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ABSTRACT In developing a high accuracy terrestrial radio navigation system, as a complement to a
global navigation satellite system (GNSS), it is recognized that the performance of time delay estimation
is proportional to, and thereby limited by, the signal bandwidth. Given a possibly narrow signal bandwidth,
the central carrier phase can, alternatively, provide a better distance accuracy, though the central carrier
phase cycle ambiguity should be resolved. In practice, the carrier phase may be perturbed by multipath.
In this paper, considering an orthogonal frequency division multiplexing (OFDM) signal, we propose a two-
step carrier phase estimation method to reduce the error introduced by multipath. First, the propagation
delay of the LoS path is coarsely determined, then the carrier phase is estimated using the earlier determined
coarse time delays. Furthermore, a positioning model only based on carrier phase estimates is presented
in this paper. The proposed technique is evaluated by statistical analyses and a simulated OFDM-based
terrestrial positioning system in different roadway multipath environments. The results show that the impact
of multipath on carrier phase estimation can be largely mitigated, so that the carrier phase can be used for
precise positioning. In addition, fixing the integer carrier phase cycle ambiguities can significantly reduce
the time for the position solution to converge to high precision.

INDEX TERMS Multipath channels, OFDM, phase estimation, radio navigation,multipathmitigation, phase
ambiguity.

I. INTRODUCTION
Global navigation satellite systems (GNSS) have an excellent
proven track record and a very high economic value, but
also a number of limitations. Their performance is espe-
cially sensitive to multipath, atmospheric distortions and jam-
ming [1], [2]. Recently, terrestrial positioning systems have
been broadly studied as a complement to GNSS, or as an
alternative approach for positioning and navigation [3]–[9].
Orthogonal frequency division multiplexing (OFDM) signals
have been frequently referred to as an opportunistic signal
that can be modified for terrestrial radio positioning. They
can be found in various telecommunication systems, such
as digital video broadcasting terrestrial (DVB-T) [3], [4],
IEEE 802.11 a/g/p [5], [6], 4G/LTE [7], [8] and 5G [9].
Compared with GNSS, OFDM-based terrestrial systems are
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less affected by atmospheric errors, and can be easily installed
in GNSS-challenged environments, such as indoor and in
urban canyons.

Positioning directly based on the propagation time delay
from OFDM signals requires relatively accurate time-of-
arrival (ToA) estimation. The timing resolution is inversely
proportional to the signal bandwidth. However, most existing
OFDM-based systems only have a relatively narrow sig-
nal bandwidth (e.g., 10-100 MHz). Makki [10] proposed
a two-step ToA estimation method based on OFDM sig-
nals: a coarse ToA estimation based on cross correlation,
and a fine adjustment based on channel estimation. A sub-
meter accuracy is achieved in an environment with little
multipath interference. Besides, considering the impact of
multipath, subspace methods, such as estimation of signal
parameters via rotational invariance techniques (ESPRIT)
and multiple signal classification (MUSIC) [11], have been
also applied for time delay estimation. Because the delays of
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distinguishable paths in a multipath channel are estimated by
a subspace-based method [12]–[14], the impact of multipath
on time delay estimation of the direct line-of-sight (LoS)
component can be largely mitigated. However, given a rela-
tively narrow signal bandwidth, the LoS component may not
be separable from close-in multipath. Consequently, ranging
based on a subspace method can only achieve a meter-level
accuracy.

On the other hand, as in GNSS, exploiting the phase
measurement from the central carrier which is referred to
as the carrier phase in this paper, can further improve
positioning performance. Given an RF signal with a fixed
signal bandwidth, the central carrier phase can provide a
much better distance accuracy due to its small carrier wave-
length, although unknown phase cycle ambiguities need to
be resolved. In [15], Yang et al. analyzed carrier phase
tracking of DVB-T signals. Since the middle subcarrier (i.e.,
DC component) is retained and assigned as a continuous pilot
subcarrier, the carrier phase can be tracked without phase
discontinuity. Khalife and Kassas [16] also demonstrate a
preciseUAVnavigation systemwith sub-meter level accuracy
using LTE carrier phase measurement, which is obtained by
integrating the Doppler offset over the observation period
[17], [18]. However, the aforementioned approaches assume
that the received signals do not suffer from severe multipath.

In practice, multipath is present in most positioning sce-
narios. Since Doppler frequency offset estimation will be
affected by multipath, the carrier phase derived from the
Doppler frequency will be consequently perturbed. The car-
rier phase on the continual subcarriers (e.g., the DC subcarrier
or pilots with constant data modulation) will be also affected
by a multipath channel. Then, the carrier phase measurement
becomes very sensitive to multipath. Especially, in a non-
static scenario, the carrier phase can be easily perturbed by
the time-variant multipath channel, and the phase error due to
multipath can even vary beyond the interval -π to π . So that
a time series of phase estimates can no longer be properly
unwrapped.

Hence, in this paper a two-step carrier phase estimation
approach is proposed to mitigate resolvable multipath (with a
relative delay of a reflection larger than one sample interval,
in line with the existing vehicular channel models e.g., [19]).
First, a subspace method (e.g., ESPRIT) is used to determine
the propagation delay, in which the performance is restricted
by the available pilot subcarriers and signal bandwidth. Then,
the complex gain is estimated, based on the determined prop-
agation delay of the LoS component, eventually providing the
carrier phase information. Since the LoS component and the
reflections have been coarsely identified in the first step, as a
result, in the second step we can estimate the carrier phase for
the LoS component, and largely reduce the additional phase
error induced by the reflections.

This paper is organized as follows. Section II introduces
the OFDM signal model in a non-static positioning scenario.
Then, in section III, the proposed two-step carrier phase
estimation is explained, and its performance is statistically

analyzed. Afterwards, the positioning model only based on
carrier phase estimates is presented in section IV. Section V
shows simulation results of LoS carrier phase estimation
and the positioning performance based on the proposed two-
step method in different outdoor LoS multipath channels.
Conclusions are drawn in section VI.

II. OFDM SIGNAL
Using the inverse fast Fourier transform (IFFT), an OFDM
symbol is generated by modulating N complex data points on
N sub-carriers. In order to combat inter-symbol interference
(ISI) caused by a multipath channel, a guard interval (i.e.,
cyclic prefix, CP) withNg samples is generally added to every
OFDM symbol [20]. Therefore, there are Ng + N samples in
each OFDM symbol, and the n-th sample of the l-th OFDM
symbol (l ≥ 0) in baseband is given by

sbb[n] =
1
N

N/2−1∑
k=−N/2

ck,lej
2π (l(Ng+N )+Ng+n)k

N ,

n =

{
−Ng, . . . ,−1 (CP)
0, . . . ,N − 1 (data),

where k denotes the subcarrier index, and ck,l denotes the l-th
complex symbolmodulated on the k-th sub-carrier, j =

√
−1,

Ts denotes the sampling interval, 1f denotes the subcarrier
spacing, and fk = k1f with 1f = 1/(NTs).

After digital-to-analog conversion (DAC), the baseband
OFDM signal sbb(t) is modulated on a carrier with frequency
fc. Hence, the passband OFDM signal spb(t) can be expressed
as

spb(t) = <
{
sbb(t)ej2π fct

}
,

where <{·} denotes the real part of a complex value.
At the receiver, the passband signal perturbed by the chan-

nel and the noise is down-converted to baseband. To simplify
the notation, the randomness introduced by the noise is omit-
ted here, but it will be introduced in section III.

rbb(t) = 2FL
{
(spb(t) ∗ h(t)) cos(2π fct + ϕ0)

}
+ j2FL

{
−(spb(t) ∗ h(t)) sin(2π fct + ϕ0)

}
, (1)

where FL denotes low pass filter operator, (∗) denotes con-
volution, h(t) denotes the channel impulse response, and ϕ0
denotes the constant carrier phase difference of the refer-
ence carriers between the transmitter and the receiver, and is
referred to as the initial carrier phase offset in this paper.

In order to demodulate the receivedOFDM signal properly,
time synchronization should be conducted to find the starting
point of the FFT window covering an OFDM symbol, and
the CP is removed. In addition, the carrier frequency offset
(CFO) and sampling clock offset (SCO) [20] need to be
estimated and compensated as precisely as possible. For the
purpose of positioning, we are only interested in the carrier
phase, or the change of the carrier phase caused by a Doppler
frequency offset. In this paper, we restrict ourselves to the
analysis and mitigation of the impact of multipath on carrier
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FIGURE 1. A 2-D roadway positioning scenario: four transmitters with
fixed and known locations and one rover receiver moving with a speed
of v , indicated by the black arrow.

phase estimation. A synchronized system is considered in
the following sections, where the transmitters and receiver
are assumed to share the same clock and frequency source.
Consequently, the carrier frequency offset is only caused by
the Doppler effect due to the movement of the receiver.

We start with a simple single-path channel and derive the
received signal model. Then, the received signal in a multi-
path channel will be discussed.

A. SINGLE PATH CHANNEL
Considering an OFDM receiver in a non-static ranging sce-
nario as shown in Fig. 1, the time-varying single-path propa-
gation channel [21] can be modeled as

h(τ, t) = α(t)δ(τ − τ1(t)), (2)

and t indicates the time when the channel response is
observed by the receiver, t − τ indicates the time when the
impulse is launched to the channel relative to the observation
time t ,

τ1(t) = τ ′1 −
∫ t

0

v cos(ϑ(ν))
c

dν, (3)

where δ(·) denotes the Dirac function, τ ′1 denotes the initial
propagation delay at the start point (e.g. (0, 10) at time t = 0
in this example), ϑ(t) denotes the time-dependent angle-of-
arrival of the LoS signal, c denotes the speed of light, and
[0, t] denotes the observation period, α denotes the signal
amplitude gain due the propagation distance and the radio
frequency. Over a relatively small scale positioning area or
ranging distance, the change of α can be ignored. In addition,
to simplify the notation, the speed of the receiver v is assumed
constant, but it can be time variant in practice.

In addition, the propagation delay can be assumed constant
across L OFDM symbols, as the change of the propagation
delay in L(Ng + N )Ts is much smaller than the temporal res-
olution Ts [12]. For example, considering a receiver moving
with a speed of 80 km/h, the change of the propagation delay
in L = 20 OFDM symbols (with Ng = 16, and N = 64 in an
IEEE 802.11p-based system [22]) is 1.18× 10−4Ts � Ts.
For ease of notation, here we will neglect the constant

carrier phase offset ϕ0 shown in (1), but it will be introduced
in the section IV. Thus, given a single path channel defined

as in (2), the received baseband OFDM signal in (1) can be
rewritten as

rbb(t) = αsbb(t − τ1(t))ej2π fcτ1(t). (4)

According to (3), the instantaneous Doppler frequency
shift [23] of the i-th sub-carrier at reception time t is
given by

fD,k (t) ≈ (fc + fk )
v cos(ϑ(t))

c
, for v� c. (5)

As shown in (5), we can further assume that the Doppler
frequency is constant during one OFDM symbol, since the
signal arrival angle and the speed will not change signifi-
cantly over one symbol (e.g., 6.4µs). Thus, the instantaneous
Doppler frequency shown in (5) can be rewritten as a function
of the OFDM symbol index l, and approximated by

fD,k,l = (fc + fk )
v cos(ϑl)

c
≈ fc

v cos(θl)
c

, (6)

Based on (6), after time synchronization and removing the
CP, the received signal of the l-th symbol can be given as

rbb,l[n] =
α

N

N/2−1∑
k=−N/2

ck,l exp
(
j
2πkn
N

)
× exp

(
−j2π ((fc + fk )τ ′1 + fD,k,l(Ng + n)Ts

+φD,k,l−1)
)
, n = 0, 1, . . . ,N − 1, (7)

where φD,k,l−1 denotes the cumulative change of the Doppler
phase of the k-th subcarrier from the received RF signal in the
previous l − 1 OFDM symbols, which is given by

φD,k,l−1 =

l−1∑
q=1

fD,k,q(Ng + N )Ts, l > 1. (8)

With the bounds derived in [24], the inter-carrier interfer-
ence due to Doppler can be neglected. After the FFT of (7),
the received phasor on the k-th subcarrier in the l-th symbol
can be written as

Rk,l =
N−1∑
n=0

rbb,l[n] exp
(
−j2π

kn
N

)
≈
α

N
ck,l exp

(
−j2π

(
(fc + fk )τ ′1 + fD,k,lNgTs

+φD,k,l−1
))∑

n

exp(−j2π fD,k,lnTs). (9)

Considering a sample rate Ts of 10−7 s, the term fD,k,lTs in
(9) is much smaller than one. If the Doppler frequency offset
is less than 2000 Hz and the number of subcarriers N is much
larger than one, we can have the following approximation,∑

n

exp(−j2π fD,k,lnTs)

=
sin
(
π fD,k,lNTs

)
sin
(
π fD,k,lTs

) exp
(
−j2π fD,k,l

(N − 1)Ts
2

)
≈ N exp(−j2π fD,k,lNTs/2). (10)
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Afterwards, the received phasor in (9) is rewritten as

Rk,l ≈ αck,l exp
(
−j2π

(
(fc + fk )τ ′1

+ fD,k,l(Ng + N/2)Ts + φD,k,l−1
))
. (11)

Based on the approximation of the received phasor for the
k-th subcarrier from the l-th symbol in (11), the instantaneous
Doppler phase in the l-th symbol is approximately computed
from (Ng + N/2) samples.

B. MULTIPATH CHANNEL
So far, only a single path channel is considered. Although,
we assume that the LoS path always exists, the channel may
also contains multiple reflections with different propagation
delays. Considering the channel impulse response given by

h(τ, t) =
P∑
p=1

αp(t)δ(τ − τp(t))

τ (t) =
[
τ1(t) τ2(t) . . . τP(t)

]
, (12)

in which P is the number of paths in a multipath channel,
and αp and τp(t) are the gain and the delay of the p-th path,
respectively. Again, the gain αp is assumed to be constant
in a relatively small area. Similarly, the propagation delay
is assumed to be quasi-stationary across L OFDM symbols.
By default, τ1(t) denotes the propagation delay of the direct
LoS path.

Considering the propagation delay defined in (3), then,
the received phasor in such a multipath condition can be
written as

Rk,l,mp = Rk,l +
P∑
p=2

αpck,l

× exp
(
−j
(
2π (fc + fk )τ ′p + ϕ

(p)
k,l

))
, (13)

where Rk,l,mp denotes the received k-th subcarrier phasor
from the l-th symbol in a multipath channel, Rk,l denotes the
received phasor of the LoS path on the k-th subcarrier shown
in (11), τ ′p denotes the initial delay of the p-th path, and ϕ(p)k,l
denotes the cumulative Doppler phase of the p-th path. Unlike
in telecommunication, our interest lies only in the LoS path.

III. TWO-STEP CARRIER PHASE ESTIMATION
For the purpose of ranging and positioning, the propagation
time delay of the LoS path should be estimated as accurately
as possible. The ESPRIT method has been studied for time
delay estimation in a multipath channel [13]. The bias due
to the multipath can be largely mitigated as compared to the
classic matched-filter method. However, the performance of
time delay estimation is still largely restricted by the signal
bandwidth. Alternatively, as in GNSS, we can use the phase
from the central carrier to retrieve the desired geometric infor-
mation. Although using the carrier phase can improve the
ranging accuracy, it can be also easily perturbed by multipath
due to its short wavelength. In a multipath condition, the car-
rier phase can be derived from the received phasor, which

is a sum of phasors for the LoS component and reflections.
Considering a high central frequency, a certain small time
variation can cause a large phase rotation on the phasor of
each reflection.

In this section, a two-step carrier phase estimation
approach is proposed to mitigate the impact of multipath.
First, the ESPRIT method is applied to distinguish the LoS
component and the multiple reflections as well as possible.
Then, the propagation delay of the direct LoS path determined
by the ESPRIT method is used to estimate the carrier phase
in the second step. Consequently, positioning based on such
a system can be robust in multipath conditions and also takes
advantage of the small wavelength of the central carrier.

A. STEP 1: ESPRIT-BASED TIME DELAY ESTIMATION
Here we consider a P-path multipath channel in a non-static
scenario as defined in (12). The channel response on each
subcarrier can be estimated based on the received phasor
(13), as long as the data modulated on each subcarrier (e.g.,
long training symbol) is known at the receiver [25]. Initially,
we can use all subcarriers for ranging and positioning, but we
can also only use some pilots such as comb-type pilots. In this
section, we useNp comb-type pilots with a spacing of1p as a
general case. When 1p = 1, then all subcarriers are used for
ranging. The channel response estimated from the k-th pilot
subcarrier is given as

Hk,l = Rk,l,mp/ck,l
k ∈ [−Np/2,−Np/2+ 1, . . . ,Np/2− 1]1p (14)

Then, the observation model of a non-static receiver for
the l-th symbol is given by

H l = A(τ1,l, τ2,l, . . . , τP,l)xl + n, (15)

where the underscore (·) denotes a random variable, H l is
defined as[

H−Np/2,l . . . HNp/2−2,l HNp/2−1,l

]T
,

where (·)T denotes the transpose operator, τp,l denotes the
propagation delay of the p-th path for the l-th symbol, which
can vary from symbol to symbol. In addition, theNp×1 vector
n contains the additive white Gaussian noise on each ranging
pilot subcarrier, and the p-th column of the Np × P matrix
A(τ1,l, τ2,l, . . . , τP,l) can be written as

exp
(
−j(2π f−Np/2τ

′
p + ϕ

(p)
−Np/2,l

)
)

exp
(
−j(2π f−Np/2+1τ

′
p + ϕ

(p)
−Np/2+1,l

)
)

...

exp
(
−j(2π fNp/2−1τ

′
p + ϕ

(p)
Np/2−1,l

)
)

 ,

in which the frequency of the k-th pilot subcarrier is
written as

fk = k1p1f ,
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τ ′p denotes the initial delay of the p-th path (cf. (3)).
In addition, the p-th element of the P × 1 vector xp is

αp exp
(
−j(2π fcτ ′p + ϕ

(p)
c,l )
)
, and

ϕ
(p)
k,l = 2π f (p)D,k,l(Ng + N/2)Ts + φ

(p)
D,k,l−1,

ϕ
(p)
c,l = 2π f (p)D,c,l(Ng + N/2)Ts + φ

(p)
D,c,l−1,

where f (p)D,k,l and f
(p)
D,c,l denote the Doppler frequency shifts

of the p-th path in the l-th symbol on the k-th pilot sub-
carrier fk , and on the central carrier fc, respectively. Unlike
(8), φ(p)D,k,l−1 is now defined as the cumulative Doppler phase
from the previous l − 1 symbols on the k-th pilot subcarrier,
and φ(p)D,c,l−1 is defined as the cumulative Doppler phase on
the central carrier.

Generally, f (p)D,k,l is much smaller than f (p)D,c,l , and its change
over a certain number of symbols can be neglected, thus,
we can assume that all subcarriers suffer from approximately
the same Doppler shift. As also stated in section II. A, we can
assume the propagation delay is constant across L symbols.
Hence, we can assume that the design matrix A in (15) is
approximately invariant over a reasonable amount of OFDM
symbols, as long as the multipath profile and the positioning
geometry do not change dramatically. Over a reasonable
amount of OFDM symbols, the observation model (15) can
be simplified as

H l ≈ A(τ1, τ2, . . . , τP)xl + n. (16)

in which the symbol index l is removed in the design matrix
A, but still remains in the observation H l and the unknown
complex gain xl .

In order to implement the subspace method, the sample
covariance matrix can be constructed from multiple OFDM
symbols [12] as follows

Q =
L∑
l=1

H lH
H
l , (17)

where (·)H denotes the Hermitian transpose, L indicates the
number of OFDM symbols, in which the design matrix A
is assumed to be quasi-static as in (16). It is also worth to
mention that given a finite duration of the observation (e.g.,
a single OFDM symbol), a snap-shot measurement can be
reshaped into a Hankel matrix [13], then the sample covari-
ance matrix can be derived based on the forward-backward
approach [13], [26].

To describe the column span of matrixAwith rankP shown
in (16), a singular value decomposition of A can be used
as [27]

A = Us6sVH
s ,

where Us contains P orthonormal columns which span the
column space of A, 6s denotes a P×P diagonal matrix con-
taining the nonzero singular values of A, and Vs denotes a
P×P unitary matrix.

In practice, matrix A is unknown, thus the subspace basis
is derived from the SVD of the sample covariance matrix
(17). In addition, using minimum description length (MDL)
criteria [28], the number of paths P can be determined.
In order to implement the ESPRIT method, we should find

a rotation invariant matrix. In this case, since Np comb-type
pilot subcarriers are used for ranging, and the spacing is the
same across all pilots (i.e., 1p1f ). Hence we can select the
first Np − 1 rows A defined as A(1), also let the last Np − 1
rows of A be denoted as A(2), and further have

A(2) = A(1)2

where 2 denotes the rotation invariant matrix of A, which is
a diagonal matrix and can be written as

2 = diag([exp(−j2π1p1f τ1), . . . ,

exp(−j2π1p1f τP−1)), exp(−j2π1p1f τP)]). (18)

Hence, there should be a P×P invertible projection matrix
T that maps one basis to the other, thus we have

U (1)
s = A(1)T , U (2)

s = A(2)T = A(1)2T , (19)

whereU (1)
s andU (2)

s , respectively, denote the firstNp−1 rows
of A and the last Np − 1 rows of Us. Based on (19), we have

U (2)
s = U (1)

s

(
T−12T

)
. (20)

Hence, the solution of (20) can be derived based on a total
least squares (TLS)-LS algorithm [27] as(

U (1)
s

H
U (1)
s

)−1
U (1)
s

H
U (2)
s︸ ︷︷ ︸

D

= T−12T , (21)

which indicates that the eigenvalues of the matrix D will be
the diagonal elements of the rotational invariant matrix 2.
Then, the propagation time delays of each path can be derived
from the phases of the eigenvalues.

The rotational invariant matrix 2 is related to the column
space of A, so the central frequency fc is captured in P-vector
xl instead. Therefore, the phase of the diagonal elements in2
are determined by the propagation delay and the pilot spacing
(i.e., 1p1f ) which is much smaller than the actual central
carrier frequency fc. Consequently, the performance of the
solution only relies on the spacing of the pilot sub-carriers
1p1f instead of the central carrier frequency fc.

For an OFDM system with 64 sub-carriers and a 10 MHz
bandwidth, the spacing 1f is 156.25 kHz in (18). When all
subcarriers are allocated as pilots (i.e., Np = N = 64,
1p = 1), and the propagation delay of each path is less than
the period 1/1f , which is equivalent to 1920 m in distance,
we can derive the propagation delay unambiguously from the
phase. Similarly, if we only use Np = 16 comb-type pilots
with 1p = 4 for positioning, we can unambiguously deter-
mine the propagation delay when the propagation distance is
less than 480m. Therefore, as long as the propagation delay is
less than 1/(1p1f ), no phase cycle ambiguity problem will
be encountered in the ESPRIT method.
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B. STEP 2: LOS CARRIER PHASE ESTIMATION
Now, the design matrix A in (16) can be constructed based on
the time delays derived from the ESPRITmethod. To simplify
the notation, the symbol index l is omitted here, but it will be
introduced again in section IV. The complex gain x in every
OFDM symbol, which contains the carrier phase information,
can be computed based on least-squares estimation (LSE) as
follows

x̂ = (AH(τ̂ 1, τ̂ 2, . . . τ̂P)A(τ̂ 1, τ̂ 2, . . . τ̂P))
−1

AH(τ̂ 1, τ̂ 2, . . . τ̂P)H . (22)

In practice, if subcarriers experience different fading (i.e.,
have different SNR), best linear unbiased estimation (BLUE)
instead of unweighted-LSE should be applied.

Since we assume that the propagation delay of the LoS
path always has the smallest value among all estimated time
delays, we can simply compute the LoS carrier phase from
the first component of x denoted as x

8 = arg(x̂). (23)

In (22), the design matrix A is constructed based on the
propagation delay of each path to estimate the complex gain
x. However, it may not be necessary to fully retrieve the
entire channel. Here, we only consider a 2-path channel as
an example to illustrate the impact of the design matrix A on
carrier phase estimation, but this can be easily extended to a
channel that contains more than two paths. Initially, we use all
subcarriers for phase estimation. Alternatively, we can also
use only a few pilots to estimate the carrier phase, as long
as we can still estimate the most significant reflections in a
multipath channel and reconstruct the designmatrixA in (22).
First, we analyze the estimators’ variance matrix in (22)

based on Np comb-type pilots, which is computed as follows(
AH(τ̂ 1, τ̂ 2)A(τ̂ 1, τ̂ 2)

)−1
=

1
Np

[
T (0) T (τ̂ 2,1)

T (τ̂ 2,1)
∗ T (0)

]−1
=

1

Np
(
|T (0)|2 − |T (τ̂ 2,1)|2

) [ T (0) −T (τ̂ 2,1)
∗

−T (τ̂ 2,1) T (0)

]
,

(24)

where (·)∗ stands for the complex conjugate operation, | · |
denotes the modulus operator, τ2,1 denotes the relative delay
defined as

τ2,1 = τ2 − τ1,

|T (·)| stands for the modulus of the summation of exponential
functions and is given by

|T (x)| =

∣∣∣∣∣∣ 1Np
Np/2−1∑
i=−Np/2

exp
(
−j2π

i1p
NTs

x
)∣∣∣∣∣∣

=
1
Np

∣∣∣∣∣∣
sin
(
2π 1p

NTs
Np
2 x
)

sin
(
2π 1p

NTs
1
2x
)
∣∣∣∣∣∣ , (25)

FIGURE 2. Modulus of the sum of exponential functions shown in (25),
for the FFT size N is 64. Considering a 10 MHz signal bandwidth,
the sampling interval Ts is 10−7s. There are two curves, the blue solid-line
represents the case of using all 64 pilots for carrier phase estimation, and
the red dash-line represents the case of only using Np = 16 comb-type
pilots for estimation.

in which we assume that Np comb-type pilot subcarriers
with a uniform spacing of 1p1f are used for carrier phase
estimation.

Fig. 2 shows the modulus of the summation of exponential
functions for different relative delays τ2,1. Assuming that
all subcarriers are allocated as pilots for positioning (blue
solid line), if the LoS component and the reflection are well
separated (e.g., τ2,1 ≥ 0.8Ts), |T (τ2,1)| in (24) will be much
smaller than one (e.g., |T (τ2,1)| < 0.2). Then, the variance
matrix (24) is approximately diagonal.

On the other hand, if we only use Np = 16 pilot sub-
carriers with1p = 4, another main lobe will be at 16 Ts (see
the read line in Fig.2). Considering a reflection with a relative
delay of 16 Ts, then the variance matrix (25) becomes infinite,
as T (0) = T (16Ts). If the signal bandwidth is 10 MHz,
another main lobe will appear at 1.6 × 10−7 s, which is
equivalent to 480 m in distance. If the relative gain α of this
reflection is less than 0.2, which will happen most of the time
in practice, variance matrix (24) is approximately diagonal.

If there are more than two paths in a multipath channel,
and the LoS is well separated from the reflections (e.g.,
τp,1 ≥ 0.8Ts), the variance matrix derived in (24) can be
approximated by a block diagonal matrix. It indicates that
there is little correlation between the first estimator in (22)
and the others.

In such a condition, the carrier phase can be simply esti-
mated based on the LoS propagation delay or the first column
of the design matrix A denoted as a(τ̂ 1). The complex gain of
the LoS component can be computed as follows

x̂ ≈
1
Np

a(τ̂ 1)
HH

= α1T
(
τ̂ 1 − τ1

)
exp (−j2π fcτ1)

+

P∑
p=2

αpT
(
τ̂ 1 − τp

)
exp

(
−j2π fcτp

)
+
a(τ̂ 1)n
Np

≈ α1 exp(−j2π fcτ1)+
a(τ̂ 1)n
Np

. (26)
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C. TIME SYNCHRONIZATION OFFSET
In reality, due to noise or multipath, we may not achieve a
perfect time synchronization, which offsets the FFT window
for channel estimation and data demodulation. This causes
an extra delay on the received baseband signal. If no negligi-
ble inter-symbol interference occurs, after the FFT, an extra
phase rotation will be present on each subcarrier and also the
channel frequency response. Consequently, the propagation
delay determined by the ESPRIT method will contain a bias
due to a time synchronization offset.

A time synchronization offset, which is denoted as 1τ ,
only causes an extra phase rotation on each subcarrier.
We define the phase rotation matrix 9 by

9 = diag




exp(−j2π f−N/21τ )
exp(−j2π f−N/2+11τ )

...

exp(−j2π fN/2−11τ )


 . (27)

Then, the complex gain in (26) can be rewritten as

x̂ =
1
N
a(τ̂ 1 +1τ )

HH ′

=
1
N
a(τ̂ 1 +1τ )

H9H

=
1
N

(
9a(τ̂ 1)

)H
9H =

1
N
a(τ̂ 1)

HH, (28)

where H ′ is the channel response affected by the time syn-
chronization offset, and can be obtained from (14). Although
a time synchronization offset causes a bias in the propagation
delay determined by the ESPRIT method, its impact can be
fully eliminated in carrier phase estimates as9H9 = I. Since
both the design matrix A and the observations H ′ in (28)
contain this bias, the estimate of unknown gain x can be still
unbiased.

D. PERFORMANCE ANALYSIS
Now, we analyze the impact of using only the first column
of matrix A in (16), denoted by a(τ1), to estimate the carrier
phase, when there is no close-inmultipath.Moreover, without
loss of generality, Np comb-type pilots with a spacing of 1p
are considered in this section. If 1p is set to one, then all
N = Np subcarriers are used for carrier phase estimation.
The random vector of variables n in (15) is assumed to stem

from zero-mean Gaussian noise, thus, the elements in n also
satisfy a zero-mean complex Gaussian distribution [29] and
are identically distributed for each subcarrier, which can be
denoted as [

<{nk}
={nk}

]
∼ N

([
0
0

]
,

[
σ 2
n 0
0 σ 2

n

])
, (29)

where nk denotes the measurement noise on the k-th subcar-
rier, = and < respectively represent the imaginary and real
part of a complex value.

In order to estimate the LoS carrier phase from the complex
gain x as derived in (26), the design matrix must be known.
In our proposed approach, τ1 in (26) is coarsely determined

in the first step, so that the design matrix can be constructed.
For the purpose of clarity, instead of using the notation τ̂ 1,
a random variable δ̂ is introduced here to explicitly denote
the random time delay error,

τ̂ 1 = τ1 + δ̂

However, to simplify the notation, we replace δ̂ by δ in
the following derivation. It is assumed to satisfy a Gaussian
distribution δ ∼ N (δ, σ 2

δ ). The mean value δ may not be
zero, due to a residual multipath error. The time delay error is
caused by multipath and thermal noise. Hence, the time delay
error δ and the noise nk will be correlated.

Consequently, the designmatrix a(τ̂ 1) in (26) including the
time delay error can be written as

a(τ1, δ) =


exp(−j2π f−Np/2(τ1 + δ))
exp(−j2π f−Np/2+1(τ1 + δ))

...

exp(−j2π fNp/2−1(τ1 + δ))

 . (30)

Now, the complex gain x can be computed based on ordinary
(un-weighted) least squares estimation, and is given by

x̂ = (a(τ1, δ)Ha(τ1, δ))−1a(τ1, δ)HH

= α exp(−j2π fcτ1)|T (δ)| exp
(
−jπ1p1f δ

)
+

1
Np

Np/2−1∑
k=−Np/2

exp(j2π fk (τ1 + δ))nk . (31)

The derivation of (31) can be found in Appendix A. If the
error δ is relatively small (e.g., σδ ≤ 0.2 Ts, or at few meter-
level in distance, considering a 10 MHz bandwidth), |Tp(δ)|
can be approximated to one.

The time delay error δ and the noise ni are functionally
dependent in (31), which causes some complexities in error
propagation. As a substitute, for the purpose of the statistical
analysis, we consider the following relation

fy(δ, nk ) ≈ fν(nk ), (32)

where fy and fν denote the PDF of y and ν respectively, which
are replaced by

y=
1
Np

Np/2−1∑
k=−Np/2

exp(j2π fk (τ1 + δ))nk , ν=
1
Np

Np/2−1∑
k=−Np/2

ni.

The validation of the approximation (32) can be found in
Appendix B.

Therefore, for the statistical analysis, equation (31) can be
replaced by

x̂ ≈ α exp(−j2π fcτ1) exp
(
−j2π1p1f

δ

2

)
+ ν

= γ + ν, (33)

where γ denotes the carrier component only perturbed by the
time delay error δ, and ν denotes the error component due to
the noise n.
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First, the distribution of ν can be derived from (29) by
utilizing the linear variance propagation law, and assuming
that the noise on every subcarrier is identically distributed,

[
<{ν}

={ν}

]
∼ N

[00
]
,


σ 2
n

Np
0

0
σ 2
n

Np


 . (34)

In order to compute the phase, the argument of x̂ in (33)
can be derived as

8 = arg

(
=(γ + ν)

<(γ + ν)

)

≈ arg

(
=(γ )

<(γ )

)
+ arg

(
|P⊥γ ν|

|γ | + |Pγ ν|

)
, (35)

where Pγ ν and P⊥γ ν are orthogonal projectors, Pγ ν is pro-

duced by projecting ν onto γ , and P⊥γ ν is generated by
projecting ν along the orthogonal complement of γ . Since

arg

(
=(γ )

<(γ )

)
=

(
−2π fcτ1 − 2π1p1f

δ

2

)
mod (−π, π],

for instance obtained through the arctan, and if the bias term
is much less than 2π (i.e., 1p1f δ2 � 1), then we can have

arg

(
=(γ )

<(γ )

)
=θ≈(−2π fcτ1 mod (−π, π])− 2π1p1f

δ

2
,

and equation (35) can be written as

8 ≈ θ + arg

(
|P⊥γ ν|

|γ | + |Pγ ν|

)
. (36)

Now we can analyze the second term with the argument
function in (36). In order to derive the variance of P⊥γ ν,
we can apply the coordinate transformation[

|Pγ ν|
|P⊥γ ν|

]
=

[
cos(θ ) sin(θ )
− sin(θ ) cos(θ )

] [
<(ν)
=(ν)

]
.

We can observe that it is difficult to derive the variance of
the projection due to the non-linear function of θ in the trans-
formation matrix. However, considering a standard deviation
of the time delay error of σδ ≤ 0.2 Ts and the subcarrier
spacing being 1f = 1/NTs, and all subcarriers being used
for estimation (i.e., 1p = 1), the standard deviation of θ is
about 0.2π/N ≈ 0.01 rad. Thus, we can have the following
approximation[

|Pγ ν|
|P⊥γ ν|

]
≈

[
cos(θ ) sin(θ )
− sin(θ ) cos(θ )

] [
<(ν)
=(ν)

]
, (37)

and

|P⊥γ ν| ≈ − sin(θ )<(ν)+ cos(θ )=(ν). (38)

Moreover, when the SNR is relatively large, and as long as
the time delay error δ is not an integer multiple of the sample

interval (i.e., |Tp(δ)| 6= 0, otherwise the signal will become
zero), then in (36) we have

|ν|2 � |γ |2,

where ν stems from the noise n with zero mean and its vari-
ance is reduced by a factor ofNp. To simplify the denominator
of (36), we can make the approximation

|γ | + |Pγ ν| ≈ |γ | = α.

In addition, since |P⊥γ ν|/|γ | � 1, equation (36) can be
simplified as

8 ≈ θ + arg

(
|P⊥γ ν|

|γ |

)
≈ θ +

|P⊥γ ν|

|γ |

≈ (−2π fcτ1 mod (−π, π])− π1p1f δ

−
sin(θ )
α
<(ν)+

cos(θ )
α
=(ν). (39)

Hence, the variance of the carrier phase estimator can be
derived from the linear variance propagation law [30],

σ 2
8 = FQFT (40)

where F is given by

F =
[
π1p1f , −

sin(θ )
α

,
cos(θ )
α

]
and the variance matrix Q of the random variables in (39) is
written as

Q =

 σ 2
δ σδ<(ν) σδ=(ν)

σ<(ν)δ σ 2
<(ν) 0

σ=(ν)δ 0 σ 2
=(ν)

 .
Since the time delay error also stems from the noise, thus the
covariance σδ<(ν) and σδ=(ν) will not likely be zero. Conse-
quently, the variance σ 2

8 can be derived as

σ 2
8 = (π1p1f )2σ 2

δ − 2π1p1f
sin(θ )
α

σδ<(ν)

+ 2π1p1f
cos(θ )
α

σδ=(ν) +
sin2(θ )
α2

σ 2
<(ν)

+
cos2(θ )
α2

σ 2
=(ν) (41)

However, the variation of the delay propagation error (e.g.,
generally at 10−8 s level) is much smaller than the one of the
noise. Thus, the covariance term should be also much smaller
than the variance of the noise. Consequently,

σδ=(ν), σδ<(ν) � σ 2
<(v)

In addition, we also have

(π1p1f )2 � 2π1p1f ,

and the variance in (41) can be approximated by

σ 2
8 ≈ (π1p1f )2σ 2

δ +
sin2(θ )
α2

σ 2
<(ν) +

cos2(θ )
α2

σ 2
=(ν)

= (π1p1f )2σ 2
δ + σ

2
n /Npα

2 (42)
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In order to further simplify (42), we first define the signal-to-
noise ratio (SNR) of the LoS component. Considering a noise
power in the time domain of 2σ 2, which can be transformed to
the frequency domain based on Parseval’s theorem, the SNR
can be written as

SNRLoS =

1
N

∑
n |rbb[n]|

2

2σ 2 =

1
NNp

∑
k |Rk |

2

2σ 2

=

1
Np

∑
k |Rk |

2

2Nσ 2 =

1
Np

∑
k |Rk |

2

2σ 2
n

, (43)

where Rk denotes the phasor of the received LoS compo-
nent of the k-th subcarrier in the frequency domain. Con-
sidering the gain α of the LoS component, and assuming
that all subcarriers are modulated for instance by BPSK
(i.e., |Rk | = α|ck | = α), then equation (43) can be written
as

SNRLoS =
α2

2σ 2
n
. (44)

Since |P⊥γ ν|/|γ | in (39) can be simplified as a Gaus-
sian distributed variable, the estimated carrier phase approx-
imately satisfies a Gaussian distribution (c.f. Appendix B)
described as follows

8
a
∼ N ((−2π fcτ1 mod (−π, π])− π1p1f δ, σ 2

8);

σ 2
8 ≈ π

21p21f 2σ 2
δ +

1
2NpSNRLoS

. (45)

We notice that even though there is a bias δ in the design
matrix (30), its impact on the carrier phase estimate is rela-
tively limited. For example, δ = 2× 10−8 s (converted into a
distance of about 6 m) only causes a bias of 0.009 rad in the
carrier phase estimate, when there are NP = N = 64 pilot
subcarriers with 1p = 1 in a 10 MHz bandwidth. For
example, in an IEEE 802.11p based system with a central
carrier frequency of 5.9 GHz (i.e., its wavelength is about
0.05 m), the phase bias due to the time delay error can be
converted into 4.9× 10−4 m of distance.

In addition, with increasing power of the noise σ 2
n , the per-

formance of carrier phase estimation will be dominated by the
noise instead of the time delay estimation error. Thus, we can
have the following approximation

σ 2
8 ≈

1
2NpSNRLoS

(46)

IV. CARRIER PHASE-BASED POSITIONING MODEL
Since the carrier phase estimates are ambiguous as shown in
(45), the geometry information can not be directly obtained
from a single estimate. Therefore, in this section, we present a
generic approach to compute positioning solutions only using
the central carrier phase estimated frommultiple time epochs.

A. PHASE AMBIGUITY
In the previous section, we proposed to estimate the central
carrier phase, based on the time delay determined by the
ESPRIT method, and evaluated its performance. However,

the carrier phase estimated from (35) is always from −π to
π , which thus introduces an ambiguity. In addition, if the
bias in the carrier phase estimate introduced by the time
delay estimation error is negligible, the carrier phase can be
approximated as

8 ≈ (−2π fcτ1 mod (−π, π])+
|P⊥γ ν|

|γ |

≈ (−2π fcτ1 mod (−π, π])+ e, (47)

where e denotes the Gaussian noise component with the
variance shown in (45).

Due to the motion of the receiver, the carrier phase is time
variant in practice. Considering a time invariant initial phase
offset ϕ0 as shown in (1), we can rewrite (47), with a discrete
symbol index l,

8l ≈
(
−2π (fcτ ′1 + fD,c,l(Ng + N/2)Ts
+φD,c,l−1)− ϕ0

)
mod (−π,+π ]+ el

= −2π fc
rl
c
− ϕ0 + 2πMl + el, (48)

where

8l = frac
{
−2π fc

rl
c
− ϕ0

}
,

−2πMl = int
{
−2π fc

rl
c
− ϕ0

}
,

8l denotes the fractional part of the actual carrier phase and
Ml denotes the unknown integer phase cycle ambiguity, rl
denotes the geometric distance between the transmitter and
receiver during the l-th symbol, and c denotes the speed of
light.

In fact, the initially unknown carrier phase offset ϕ0
cannot be separated from the integer phase ambiguity Ml
in (48). Without using the double-difference technique as
in GNSS [31], or calibrating this initial phase offset, one
is unable to retrieve the phase ambiguity as an integer
value. Instead, we only estimate the phase ambiguity Mf ,l
as a float/real number, and the observation model (48) is
rewritten as

8l ≈ −2π fc
rl
c
+ 2πMf ,l + el,

Mf ,l = Ml −
ϕ0

2π
. (49)

Fig. 3 illustrates the relation among integer phase ambiguity
Ml , float phase ambiguityMf ,l , the initial phase offset ϕ0 and
the wrapped phase measurements 8l .

B. PHASE UNWRAPPING
In a non-static positioning scenario, the unknown phase ambi-
guity Ml or Mf ,l can be time variant (i.e., depends on l).
Consequently, it will lead to a rank defect in the positioning
model because of too many unknown parameters, which
will be introduced in the following subsection. Alternatively,
we only preserve one initial time-invariant integer carrier
phase ambiguity in the observation model, and absorb the
change of the carrier phase cycle because of the movement
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FIGURE 3. Phase ambiguities and wrapped phase estimates, in which the
horizontal direction indicates the propagation distance in terms of
wavelength of the central carrier frequency λ. 8l=0 indicates the carrier
phase estimate at the first epoch, which is ambiguous and contains only
the fractional part of the physical carrier phase. 8l denotes the
ambiguous carrier phase estimate from the l -th symbol. Mf ,l and Ml
indicate the float and integer carrier phase cycle ambiguity, respectively.

FIGURE 4. Phase ambiguities and unwrapped phase 8̃, in which only the
initial phase ambiguity M (or Mf ) is preserved.

of the receiver into the observations, namely by unwrapping
a sequence of carrier phase estimates. This can be achieved
by detecting phase jumps. When the phase estimation error is
relatively small, we can simply compute differences between
consecutive phase estimates and compare with a phase jump
threshold, and determine whether a jump has occurred or not.
Alternatively, the jump of the carrier phase cycle due to a
change of positioning geometry can be estimated based on
the integer least-squares estimation method [32]. Afterwards,
the unwrapped phase estimate in the l-th OFDM symbol can
be derived from (49) and be given as follows

8̃l ≈ −2π fc
rl
c
+ 2πM − ϕ0 + el

= −2π fc
rl
c
+ 2πMf + el, (50)

where 8̃ denotes the unwrapped carrier phase estimate from
(48). Thus, the symbol index l is removed from the unknown
phase ambiguity in (50). M and Mf denote a time-invariant
initial integer carrier phase ambiguity, and a time-invariant
initial float carrier phase ambiguity, respectively. Similarly,
the relation among the initial integer phase ambiguity M ,
the float ambiguity Mf , the initial phase offset ϕ0 and
unwrapped carrier phase estimates 8̃ is illustrated in Fig.4.

C. POSITIONING MODEL
In order to compute position solutions, we have to estimate
the carrier phase from multiple transmitters. However, within
a single epoch of observations, the phase estimate from
each transmitter carries its own unknown ambiguity, and one

is unable to obtain a unique position solution. Therefore,
we also need to stack a series of unwrapped carrier phase esti-
mates, in which the unknown initial carrier phase ambiguities
are constant over the observation period.

In general, let the unwrapped carrier phase estimate of the
l-th symbol belong to the time epoch tl . Then, the positioning
model based on m transmitters can be given as follows,

8̃
1(t1) = −2π fcr1(t1)/c+ 2πM1

f + e
1(t1)

8̃
2(t1) = −2π fcr2(t1)/c+ 2πM2

f + e
2(t1)

...

8̃
m(t1) = −2π fcrm(t1)/c+ 2πMm

f + e
m(t1)

8̃
1(t2) = −2π fcr1(t2)/c+ 2πM1

f + e
1(t2)

8̃
2(t2) = −2π fcr2(t2)/c+ 2πM2

f + e
2(t2)

...

8̃
m(t2) = −2π fcrm(t2)/c+ 2πMm

f + e
m(t2)

...

8̃
1(tl) = −2π fcr1(tl)/c+ 2πM1

f + e
1(tm)

8̃
2(tl) = −2π fcr2(tl)/c+ 2πM2

f + e
2(tm)

...

8̃
m(tl) = −2π fcrm(tl)/c+ 2πMm

f + e
m(tm), (51)

where 8̃m(tl) denotes the unwrapped carrier phase estimate
from the m-th transmitter at time epoch tl , Mm

f denotes the
unknown initial float carrier phase ambiguity for the m-th
transmitter. In a 2D positioning geometry, solving the posi-
tioning model (51) requires at least m = 4 transmitters and
l = 2 time epochs. The positioning geometry should change
over these two observation epochs (i.e., the receiver should
move), otherwise, it is still impossible to compute position
solutions due to a matrix rank defect as we will see with (54),
as shown at the bottom of the next page.

Given a fixed bandwidth, all transmitters can transmit
ranging signals in time division multiplexing (TDM) to
avoid interference. Alternatively, considering time efficiency,
by means of orthogonal frequency division multiplexing
access (OFDMA), each transmitter can occupy orthogo-
nalized Np comb-type pilots with a spacing of 1p1f as
shown in Fig. 5. So the signal spectra for the transmit-
ters are orthogonal. Furthermore, in small positioning area
(e.g., 300 m × 300 m), the signal from different transmitters
will not experience a significant difference on the propaga-
tion time delay (e.g., less than 1 µs). The transmitters can
periodically transmit pilot signals for positioning within a
certain time interval. In this paper, we focus on carrier phase
based positioning with OFDM signals, an efficient embed-
ding in an OFDM communication signal is subject to further
research.

For the ease of notation, here we consider the minimum
requirement to solve positioning model (51). Thus, using
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FIGURE 5. Frequency division multiplexing for multiple transmitters;
different transmitters occupy different pilot subcarriers along the
horizontal axis (in the example use 1p = 4).

phase estimates at two time epochs t1 and t2 from four trans-
mitters. In a 2D positioning scenario, the geometric distance
between the m-th transmitter and the receiver at time t1 is

rm(t1) =
√
(xm − a(t1))2 − (ym − b(t1))2, (52)

where xm and ym denote the known coordinates of the m-th
transmitter, a(·) and b(·) denote the actual coordinates of the
receiver at the indicated time.

Equation (51) presents a nonlinear least-squares estima-
tion problem, which can be solved, for instance, by the
Gauss-Newton iteration method [30]. Applying a Taylor
series expansion to (52) and ignoring the higher order terms,
the positioning model (51) can be rewritten in the following
form

y = Apx+ e. (53)

As we can see, in a static scenario or if the positioning
geometry does not experience a significant change over the
observation period, the design matrix (54) will be rank defect
or ill-conditioned. Therefore, positioning only based on the
carrier phase estimates requires a change of geometry.

The unknown parameters in vector x and themeasurements
in vector y in (53) can be respectively described as

x =
[
a(t1)− a0(t1) b(t1)− a0(t1) a(t2)− a0(t2)

b(t2)− b0(t2) M1
f M2

f M3
f M4

f

]T
,

y =
[
8̃

1(t1) 8̃
2(t1) 8̃

3(t1) 8̃
4(t1)

8̃
1(t2) 8̃

2(t2) 8̃
3(t2) 8̃

4(t2)
]T
,

in which a0(·) and b0(·) denote the initial value (or iteratively
updated value) of the unknown coordinates of the receiver.

The variance of the phase estimate can be derived from the
signal model. Based on (45), for a sufficiently large SNR and
in a moderate multipath condition (e.g., no strong close-in
multipath), the carrier phase estimate approximately satisfies
the following distribution

8̃
m a
∼ N

8̃m, (π1p1f )2σ 2
δ +

1
2NpSNRLoS,m︸ ︷︷ ︸

σ 2
8̃m

 . (55)

where Np stands for the number of pilots, SNRLoS,m stands
for the SNR of the LoS component for the m-th transmitter.
Based on the linearized observation model, we can

solve (53) via the BLUE method [30], and the unknown
estimators can be obtained from

x̂ = (ATpQ
−1
yy Ap)

−1ATpQ
−1
yy y, (56)

where

Qyy = diag
([
σ 2
8̃1 , σ

2
8̃2 , σ

2
8̃3 , σ

2
8̃4 , σ

2
8̃1 , . . . , σ

2
8̃4

])
.

The variance matrix of the least-squares solution can be
derived from

Qx̂x̂ =
(
ATpQ

−1
yy Ap

)−1
.

V. SIMULATION RESULTS
The performance of the proposed carrier phase estimation
method is evaluated in an OFDM-based system with a
10 MHz bandwidth, N = 64 subcarriers and Ng = 16

Ap=−2π



fc
−(x1 − a0(t1))

cr1(t1)
fc
−(y1 − b0(t1))

cr1(t1)
0 0 −1 0 0 0

fc
−(x2 − a0(t1))

cr2(t1)
fc
−(y2 − b0(t1))

cr2(t1)
0 0 0 −1 0 0

fc
−(x3 − a0(t1))

cr3(t1)
fc
−(y3 − b0(t1))

cr3(t1)
0 0 0 0 −1 0

fc
−(x4 − a0(t1))

cr4(t1)
fc
−(y4 − b0(t1))

cr4(t1)
0 0 0 0 0 −1

0 0 fc
−(x1 − a0(t2))

cr1(t2)
fc
−(y1 − b0(t2))

cr1(t2)
−1 0 0 0

0 0 fc
−(x2 − a0(t2))

cr2(t2)
fc
−(y2 − b0(t2))

cr2(t2)
0 −1 0 0

0 0 fc
−(x3 − a0(t2))

cr3(t2)
fc
−(y3 − b0(t2))

cr3(t2)
0 0 −1 0

0 0 fc
−(x4 − a0(t2))

r4(t2)
fc
−(y4 − b0(t2))

cr4(t2)
0 0 0 −1



. (54)
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samples of CP. First we evaluate the performance of carrier
phase estimation in multipath conditions. Afterwards, in a
positioning system containing four transmitters, comb-type
pilots are used in each transmitters to compute positioning
solutions. In addition, the positioning scenario used in the
following simulation is based on Fig. 1.

A. NOISE ANALYSIS: SINGLE-PATH CHANNEL
Since the central carrier phase is estimated based on the delay
of the LoS path, we first analyze the impact of the time
delay error on carrier phase estimation. Thus, we simulate
the channel frequency response H shown in (31) with only a
LoS path, the performance for a multipath condition will be
provided in the following sub-sections.

In a LoS path channel, the observations in (31) are only
perturbed by the complex random noise n. Instead of com-
puting the propagation delay, we simply generate a zero-mean
time delay estimation error δ with a fixed standard deviation
σδ for every OFDM symbol, no matter the SNR. So that the
design matrix for the carrier phase estimation in (26) can be
constructed by a(τ1, δ) shown in (30).

We choose three different noise levels (i.e., SNR = 20,
10 and 0 dB) to evaluate the impact of the time delay error
on carrier phase estimation. The signal bandwidth is assumed
to be 10 MHz, thus the sampling interval Ts is 1 × 10−7 s.
Fig. 6 (a) and (b) show the standard deviation of the carrier
phase (on logarithmic scale) as a function of the standard
deviation of the time delay error σδ for each SNR, when
16 pilots (1p = 4) and all subcarriers (1p = 1) are used
for carrier phase estimation, respectively. Both the theoret-
ical standard deviation as derived from (45), the approxi-
mation (46) and the empirical standard deviation computed
from the simulation data (i.e., 106 OFDM symbols) are
presented.

According to Fig. 6, usingmore pilot subcarriers for carrier
phase estimation improves its accuracy. When the standard
deviation of the time delay estimation error σδ is less than
0.2Ts (i.e., 6 m in distance), the derived standard deviation
is generally in line with the empirical standard deviation.
Especially, with a relatively low SNR (e.g., SNR = 10 dB
or smaller), the phase error is generally close to the square
root of the variance approximated in (46). For a high SNR
(e.g., SNR = 20 dB), the approximated standard deviation
deviates from the empirical standard deviation, because the
phase error is dominated by the error of time delay shown in
(45). The results start to deviate when the time delay error
increases (e.g., σδ > 0.2Ts), which is mainly because the
approximations used in (33) and (36) are no longer valid, and
the random time delay error should be taken into account.

Now, let the propagation delay be determined by the
ESPRIT method based on the channel measurements, and
then estimate the carrier phase. Fig. 7(a) shows the empirical
standard deviation of the ESPRIT-based time delay estima-
tion error as a function of SNR. Since the standard deviation
of the time delay error is far less than 0.2Ts, the carrier
phase estimation error is dominated by the noise. In Fig. 7(b),

FIGURE 6. (a) Using only Np = 16 pilot subcarriers with a spacing of
1p = 4 and (b) using all subcarriers N = Np = 64 with a spacing of
1p = 1 (b), standard deviation of carrier phase estimation error σ8 versus
standard deviation of time delay error σδ (in units of Ts) for three
different SNRs 0, 10, and 20 dB, in which ‘empir.std.’ denotes the
empirical standard deviation computed from the simulation, ‘eriv.std.’
denotes the theoretical standard deviation derived from (45), and
‘appr.std.’ denotes the approximation of the standard deviation in (46).

the empirical standard deviation of the observed carrier phase
is well in line with the derived standard deviation (46).

In order to validate the assumption of the distribution of the
estimators, Fig. 8 presents a histogram of the time delay error
and the carrier phase error from 6 × 104 OFDM symbols.
In Fig. 8(a), the distribution of the time delay error looks
close to a Gaussian shape, and therefore we approximate it
as a Gaussian distribution. In fact, since the variance of the
time delay error is much smaller than that of the thermal
noise, its impact on carrier phase estimation can be even
neglected. Consequently, the carrier phase error, which is
mainly dominated by the Gaussian thermal noise, will satisfy
a Gaussian distribution as well and is shown in Fig. 8(b).

The propagation delay determined by the ESPRIT method
can achieve a (deci-)meter level accuracy in a single path
channel. Based on this time delay, the LoS carrier phase is
accurately estimated in the second step. Although the phase
ambiguity problem is introduced, the phase provides a much
higher time resolution than time delay estimation. For exam-
ple, considering a 5.9 GHz central frequency, a 5 degree phase
uncertainty only causes 0.07 cm of uncertainty in distance.

13022 VOLUME 8, 2020



H. Dun et al.: Positioning in a Multipath Channel Using OFDM Signals With Carrier Phase Tracking

FIGURE 7. (a) Empirical standard deviation of time delay σδ and (b) both
the empirical and derived standard derivation σ8 (46) of carrier phase
estimation versus SNR.

FIGURE 8. (a) histogram of ESPRIT-based time delay error as SNR = 20dB,
(b) histogram of carrier phase estimation error as SNR = 20dB.

B. NOISE ANALYSIS: MULTIPATH CHANNELS
Before we evaluate the performance of carrier phase estima-
tion based on the proposed two-step approach, we investigate

FIGURE 9. Envelope of additional multipath carrier phase error for
different relative gains, in which as a function of relative delay
1τ = τ2 − τ1.

TABLE 1. Tapped-delay-line parameters for vehicular test environment.

the characteristics of the additional multipath phase error
based on (26) in a two-path channel (i.e., direct LoS and one
reflection,P = 2). Given a static receiver and a static channel,
the additional phase error is deterministic and constant. How-
ever, the additional phase error becomes arbitrary in a non-
static positioning scenario. In fact, it is not straightforward to
derive its PDF. Thus in Fig. 9 we only illustrate the envelope
of the additional phase error considering a single reflection
with different relative delays 1τ and relative gain α of the
reflection.

A relatively strong reflection with a small relative delay
can cause a considerable additional multipath phase error,
which is jointly determined by the relative gain α and the term
|T (1τ )| defined in (25). Then, the covariance matrix (24)
cannot be simply assumed to be a diagonal matrix. However,
reflections tend to be well separated from the LoS path in
an outdoor environment, for example in a roadway/highway
scenario. In such a condition, using the proposed approach,
the impact of multipath on carrier phase estimation can be
significantly reduced.

Two different outdoor multipath models shown in Table 1
are introduced to evaluate the proposed two step carrier phase
estimation method. Since we assume that the receiver shown
in Figure 1 is moving with a constant speed of 80 km/h, the
maximum Doppler shift of the channel is about 437 Hz, for a
carrier frequency of 5.9 GHz.

In the ‘Vehicular A’ channel [33], since the relative delays
of all reflections are larger than one sample interval Ts,
all paths can be assumed to be sufficiently well separable.
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FIGURE 10. ‘Vehicular A’ multipath channel with SNR = 20 dB, (a) carrier
phase derived based on phase combination of two symmetrically located
subcarriers (e.g., (+/−12)-th subcarrier) [34]; (b) LoS carrier phase
estimated from proposed two-step approach.

In such a case, the carrier phase can be estimated by means of
the proposed two-step method. Here we use all subcarriers as
pilots for time delay estimation and carrier phase estimation.
For comparison, we also derive the central carrier phase (i.e.,
from the zero-subcarrier) by combining the phase from two
symmetrically located pilot subcarriers (e.g., the (-12)-th and
the 12-th subcarrier) [34]. The carrier phase derived based
on the phase combination from two symmetrically located
subcarriers is shown Fig. 10(a), andwe can notice that the car-
rier phase directly obtained from the combination is largely
perturbed by multipath, especially when the reflections have
relatively large power.

Alternatively, using the proposed two-step LoS carrier
phase estimation approach, the impact of multipath on phase
estimation, as shown in Fig. 10(b), is significantly mitigated.

Fig. 11 shows a histogram of the phase error. When
SNRLoS = 20 dB, the standard deviation of the carrier phase
is σ8 = 4.78 degree, which is different from the value
presented in Fig. 7. The increase is mainly because of the
additional multipath phase error. For example, in the ‘Vehicu-
lar A’ channel, the second path can still cause about 2 degree
of additional phase error. This additional multipath error is
smaller than the one from thermal noise. In such a condition,
the resulting phase estimation error shown in Fig. 11 still
approximately looks like a Gaussian distribution.

On the other hand, in the ‘Highway LoS’ channel [19],
although the average power of the reflections are smaller than

FIGURE 11. Histogram of LoS carrier phase error (σφ = 4.78 degree),
when SNRLoS = 20dB in the ‘Vehicular A’ multipath channel.

FIGURE 12. Histogram of carrier phase error estimated from proposed
method in the ‘Highway LoS’ channel. Because of the large additional
multipath phase error, the distribution of the carrier phase error will no
longer have a Gaussian shape.

the ones in the ‘Vehicular A’ channel, the relative delays are
also much smaller and close to 1Ts. According to Fig. 9,
the additional multipath phase error could be larger than the
multipath phase error in the ‘Vehicular A’ channel. Similarly,
Fig. 12 shows the histogram of the carrier phase error when
SNRLoS = 20 dB. Since the additional multipath error
disperses over an interval that can be even wider than the one
caused by the Gaussian thermal noise, the distribution of the
carrier phase error will no longer be Gaussian. The standard
deviation of the carrier phase error σ8 is about 6.55 degrees
and larger than the value derived from (45).

C. POSITIONING RESULTS
The performance of carrier phase estimation has been ana-
lyzed in the previous sections. In order to compute the
position solution, we let all transmitters and the receiver be
synchronized to the same time and frequency source, and
different transmitters occupy different pilots in the given
bandwidth, as shown in Fig. 5. Thus, the spectra for all trans-
mitters are orthogonal, and each transmitter uses 16 comb-
type pilots (1p = 4) for ranging. Based on the proposed
approach, the unwrapped carrier phase estimates for the
signals from four transmitters in the ‘Vehicular A’ channel
are shown in Fig. 13, when the SNRLoS is 20dB.
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FIGURE 13. Considering the positioning scenario shown in Fig. 1 and the
‘Vehicular A’ channel, unwrapped LoS carrier phase measurements on
signals from four transmitters.

FIGURE 14. Time delay estimation and carrier phase estimation from
OFDM symbols. t1 is kept to the 10-th symbol and t2 is updated every
next 10-th symbol.

Now, the position solution is computed based on the
unwrapped carrier phase measurements, and each time we
only use the measurements from two epochs. For each trans-
mitter, 105 OFDM symbols are generated for positioning.
Although we can estimate the carrier phase in every OFDM
symbol, the transmitter-receiver geometry does not change
significantly over a few number of OFDM symbols. For
example, considering the positioning scenario in Fig. 1,
we first compute the propagation delay based on the ESPRIT
method over every 20 OFDM symbols. Depending on the
velocity of the receiver, the geometry may not experience
a significant change, thus it is not necessary to estimate
the carrier phase in every OFDM symbol. As an example,
we only estimate the carrier phase from every 10-th OFDM
symbol. The estimation process can be conducted as shown
in Fig. 14. In addition, positioning only based on the carrier
phase requires the measurements from multiple time epochs.
The measurement at the first epoch t = t1 is always kept
in (51), then we choose every next 10-th OFDM symbol for
the second epoch t = t2.
Due to the time-invariant initial phase offset ϕ0 in (48),

we do not fix the phase ambiguity as an integer number.
Thus, only a float position solution can be obtained, which
is shown in Fig. 15 as a function of time t2. The carrier phase
based position solution requires a change of the transmitter-
receiver geometry as outlined in section IV-C. At the begin-
ning, the Tx-Rx geometry at t1 and t2 is very similar and
the design matrix Ap in (54) is poorly conditioned. We can
observe from Fig. 15 that the positioning error converges

FIGURE 15. Error of float position solution in x and y direction, when
SNR = 20 dB (c.f. Fig. 1).

FIGURE 16. Error of fixed position solution along the x and y direction,
when SNR = 20dB.

after 5000 (i.e., 500×10) OFDM symbols (i.e., t1 and t2 are
separated by 4 × 10−2 s). Therefore, the root-mean-square
error (RMSE) of the float positioning solution is computed
after the 500-th phase measurement. Then, the RMSE along
the x-direction is 0.17 cm, and the RMSE along the y direction
is 0.54 cm.
Even though an initial carrier phase offset is considered

in (50), if the bias introduced by the time-invariant phase
offset is negligible for the system or can be accepted by users,
we can still fix the phase ambiguity into an integer number.
Using the least-squares ambiguity de-correlation adjustment
(LAMBDA) method [35] and its software package [36],
developed for high precision GNSS positioning, the error of
the fixed positioning solution is shown in Fig. 16. We can
notice that the phase ambiguity can be fixed only after about
150 OFDM symbols (i.e., 1.2 × 10−3 s). In addition, when
the carrier phase ambiguities can be properly fixed to inte-
ger numbers, the system requires less time of convergence,
and the positioning error can be further reduced by at least
one order of magnitude. In such a case, the RMSE along
the x-direction is 5.9 × 10−2 cm and the RMSE along the
y-direction is 2.8× 10−2 cm.
So far we only assume a time invariant carrier phase offset,

it is worth to mention here that if the phase offset becomes
time variant due the sampling frequency offset, and causes
cycle-slips in the observations, the unknown carrier phase
ambiguity may not be constant over the observation period.
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VI. CONCLUSION
In this paper, we investigate the possibility of precise posi-
tioning based on OFDM signals through carrier phase mea-
surements in a time and frequency synchronized system.
In order to mitigate the impact of multipath on carrier
phase estimation, we propose a two-step estimation method.
First, the propagation delay is coarsely determined. Then,
the phase from the central carrier is estimated based on
the propagation delay. Although using only carrier phase
estimates introduces an ambiguity problem in positioning,
it can provide a much higher time resolution and more
precise geometric information than time delay measure-
ments, as long as we can properly unwrap the carrier phase
estimates.

Analysis and simulation results show that the carrier phase
estimation error based on the proposed method seems to
approximately have a Gaussian distribution when the stan-
dard deviation of the time delay error in the first step is
less than 20 ns (i.e., about 6 m in distance). Considering
an SNR of 20 dB, without fixing the phase ambiguities to
integer numbers, the so-called float position solution already
achieves sub-centimetre level accuracy. Based on the system
setup shown in Fig. 1, a change of at least 0.9 m in distance
is required to let the solution converge. In addition, if the
system bias introduced by the time-invariant initial carrier
phase offset is negligible or can be accepted by users, then the
carrier phase ambiguities can be still fixed to integer numbers.
Consequently, by fixing the ambiguities the convergence time
will significantly decrease. Thus, given a relatively narrow
signal bandwidth, carrier phase estimation based on the pro-
posed method offers robust accurate positioning in the indi-
cated multipath condition. Consequently, positioning based
on carrier phase measurement is a promising approach to
achieve high positioning accuracy. Future work will be con-
ducted on an asynchronous system, in which the transmitters
and the receiver will be no longer synchronized by the same
clock. For instance, the sampling clock offset can result in
a time-variant phase error in carrier phase estimation, and
cause difficulties in phase unwrapping and fixing the phase
ambiguity.

APPENDIX
A. PROOF OF (31)
Using comb-type pilots for carrier phase estimation, the sig-
nal has Np pilots with a spacing of 1p. Based on the signal
model shown in (26), the complex gain x can be computed
based on the ordinary (un-weighted) least-squares estimation.
Since

a(τ1, δ)Ha(τ1, δ) = Np,

we can express x̂ as

x̂ = (a(τ1, δ)Ha(τ1, δ))−1a(τ1, δ)HH

=
1
Np

Np/2−1∑
i=−Np/2

exp(j2π fi(τ1 + δ))(Hi + ni)

=
α

Np
exp(−j2π fcτ1) exp

(
−j2π

Np
2
1p1f δ

)

×

Np−1∑
i=0

exp(j2π i1p1f δ)

+
1
Np

Np/2−1∑
i=−Np/2

exp
(
j2π i1p1f (τ1 + δ)

)
ni. (57)

Using

N−1∑
n=0

exp(jnx) =
sin
(
1
2Nx

)
sin
(
1
2x
) exp

(
jx
(N − 1)

2

)
,

(57) can be reduced to

x̂ =
α

Np
exp(−j2π fcτ1)

× exp
(
−jπ1p1f δ

) sin (Np2 2π1p1f δ
)

sin
(
1
22π1p1f δ

)
+

1
Np

Np/2−1∑
i=−Np/2

exp(j2π i1p1f (τ1 + δ))ni. (58)

Then, combined with (25), (58) is further simplified
to (31).

B. VALIDATION OF (32)
In order to validate the approximation of the two PDFs shown
in (32), we first analyse the following equation

rk = nk exp
(
j2π fk (τ1 + δ)

)
, (59)

where nk denotes zero-mean Gaussian noise on the k-
th subcarrier, δ denotes the time delay error, which is
assumed to be normally distributed. Furthermore, we assume
nk and δ to be uncorrelated, and have the following
distributions,[
<{nk}
={nk}

]
∼ N

([
0
0

]
,

[
σ 2
n 0
0 σ 2

n

])
, δ ∼ N (δ, σ 2

δ ).

Since nk in (59) is a complex Gaussian variable, which can
also be written as

nk = ρ exp(jφ), (60)

where the phase φ is uniformly distributed from −π to π .
Now equation (59) can be rewritten as

rk = ρ exp(j(φ + ϕk )), ϕ
k
= 2π fk (τ1 + δ) (61)

where ϕ
k
stands for the phase rotation due to the propagation

delay τ1 and the time delay error δ. Thus, ϕ
k
also satisfies a

normal distribution given by,

ϕ
k
∼ N

(
2π fk (τ1 + δ), 4π2f 2k σ

2
δ

)
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FIGURE 17. Histograms of the phase variables in (62), in which the
vertical axis shows the occurrence in 104 times. The 12-th subcarrier is
used in this simulation (i.e., fk = 12/NTs, N = 64, and Ts = 10−7 s). Since
nk is complex Gaussian noise, φ is uniformly distributed. (a) σδ = 0.1Ts,
(b) σδ = 1Ts and (b) σδ = 3Ts. Since the unwrapped phase $ well spreads
over the interval from −π to π , the wrapped phase ϑ still satisfies a
uniform distribution.

Moreover, since the phase that can be estimated from
rk always varies from −π to π , equation (61) can be
written as

rk = ρ exp(j$ k ) = ρ exp(jϑk )

$ k = φ + ϕk
ϑk = $ k mod (−π, π ]. (62)

In order to analyze the phase ϕ
k
, we can first examine the

phase without the unwrapped phase (i.e., $ k ), which is a
summation of a uniformly distributed variable and a Gaussian

variable. In fact, it is difficult to derive the specific PDF
for $ k , but we can still roughly determine its shape. If the
distribution of $ k has a wide spread, then the wrapped
phase ϑk tends toward a uniform distribution in the interval
of (−π , π ].
Fig. 17 shows the histogram of the phase variables in (62)

for different value of σδ . Because of the complex Gaussian
noise, its phase φ has a uniform distribution. When the stan-
dard deviation of the propagation delay is relatively small
as in Fig 17(a), there will be a plateau in the histogram of
the unwrapped phase $ . Consequently, the wrapped phase
ϑ will still approximately satisfy a uniform distribution.
On the other hand, with an increasing standard deviation
of the time delay estimation δ shown in Fig. 17(b) and (c),
the distribution of $ is mainly dominated by the Gaus-
sian distributed phase error φ instead of the delay error ϕ
(mind the different horizontal scales). In such a case, due
to a relatively large standard deviation of $ , its value can
be well spread over the interval from -π to π . Therefore,
the wrapped phase ϑ can be still approximated by a uniform
distribution.

Then, the PDF of rk can be approximated by the PDF of
the complex Gaussian noise nk in (59). For the purpose of
statistical analysis, it can equivalently be written as

rk = nk exp
(
j2π fk (τ1 + δ)

)
= ρ exp(j$ k )

∼ ρ exp(jφ) = nk (63)
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