inner coupling
matrlx in mode r(k). 71 ,, represents the discrete time delay
and 17 ,, is the distributed time delay in mode m. The mixed

time delays satisfy
T <Tm<T1, T2=Tm=T2

where T{, 71, T2 and T, are known positive integers.
In mode m, the individual unknown parameters are repre-
sentedas J,,, = J,+Adp, Ay = A+ AA,,, By, = B+ ABy,
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and C,, = C,, + ACy,, where J,,,, A;,, By, and C,,, are certain
matrices. Parameter uncertainties can be expressed as

[AJyy AAy ABy ACym 1= M, YulE. EA EB EC ],

m-=—m m m
where My, E}, EA, EB and ES are known constant matri-
ces in mode m and Y, is unknown diagonal matrix which
satisfies YL Y, <1.

For convenience, we set

F(x(k)) = (fT 1 (k)), f T (o (k)), - -+, f T ew (RO)T,
H(x(k)) = (" (x1(k)), hT (x2(k)), - -+, BT ew ()T,
O0(x(k)) = (o7 (x1(k)), o (x2(k)), - - - , 0" Cew (k)T

and use the Kronecker product to rewrite the system (1) in
mode a as

xi(k+1)
= —Uw ® J)xik) + (w ® A)f (xi(k)
T2,a
+(Iw ® Boh(xitk — 11.0) + (Uw ® Ca) Y _ 0(xi(k — v))
v=1
+(GV @ DP)xj(k) + (G © DY )xj(k — 71.4)
T.a
+(GP @D Y ik —) @
v=1
where Iy is a W x W identity matrix.

In this paper, we set the following assumptions, lemmas
and definitions.

Assumption: For above neural networks (2), F(-), H(-) and
O(-) are bounded activation function and satisfies F(0) =
H(0) = 0(0) = 0, there exists constants §;,¢;, ¥;,9;0;P;
such that

c, < Jfile) — fi(B) <z
a—p
= _ hile) — hi(B) <
a—p
>_oie) = 3 0i(B))
J J

S
J

¢; <

For convenience, we set
N1 = diag(c161.6262: "+ » SuSn)s
Mo = diag(§14+61) /262 + ) [2. -+ . Gu+ S [
N1 = diag(p191,0202.** » PuPn);
N2 = diag(@1+01) /262 +72) /2. Gut 50 [ 20
31 = diag(@1d1. 262 ub),
3 = diag(@1 + 61 202+ 62) /2. . @+ &) [2).

[

&

Lemma 1: Vectors X and Y are in R", and positive semidefi-
nite matrix P € R""(PT = P, P > 0). Then, the following
matrix inequality holds:

2xTpy <xTpx +YTPY.
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Lemma 2 (Schur Complement): Given the following matrix

s _ [21 =7 }
Y3 =X’
where X1is a non-singular matrix and X = EIT, Y, > Oand
3 is a constant matrix, then we say £; + Z1 22_1 33 is the
schur complement of ¥ about ¥ and we have the following
conclusion:

T +2isss <o,
holds if and only if the following schur complement holds
¥ <0.

Lemma 3: Let ® be the Kronecker product, then we have the
following conclusions:
(1) (@A) ® B=A Q@ (aB),
2QARB+C)=ARB+ARC,
B3 Ae®B’ =AT BT,
4 A+B)®(C+ D)= (AC)® (BD).
Lemma 4: For above coupled neural networks (2), p =

diag(n1,n2,---,ny) 1S a positive semidefinite diagonal
matrix, the ith neural cell is x; = (xj1,x;2, - - - ,xin)T eR" 1<
i < W, and v(x;) = (vi(xi1), v2a(xi2), -+, vu(xin))T € R are

continuous functions satisfying aforementioned assumption
(lu < %}“(’3) < 14),1 <u < n, one has

[ Xi — Xj }T » |:KJL1 —@Lz}
v(x;) — v(xj) —pLy  ©

Xi — X <0

% [V(xi) _V(xj)] -

1 <i<j<W, where Ly = diag(1111, 1212, Lnln),

n'n
Lo = diag(1 + 11) /22 + 1) /2, (u+ 1) [2).
Proof: From Assumption, we can get

[uti) = i) = Tl = 30|

X [vu(xiu) - Vu(xju) - 7l,t(xiu - xju)] <0,

that is to say

T Y7o Tutly, ,T

|: X — X; « Lylyeve, — —5teye,
v(x;) — v(x)) Tutly T T
——5teue,  eyey

x |: Xi = &) ] <
v(x) —vx) | ~

where e, denotes the unit column vector where the items in

uth row are all 1 and other items are all zeros. Because g is

positive semidefinite, we can get the following inequality by
n

multiplying both sides by > 7,

u=1
T
[ X — X; } « [@Ll —K«)Lﬂ
v(x;) — v(x;) —pLy p

Xi — Xj
X ’ <0
|:V(xi) - V(Xj)} -
This completes the proof of Lemma 4. |
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Lemma 5 [29]: Consider a matrix defined as

wW—1 —1 —1
e TR
-1 —1 W_1W><W
PGR”X",xz(xlT,sz,--.,xVTV)andyz(le,y2Tu~',vav).
Then we have
w
TUePy= Y (i—x)"POi— ¥,
1<u<v=W
I1<i<j<W.

Lemma 6 [24]: Consider a symmetric positive-semidefinite
matrix W € R"™" (that is to say, ¥7 = ¥ > 0), scalar
ai > 0 = 1,2,---) and vector x; € R". We can get the
following inequality

~+00

+00 +00 ~+00
O ax) W) aix) <O _an Y ax! Wxi.
i=1 i=1 i=1 =1

IIl. STABILITY ANALYSIS AND MAIN RESULTS
In this section, we will deal with the synchronization problem
of the aforementioned coupled neural networks (2). First,
we will give the main result in this paper as follows.
Theorem Under the aforementioned Assumption, in mode a,
the dynamical neural networks (2) will be robustly synchro-
nized in the mean square if there exist positive matrices
P, > 0,0 > 0and R > 0, three diagonal matrices ¥ > 0,
E > 0and 2 > 0, and scalar A > 0 such that the following
LMI holds forall 1 <i<j<W.

[Ty My T3 Ty Mys e —JIP, 0 7]
¥ Tl I3 0 Tls O 0 0
* * IIzz3 O 0 TIl36 0_ 0
P — * * x  Ilggq Tlgs Tlge Agfa 0
v * * * x  Ils5 Ilsg Bgea 0
* * * * *  Tlge CaTPa 0
* ok ok ok ox % Il77  P.M,
| o*  ox %k k% 0 — M |
3
where
r(k) = a,

My = WG, - GPGHDD PDY — Py + w0+ 0uR
' INT J
— Wy + MEDTE!
T —
My = WG — GPGPHDP PP — 0 — BNy,
3 3 3 T
My = W(GS — 66D P.DS — R/ 100 — Q31
My = -V 4+ AMEDTEA, Tss = —E + MEB)TEB,
= —Q+ MESTES,
M7y = —(1+ WGy + WG + WG) ™' Py,
1)~ (DT 5 2
My = —WG;;'G;;'D)" P.DY,

=
&
|

1 3 T 5
M3 = —WG'GDY PuDY), s = Wy — M(E])EL,

s = —AMEDTEE, e =-MEDTES,

2 3 T - —
Il = —WGEJ-)GEJ- )fo) P.DY, s = EXy, T3 = Q3,
Mus = MEDTEL, Tas = MEDES, Tse = MEL)ES .

N
m=(1-1F-0+1, Pa=) 7aP
b=1

04 = g+ (1 — m;)(T2 — T2)
1 e
+ 5(1 — )T —T2)T2+ T2 — 1),
Proof: In order to deal with the synchronization prob-

lem of the neural networks (2), we introduce the following
Lyapunov-Krasovskii functional:

V(k,a) = Vi(k, a) + Va(k, a) + V3(k, a)
+Valk,a) + Vs(k, @), (4)

where
Vitk, @) = x" (k)(U @ Po)x(k), )
k—1
Vatk,a) =Y xT (U @ Q)x(v), 6)
v=k—11 4
?l.a_l k—1
Vitk,a)=(1—7) Y Y MU, (7
p=T1a"=KP
Ta k—1
Vatk,a) =Y > xT(0)(U @ Rx(v), ®)
p=1v=k—p

Toa  y—1 k-1
Vstk,a) = (1—m) Y Y > x'0)U @ Rx(),

y=Taa+1 P=1v=k=p
©)
and the matrix U is defined in the Lemma 5. By taking
the mathematical expectation, we can get the difference of
V(k, a) along the solutions of system (2)
E[Vk+1,r(k+1)
=blr(k) = a) = V(k, a)l
=E[Vi(k+1, bla)—Vi(k, A)|+E[Va(k+1, bla)—Va(k, a)]
+E[V3(k + 1, bla) — V3(k, a)]
+ E[V4(k + 1, bla) — Va(k, a)]
+ E[Vs(k + 1, bla) — V5(k, a)], (10)

where

E[Vi(k + 1, bla) — Vi(k, r(k))]
N
= 3 7 (k1)U @ Pyt + D—x" (R)(U & Po)x(k)
b=1
= [ — Uw ® Jo)xi(k) + (Iw ® Ag)f (xi(k)) + (Iw ® Ba)

T.a

x hxitk — 11,0) + (w ® Ca) Y oCxitk — v)

v=1
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+(GV @ DV)xi(k) + (G @ DP)xj(k — 71,r1)

+(GY ® DY) %xj(k -]’

x (U ® Py — (1:; ® Ja)xi(k) + (I ® Ag)f (xi(k))

+(Iw ® B)h(xik — 11.4))

+Uw ® Ca) Z o(xi(k — ) + (G ® D)x;j(k)
v=1

+(G? @ DY) x xj(k — 11 1))

T.a

+(GP D) " xitk — v)]
v=1
—xT (k) (U ® Py)x(k)
= ¢k, )®T (@)P,O(a)¢ (k, a) — xT (k)(U & Py)x(k),

(11)
and vector in the mathematical expectation (11) can be
represented as

T2,a

¢k, a) = [xTac), k= 71a), Y x" k=), fT (),

v=1

D.a
' (ke = 11.0)), Y 0" Cxik — v))} :
v=1
O@=[-J, 0 0 A, B, Cd.
And other expectations are listed as:
E[Va(k +1,r(k + 1) = blr(k) = a) —
k

N
=D T )
b=1

v=k+1-11

Vak, r(k))]
T (U @ Q)x(v)
k—1

-

v=k—T1 4

T WU @ Q)x(v)

N k—1
=x"(OU @ Qx(k)+Y_war Y
b=1 v=k+1-11

—xT(k — 11U ® Q)x(k — 11.4)
k—1
v=k+1-11 4

= xT (k) (U ® Q)x(k) — x" (k — 71..)(U ® Q)x(k — 11.4)
k—1

+ Zﬂab[ Z

b#a v=k+1-11

T (U @ Q)x(v)

xT(U ® Q)x(v)

xT (U @ Q)x(v)

k—1
- Y. Foweoxm)
v=k+1—11 4
< xT W @ Q)x(k) = x" (k — 71, )(U ® Q)x(k — 71.4)
k=7

xT (U & Q)x(v)

+ Zﬂab Z

b#a v=k+1-7
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< xT () (U ® Q)x(k) — x" (k — 11..)(U ® Q)x(k — 71.4)
k=7

+(1-m) Y AU QX (12)
v=k+1-17
E[V3(k + 1, r(k + 1) = b|r(k) = a) — V3(k, r(k))]
T1—1 k
=(1-mLY. > 0)U W
=71 "= =k+1—p
T1—1 k-1
- Y oUe o]
p=71 V= =k—p
71 k
=(1-m) Y [ Y x0)U W
0=T1 v=k+1—p
k—1
- Y U @ Q)]
v=k—p
71
=(1-7) Y (U ® Q)x(k)
P=T|

—xT(k — p)(U ® Q)x(k — p)]

=1 -m)(@1 — X" (k)(U & Q)x(k)
k=71
Yo AU e xm), (13)
V:k-‘rl—?]
E[V4(k +1,rk + 1) =b|rk) = a) —
b
= Znab > Z
p=1v=k+1—p
a0 k—1

=Y > WU R

plvkp

—(1-m)
Vak, r(k))]

xT (MU @ R)x(v)

T,a

= Taa() Z

p=lv=k+1—p
©a k—1

=Y Y AU @RxM)

p=1v=k—p

T (U @ Rx(v)

T2,b
+ ) ma() Z (U ® Rx(v)
b#a p=lv=k+1—p
,a k—1
- ) o)U @ Rx(v)
p=1v=k— p

T,a

= 7aa() Z

p=1v=k+1—p
0a k—1

=Y > AU @R

p=1v=k—p

xT (U @ Rx(v)
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T.a k
+ Y ma(Y Y xTU @ Rx(M)
b#a p=1v=k+1—p
a0 k—1
- ) )U @ Rx(v)
p=1v=k—p
.b k
+ D ma(y Y X O)U @ Rx)
b#a p=1v=k+1—p
T2,a k
- ) AU Rx(M)
p=1lv=k+1—p
T2,a
Y T ® Ryx(k) —x"(k — p)(U ® Rx(k — p)
p=1

7 k
+ Y ma( Y. Y WU @RxW)
b#a p=?2+1 v=k+1—p
T.a
= 1.0x” ()(U @ Rx(k) — Y x" (k — p)(U @ R)x(k — p)
p=1

A

T2 k
tA=ma) Y. > xONU@Rx()

o=T2+1 v=k+1—p
< (ta.0 + (1 = 7o) (T2 = T (R)(U @ R)x(k)
T,a
= DTtk = p)U @ Rix(k = p)
p=1

?2 k—1
+a-m) Y Y xT0U R, (14)
pz?z-‘rl v=k+1—p
E[Vs(k + 1, r(k + 1) = blr(k) = a) — V5(k, r(k))]

7 y—l1 k
=d-o0 Y Y Y OUSRW

y=7241 p=1v=k+1—p

y—1 k-1
D AW e RxM)

y=to+1 P=lv=k=p

T2

T,  y—1
=(1-7m) Y > «"*URxK)
y=To+1P,=1
—xT(k — p)(U @ Rx(k — p))
1 _ o ~
= (1 =-DI;E— )T+ 72 = DxT (k) (U ® R)x(k)

T k—1
- Y. A OU @R (15)

p=T2+1 v=k+1—p

For convinence, we set x(k) as index 1, x(k — 714)
©.a

as index 2, ) x(k —v) as index 3, f(x(k)) as index 4,

v=1
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T,a

h(x(k — 114)) as index 5 and ) o(x;(k — v)) as index 6.
=1
Substitute expectations (11)-(15‘)} into system (10), one can
get the quadratic terms and cross terms listed as follows:
E(Vn = x" (0 ® (U Pala) = U ® Po — (WGD)
® (D Paa) = (WG'D) ® (U PuDy)
+WGMGD) @ (DY P.DI)x(k),
E(VD2n = x" (k — 11, )I(WGPGP)
T —
® (DY PDD)x(k — 71,0),

T.a
E(WVis = ) x" (k = IWGIGY
v=1
T,a
® (D PuDPN D x(k — ),
v=1

E(Vi)as = FT(x(k)[U ® (AL P,A)IF (x(k))
E(V1)ss = H (x(k—71 2)[U ®(BL P,B,)H (x(k—11 4)),

0.a
E(Vi)es = »_ 0" (x(k —=v)IU ® (C] PaCa)l
v=1
T2,a
x ) Ok = v)).
v=1

EV)i = 27 (0)IWGV6?) @ (0 B,D?)
—(WGP) @ (JT P,DP)]x(k — 11.4),
EWV)13 = 27 ()IWGVGD) @ (DO P,DD)

T.a
—(WG®) @ (ITP.DSNY " x(k —v),
v=I

E(Viia = 2T ()[WG") @ (DN P,A,)

— U ® (J] PiADIF (xi(k)),
EWViis = 27 (OIWGD) ® (D" PBy)

— U ® (J) PuBo)H (xi(k — 71.4)),
E(WVis = 2T IWGD) @ (DP" P, C.)

N.a
—~U®UI'P,C,) Z O(x(k — v)),
v=lI
E(Vi)os = 2x(k — 11.0) (WGP GD) @ (DD P,DI)]

T2,a

X Zx(k —-V),
v=lI

E(V1)as =2x(k—11.0) [(WG?) @ (D2 P,A)F (xi(k))
E(Vi)as = 2x(k — 11.0) [(WG?)
® (DD P,B)IH (xi(k — 11.4)).
E(Vi)ae = 2x(k — 71.0)" [(WG?)
T.a
® (D2 PO Ok —v)),

v=1
T.a

E(Vis =2 x(k=0)T (WGP RDP" PA)F (xi(k),

v=1
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E(V1)35 = szax<k - (WG

®V<;;g3>’ﬁaé>]H<xi<k ~ T1a)),
E(V1)36 = zmzﬂch - (WG?)

v=1 .

® (DY PuC)] Y 06k —v),
E(Vi)s = 2FT(x(k>>[U®V<E]§PaBu)] X H(xi(k—71.4)),
E(Vi)as = 2F " (x()IU (A PaCo)l xZ O(x(k—v)),
E(Vi)ss = 2H" (xi(k — 11,.)[U .

® (B PaCo)] Z Ox(k —v)),

v=1

E(Va, V3)11 = wx! (k)(U ® Q)x(k),
E(Va, V3) = —xT (k — 11..)(U ® Q)x(k — 11.4),
E(V4, Vs)i1 = aOT (x(k))(U & R)O(x(k),

T.a
E(Vy, V)33 = — ) x" (k =v)(U @ R)Ox(k —v).

v=1
where
E(V2,V3) = E(V2) + E(V3)
E(Vy, Vs5) = E(V4) + E(V5).
Other terms in E(Vy), E(V;, V3) and E(Vy, Vs) are zeros.

From Lemma 6 and E(V4, Vs)33, it is easy to get the
following inequality

T2,a N.a
L2 .
E(Va. V)3 < =) &/ (k=n)U®R) ) _xtk =)
4 y=1 y=1

(16)

And based on Lemma5 and system (16), the above nonzero
terms are translated into

EVn =Y (k) — xi(k) 1T Pl

1<i<j<W

+ WGP DV PuJy+ ITPuDY) — Py

T —

~ WG G DY PuDD10xithk) — xi(k)),
EWVn = Y {@ik—110)-xk —11.0)"

I<i<j<W

T —
< [-WGPGPDR" PDP Ntk — 71.0)
—x(k = 11.))},

T.a

EVDsn = Y {Q itk —v) = xjtk —v)©

I<i<j<W  v=I

Q.a
3) ~3) 3 I
X [-WGGEDY PaDPICY " (xitk — v)
v=I
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—xjtk =)},
EVDa = Y (k) —fOgton”
I<i<j<W

x [ATPaA)(f (xitk)) — £ (x(k))},
E(Viss = Y |tk — 11.0)—~h(xitk — 11.0)"

I<i<j<W
x [By PaBal(h(xi(k —71,0) = h(xj(k —71,0) }
W.a
EWVss = Y {Q (oxilk —v)) — olxjk —v))©
I<i<j<W v=1
T.a
x [C] PaCal()_ (oxi(k—v)) —o(xjk —v)))},
v=I
EVn =2 Y {@k —xk) [-WG G}
1<i<j<w
x DV PuDP + WG T P, DP)]
x (xilk — 71.0) — ik — 710D},
EVo =2 Y {6tk — k) [-WG{ G D"
I=isj=W
0.a
x PuDS) + WGDTT PuDNY " (xitk — v)
v=1
—xj(k —v))}
EVis=2 Y {tatk) — x5k [-WGy DI
1<i<j<w
X PaAq = T Paa)(f (k) — £ (kD))
EWVis =2 Y {uk) — x5k  [-WG "D
1<i<j<w
x PaBy — I} PaBa)(h(xi(k — 1,4))
— h(xitk — 71, )},
EWVDie=2 Y {ulk) —xk)" [-WG "D

1<i<j<w
T.a
x PyCq — I PaCal(Y_ (0(xi(k — v))
v=1

—o(xj(k = v)))},
EWVips =2 ) itk —11.0) — x(k — 71.0)"

I<i<j<W
T2,a
2 3 T 5
x [-WGPGIDP PaDPICY " (xitk — v)
v=1

—xj(k — )},

EViu =2 Y Atk =10 —xk—7)"
I<i<j<w

x [=WGAT PaDP1(f (xitk)) — F (k)

EWVins =2 Y {(utk —11.0) — x(k —71.0)"
1<i<j<W

x [~WGBL PuDP (h(xitk — 71.4))
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— hxj(k — 11},
EWVing =2 Y Atk — 110 —x(k —71.2)"

1<i<j<w
T.a
x [~WG CIP.DPNY " (olxitk — v))
v=1

—o(xj(k —v))},

T,a

EVs =2 Y {Q itk —v) = xitk — )"

I<i<j<W  v=1
x [=WGPAT PDP1(f (xitk)) — F (k)

EVis =2 3 O itk —v) = xitk — )"
I<i<jsW  v=I
x [=WG( B PaDDVh(xilk — 71.4))
— hxi(k — 1))},
TN.a
EWVise =2 Y () Gtk —v) —xitk = )"
I<i<j<W  v=1
N.a
x [~WG CPaDPNY . (oxitk —v)
v=lI

—o(xj(k —v))},

E(Vis =2 Y {(FGak) — f ()T [AL PuB,]
1<i<j<W
x (h(xi(k — 71,0)) — h(xj(k — T1,4)))},
EWVies =2 Y {(Fetk) — fOg0NT 1AL PaCal
1<i<j<W
N.a
x (Y (o(xi(k = v)) — o(xjtk — )}, -
v=lI
E(Vo, Viin = (1 —m)E -+ 1) Y {(xtk)
1<i<j<w
— (k)" Q(xi(k) — x;(k))},
E(Va, Vi = Y {xilk — 71.0) = xik — 11.0))"

1<i<j<W

x [=0l(xi(k — 11,0) — xj(k — T1,0))},
1
E(V4, Vs = [5(1 - )T —-1)T+Tt-D+1,4

+d > itk
I<i<j<W
— x;(k))T R(xi(k) — x;(k))},

WQ.a

- ZxT(k — (U @ R)x(k —v)

v=1

- ﬂau)(f - T)]

E(V4,Vs)33 =

T2,a

= >0 D itk —v) = xitk — )T

1<i<j<W v=1
X R(xj(k — v)—x;(k — v))}
1 TQ.a

o DO itk —v) — xik — )

@ <i<i<W v=1

IA

T.a

x ROY _(xilk —v) = xj(k — v)}
v=I
0.a

D AQ itk —v) — xik — )T

l<i<j<W v=1
T2,a

i(k —v) —xj(k —v))}

So the expection of the whole system is translated into

E[V(k + 1,r(k+1)=>blrk) =a) — V(k,a)]

6 6 6
Z VDij+ Y Y E(Va, V3)y

1 j=1 i=1 j=1
6 6

+ ZZE(W, Vs)ijs
i=1 j=1

From Assumption, lemma 4, we can get the following
inequalities (18)-(20), shown at the bottom of this page.
For convenience, substitute Egs. (18)-(20) into system (17)
and the expectation can be represented as
E[Vk+1,r(k +1)=b|r(k) =a) — V(k, a)]
= Y (ko] + 6" @pPew)
1<i<j<W
T — -
— WG (DY P,O(a) + O (a)PDY)

T — -
~ WGP DY P,6(a) + O (a)PDP)

7)

Wij)(Df)TPa@(a) + 0T (@PD)gitk, a)}  (21)

[ xi(k) — xj(k) T [Wn - ‘1’5“2] [ k) =gk ) _ (18)
Fxik)) — f(xi(k)) —UR, W fik) = f(xk)) | —
[ xik = 71,0) = ik = T1.0) T [ BN — Exz} [ 3tk =10 =3tk —10) T _ g (19)
heatk — 11.0) — gtk —T1.0) | | —8% & hixitk = 71.0)) = hgitk —T10)) | =
W.a r %2 ]
V=Z1 (rilk = v) = x5k =) [9‘31 — 9\32} V; Gilk =) =5 =) <0 (20
" —Q%, @ "2 T
2 (otxitk =) = olj(k =) ? 2 (0itk = v)) — oxi(k — v)
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where

gitk, a) = [(xik) — (k)T
itk — 71.0) — Xk — T1.0)7

T.a
O itk —v) — xitk —v))',
y=1
(f (k) — f N,
(h(xitk — 71.0)) — h(xj(k — 71, D)),

NQ.a
O~ (oxitk = v)) = o(xjtk —v))T],
v=1
and the matrix inequality is
Bt o)) 1) (€)) .
IT;, 1'[112) Hl? T, 01) 0
+ my N0y oo mb) o
« My 0 0 my

(1 *

O = , 22
v * * * HE&) 0 0 @2)
* * * * 1'[(515) 0
L * * * * * 1'1216)_

where

1 1 1 T =
I} = —WG( G 'D" PuD) — Pyt Q+0,R— Wiy,

M _ QO b p2 -
My, = -WG;'G;'DY P.DY — 0 — ENy,

) DI INC UG &
My, = —-WG;'G;'DY P.DY) — R/ 124 — Q31

My = -V,
-
i
n) = -wG 6PV p.D2,
Ry = el 0y P,
) = wi,,
ny, = -we6PpP" B0y,

1 -
nyY = gxy,
ng = Q3.
0
ij
G](f) > 0,i # j, following inequalities can be represented
as

By using the lemma 1 and the definition of G

T —
Y A= WGl k. a)DY P,O(a)
1<i<j<W
+ 0" (@PDY)gj(k, a))
T —
< > {WGY¢ (k. a)DY P.DY
1<i<j<W

+07 (@PO(a)g;ik, @)}, 1=1,2,3.

So system (21) is translated into

E[Vk+1,rk+1)
= blr(k) = a) — V(k, a)]

VOLUME 8, 2020

= Y (g k0] + (1 + WGy + WG
1<i<j<Ww
+WG)e! @PO(a)lt;(k, a)), 23)

where the matrix inequality is

@ 1) 1) (1) .
T} 1'[122 l'I113 I, O1 0
« T3 H;ZQ 0o mY o
(2) ()
q)gz) _ *k k H33 (()1) 0 H36 (24)
7 * * x Iy, 0 0
* * * * Hgls) 0
L * * * * * 1'[2)16)_
where

ny = nf) + we’pd" p.od,
ng = ny, + wey'n®" p,p2,
ngy = ngy + wey' o' p,pY.
Because of Lemma 2, the following inequality in system (23)
o + (1 + WGy + WG + WGHeT (Pea) <0,

is equals to the matrix inequality

T n® o o o —i7A]
s @ o on o o
x o« Iy 0 0 Mmy o
<1>$)= x k% l'[fét) o o ATp, | <0,
* * * * Hgl.j) 0 BTPa
* * * * * 1'[2)16) CTPa
L * * * * * * 1'1(717) |

(25)

where l'[gl7) = IT77. Consider that Zm =Jn+ Adp, Am =
An + AAy,, By, = By + AB,, and Cy, = Cy,, + ACyy, so the
uncertain part ACI>§J.3) in d>§j3) can be defined as
A®Y = P(a)AO() + AOT ()P (a)
= P(a)AB(a) + (P(a)AB(a))”
= P(a)MaTaEa + (}_)(a)MaTaEa)T
1- -
< XP(a)MaMaT Pl(a) + AEl'E (26)

where

P@=@0O 0 0 0 0 Py,
AO@) = (—AJ, 0 0 AA, AB,
E,=(—E/ 0 0 E* EB EO).

AC{J)?

And the matrix inequality (26) with uncertain parameters
is satisfied when the following matrix inequality without
uncertain parameters is satisfied.

1- -
o + xP(a)MaMaT PT(a) <0, (27)
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where
A D D 7@ D FD T
Iy 1—1122 Hlls I} Hlls Mg —J" Pa
ns) H(zg) 0o ny o o
« % Iy 0 0 Mmy o
@ _ . @ D) (D 4Tp
e I T 1 by Myd Mye A"Py | (28)
* * * * H(ss) 1'[26) BTPa
* * * * * 1'[226) crp,
6]
L * * * * * * I
and

(3) ) INT (2) (1 ANT A
l'[11 = l'I11 +ME)) E;, l'[44 = 1'144 +MES) E;,
2 1 B\T 1-B (2) 1 C\T -C
My = I +AME)) E;, Mg = Mg +ME;) E;,

2) (1) INT 1A (€8] J\T 1B
Iy, =1, —ME) E;, s = —AMEY) E;,
1 1
l_[(16) = —MEDES, His) = MED"EL,

A:L
N
[

1
= MEMTES, nY) = mEBTES.

It should be noticed that, by using Lemma 2, the inequal-
ity (27) equals to matrix inequality (3). And the expecta-
tion (23) is translated into

EVk+1,r(k+1)=0>b|rk) =a) — V(k, a)]
= > g k. ay®gk, @), (29)

I<i<j<w
which implies that

EVk+1,r(k +1)=0b|r(k) =a)— V(k,a)]
<mx Y El|u) —x®|*1. (30)

I=sisj<W

where Amax 1s the maximum of all maximum eigenvalues in
different modes and A < 0, For ng iterations,

E[Vik+1,r(k+1)=blr(k) =a)— V(0, r(0))]

no
<max Y > El|ut) - x| 3D

k=0 1<i<j<W

which means

no 1
S Eluto - x(0]*1 = ———EV©. rO)],

A
k=0 1<i<j<W max

(32)
and then we can get the final conclusion that
. 2
lim E[||xi(k) — xj(k)| "1 = 0. (33)
k—o00
Then the proof is completed. ]

Similarly, when the neural networks are in other modes,
Theorem 1 is still estabilished.
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IV. NUMERICAL SIMULATIONS

In this section, example with (without) unknown parameters
are provided to demonstrate the robustness and effective of
our method. Consider the proposed discrete-time coupled
neural networks (1) without unknown parameters, matrices
will be used in the simulation are shown as follows:

J“Z:O'(())1 O.%l] A“Z[—%})z 06921}’
w2 0] e[y ]
D = :8 O(.)l] DEZ)Z[O(IJ3 092}’

Dy = :061 o(.)l]’ J”Z[O'((J)3 0.(())2]’
Ay = :0%12 %935] By = [—%.})1 Oo(ﬂ’
oo S -t
Dy’ = io(.)z 093]’ Dy = [062 0(.)1]’
n-os os

—-0.2 0.1 0.1
Gi=G,=G3=| 0.1 —-0.2 0.1
0.1 0.1 —-0.2

In order to get better performance, we set the time delays as
711 = 2,12 = 6, o1 = 2 and 7y = 1 and from II, it is
easy to get that 7 = 0.4. Functions in the neural networks
are defined as

J1(x) = hi(x) = 01(x) = —0.6tanh(x),
J2(x) = ha(x) = 02(x) = 1anh(0.2x),
so the corresponding matrices are
N1 = R = J1 = diag(0,0),
Ny = Ry = Jp = diag(— 0.3,0.1).

By using the LMI toolbox, we can solve the LMI (3) with the
proposed matrices and parameters and the feasible results are
shown as

p _ [ 47934 —0.1523 [ 46450 —0.1745
@~ 1-0.1525 1.5103 | "P T [-0.1745 1.7335 |
o [0:4600 —00LI6] o [03735 —0.0149

= [-0.0116 0.1883 |° T [-0.0149 0.0889 |’
A = 31.8040.

W, = diag(2.9537, 0.9240),
Q) = diag(1.0740, 0.5777),
2, = diag(1.9934,1.7133),

E1 = diag(1.7681,2.0811),
Wy = diag(2.0079, 4.3599),
Qo = diag(1.7939, 1.1778).
Based on the theorem 1, the discrete-time coupled neural

networks with mixed time delays will get the synchronization
and it is proved by numerical simulations. Fig. 1 and Fig. 2
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FIGURE 1. Synchronization state x in discrete-time coupled neural
networks without unknown parameters.
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FIGURE 2. Synchronization state y in discrete-time coupled neural
networks without unknown parameters.
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FIGURE 3. Synchronization state x in discrete-time coupled neural
networks with unknown parameters.

shows the states of discrete-time coupled neural networks
without unknown parameters. Similarly, Fig. 3 and Fig. 4
provides the states of discrete-time coupled neural networks
with unknown parameters.
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FIGURE 4. Synchronization state y in discrete-time coupled neural
networks with unknown parameters.

V. CONCLUSION

The synchronization problems in a new class of universal
discrete-time coupled neural networks with inner mixed time
delays and outer mixed time delays are studied in this paper.
A novel discrete-time coupled markovian jumping neural
networks with mixed time-delays is proposed. Based on
the Lyapunov-Krasovskii functional method and Kronecker
product, we complete the analysis of stability and get the
sufficient conditions which can be easily solved by the Matlab
LMI toolbox. In our study, we find that the synchronization
process is related to the bounds of mixed time delays and
unknown parameters problem can be solved by using the pro-
posed method. In numerical simulations, feasible solutions of
sufficient conditions are derived and synchronization results
with(without) unknown parameters are achieved to demon-
strate the effectiveness and robustness of our method. In the
future, authors will study the continuous neural network with
Markov jumping chain and extend the discrete neural network
model by considering more complexities. In addition, more
synchronization patterns for the proposed neural network
model will be considered to enrich the study of the proposed
neural network system.
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