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ABSTRACT The interaction between a moving submerged body and a homogeneous/stratified fluid
generates a Bernoulli hump, a Kelvin wake, and an internal wake on the water surface. The height distribution
of wakes is directly related to the location and motion state of the submerged body. Thus, it is possible to
retrieve kinematics information of a submarine from the images of wakes obtained by photoelectric detection
equipment. In order to extract the submarine’s location and velocity information effectively from the wake
photoelectric images, we investigate the relationship between the motion state of moving submerged bodies
and wakes in this paper. Bernoulli hump, Kelvin wake, and internal wake models are established based on
potential flow theory and thin-ship approximation. We analyzed the wave crestline pattern and the energy
characteristics of Kelvin wake components (divergent and transverse waves) and internal wakes at different
velocities and diving depths. Finally, we propose a method for estimating the velocity of a submarine based
on the wake wavelength and the diving depth inversion method based on the Fourier power spectrum of
the Kelvin wake. The results obtained prove the feasibility of using photoelectric equipment to obtain
wake images for use in analyzing the kinematics state of submarines, which are of guiding significance
for detection and information processing in real-scale submarines.

INDEX TERMS Bernoulli hump, Fourier spectrum, internal wake, Kelvin wake, moving submerged body.

I. INTRODUCTION
Underwater target detection is a key technology for marine
defense that focuses on antisubmarine warfare. Timely and
accurate detection of underwater targets and determination
of their location, diving depth, speed, and other information
are vital in antisubmarine technologies. With the develop-
ment of sound absorption technology, the traditional method
of using sonar to directly detect undersea submarines has
become increasingly difficult. Therefore, nonacoustic detec-
tion methods are imperative. As LIDAR images are severely
distorted by sea waves, the indirect detection of undersea
targets via sea surface wakes generated by moving sub-
merged bodies has become a trend in nonacoustic detection
technologies. Currently, wake detection is achieved through
photoelectric imaging equipment such as synthetic aperture
radar (SAR) [1]–[5] and infrared thermal radiation detectors
[6]–[8]. There are also reports on the magnetic detection
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of wakes using electromagnetic perturbation induced by the
motion of conductive seawater [9], [10].

In marine environments, the interaction between a moving
submerged body and surrounding fluid can generate four
kinds of wakes: Bernoulli hump, Kelvin wake, internal wake,
and turbulent wake. The Bernoulli hump is a surface wave
unique to underwater objects moving near the water sur-
face [11]. It is located directly above the submerged body
and can be regarded as a near-field component of the Kelvin
wake system. The Kelvin wake is one of the most thoroughly
studied surface waves because of its regular structure [1], [2].
It is generated in homogeneous fluids. Its far-field region
contains two distinct waveforms: divergent and transverse
waves (see Figure 1). Divergent waves diffuse to both sides
of a submerged body, whereas transverse waves propagate to
the rear of the submerged body. Previous studies have shown
that the wave height distribution of a Kelvin wake is directly
related to the motion state of an underwater object [1], [4].
Several recent studies also suggest that the Kelvin wake can
produce a larger wake angle than the classical value(19.5◦)
in the presence of vorticities or with a large Froude
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FIGURE 1. Bernoulli hump and Kelvin wake induced by a submarine. The
Bernoulli hump is directly above the submarine, while the Kelvin wake is
at the rear. The Kelvin wake is a superposition of divergent and transverse
waves, with cusp waves and Kelvin arms on the outer edges. In classical
theory, the angle between the Kelvin arm and the central axis is 19.5◦.
In practice, when the diving depth is shallow, as the velocity increases
(Froude number increases), the wake angle is usually less than this value.

number (greater than 1) [12], [13]. At the same time, when the
submarine is moving near the water surface, the Kelvin wake
angle may decrease with the increase of Froude number (less
than 1), this is considered to be caused by the constructive
interference of the positive bow waves and negative stern
waves [14]. The internal wake is generated by disturbance in a
stratified fluid [10]. Because a pycnocline exists in oceans all
year round, it is more likely to generate internal wakes when
submerged bodies move in deep water. A turbulent wake
is the trail formed by bubble foam generated by submarine
propellers floating up to the water surface [8]. It is basically
invisible when the diving depth is deep. In summary, to com-
prehensively study the relationship between wakes and the
motion state of a moving submerged body, reliable simulation
of the Kelvin wake (including the Bernoulli hump) and the
internal wake is required.

Retrieving the ship motion state using features of a wake
is an important application of the study of wake characteris-
tics. The interaction between the surface current of a Kelvin
wake or an internal wake with the capillary gravity wave
modulates the roughness of the sea surface, so that the wake
can be imaged optically or by SAR [2]. Using Radon trans-
form coupled with wavelet [15], sparse representation [16]
or artificial neural network [17] to obtain linear features in
the image, some important wake features such as wavelength
and wake angle can be obtained. In recent years, significant
progress has been made in using these wake features to
retrieve the moving speed of surface vessels [1], [18]. Several
algorithms have also been proposed to improve the inversion
accuracy [19]. It can be proved that these algorithms can also
be used to estimate the velocity of submarines through analy-
sis. There is little discussion on the relationship betweenwake
characteristics and the diving depth of submerged bodies.
In this paper, we propose a simple method for inversing the
diving depth of a submerged body based on the Kelvin wake
Fourier power spectrum. In addition, we discuss the influence

of the shape of the submerged body and environmental factors
on inversion accuracy.

The remainder of this paper is organized as follows.
Section II describes the modeling of the Kelvin wake and
the internal wake induced by a moving submerged Rankine
ellipsoid. Section III details the relationship between the
motion state of a submerged body and its wake characteris-
tics. Section IV presents the proposed motion state inversion
method and discusses the results obtained from simulations.
Finally, Section V serves as a conclusion for the paper.

II. MODELING OF WAKES INDUCED BY SUBMARINES
A. KELVIN WAKE
To accurately and reliably model a Kelvin wake, we used the
potential flow theory for our simulation. Consider the case
shown in Figure 2. It is assumed that a submarine is moving
below the water surface at a velocity U . It is considered that
the flow field is infinitely deep and the fluid is incompress-
ible. Turbulence generated by the propeller is not considered.
A right-hand Cartesian coordinate system is constructed. The
x axis points in the opposite direction of the motion of the
submerged body. The z axis points to the bottom of the flow
field, and the z coordinate at the water surface is zero. To
better reflect the shape of modern submarines, the submerged
body is considered to be a slender Rankine ellipsoidwith half-
length l and half-width b, with a length to beam ratio, l/b, of
10:1 (in this paper, l = 50m, b = 5m). The distance from the
long axis of the ellipsoid to the water surface (i.e., the diving
depth) is h0.

FIGURE 2. Moving submerged Rankine ellipsoid of velocity U and diving
depth h0 in an infinite depth homogeneous fluid of density ρ.

For incompressible fluids, the wake velocity field, v, can be
expressed according to the potential flow theory by its poten-
tial function, φ: v= –∇φ. The velocity potential satisfies the
following Laplace equations and boundary conditions [20]:

∇
2φ = 0 in the flow field (1)
∂φ

∂n
= 0 on a free surface (2)

∂φ

∂n
= 0 on the submerged body surface (3)

p =
1
2
ρ(U2

−φ2x−φ
2
y−φ

2
z )=0 on a free surface (4)

where n represents the normal vector. p is the excess pressure,
representing the pressure above the atmospheric on the free
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water surface, which is determined by the Bernoulli equation,
namely equation (4). Newman [21] solved the problem of lack
of an analytical solution to the above equations by linearizing
the kinematics and dynamics equations on the free water sur-
face, whereas Scullen and Tuck [22] solved the wave height
of a Kelvin wake induced by a slender underwater body
using the thin-ship approximation. This paper references their
research to conduct thin-ship approximation: A Kelvin wake
induced by a Rankine ellipsoid with a high length to beam
ratio is equivalent to the wake induced by a pair of Havelock
point sources/sinks,±G, distributed at the head and tail of the
ellipsoid. The strength of the point source/sink is 2πUb2/3.
The velocity potential can be approximately expressed as [9]

φ (x, y, z) =
2πUb2

3
[G (x, y, z)− G (x − 2l, y, z)] (5)

Assuming that the viscosity of the fluid, γ , is equal to 0,
the closed expression for G can be obtained by solving the
velocity potential satisfying (1)–(4) in polar coordinates.G is
a Green’s function consisting of four parts:

G = G1 + G2 + G3 + G4 (6)

G1 =
1

4πR1
, R1 =

√
x2 + y2 + (z− h0)2 (7)

G2 =
1

4πR2
, R2 =

√
x2 + y2 + (z+ h0)2 (8)

G3 =
1
π
Im

π/2∫
−π/2

u(�)kp exp[−k(z+ h0)+ jkp�]dθ

kp = k0 sec2 θ, �(x, y, θ) = x cos θ + y sin θ (9)

u(�) =

{
1 � > 0
0 � ≤ 0

G4 =
1

(2π )2
Re

π/2∫
−π/2

2(x, y, z, θ)dθ

2 =

+∞∫
0

k
{

2kp
k − kp

exp[−k(z+ h0)+ jk�]
}
k=(1±j)dη

(10)

where k0 = g/U2 (i.e., the cutoff wavenumber mentioned
below) and g is the acceleration due to gravity, which is taken
to be 9.81 m/s2. The G1 and G2 terms constitute the velocity
potential of the Bernoulli hump; the G3 term corresponds to
the far-field Kelvin wake; and the G4 term is negligible com-
pared with the first three terms. The wake velocity potential φ
is solved using (1)–(7), and the wave height distribution of the
Kelvin wake is finally obtained by the partial derivation of φ:

ζ (x, y) =
U
g
∂φ

∂x

∣∣∣∣
z=0

(11)

We numerically calculated the equations (5)–(11) to simu-
late the Kelvin wakes excited by submerged Rankine bodies

with different sizes, speeds, and depths based on the poten-
tial flow theory and the thin-ship approximation, using the
MATLAB (version 2019a) platform. The simulation results
are independent from the grid resolution. A typical wake
wave height distribution is shown in Figure 3. It can be
clearly seen that the Bernoulli hump distributes directly above
the location of the submerged body, whereas the Kelvin
divergent and transverse wave components distribute on the
water surface behind the submerged body. Using this method,
the simulation time for each case on a PC with 2.7 GHz
CPU and 16 GB memory is less than 2 min. Compared
with our previous work on solving the Reynolds-Averaged
Navier-Stokes (RANS) equation using computational fluid
dynamics (CFD) software, ANSYS Fluent [23], the potential
flow method has comparable simulation accuracy (with the
same resolution) on the whole wave field (based on RMS
error of the whole wave field according to [24]), but requires
much less calculation time.

FIGURE 3. Kelvin wake pattern simulated by the potential flow method
for submerged body of U = 10 m/s and h0 = 15 m moving in the
homogeneous fluid.

B. INTERNAL WAKE
Internal wakes are generated by disturbances in density in
inhomogeneous fluids. Fluids with step changes in density
(stratified fluids) are relatively simple cases. We simulated
the internal wake induced by a Rankine submerged body
in a two-layer fluid of finite depth. Consider the case of a
submerged body moving in the upper fluid (see Figure 4).

FIGURE 4. Moving submerged Rankine ellipsoid of velocity U and diving
depth h0 in a finite depth two-layer fluid of densities ρ1 and ρ2.

VOLUME 8, 2020 12715



F. Xue et al.: Wake Features of Moving Submerged Bodies and Motion State Inversion of Submarines

The depth of the flow field is h, and the upper and lower
fluid depths are h1 and h2, respectively; the densities are
ρ1 and ρ2 (ρ2 > ρ1, and ρ1 = 998.2 kg/m3, ρ2 =
1024 kg/m3). The distance from the long axis of the ellipsoid
to the water surface is h0. Similar to the discussion of the
Kelvin wake, the submerged body is approximated as a pair
of point sources/sinks distributed at the head and tail of a
Rankine ellipsoid, and the Cartesian coordinate system is
constructed with the interface as the xOy plane. The point
source velocity potential, φ, satisfies the following governing
equations and boundary conditions [25]:

∇
2φ(1) = δ(x, y, z− h0), ∇2φ(2) = 0

k0φ(1)z + φ
(1)
xx − µφ

(1)
x = 0, z = h1 (12)

γ (k0φ(1)z + φ
(1)
xx − µφ

(1)
x ) = k0φ(2)z + φ

(2)
xx − µφ

(2)
x , z = 0

(13)
φ(1)z = φ

(2)
z , z = 0

φ(2)z = 0, z = −h2
lim

x→+∞
∇φ(m) = 0 (14)

where k0 is as defined above, γ = ρ1/ρ2, ε = 1−γ , and µ is
a proportionality constant that will be taken as zero later. The
superscript m = 1, 2 refers to the free surface and interface,
respectively. We constructed a cylindrical coordinate system
(r , ψ , z). Using the potential flow method and the thin-ship
approximation to solve the Green’s function corresponding to
the velocity potential, the far-field wave height of the internal
wake at the free surface and the fluid interface is obtained as

ζ (m) ∼
2∑

n=1

Re

{∫ π
2 −ψ

−
π
2

P(m)(kn, θ)ej(
r
h )fn(θ,ψ)dθ

}
r/h� 1 (15)

fn(θ, ψ) = −hkn cos(θ + ψ)

kn =
1
2
k0 sec2 θ�n(kn)

�n(k) =
t1 + t2

1+ γ t1t2

×

[
1+(−1)n+1

√
1− 4(1− γ )

t1t2(1+ γ t1t2)
(t1 + t2)2

]
tn = tanh khn, n = 1, 2 (16)

where n = 1, 2 denotes the surface-wave mode and the
internal-wave mode, respectively:

fn(θ, ψ) = −hkn cos(θ + ψ)

P(1) = [Ukn cos θH (1)/(g1′)]
∣∣∣
z=h1

P(2) = [Ukn cos θ (H (2)
− γH (1))/(εg1′)]

∣∣∣
z=0

(17)

H (1)(kn, θ)=−8knk0 sec2 θ · {ε cosh[kn(h−z− (h1 − h0))]
+ γ cosh[kn(d − z− (h1 − h0))]}
+ 4ε(k2n+k

2
0 sec 4θ) sinh[k(h−z−(h1 − h0))]

+ 4[(1+γ )k2n−εk
2
0 sec

4 θ] sinh[k((h1−h2)−z
− (h1 − h0))]− 4{[(1+ γ )k2n + 2knk0 sec2 θ
+ εk20 sec

4 θ ] exp(−knh)+ ε(k2n − k
2
0 sec

4 θ)
· exp(−kn(h1 − h2))} cosh[kn(z− (h1 − h0))]

H (2)(kn, θ)= 16γ cosh[kn(h2+z)]{k2n sinh[kn(h1−(h1−h0))]
− knk0 sec 2θ cosh[kn(h1 − (h1 − h0))]}

1′(kn, θ) = 4kn[(1+ γ )− hk0 sec2 θ ] cosh knh
+ 2[(1+ γ )hk2n − 2k0 sec2 θ + εhk20 sec

4 θ ]
× sin kh+ 4εk cosh k(h1 − h2)
+ 2ε(h1 − h2)(k2n − k

2
0 sec

4 θ ) sin k(h1 − h2)
(18)

The wave height induced by a point sink can be obtained
by moving the point source coordinates to (−2l, 0, h1 − h0)
and repeating the above analysis. The wave height distribu-
tion of the internal wake generated by a submerged Rankine
body can ultimately be obtained by subtraction of the wave
heights induced by a point source and a point sink. When
the submerged body moves in the lower fluid, the governing
equations and boundary conditions are exactly the same as
those in the upper fluid, except that h0 > h1. The calculation
of the internal wake wave height for a point source in the
lower fluid is not described in this paper. Further details on
how the internal wake wave height is derived can be found
in [26]. We numerically calculated the equations (15)–(18)
to simulate a typical distribution of an internal wake on a
water surface in MATLAB, as shown in Figure 5. The simu-
lation result is also independent from the grid resolution. The
simulation of the internal wake using potential flow theory
is also achieved in a short duration (i.e., the same operating
conditions as the Kelvin wake simulation, 3–5 min).

FIGURE 5. Internal wake pattern simulated by the potential flow method
for submerged body of U = 12 m/s and h0 = 20 m moving in the upper
layer of the stratified fluid.

III. ANALYSIS OF SUBMARINE-GENERATED WAKE
CHARACTERISTICS
A. WAVE HEIGHT DISTRIBUTION CHARACTERISTICS OF
THE KELVIN WAKE IN THE FAR FIELD
1) SAME DIVING DEPTH, DIFFERENT VELOCITIES
The polar coordinate expression for Kelvin’s divergent and
transverse wave structures is as follows [1], [2]:

k1,2(θ, n) =
4πU2(8n− ε1,2)

g(3∓
√
1− 8 tan2 θ)

3
2

·
sin θ

(1±
√
1− 8 tan2 θ )

1
2 cos2 θ

(19)
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where ε1 = 1, ε2 = 3, corresponding to the divergent wave
and the transverse wave components, respectively, n is the
number of periods, and θ is the angle between the normal
vector of the Kelvin wake wave front and the direction of
motion of the submerged body. For transverse waves, 0◦ ≤
θ ≤ 35◦16’, whereas for divergent waves, 35◦16’≤ θ ≤ 90◦.
The crest/trough structure of a far-field Kelvin wake can be
drawn using (10) (see Figure 6), and the wavelengths of the
transverse and divergent waves can be obtained as follows:

λ = λtransverse =
2πU2

g
(20)

λdivergent =
2πU2

g
cos2 θ (21)

FIGURE 6. Illustration of structures of the Kelvin’s divergent and
transverse waves. The crests are solid lines and the troughs are dotted
lines. θ is the angle between the normal vector (n of the wave front and
the direction of motion of the submerged body.

The effect of velocity on the wave height distribution of
the Kelvin wake is mainly reflected by the Froude number
defined by the length of submerged body:

FrL =
U
√
gL
=

U
√
2gl

(22)

We simulated the Kelvin wakes of the submerged body at
the same diving depth (h0 = 15 m) at different velocities
(see Figure 7). The results show that as the velocity increases,
the Froude number increases, the maximum wave height
of the near-field Kelvin wake increases monotonically, while
the far-field Kelvin wake has an oscillating wave height;
the correctness of (19)–(21) can be verified by measuring
structural parameters such as wavelength (λ) and angle (θ).

2) SAME VELOCITY, DIFFERENT DIVING DEPTHS
We simulated the Kelvin wakes of the submerged body at the
same velocity (U = 15 m/s) and different diving depths (see
Figure 8). It was observed that increasing the diving depth
does not significantly affect the position of the Kelvin wake
structure, which is consistent with (19). Visually, the Kelvin
wake transforms from the divergent wave mode to the trans-
verse wave mode. According to [4] and [27], the far-field

FIGURE 7. Kelvin wake patterns at four velocities (Froude numbers) and
the same diving depth, h0 = 20 m. (a) U = 6 m/s (FrL = 0.19),
(b) U = 9 m/s (FrL = 0.29), (c) U = 15 m/s (FrL = 0.48), and
(d) U = 20 m/s (FrL = 0.64).

FIGURE 8. Kelvin wake patterns at four diving depths and the same
velocity, U = 12 m/s (FrL = 0.38). (a) h0 = 6 m, (b) h0 = 10 m,
(c) h0 = 20 m, and (d) h0 = 30 m.

Kelvin wake expression for an underwater dual-point source
is equivalent to the far-field wake formula of a single-point
source at the water surface; the latter is the former multiplied
by an exponential attenuation term associated with sec2θ .
Consider the geometric meaning of θ , which refers to the
angle between the transverse/divergent wave front vector and
the direction of motion of the point source. The closer this is
to the central axis, the smaller the value of θ for transverse
waves (sec2θ → 1) and the larger the θ for divergent waves
(sec2θ → 0). Both the transverse and divergent waves on
the wake’s outermost Kelvin arm have the same attenuation
speed for a given diving depth; close to the central axis,
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transverse waves have lower attenuation whereas divergent
waves have higher attenuation, eventually leading to the phe-
nomenon of the wake divergent/transverse mode transition,
as shown in Figure 8.

3) KELVIN WAKE ANGLE BEHAVIOR
We also analyzed the Kelvin wake angle behavior with
respect to velocity (Froude number) and diving depth. Here,
the wake angle is defined as the angle between the line
connecting the locations of the points associated with the
highest peaks inside the wake and the central axis, as shown
in Figure 9. In the actual detection, these peak points are

FIGURE 9. Kelvin wake angles at different velocities, U (Froude numbers,
FrL), and diving depths, h0. (a) U = 6 m/s (FrL = 0.19), h0 = 6 m,
(b) U = 9 m/s (FrL = 0.29), h0 = 20 m, (c) U = 15 m/s (FrL = 0.48),
h0 = 6 m, (d) U = 20 m/s (FrL = 0.64), h0 = 6 m, (e) U = 6 m/s
(FrL = 0.19), h0 = 15 m, (f) U = 9 m/s (FrL = 0.29), h0 = 15 m,
(g) U = 15 m/s (FrL = 0.48), h0 = 15 m, and (h) U = 20 m/s (FrL = 0.64),
h0 = 15 m.

connected together, showing obvious linear characteristics
in the image, and the wake angle can be used for pattern
recognition. When the diving depth is shallow, as the velocity
increases, the Froude number increases (still less than 1), and
the wake angle decreases monotonously; when the diving
depth is deep, the rate of the wake angle decreasing with
respect of velocity (Froude number) slows down, which is
consistent with the results in [14]. This phenomenon is caused
by the constructive interference of the bow wave and the
stern wave: According to the analysis above, as the velocity
increases, the divergent wave component prevails, and the
divergent wave component in the stern wave interacts with
the bow wave to form a narrower wake angle. While as the
diving depth increases, the divergent wave component decays
rapidly, the interference between the stern divergent wave and
the bow wave weakens. The wake peak point mainly appears
in the transverse wave component of the bow wave, and the
wake angle is basically consistent with the classical value
(19.5◦). The change of the wake angle does not affect the
overall structure of the wake. Therefore, there is no need to
worry about the impact of wake angle on the wake wave-
length.

4) INFLUENCE OF AN APPENDAGRE
According to (19), when the speed of a submarine is constant,
the shape details such as an appendage of the submarine
does not affect the wake structure. We use CFD model to
verify this. The appendage is an elliptic cylinder, and the
length of its major and minor axes are 1/10 and 2/3 of the
length and the beam of the Rankine ellipsoid. The appendage
is located in the middle of the Rankine ellipsoid, and the
distance from the apex of the appendage to the central axis
of the ellipsoid is equal to the beam (see Figure 10). The
wake wave height distribution of a submarine with/without
a tower appendage at the same velocity and diving depth
is shown in the Figure 11, the maximum wave height and
wake angle are shown in table 1. Whether the submarine has
an appendage attached or not has no effect on the Kelvin
wake structure, and the wave height of the wake generated
by the submarine with an appendage is slightly higher than
that without an appendage. This is understandable because an

FIGURE 10. Submarine model for CFD simulation. (a) Rankine ellipsoid,
submarine size, 60 m × 6 m, and (b) Rankine ellipsoid with an elliptic
cylinder appendage attached, submarine size, 60 m × 6 m, appendage
size, 6 m × 4 m × 6m.
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FIGURE 11. Kelvin wake patterns simulated by CFD method for a
submarine with/without a tower appendage at the same velocity,
U = 12 m/s and diving depth, h0 = 15 m. (a) Rankine ellipsoid and
(b) Rankine ellipsoid with an appendage attached.

TABLE 1. Kelvin wake height & wake angle under different conditions.

appendage increases the displacement of a submarine without
changing the Froude number. Therefore, in the related fields
of pattern recognition and photoelectric image detection,
the research on the relationship between Kelvin wake and
submarine parameters does not require excessive attention to
the influence of submarine geometric details.

B. FOURIER POWER SPECTRUM CHARACTERISTICS OF
THE KELVIN WAKES OF SUBMARINES
Although the Kelvin wake shows distinguishable divergent
wave/transverse wave mode features with increasing diving
depth, both components still exist at any position in the
wave field, and it is difficult to separate them when they
are superimposed [28]. In addition, owing to the existence of
ocean waves on the sea surface, the contrast between trans-
verse waves and divergent waves is reduced by the influence
of background noise, making it difficult to separately ana-
lyze the two components from images in the space domain.
However, it is feasible to analyze the wake component char-
acteristics in the frequency domain.

FIGURE 12. Kelvin wake Fourier power spectrum in the wavenumber
space at different velocities, U, and diving depths, h0. (a) U = 10 m/s,
h0 = 10 m, (b) U = 10 m/s, h0 = 20 m, (c) U = 10 m/s, h0 = 30 m,
(d) U = 10 m/s, h0 = 50 m, (e) U = 20 m/s, h0 = 10 m, (f) U = 20 m/s,
h0 = 20 m, (g) U = 20 m/s, h0 = 30 m, and (h) U = 20 m/s, h0 = 50 m.

The Fourier power spectrum of a Kelvin wake wave height
distribution is obtained by fast Fourier transform (FFT). The
intensity distribution of the Fourier power spectrum in the
wavenumber space (kx , ky) is shown in figure 11. The image
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brightness corresponds to the power spectral intensity. The
far-field Kelvin wake is seen as a distinct ‘‘X’’ component in
the power spectrum [29], [30]:

ky = ±
U2

g
kx

√
k2x −

g2

U4

kx = kp cos θ, ky = kp sin θ (23)

At the same diving depth, as the velocity increases, the
brightness of each pixel on the ‘‘X’’ structure increases,
the energy of the power spectrum increases and the far-field
‘‘X’’ structure shrinks to the center. At the same velocity,
as the diving depth increases, the far-field ‘‘X’’ structure
remains unchanged, the brightness of each pixel on the
‘‘X’’ structure decreases and the energy decays rapidly from
the outside to the inside.

As the distributions of the transverse and divergent waves
on the Fourier power spectrum do not overlap (see Figure 13),
the energy distribution characteristics of the two components
can be discussed. For (23), when ky = 0, the corresponding
kx = ±g/U2 is the cutoff wavenumber, which is reflected in
two inflection points on the inner side of the ‘‘X’’ shape of the
Fourier power spectrum. When θ = 35◦16’, the components
of the transverse and divergent waves on the Kelvin arm are
exactly separated, with ky/kx = tan35◦16’ = 1/(

√
2), and

the corresponding abscissa on the Fourier power spectrum is
ks = (

√
3/2)k0. Transverse waves exist between k0 and ks,

and divergent waves exist outside ks.

FIGURE 13. Structures of far-field Kelvin wake Fourier power spectra at
different velocities, U . Solid black lines represent the ‘‘X’’ structure of the
power spectrum in wavenumber space. The red dotted lines represent the
cutoff wavenumber, k0. The blue dotted lines represent the wavenumber
where the divergent and transverse waves are exactly separated, ks.
(a) U = 10 m/s and (b) U = 20 m/s.

The Kelvin wake Fourier power spectrum image is pro-
cessed by morphology to extract the transverse wave and the
divergent wave, and the relationship between their energy and
the motion state of a submarine is discussed. The results are
given in Figure 14. The abscissa represents the diving depth,
and the ordinate is the ratio of the transverse wave energy to
the divergent wave energy. The results demonstrate the fol-
lowing: (1) As the submergence depth increases, the divergent
wave attenuates faster and the variation in the energy ratio
between the divergent wave and the transverse wave can be
fitted by an exponential function. (2) As the speed increases,

FIGURE 14. Energy ratio of Kelvin wake transverse wave components to
divergent wave components under different conditions, including beam
to length ratio of the submarine, velocities U , and diving depth h0. The
different velocities are drawn with lines of different colors. (a) Length to
beam ratio, l/b = 10 : 1, and (b) length to beam ratio, l/b = 7 : 1.

the proportion of divergent wave energy increases and the
attenuation is relatively slow. (3) For the same volume of
submarines, the wake energy distribution of submarines with
different length to beam ratios varies at almost the same rate
as the diving depth. This indicates that as long as the volume
of the submarine is determined, fine geometric structures
such as appendages have little effect on the far-field wake
analysis (the length to beam ratio still needs to be high to
meet the thin-ship approximation criterion). The above anal-
ysis provides theoretical support for the inversion of diving
depth.

C. WAVE HEIGHT DISTRIBUTION CHARACTERISTICS OF
THE INTERNAL WAKE OF A SUBMARINE IN THE FAR FIELD
1) SAME DIVING DEPTH, DIFFERENT VELOCITIES
As shown in Figure 15, the trend of variation in the internal
wake generated by a submarine with different velocities at
the same diving depth is similar to that of a Kelvin wake,
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FIGURE 15. Internal wake patterns at four velocities and the same diving
depth, h0 = 20 m. (a) U = 6 m/s, (b) U = 12 m/s, (c) U = 18 m/s, and
(d) U = 24 m/s.

and the wake wavelength (transverse wave) is equal to that
of a Kelvin wake at the same submarine velocity.

2) SAME VELOCITY, DIFFERENT DIVING DEPTHS
The wave height distribution of the internal wake at differ-
ent diving depths depends on stratification of the fluid. The
Froude number is defined by the flow field depth, h, given
by

Frh =
U
√
gh

(24)

Note that the Froude number in (24) is different from the
Froude number based on the submerged body’s length in (22).
The internal wake has two critical Froude numbers [19]:

Fr2n =
1
2
+ (−1)n+1

√
1
4
−

(1− γ )h1h2
h2

, n = 1, 2 (25)

When Frh > Fr1, the internal wake behaves like a surface-
wave mode similar to a Kelvin wake, whereas when Fr2 <
Frh < Fr1, the internal-wave mode dominates. As shown
in Figure 16, the flow field depth is 160 m, and the fluid
density is stratified at 80 m depth. It can be clearly seen that
as the diving depth increases, the internal wake transforms
from a Kelvin surface-wave mode to a narrower internal-
wave mode, and the internal wake wave height attenuation
is much slower than that of the Kelvin wake. The conver-
sion of two modes of the internal wake with increasing
diving depth causes an obvious change in the wave height
distribution. If there is prior knowledge of the stratifica-
tion of a local ocean area, the diving depth of a subma-
rine can be roughly estimated based on the internal wake
pattern.

FIGURE 16. Internal wake patterns at four diving depths and the same
velocity, U = 12 m/s. Fluid density stratified at a depth of h1 = 80 m.
(a) h0 = 30 m, (b) h0 = 60 m, (c) h0 = 90 m, and (d) h0 = 120 m.

IV. INVERSION OF SUBMARINE MOTION INFORMATION
BY A WAKE
A. VELOCITY RETRIEVAL OF A SUBMARINE
Velocity is an important part of submarine motion infor-
mation and also a necessary condition for calculating the
diving depth of a submarine. By accurately measuring the
far-field Kelvin/internal wake wavelength, the velocity of the
submarine can be directly calculated using (20) and (21). For
actual detection, the following improvements are proposed:

1) When the sea condition is good and the wake structure
can be clearly obtained from photoelectric detectors,
using the periodicity of Fourier functions, fit the curve
of the gray level of a row of pixels on the Kelvin arm
and the position coordinates of the pixel points (i.e.,
the distance from the point along the Kelvin arm direc-
tion to the Bernoulli hump) ζ (x) = a0 + a1cos(ωx) +
a2sin(ωx). The Kelvin wake wavelength, λ = 2π /ω,
can be accurately calculated using the fitted Fourier
function period, so that the velocity of the submarine
can be retrieved.

2) This improvement is mainly applicable to Kelvin
wakes.When the sea condition is poor, imaging devices
can detect wake targets, but the periodic distribution of
the wake is blurred. First use median filters to remove
wave noise from the wake image; then use FFT to
extract the ‘‘X’’ structure of the wake Fourier power
spectrum. The motion velocity of a submarine can be
calculated from the deformation of (23) as follows:

U =

√√√√ gky

kx
√
k2x −

g2

U4

(26)
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CFD simulated images (flow field size, 700 m × 400 m;
resolution, 0.5 m; submarine size, 60 m × 6 m, without
appendages) of Kelvin wakes induced by a submarine at a
speed of 13.00 m/s and a diving depth of 15 m are taken as
measured data to verify the accuracy of velocity retrieval of
the above method. The direct inversion velocity is 13.61 m/s
with an error of 4.69%. The improvedmethod 1 has a retrieval
velocity of 13.49 m/s with an error of 3.77%. The improved
method 2 has a retrieval velocity of 13.24 m/s with an error
of 1.85%. Because the Kelvin wake has a relatively stable
structure, the accuracy of the improved method 2 is relatively
high. The computational complexities of the above algo-
rithms differ; appropriate methods can be selected according
to actual requirements.

B. KELVIN WAKE INVERSION OF DIVING DEPTH
The diving depth of a submarine does not affect the
Kelvin wake structure. However, it affects the wake wave
height/energy characteristics. Currently, the diving depth of a
submarine can only be analyzed using the Kelvin wake from
the wave height/energy distribution. According to the thin-
ship approximation, the Fourier power spectrum integral of
the far-field Kelvin wake can be regarded as a set of products
of the square of the Kochin function, F (representing hull
shape), at each frequency point of the ‘‘X’’ structure and the
exponential attenuation term. The relationship between the
Fourier power spectrum intensity, S(k), and the abscissa, kx ,
is given by S(kx)= exp(−2 hkx /k0) ·F2(kx). By analyzing the
waveform of the square of the Kochin function of the Rankine
ellipsoid, the function can be approximately expressed as an
oscillation function multiplied by an exponential function:

F2(kx) = F2(kx) exp(fkx) (27)

whereF2(kx) is the oscillating part of the square of the Kochin
function. The intensity of the far-field Kelvin wake Fourier
power spectrum can be expressed as

S(kx) = F2(kx) exp(fkx) exp(−
2hkx
k0

)

= F2(kx) exp[−
2(h+ A)kx

k0
] (28)

where A refers to the influence of the Kochin function on the
curvature of the exponential function. For a certain range of
the diving depth, the exponential function plays a decisive
role in the intensity distribution of the entire power spectrum
whereas the oscillation function plays a modulation role. The
Fourier power spectrum intensity can be fitted as a function
of the abscissa, kx , by an exponential function. On the basis
of the above discussion, we propose the following simple
method for submarine diving depth inversion:

1) This method needs prior information regarding the size
of the target to be detected. The size of current main-
stream submarines is about 100 m × 10 m.

2) Remove the background noise due to ocean waves and
retrieve the target speed using the above methods.

3) Use potential flow theory to calculate the Fourier power
spectra of n (n≥ 1) Kelvin wakes generated by a Rank-
ine ellipsoid of a similar size as the target at a speed U
and at different diving depths hi. For each image of the
power spectrum, extract the transverse wave compo-
nent (decays slower with diving depth) by morphology
and obtain the transverse wave power spectral intensity
row vector by summing the columns of the image. Fit
all these row vectors with an exponential function (28)
to obtain n hi+Ai. Because hi is the input parameter of
the potential flow method, n Ai can be obtained.

4) The ‘‘X’’ shape distribution of the Fourier power spec-
tra of wakes induced by submarines with the same
speed and different diving depths does not change, and
the Kochin function at the same spectrum position does
not change with diving depth; therefore, the n Ai are
approximately equal. The average value A of Ai can
be regarded as the effect of the Kochin function of
the target on the curvature of the exponential function
under real conditions.

5) Obtain the Fourier power spectrum of the wake to be
detected. The fitting method in step 3) is used to obtain
hmeasure+A. Finally, subtract A to obtain the measured
diving depth hmeasure.

CFD simulated images are still used as actual detection
data to verify the accuracy of the algorithm (flow field
size, 700 m × 400 m; resolution, 0.5 m; submarine size,
60 m × 6 m, with or without appendages). The results are
shown in Table 2. The maximum inversion error of the diving
depth is less than 6.8%, which indicates the accuracy of the
method for a given diving depth range. The attachment of a
submarine command tower has little effect on the inversion
accuracy of velocity and diving depth, which is consistent
with the analysis in Section III.B. The results show that the
method has practical application prospects.

TABLE 2. Velocity and diving depth inversion for the proposed method.

The method is further discussed as follows: 1) It does not
directly measure the energy of the Kelvin wake. 2) Regular
noise, such as background ocean waves, has little effect on
the inversion accuracy. 3) When the length to beam ratio
of a submarine is constant, the shape details such as an
appendage have little effect on the inversion accuracy. 4) We
drew curves of variation of the output parameter, (hi + Ai),
in the potential flow theory model with the input diving depth
at different velocities (Rankine ellipsoid size, 60 m × 6 m;
see Figure 17 for the curve), and discussed the achievable
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FIGURE 17. Relationship between the output parameter (hi+ Ai ) and the
input depth hi at different velocities in the potential flow theory model.
The different velocities are drawn with lines of different colors.

theoretical inversion range of the method. It can be seen
that the maximum detection range increases with increas-
ing velocity. When the diving depth is shallow, the curve
indicates a straight line with a slope of 1, which shows that
the method can accurately invert the diving depth. When the
diving depth exceeds a certain range, the slope of the curve
begins to change at different velocities because of the larger
hi, the rapid attenuation of exp[−2(hi + A)kx /k0], and the
gradual nonnegligible effect of F2(kx). The occurrence of the
inflection point of the slope variation lags as the increase in
velocity. The theoretical range for diving depth inversion can
reach 100 m at 25 m/s velocity (the maximum speed known
to be achieved by existing submarines). It is worth noting that
the initial value of the curve at 10 m/s is inconsistent with its
initial value at other velocities. This is because the transverse
component of the Kelvin wake Fourier spectrum at 10 m/s
is located at the ‘‘rising edge’’ of F2(kx) oscillation, whereas
the other cases are located at its ‘‘falling edge’’. 5) It is more
likely to generate detectable internal wakes when a submarine
moves undersea deeper than 100 m. Similar analysis of the
surface-wave mode of internal wakes can be considered for
the submarine diving depth inversion.

V. CONCLUSION
The study of the relationship between the characteristics of
water surface wakes and the velocity and diving depth of an
underwater moving target is a key link in submarine wake
detection. In this paper, the Kelvin wake and the internal wake
are modeled by the potential flow theory method, and the
characteristics of the wake are quantitatively analyzed. On the
basis of the Fourier power spectrum characteristics of Kelvin
wakes, we proposed a method for submarine diving depth
inversion. The simulation results show that the proposed
method has a theoretical achievable maximum measurement
range of 100 m, with an error of less than 10% at a diving

depth of 50 m. Kelvin wakes below 100 m are difficult to
detect; therefore, other methods can be considered. Utiliz-
ing the water surface ripple pattern induced by underwater
moving targets for submarine detection and identification is
a promisingmethod. It is of great practical value for exploring
effective imaging and analysis methods for surface ripples.
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