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ABSTRACT This study proposed a hybrid optimization model for urban bus transit route network design
problem (TRNDP). Although several mathematical methods had been developed to make the problem
tractable, the methods relied on excessive assumptions, which resulted in over-simplification or idealization
of the problems. In light of these considerations, a multi-level and multi-mode network design method
was introduced in this study. A multi-level network consisted of three levels: skeleton network, arterial
network, and feeder network. The different levels of network were associated with different modes of public
transportation (such as subway, light rail transit, trolleybus, BRT, normal bus, and community branch) based
on the features of bus routes, city sizes, etc. In addition, according to the respective features of urban
transit route network structures, we developed different optimization models for different levels. Finally,
the proposed methodology was applied to case studies of the city of Zhaoyuan in China and the transit
network of Mandl benchmark. The results showed that the total travel time for the proposed method was
significantly lower than that of the competing method, with a 21.51% reduction. In addition, the proposed
method provided 85.23% direct travelers, 14.65% travelers with one transfer, 0.12% travelers with two
transfers, and no unsatisfied demand, which were better than the results from the compared method.

INDEX TERMS Network design, public transportation, multi-objective optimization, hybrid heuristic
methods.

NOMENCLATURE
t actual time cost;
t0 free flow time cost;
α, β BPR parameters;
βi,i+1 safety score, βi,i+1 ∈ [0, 1];
ti,i+1 time cost between node i and i+1;
N number of lanes;
qi,i+1 traffic volume between node i and i+1;
ci,i+1 design traffic capacity between node i and

i+1;
ai,i+1, bi,i+1 safety influence coefficient;
yi,i+1 0-1 variable (whether the nodes i, i+1 are in

the same route);
xki,i+1 0-1 variable (whether the nodes i, i+1 are in

the route k);
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l length of line;
lmax upper bound of the line length;
ψ1 factor of intersection density;
ψ2 factor of speed limit;
ψ3 factor of bus stop density;
ψ4 factor of saturation;
µ0,n coefficients of the above influencing factors;
vi,i+1 free flow speed between node i and i+1;
li,i+1 line length between node i and i+1;
Qij passenger volume between node i and j;
vij free flow speed;
Aij,Bij acceleration and deceleration;
lij line length;
qij traffic volume;
cij design traffic capacity;
Pup number of boarding passengers;
Pdown number of alighting passengers;
Nup number of doors for boarding;
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Ndown number of doors for alighting;
toc additional delay at bus stop;
tup service time for each boarding

passengers;
tdown service time for each alighting

passengers;
fk departure frequency of the kth line;
λa conversion coefficient of transfer time;
Qi,j−1 passenger volume between node i and j-1;
λb conversion coefficient of operation

expense;
λc conversion coefficient of vehicle

emission;
da intersection delay;
hij vehicle emission factor in the road

segments;
ha vehicle emission factor in the

intersections;
Ta signal cycle length;
ga green ratio;
Qk maximum flow in a cross section;
xkij 0-1 variable (whether the nodes i, j are in

the route k);
(ϕk)max upper bound of full-load ratio;
Ck rated load;
βmin lower limit of the safety score;
Ed set of all links entering the intersection;
S upper bound of operation vehicles;
m number of bus lines;
Mmax maximum number of lines;
βij safety score between node i and j;
SI ij severity index between nodes i and j;
(Z1)ij total number of fatal crashes between

node i and j;
(Z2)ij total number of serious injury crashes;
(Z3)ij total number of other injury crashes;
(Z4)ij total number of property-damage-only

crashes;
SI maximum value of all severity indexes

between nodes i and j;
T1 in-vehicle

travel time;
T2 dwell time at bus stop;
T3 passengers’ waiting time;
T4 passengers’ transfer time;
T5 bus operating cost;
T6 vehicle emission cost;
ω1, ω2, . . ., ω6 weight coefficients for the above time

(cost);
d passengers’ walking distance;
xi,i+1 0-1 variable, and is used to judge if there

is overlap of feeder network (xi,i+1 = 0
represents that there is no overlap of
feeder network, and vice versa);

Rs radius of service;
ρ remaining coefficient of pheromone,

ρ ∈ (0, 1);

τij pheromone concentration between node i
and j;

τ ′ij initial pheromone concentration;
D released intensity of pheromone concen-

tration;
puij probability for an ant u crawling from

node i to j;
ϑ ′ relative importance of pheromone con-

centration;
φ′ relative importance of visibility;
Su set of nodes accessible to the ant u;
P̄mj average maximum number of passengers

in period j;
dj capacity of a vehicle (number of seats plus

the maximum allowance standees);
ξj load factor during period j, 0 < ξ j ≤ 1;
Ck rated load (= ξj × dj).

I. INTRODUCTION
A public transportation network is one of the basic com-
ponents of transit system planning. Increasingly, research
scholars focus on the study of public transportation networks,
which can be referred to as the transit route network design
problem (TRNDP) [1]–[3]. As noted by Ceder and Lam [4],
the systematic decision sequence for the bus planning pro-
cess is comprised of five efficient steps: 1) designing the
network of routes; 2) setting frequencies; 3) developing
timetables; 4) scheduling vehicles; and 5) scheduling crews.
This study focused on step 1, i.e. transit route network design
(TRND) [5]. It is the basis of the other four steps.

In early research on TRNDP, several categories of method-
ologies have been identified: manual approach, systems anal-
ysis approach, market analysis project (MAP) approach, and
systems analysis with interactive graphic approach [6], [7].
Recent research has focused on the development and appli-
cation of mathematical methodologies. Compared to the
above methods, the mathematical optimization approach is
capable of producing an optimum system and more reliable
results [8]. For instance, Zhao and Zeng presented a meta-
heuristic method for optimizing transit networks, including
route network design, vehicle headway, and timetable assign-
ment. The results showed that the methodology was capable
of producing improved solutions to real-life transit network
design problems in reasonable amounts of time and com-
puting resources [9]. In a large city, operating a bus transit
service on a route network based on destination-oriented or
point-to-point approach, which considers all possible
routes with the node set, is cumbersome and impractical.
Alternatively, a Hub and Spoke network, which combine
the destination-oriented and direction-oriented approaches,
could be a more efficient choice [10].

In general terms, the mathematical optimization approach
involves three aspects: 1) maximization or minimization
objective functions; 2) feasibility constraints; and 3) solution
methodologies. Maximization or minimization objective
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functions of TRNDP involves the following considera-
tions: direct travelers (zero-transfer) [11]; number of trans-
fers [4], [12]; unsatisfied demand [8]; operator cost [12]–[14];
passenger in-vehicle and out-of-vehicle time [15], [16];
transfer time [17], [18]; and fleet size [19]. The multi-
objective approach is mostly used as it can generate
solutions reflecting tradeoffs among conflicting objectives.
Feasibility constraints usually include: limits on route
lengths [14], [18]; allowable fleet size [12], [14]; operat-
ing frequencies [8], [14], [19]; unsatisfied demand [13];
load factor [13]; number of routes [14]; and percentage of
demand [17], [18]. As for the solution methodology, exist-
ing research demonstrates a variety of methods to formulate
and solve the TRNDP. In general, two types of methods
have been used for the problem: 1) conventional methods
based on analysis [20] and mathematical programming [21];
and 2) heuristic methods based on traditional heuristics and
metaheuristics [22]. As reported [23], the TRNDP is a com-
plex problem and conventional methods cannot be efficiently
applied. Therefore, researchers tended to utilize the heuristic
methods, such as genetic algorithm [24], ant colony optimiza-
tion [25], simulated annealing [26], [27], and tabu search [28].
These methods outperformed the conventional methods with
respect to computation speed and optimization results [29].

Although numerous mathematical methods have been
developed to make the problem tractable, the methods
relied on excessive assumptions, which resulted in over-
simplification or idealization of the problems. For instance,
the transit network design was generally considered from the
perspective of a single level or mode while neglecting the
level and modal interactions, which was not capable of
handling real world design of transit networks [1], [3].
In real-world applications, two-level networks (trunk +
feeder) were commonly used for TRND [30]. However,
urban areas have rapidly increased in size, and various
modes of public transportation are now available on dif-
ferent types of urban roads with different levels of service
(LOSs). Currently, most big cities in China have several
types of public transportation in service, and they also have
different LOSs in terms of speed and capacity. Hence, the
traditional two-level TRND does not meet the needs of cur-
rent situations. In light of this, a multi-level and multi-mode
optimization model is proposed, which divides urban transit
systems into three levels (skeleton network, arterial network,
and feeder network). When properly designed, a multi-level
(especially three-level) transit network can have better per-
formance than a two-level network for saving travel time
and maximizing direct and transfer demand [5], such as in
Rome [15], Winnipeg [12], and Dalian [31]. Compared with
those studies, the objectives and contributions of this study
focus on the following aspects: 1) In previous studies, transit
network design was only considered from the perspective
of multi-level and did not consider modes. In this study,
a different level of network is associated with different modes
of public transportation according to the features of bus
routes, city sizes, etc. (Table 1). For these types of cities, the

TABLE 1. Multi-level and multi-mode transit route network varying by
city size.

multi-level network includes three levels: skeleton network,
arterial network, and feeder network. In this study, a skeleton
network consists of major transit corridors, which connect
the relatively prosperous districts in the city and meet the
demand for direct travelers. Such routes are usually covered
by transportation modes with high capacity and speed such
as subway, light rail transit, and trolleybus [31]. As the main
system to cover the large areas unserved by the skeleton
network, an arterial transit route network provides transit
service between skeleton and feeder networks. Skeleton and
arterial networks together become the backbone of urban
public transportation. A feeder network provides transfer
service for skeleton and arterial networks, penetrates into
dwelling districts, and fills in the gaps of the arterial network
to increase the density of the overall network. Feeder routes
are often provided by normal bus and community branch
transportation modes. They expand the network accessibil-
ity and shorten the walking distance for passengers [31].
2) In previous studies, the design of a multi-level network was
generally developed by a single model, while neglecting the
differences in skeleton, arterial, and feeder networks, such as
transportation demands, route network functions, road condi-
tions, and line length. According to the respective features of
urban transit route network structures, we developed different
models (using different solutions) for different levels.

Based on the three-level network, transit network design
process consists of three sequential steps, as shown
in Figure 1. A set of transit route networks, categorized
by hierarchy, are optimally developed by using differ-
ent objective functions, feasibility constraints, and solution
methodologies.

Recently, several research studies have focused on
the time-dependent accessibility for transportation network
design. Tong et al. developed a space-time prism analysis
framework to address a new urban network design prob-
lem to maximize the system-wide transportation accessibility
between major activity locations, subject to a given high-
way construction budget [32]. Their contributions focused
on incorporating space-time accessibility into network design
models, while neglecting the congestion effect caused by road
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FIGURE 1. Transit network design process using transit trip OD.

capacity constraints. Di et al. studied a new discrete network
design problem for metropolitan areas, in which some con-
cepts, such as the accessible flow and travel time budget
function, were proposed. It is worth mentioning that their
study was actually the first time to investigate the network
design problem in the viewpoint of improving the accessi-
bility of the travel flow [33]. Multi-mode and multi-level
network design problems should be an interesting topic in
their future studies. Chu solved the simultaneous planning
problem of network design and timetabling for urban bus
systems. An innovative mixed-integer programming (MIP)
model was formulated and a parallel branch-and-price-and-
cut (BPC) algorithm was proposed to solve the problem [34].
In its computational study, however, a small size of net-
work (only 26 nodes and 84 links) was introduced to test
the performance of the proposed method. For other urban
transit systems (for instance, urban rail transit network), the
study by Yang et al. investigated a collaborative optimization
for the last train timetable. By using a space-time network
framework, all the involved transportation activities (such as
train space-time travel arcs, passenger travel arcs, and trans-
fer arcs) were well characterized in an extended space-time
network [35]. In our future research, it would be interesting
to study how accessibility-based planning methods could
further influence the results of transit route network design.

II. MODEL FORMULATION
With the expansion of urban areas, various modes of public
transportation are available on different network levels with
different levels of service (LOSs) in terms of speed and
volume. If public transit routes on different levels are opti-
mized and designed using the same standards, the resulting
transit system may have a low level of efficiency. Therefore,
it’s critical to adjust urban transit route network structures
according to their respective features.

A. SKELETON NETWORK
An urban skeleton network consists of major transit corridors
with large passenger demand, meets the demand for direct
travelers. In the design of skeleton transit routes, travel time

and the number of direct passengers should be adopted as
principal elements. Hence, it can be treated as a minimum
cost and maximum flow (MCMF) problem. That is, on the
premise of themaximization of passenger volume, travel time
is minimized. When determining the time cost [36], [37],
a common method is Bureau of Public Road (BPR)
function [38], which can be expressed as:

t = t0

(
1+ α

(
Q
C

)β)
(1)

where t is actual time cost; t0 denotes free flow time cost;
Q represents volume; C is capacity; α and β denote BPR
parameters. On the basis of BPR function, the following three
factors should be included:

1) Road width factor. For skeleton networks, exclusive bus
lanes should be considered to assure fast speed and high
volume requirements; as a result, there’s a constraint to the
road width. To simplify the problem, number of lanes N is
used to represent the road width factor. Some paths should
be excluded: those with road widths narrower than one-way,
two-lane or two-way, four-lane.

2) Safety factor. Many potential hazards exist because of
the complexity of public transportation, such as road condi-
tion, passenger (and driver) condition, and vehicle condition.
Safety plays a particularly important role in TRND. However,
this factor hasn’t received enough attention in existing studies
of transit route network optimization. In order to quantify
safety effects, a safety score is introduced in this research,
which has a negative relationship with traffic crashes.
Normalized transformation is used so that safety score βi,i+1
falls between 0 and 1, i.e., βi,i+1∈ [0, 1]. By statistically
analyzing safety data collected from Beijing, Guangzhou
and other cities in China [39], [40], an approximately
linear or exponential relationship was identified between
traffic volume and safety score depending on the vol-
ume/capacity ratio. Thus, based on BPR function, the actual
time cost between node i and i + 1 can be expressed as

t = ti,i+1

(
1+ ai,i+1

(
qi,i+1
ci,i+1·N

)bi,i+1)
. N is number of lanes;

qi,i+1 represents traffic volume between node i and i + 1;
ci,i+1 represents design traffic capacity between node i and
i+1; ai,i+1, bi,i+1 denote safety influence coefficient. For low
volume/capacity ratio, an approximately linear relationship
was identified between traffic volume and safety score; and
for high volume/capacity ratio, an approximately exponential
relationship was identified [39], [40]:

ai,i+1 =


1
/
βi,i+1 ∀

qi,i+1
ci,i+1 · N

∈ [0, 0.5)

1 ∀
qi,i+1

ci,i+1 · N
∈ [0.5, +∞)

(2)

bi,i+1 =


1 ∀

qi,i+1
ci,i+1 · N

∈ [0, 0.5)

βi,i+1 ∀
qi,i+1

ci,i+1 · N
∈ [0.5, 1)

1
/
βi,i+1 ∀

qi,i+1
ci,i+1 · N

∈ [1, +∞)

(3)
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3) Line length factor. Long lines offer direct connections,
thereby increasing the proportion of direct travelers and
reducing transfers. However, the operational reliability is
often negatively related to the line length, leading to addi-
tional waiting time for passengers [41]. Considering all three
factors, the time cost t is:

t =
∑m

k=1

∑n−1

i=1

1

1− l
/
lmax
· ti,i+1 · yi,i+1 · xki,i+1

·

(
1+ ai,i+1 ·

(
qi,i+1

ci,i+1 · N

)bi,i+1)
(4)

where yi,i+1 is a 0-1 variable (whether the nodes i, i+1 are
in the same route); xki,i+1 is also a 0-1 variable (whether the
nodes i, i+1 are in the route k); l is length of line; lmax denotes
upper bound of the line length. In addition, the estimation
of travel time based on BPR function may be influenced
by many factors. Thus, in this study, we calibrate the BPR
parameters (µ0 = 0.68,µ1 = 2.48) based on intersection
density, speed limit, bus stop density, and saturation, instead
of using the given value (µ0 = 0.15,µ1 = 4). By utilizing
the factors of intersection density (ψ1), speed limit (ψ2), bus
stop density (ψ3), and saturation (ψ4), travel time based on
BPR function is [42]:

ti,i+1=µ0,0+µ0,1ψ1+µ0,2ψ2+· · ·+µ0,n

(
qi,i+1

ci,i+1 · N

)µ1

=
li,i+1
vi,i+1

[
1+ µ0

(
qi,i+1

ci,i+1 · N

)µ1
]

(5)

where vi,i+1 represents free flow speed between node i and
i + 1; li,i+1 denotes line length between node i and i + 1;
µ0,0, µ0,1, µ0,2, · · · , µ0,n represent the coefficients of influ-
encing factors.

Common line problem (i.e., multiple transit lines pass
through the same link or node pair) is an important issue
in transit network design. Assume that there are two routes
through stops i and j, and the time cost between the two stops
along route 1 will be shorter than that along route 2. In this
situation, passengers from stops i to j will all be assigned to
the route section of route 1. However, each route would have
a maximum capacity limitation of the passenger demands
assigned on route 1. Thus, the remaining passengers have to
select route 2. As mentioned above, if the passenger demands
on a certain section have reached or exceeded the maximum
capacity of the route section, the time cost of the section
between stops i and j would be set as very large impedance
to ensure that the subsequent assignments do not select this
section [31].

B. ARTERIAL NETWORK
As the main system to cover the large areas unserved by
the skeleton network, the function of an arterial transit route
network is to provide transit service between the skeleton and
feeder network. Most existing methods for arterial TRND
and optimization are based on an average or fixed travel
time. However, in practice, travel time may be influenced by

various factors, such as traffic volume, vehicle characteristics,
road capacity, and so on. Therefore, all above mentioned
factors should be reflected in the representation of travel time.

In this study, the arterial network is optimized from the
perspective of passengers, operators, and traffic environ-
ment. For passengers, travel time can also be divided into
four parts, which include in-vehicle travel time, dwell time,
waiting time, and transfer time [43]–[45]. Operators and
traffic environment are represented by operation expense and
vehicle emission expense, respectively. The following equa-
tions show the calculation of all factors (time or equivalent
time).

1) Passengers’ in-vehicle travel time. Considering bus
acceleration process in the exit area of stops and decelera-
tion process in the entry area of stops, bus acceleration and
deceleration time should be added into the in-vehicle travel
time, which can be expressed as:

T1 =
∑n

i=1

∑n

j=1
Qij

×


lij
vij

(
1+µ0

(
qij

cij · N

)µ1
)
+

vij

1+µ0

(
qij

cij · N

)µ1
·

(
1

2Aij
+

1
2Bij

)

(6)

where Qij represents passenger volume between node i and
j; vij is free flow speed; Aij,Bij denote acceleration and
deceleration, respectively; lij denotes line length; qij is traffic
volume. It should be noted that traffic volume qij can be set
to 0 for the grade-separated bus lanes and at-grade bus lanes,
because the buses in an exclusive lane will not be disturbed
by other vehicles. cij represents design traffic capacity. In this
study, the capacity is simplified as a constant for the ease of
analysis and presentation. It is shown in the following table
by referring to [46].

TABLE 2. Relationship between design speed and capacity.

2) Passengers’ dwell time at bus stop:

T2=
∑n

i=1

∑n

j=1
Qij

(
max

{
Puptup
Nup

,
Pdowntdown
Ndown

}
+toc

)
(7)

where Pup is number of boarding passengers; Pdown denotes
number of alighting passengers; Nup is number of doors
for boarding; Ndown denotes number of doors for alighting.
According to the field surveys, the additional delay at bus
stop toc can be simplified as a constant, with an average value
of 6.5s if the bus is delayed by other bus vehicles or if it is
difficult to pull out and return to traffic stream from bus stop.
The service time for each passenger tup or tdown is defined
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in the following table. It is important to note that when there
are passengers standing in the vehicle, the boarding time will
increase by 20% [47].

TABLE 3. Passenger boarding and alighting time.

3) Passengers’ waiting time:

T3 =
∑m

k=1

1
2fk

∑n

i=1

∑n

j=1
Qij · xkij (8)

where fk is departure frequency of the kth line.
4) Passengers’ transfer time:

T4 = λa
∑m

k=1

∑n

i=1

∑n

j=2

(
Qi,j−1 · xkij − Qij

)
(9)

where λa denotes conversion coefficient of transfer time;
Qi,j−1 denotes passenger volume between node i and j-1.
5) Bus operating cost:
Bus operating cost:

T5 = λb
∑m

k=1
fk
∑n

i=1

∑n

j=1
lij · xkij (10)

where λb represents conversion coefficient of operation
expense.

6) Vehicle emission cost:

T6=λc
∑m

k=1
fk
∑

a∈E

∑n

i=1

∑n

j=1

(
hij · lij + ha · da

)
(11)

where λc is conversion coefficient of vehicle emission; da is
intersection delay; hij is vehicle emission factor in the road
segments; and ha denotes vehicle emission factor in the inter-
sections. The operating speed could affect the vehicle emis-
sion factor, and further affect the vehicle emission [48], [49].
In this study, we collected HC, CO, and NOx at different
speeds and for vehicle types. The vehicle emission factors in
the road segments and intersections are shown as follows:

The queuing delay at an intersection can be calculated with
the formula proposed by Doherty [50].

da =



Ta
2
(1−ga)2+

1980
cij · ga

−
qij

cij · ga − qij
,

qij
cij ·ga

≤0.95

Ta
2
(1−ga)2 −

198.55 · 3600
cij · ga

+
220·3600qij(
cij ·ga

)2 ,

qij
cij ·ga

>0.95

(12)

where Ta is signal cycle length; ga denotes green ratio.

TABLE 4. (a) Vehicle emission factor for intersections. (b) Vehicle
emission factor for road segments.

Therefore, the arterial TRNDP in this study is analogous to
an optimization problem, i.e., minimizing the time cost under
the constraint of various factors:

min T =
∑6

i=1
ωi · Ti (13)

s.t. fk =
Qk

(ϕk)max · Ck
, ∀k ∈ {1, 2, · · · ,m} (14)

lij=

{
lij, ∀βij≥βmin

∞, ∀βij<βmin
(safety score constraint) (15)∑

a∈Ed
ga=1, ∀Ed⊂E(green ratio constraint) (16)

fmin≤ fk≤ fmax (departure frequency constraint) (17)

lmin≤ l≤ lmax (line length constraint) (18)

xkij =

{
0, node i, j in the route k
1, other

(19)∑m

k=1
2fk · T1 ≤ S (fleet size constraint) (20)

m ≤ Mmax (maximumnumberofroutesconstraint) (21)

where Qk denotes the maximum flow in a cross section; xkij
is a 0-1 variable (whether the nodes i, j are in the route k);
(ϕk)max is upper bound of full-load ratio; Ck denotes rated
load; βmin is lower limit of the safety score; Ed denotes set
of all links entering the intersection; S is upper bound of
operation vehicles; m represents the number of bus lines;
Mmax denotes the maximum number of lines; βij is safety
score between node i and j. In this study, we employed a
crash severity weighting system to quantify the safety score.
There is general agreement that more severe crashes should
have greater weights in identifying unsafe locations [51].
According to the reference [52], the severity index between
nodes i and j SIij could be computed by Equation (22). Based
on the severity index, the safety score between nodes i and j
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is specified as follows:

SI ij = 3.0 (Z1)ij + 1.8 (Z2)ij + 1.3 (Z3)ij + (Z4)ij (22)

βij = 1−
SI ij
SI

(23)

where (Z1)ij is total number of fatal crashes between node i
and j; (Z2)ij represents total number of serious injury crashes;
(Z3)ij is total number of other injury crashes; (Z4)ij represents
total number of property-damage-only crashes; SI represents
the maximum value of all severity indexes between nodes i
and j; βij is the safety score.
The objective function is to minimize the sum of in-vehicle

travel time, bus dwell time, passengers’ waiting time,
passengers’ transfer time, vehicle emission cost, and bus
operating cost. The first and second terms of the objective
function are the total passenger in-vehicle travel time. The
third and fourth parts are the total passenger out-of-vehicle
travel time. Note that the walking time factor is considered
only in the feeder network model, when passengers access
skeleton/arterial lines using feeder lines. When passengers
directly use skeleton/arterial lines without transferring from
feeder lines, an average of 5 minutes of transfer time per pas-
senger is used based on field surveys. Consequently, walking
time was not used as one of the principal elements in the
skeleton/arterial network design. The last two components
are the costs associated with operations and environment.
ω1, ω2, ω3, ω4, ω5, and ω6 are introduced to reflect tradeoffs
between passengers, operators, and traffic environment.

The first constraint is the safety score, which reflects the
necessity of safe driving. The green ratio constraint guaran-
tees that the sum of green ratios is 1. The third one shows
that the given frequency of service on the proposed bus lines
should not exceed a maximum value. The fourth constraint
is the line length constraint. Long lines can increase the
proportion of direct travelers and reduce transfers. However,
the operational reliability is often negatively related to line
length, which may lead to additional passenger waiting time.
The fifth (fleet size) constraint sets a limit of available public
transportation resources in operation vehicles. The maxi-
mum number of routes reflects the fact that in solving the
TRNDP, transit planners usually set a maximum number of
routes based on fleet size. In practice, the local authority (or
government) is constrained by a limited budget which does
not always allow the implementation of the identified opti-
mal transit network and service design. Similar to previous
studies [12], it is assumed that the constraint is set by the
number of seats (i.e. required capacity satisfying the passen-
ger demand

∑
i Si (Ck)i) for simplicity, instead of monetary

budget.

C. FEEDER NETWORK
A feeder network is intended to meet the demand for internal
trips and provide transfer service for skeleton and arterial
networks. The feeder transit routes penetrate into residential
districts and fill in the gaps of arterial networks to increase
network density. As a result, it expands the accessibility of a

transit network and shortens walking distance for passengers.
Similar to skeleton networks, the model (optimization of
feeder networks) is also a MCMF problem, and is resolved
with the labeling method. In addition to safety factor, walking
time and route overlap factors are considered.

1) WALKING TIME FACTOR
A transit trip may require walking paths from the origin to a
bus stop and from a bus stop to the destination. One task for
TRND is to reduce the walking time (or walking distance)
for passengers and improve the level of accessibility. In this
study, the passengers’ walking distance is no more than twice
of the serving radius.

2) ROUTE OVERLAP FACTOR
The function of a feeder network is to fill the gaps of a transit
route network. To increase the network density, the feeder
network should avoid route overlap. The route overlap is
verified by checking on the similarity of the itinerary of two
different bus lines [27]. Considering safety, walking time, and
route overlap factors, time cost for the feeder network is:

t =
∑m

k=1

∑n−1

i=1

1

1− min
{
1,
[
d
2Rs

]} · ti,i+1 · yi,i+1 · xki,i+1
·

1+ ai,i+1

(
qi,i+1

ci,i+1 · N ·
(
1− xi,i+1

))bi,i+1
 (24)

where d is passengers’ walking distance; xi,i+1 is a 0-1 vari-
able, and is used to judge if there is overlap of feeder network
(xi,i+1 = 0 represents that there is no overlap of feeder
network, and vice versa); Rs denotes the radius of service;
ai,i+1, bi,i+1 denote safety influence coefficient. Similarly,
for low volume/capacity ratio, an approximately linear rela-
tionship was identified between traffic volume and safety
score; and for high volume/capacity ratio, an approximately
exponential relationship was identified:

ai,i+1=


1
/
βi,i+1 ∀

qi,i+1
ci,i+1 · N ·

(
1− xi,i+1

) ∈ [0, 0.5)

1 ∀
qi,i+1

ci,i+1 · N ·
(
1− xi,i+1

) ∈ [0.5, +∞)

(25)

bi,i+1=


1 ∀

qi,i+1
ci,i+1 · N ·

(
1− xi,i+1

) ∈ [0, 0.5)

βi,i+1 ∀
qi,i+1

ci,i+1 · N ·
(
1− xi,i+1

) ∈ [0.5, 1)

1
/
βi,i+1 ∀

qi,i+1
ci,i+1 · N ·

(
1− xi,i+1

) ∈ [1, +∞)

(26)

III. SOLUTION METHODOLOGIES
A. LABELING METHOD FOR SKELETON
AND FEEDER NETWORKS
Let network G = (V , E,C, t), where V is a set of nodes,
E denotes a set of arcs, and C represents capacity of the arcs.
f = {f (e) : e ∈ E} represents a feasible flow in the network.
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If the feasible flow isn’t the maximum flow, there must be
an augmenting chain for f in the network, and there must
be a minimum cost augmenting chain for f . The cost of the
augmenting chain µ can be represented as:

t
(
f ′
)
−t (f )=

∑
µ+

tij
(
f ′ij − fij

)
−

∑
µ−

tij
(
f ′ij−fij

)
(27)

where fij is feasible flow from node i to j; f ′ij represents
adjustment feasible flow; tij denotes time cost. The following
summary details the process of this method:

First, mark starting point of route Vs as (0,Vs, 0) and
mark other nodes as (∞, ?,∞). At this time, Vs is an
unexamined labeled node, and other nodes are unlabeled.
The process by which all unexamined labeled nodes for
γ = r (r = 0, 1, 2, · · · ) are examined is called an iter-
ation. The unexamined labeled nodes Vi are expressed as
(αi, βi, γi), which are called α label, β label and γ label,
respectively. The α label of Vj represents the upper bound
of the shortest path from Vs to Vj; β label represents the
origin of α label; γ label represents path length from Vs to
Vj. If

(
Vi,Vj

)
∈ E , fij < Cij and αi + tij < αj, examine

the label of Vj. Let αj = αi + tij, βj = Vi and γj = γi + 1. If(
Vj,Vi

)
∈ E , fji > 0 and αi−tji < αj, examine the label of Vj.

Let αj = αi−tji, βj = −Vi and γj = γi+1. After that, node Vi
has been labeled and examined, andVj is the unexamined one.
Then go to the next iteration. The process will be repeated
until all nodes are labeled and examined. When all iterations
are finished, α label of destination of route Vt denotes the cost
of the minimum cost augmenting chain from Vs to Vt . With
the reverse tracer method [53], the minimum cost augmenting
chain from Vs to Vt can be found based on β label of Vt .

The following two steps are used to solve the MCMF
problem. For a minimum cost flow f :

Step 1: Find the augmenting chain of minimum cost by
using the labeling method. If all labeled nodes have been
examined, but the node Vt hasn’t been labeled, then the
labeling process is finished. In this case, the minimum cost
flow is the MCMF. If an augmenting chain µ for f from Vs to
Vt can be found, then go to Step 2.
Step 2: Adjustment process. With the reverse tracer

method, the minimum cost augmenting chain can be found
based on β label of Vt . The adjustment amount is:

1 = min
{
min
µ+

(
Cij − fij

)
,min
µ−

(
fij
)}

(28)

f ′ij =


fij +1,

(
Vi,Vj

)
∈ µ+

fij −1,
(
Vi,Vj

)
∈ µ−

fij, other

(29)

The new minimum cost feasible flow f ′ can be represented
as V

(
f ′
)
= V (f )+1. After obtaining the new feasible flow,

remove all labels and re-label the minimum cost flow.

B. HYBRID HEURISTIC APPROACH
FOR ARTERIAL NETWORK
There remains a challenge to be solved. The TRNDP is non-
deterministic polynomial (NP-hard) due to its high complex-
ity [17], [54]. An efficient transit route network consists of a

set of routes that is ‘‘optimal’’ or ‘‘near-optimal’’ under cer-
tain criteria. For NP-hard problems, it is difficult to calculate
the optimal solutions [23], [55]. In this situation, we seek a
feasible solution that fulfills all the constraints, rather than
an accurate optimal solution that is not possible to achieve.
Consequently, the hybrid heuristic approach is introduced to
address the multi-objective optimization problem.

1) ESTABLISH THE SET OF CANDIDATE ROUTES
The set of candidate routes is the solution space for arterial
network design. The process aims to provide a searchable
set of feasible routes for network design. In many situations,
the optimization of a network is influenced by several factors
such as passenger flow demand and actual traffic conditions.
In order to extend the solution space, it’s necessary to con-
sider both the shortest and sub-shortest routes. The following
three steps are used to establish the set of candidate routes:

Step 1: The safety factor is a critical factor in the optimiza-
tion design of a transit route network. So a path with a high
number of traffic crashes and the intersections with severe
potential traffic conflicts should be ruled out. It is noted that,
if an excluded path is essential for resident trips (the results
can be obtained from the resident trip survey), it should be
preserved.

Step 2: As the vital corridors for middle-sized zones,
arterial networks should meet the demand for setting exclu-
sive bus lanes. Those paths with road widths narrower than
one-way, two-lane or two-way, four-lane should be excluded.

Step 3: Find the shortest path based on the shortest
path algorithm and add it into the set of candidate routes.
Corresponding to the shortest paths, all nodes except for the
destination nodes should be chosen once. Two constraints
for seeking shortest paths should be considered: 1) It should
neither be a loop circuit nor coincide with all nodes contained
by the shortest paths; 2) It shouldn’t totally coincide with the
k-1 shortest paths.

2) TRND BASED ON SIMULATED ANNEALING
Following the establishment of candidate routes, a hybrid
method of simulated annealing and artificial ant colony opti-
mization is proposed to handle the TRNDP. Detailed proce-
dures of this method can be summarized as:

Step 1: For each i, j pair (node), the set of passengers’ initial
paths IP is generated with the k-shortest path algorithm. For
each path ip ∈ IP, set h = 1 and the times of selection
nip = 0.
Step 2: The distribution of travel time can be achieved

by analyzing historical data or simulation. It is generally
considered that travel times follow a normal distribution [27],
and generate random number series of travel time T (n)e , e ∈ E .

Step 3: For each i, j pair, calculate the travel time of each
path in IP and record the path with a shortest travel time. If ip
is verified as the shortest path, set nip = nip + 1.
Step 4: If h > h̄, then go to Step 5. Otherwise, set h = h+1

and go back to Step 2. h̄ is the upper bound of the simulation
times.
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Step 5: For each i, j pair, sort the list by the value nip
(high to low) in the set IP, and record the top 10 routes with
highest value of nip into the set of candidate routes CR. The
number of candidate routes will be quite large if excessive
routes are selected for each nodes pair [27], so it is set to 10.
Let H = 1 and define initial temperature as T̄ (1). Choose
three routes from the set CR randomly and record them into
the optional passenger route set OR.
Step 6: Based on the CR, apply the artificial ant colony

optimization mechanism to assign passengers’ flow. In the
initial state, the pheromone intensity of each link is uniform.
The single ant colony is divided into several sequential and
mutually independent sub-colonies so as to assign them into
the multiprocessors. In the first processor, ants can only use
local network information and search the route depending
mostly on the distances or randomly from their current spots
to the next which has not yet been visited. When solutions are
constructed, the global optimum is computed and broadcasted
to all the processors in information exchange. Then, every
processor updates the pheromone information based on the
global optimum [56]. The function of updating pheromone
can be expressed as:

τij = ρτ
′
ij +

∑U

u=1

(
D
/
l
)
, ∀u ∈ (i, j) (30)

where ρ is remaining coefficient of pheromone, ρ ∈ (0, 1);
τij denotes pheromone concentration between node i and j; τ ′ij
represents initial pheromone concentration; D represents the
released intensity of pheromone concentration.

At the beginning, the ants can only follow some local
information. Once some ants have constructed solutions,
pheromone information is built. The paths with higher
pheromone concentration will attract more ants. In addition,
the pheromone concentration decreases as time progress. The
probability for an ant u crawling from node i to j is:

puij =
τϑ
′

ij

(
1/tij

)φ′∑
S∈Su τ

ϑ ′

is (1/tis)
φ′

(31)

where ϑ ′ denotes relative importance of pheromone concen-
tration; φ′ is relative importance of visibility; and Su denotes
set of nodes accessible to the ant u. Calculate the passenger
volume of route k and its departure frequency f (1)k . f (1)k can
be applied to calculate the corresponding objective function,
denoted by Z (1).
Step 7: If T̄ (H) < T̄min, then stop and output the results.

T̄min is the lower limit of the given temperature. Otherwise,
set T̄ (H+1) = ηT̄ (H), 0 < η < 1. This formula is applied to
control the iteration times. Let H = H + 1.

Step 8: Based on CR, randomly generateOR(H) and assign
the passengers’ flow. Then f (H)k and Z (H) can be calculated.

Step 9: If Z (H) < Z (H−1), set Z (H) = Z (H), f (H)k = f (H)k .
Otherwise, set Z (H) = Z (H−1) and f (H)k = f (H−1)k , then go
back to Step 7.

Step 10: The present solution can be output as the best
solution if it meets end conditions.

IV. CASE STUDIES
To analyze the efficacy of the proposed algorithm, it is com-
pared to the previous studies using the transit network of
Mandl [57] as a benchmark. In addition, to evaluate whether
the proposed method can solve real world design of tran-
sit networks, an actual size road networks for the city of
Zhaoyuan in China is conducted in this study.

A. MANDL BENCHMARK
The Mandl benchmark, which is also called the Swiss net-
work, is a network of 15 nodes and 21 links that has
been widely cited by researchers [12], [17], [23]. As shown
in Table 5, this network has a total demand of 15,570 total
trips per day. The length of each link in kilometers is shown
in Figure 2 [57].

FIGURE 2. Swiss road network.

FIGURE 3. Optimal transit route network with seven lines using Mandl
benchmark.

Figure 3 shows the results in which the developed proce-
dures result in a transit network of 2 skeleton routes, 2 arterial
routes, and 3 feeder routes. It should be noted that the demand
matrix should be revised after designing the skeleton routes
and arterial routes, respectively.
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TABLE 5. Symmetrical travel demand of the Swiss network.

The proposed method is compared to the studies of
Bagloee and Ceder [12], and Baaj and Mahmassani [17].
In these two competing methods, the former is multi-level
TRND method, and the latter presents an artificial intelli-
gence (AI)-based approach. The results show that the number
of lines byBaaj andMahmassani, Bagloee andCeder, and this
study are 7, 12, and 7, respectively. In addition, the length
of lines by these three methods is 37.0, 59.9, and 38.5 kms,
respectively. By contrast, there are two findings. 1) Compared
with the method by Baaj and Mahmassani: the results indi-
cate that the proposed methodology, with almost the same
number of lines and length of lines as the method by Baaj
and Mahmassani, has better performance for direct travelers,
proportion of transfers, and total travel time. 2) Compared
with the method by Bagloee and Ceder: although the total
travel time of the proposed method is slightly more than that
of the solution by Bagloee and Ceder (only 0.99%, less than
1%), the proposed method results in a significant reduction
in number and length of lines compared with the solution
by Bagloee and Ceder. More number of lines and longer
length of lines mean more budget and input. In addition,
the proposed methodology satisfies a much larger percent-
age of demand without any transfers (87.22%), and has no
‘‘two transfers.’’ Consequently, the proposed methodology
provides the best solution.

B. ZHAOYUAN CASE STUDY
Zhaoyuan is a medium-sized city of Shandong province,
China, with approximately 300,000 residents. Based on the
guidelines in Table 1, we select BRT, normal bus, and
community branch modes for skeleton, arterial, and feeder
network level, respectively. The city’s current road network
consists of 22 traffic zones, 278 nodes, and 482 links.
In addition, the collected data set also includes 29,500 ques-
tionnaires from a resident trip survey (about 10 percent of

TABLE 6. Comparison with other competing methods using Mandl
benchmark.

the total population). The resident trip survey is an effective
measure of identifying indispensable bus lines, which are fil-
tered/deleted from candidate bus lines based on unsatisfying
constraints or conditions. Based on the survey, 209,563 transit
demands in this city were documented in Table 7. We set
different minimum number of travelers of the selected route
during each planning stage, Qmin = 3000 during skeleton
route searching,Qmin = 2000 during arterial route searching,
and Qmin = 1000 during feeder route searching.
The proposed methodologies for the Zhaoyuan case study

are evaluated in two parts. The first one attempts to illustrate
the performance of the proposedmethod as well as the current
situation with a simplified road network, in which each traffic
zone is represented by a node. The second one aims to test
the generality of the proposed method, which is applied to
design real transit routes on the actual-size road network in
Zhaoyuan.

In order to conduct this case study, several parameters
need to be pre-set. In this study, the parameter settings are
mainly based on realistic data, such as the upper bound of
operation vehicles S: It is important to ensure adequate space
to accommodate the maximum number of passengers along
the entire route over a given time period (usually an hour).
According to the peak-load factor concept, the number of

VOLUME 8, 2020 12163



C. Wang et al.: Multi-Objective Optimization and Hybrid Heuristic Approach for Urban Bus Route Network Design

TABLE 7. Symmetrical travel demand of the network in the Zhaoyuan case study.

vehicles required for period j is:

Sj =
P̄mj
ξj · dj

(32)

where P̄mj is the average maximum number of passengers in
period j; dj represents the capacity of a vehicle (number of
seats plus the maximum allowance standees); and ξj is the
load factor during period j, 0 < ξ j ≤ 1. The standard ξj
can be set so that ξj × dj is equal to a desired fraction of
the capacity (e.g. ξj × dj = rated load Ck ) [11]. From the
resident trip survey, 14058 transit demands per hour (max
load) in this study were documented. To ensure that the total
number of passengers doesn’t exceed the total capacity of
lines, the number of vehicles should be set no less than
14058/50≈281. Thus, the upper bound of operation vehicles
is set to 300. Note that long routes increase route cycle time
and the probability of breakdown, while short routes result in
more transfers. In light of this, the minimum and maximum
thresholds of the line length are 6 and 12 km, respectively.
Similarly, the minimum and maximum values of the depar-
ture frequency are set to 4 and 15 buses per hour, respectively.
Besides, it is assumed that weighting values for in-vehicle
travel time, dwell time, waiting time and transfer time is 2,
and for operation expense and vehicle emission expense is
1 based on the principle of emphasizing passengers’ interests.
If an input parameter cannot be calibrated by the realistic
data, it can be determined according to the relevant published
literature. For instance, the conversion coefficient of transfer
time and operation expense λa and λb are equal to 5 min and
1 [27], and relative importance of pheromone concentration

ϑ ′ and visibility φ′ are both set to 0.5 [56]. In addition
to the above parameters, other parameters are set below:
Rs = 500m; Mmax = 15; Ndown(Nup) = 1; λc = 0.1;
ρ = 0.9; τij (initial) = 10; D = 2.
The proposed solution methodologies are applied to

address the network design problemwith the initial parameter
settings. In the skeleton network, theMCMF approach is used

TABLE 8. Optimal bus lines obtained by the proposed solution
methodologies for Zhaoyuan.
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TABLE 9. Examples of route optimization using different methods for Zhaoyuan.

FIGURE 4. Optimal transit network (in accordance with Table 8) for
Zhaoyuan case study.

to find the optimal transit corridors based on transit OD. The
time cost will tend to ∞ if the line length is longer than
12 km. Next, the arterial transit routes are designed based on
the transit trip ODs excluding those assigned on the skeleton
transit routes. A grand total of 325 paths are generated in
the k-shortest path algorithm (k = 10). Then, the optimal
bus lines are chosen during the simulated annealing process.
Lastly, feeder transit routes are designed to serve the rest of
the transit trip ODs with the MCMF method. As a result,
12 bus lines are designed (see Table 8 and Figure 4). It is
noteworthy that there are 4 bus lines on links (9, 10), (10, 12),
(4, 13), (12, 15), and (15, 20). They correspond to passenger
volume, especially the proportion of direct travelers.

The results from the proposed methodology are com-
pared to those from the current situation (existing net-
work). As shown in Figure 5, the proposed method not
only provides a high percentage of direct travelers (85.23%),
but also has lower percentages of ‘‘two transfers’’ and

FIGURE 5. Comparison of demand proportion and total travel time.

unsatisfied demand. In addition, the transit route network
using the proposed method offers a substantially shorter
‘‘total travel time,’’ with a 21.51% reductions as compared
to the current situation.

To better illustrate and compare the performance of the
two methods, the eight heavy OD pairs are selected to design
bus routes. Table 9 presents the enumeration of the two best
selected routes for each OD pair by each method. In the
table, the route in boldface represents the optimal one of the
two selected routes and ‘‘T’’ means transfer. The optimal
routes are chosen based on the travel time and whether or
not transfers are needed. As shown in the table, the optimal
routes by the proposed method do not require transfers for
any of the eight OD pairs, while four of the routes from the
current situation require transfers. In addition, the total travel
time for the eight OD pairs from the proposed method, with a
21.80% reduction, is significantly lower than the competing
case.

The generality of the proposed method is explored to
identify an efficient transit route network on the actual-size
road networks of Zhaoyuan. The design results are shown
in Figure 6, as denoted by different colors. Two skeleton
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FIGURE 6. Designed transit network and the road network in the city of
Zhaoyuan.

transit routes go through the center of the city, and link up the
passenger transportation center, the railway station and the
city center. Compared with the skeleton transit routes, four
arterial and six feeder transit routes have broader coverage.
In particular, the feeder routes reach the communities and
provide better access for residents.

V. CONCLUSION
This study proposed a multi-level and multi-mode optimiza-
tion model to design a transit route network. In this method,
urban transit routes were divided into three levels (skeleton
network, arterial network, and feeder network) based on the
features of bus routes and city size. Different levels of the
network were correlated with different modes of public trans-
portation. For the skeleton and feeder networks, we utilized a
labeling method to solve the MCMF problem. For the arterial
network, a multi-objective optimization method and a hybrid
heuristic approach were developed.

To highlight the efficacy of the proposed algorithm,
it was compared to the studies of Bagloee and Ceder, and
Baaj and Mahmassani using the transit network of Mandl
as a benchmark. The results showed that the proposed
methodology, with almost the same number of lines as the
compared method by Baaj and Mahmassani, had the better
performance for direct travelers, proportion of transfers, and
total travel time. Although the total travel time for the pro-
posed approach was slightly more than that of the solu-
tion by Bagloee and Ceder, the proposed method satisfied a
much larger percentage of demand without any transfers, and
had no two transfers. In addition, the solution by Bagloee
and Ceder proposed more routes and longer lines than our
method. Considering efficiency and economy, the proposed
methodology provided amoderately better solution than other

competing methods. An actual size road networks for the city
of Zhaoyuan in China was also used for comparison. The total
travel time for the proposed routes was significantly lower
than that of the current situation, with a 21.51% reduction as
compared to the current situation case. In addition, the pro-
posed method provided 85.23% direct travelers, 14.65% trav-
elers with one transfer, 0.12% travelers with two transfers
and no unsatisfied demand, which were better than the results
from the current situation case. The results indicated the
proposed method was capable of handling real world design
of transit networks.
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