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ABSTRACT Unlike the phased array (PA) radar that achieves array gain in proportion to the number
of elements, the MIMO radar provides improvement to parameter estimation, target detection, and so
on. Recently, the combination of the PA and MIMO concepts into the Phased MIMO (PMIMO) radar
was proposed with overlapping non-coherent subarrays at the transmitter and an array with non-coherent
elements at the receiver that proved to outperform the more conventional radars. This paper examines the
parameter identifiability, i.e., the maximum number of detectable targets uniquely identified and the detection
performance, i.e., the probabilities of detection and false alarm, of the Full PMIMO radar (FPMIMO), which
is a further generalization of combination of the PA and MIMO concepts that uses overlapping subarrays on
both transmit and receive arrays. The maximum number of resolvable targets on the FPMIMO radar is derived
by the least squares (LS) method and its performance is subsequently evaluated numerically by considering
the magnitude of target reflection coefficient as function of direction angle for comparison against PA, MIMO
and PMIMO radars. Similarly, the derivation of expressions for probabilities of detection and false alarm is
given. In particular, the numerical evaluation is made on the maximum number of resolvable targets with
respect to the impact of the number of subarrays, the total number of elements and the element spacing, while
the detection performance is evaluated based on the effect of threshold, SNR, and the number of subarrays.
The results demonstrate that, being the more general form of multi-antenna radars, the FPMIMO radar is
capable of flexibly trading off the maximum number and the lowest reflection coefficient of identifiable
targets, with the PA, MIMO and PMIMO radars being special cases. The desired compromise can be obtained
by adjusting the number of subarrays on the transmit and the receive arrays. An example of vehicular radar
design that satisfies some mission requirements using the FPMIMO radar concept is also presented.

INDEX TERMS MIMO radar, parameter estimation, phased array radar, probability of detection, target

detection.

I. INTRODUCTION

Multi-antenna radar systems have been known and used in
various applications since 1930s. The most common type is
one with phased array (PA), in which multiple elements are
fed with different phases to obtain a high coherent gain at
a certain direction [1]-[3]. With this advantage, PA radars
have been used for such applications as micro-scale radars
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for biomedical engineering, macro-scale radars on radio-
astronomy, and so on [4], [5]. However, in PA radars the
number of detected targets is limited by the angular and
range resolution. More recently, the multi-input multi-output
(MIMO) radar has become an interesting research sub-
ject [6]-[18]. Unlike the PA radar, the MIMO radar utilizes
many antennas that transmit orthogonal signals to obtain the
signal reflected from the target at the receiver, a scheme
known as waveform diversity [9]. Consequently, MIMO
radars have been successfully applied for radar imaging,
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sonar, aerospace remote sensing, and so on [6]-[8]. How-
ever, the MIMO radar, albeit superior in waveform diversity,
is weak in directional gain [11].

The problems inherent in the PA and MIMO radars are par-
tially solved by the Phased MIMO radar approach (PMIMO),
which exploits the main advantage of the PA radar, i.e., the
coherent gain, and that of the MIMO radar, i.e., the diversity
gain. This is achieved by forming overlapping non-coherent
subarrays (NCS) in the transmit (Tx) array and non-coherent
array (NC) at the receive (Rx) array, thereby forming a MIMO
structure with the overlapping subarrays replacing single
elements at the transmitter [22]-[28]. The purpose of the
subarray as an element in the PMIMO radar is to overcome
the weakness of the element beam in the MIMO radar that
has low directivity, the latter resulting in smaller maximum
target range, larger minimum reflection coefficient and sus-
ceptibility against interference effects. Hence, the PMIMO
radar is designed to operate as a MIMO system with limited
space volumes or, equivalently, higher coherent gain at certain
directions. The overlapped subarrays method also has a main
advantage in minimizing the sidelobe level [20] and can
be implemented with a reduced number of devices such as
amplifiers, variable phase shifters, etc. [21]. The PMIMO
subarrays also have a very low maximum peak sidelobe
level (MPSLL) [22]. Another version of the PMIMO radar
that employs a receiving all-coherent array (AC) has been
investigated in [29].

In the PMIMO radar, transmit subarrays emit orthog-
onal waveforms associated with matched filters (MFs) in
the receive array so that simultaneous multiple beams can
be directed to the same target direction while the received
waveforms can be distinguished by the receiver. Unlike the
PA radar, the PMIMO radar with transmit subarrays as its
“elements’ has a high directional gain in individual subar-
rays, which in this case look at the same direction [29].

In the works on the PMIMO radar in [22]-[29],
the improvement in radar performance factors such as
spatial resolution, parameter identifiability, transmit-receive
(T-R) gain, and signal-to-interference-plus-noise power ratio
(SINR) has been reported. The results of investigations in [29]
have demonstrated how the simultaneous application of over-
lapping subarrays at both the transmitter and the receiver with
equal antenna elements on the T-R arrays improves the T-R
gain and SINR higher than the PMIMO radar performance
observed in [22]—-[28]. With respect to the maximum number
of detected targets on the PMIMO radar, echoes arriving at
the Rx array through beams leading to different targets can
be identified through the use of orthogonal waveforms on the
Tx arrays and MFs in the Rx arrays [30].

A more general form of array radar systems combining the
PA and MIMO concepts has been presented by the authors
in [31] by the name of Full Phased MIMO (FPMIMO). The
FPMIMO radar also serves as a general architecture for multi-
antenna radars that employ overlapped subarrays, which also
encompass the class of PMIMO radars [31]. Generally in the
FPMIMO system employing K transmit antennas arranged
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into M overlapped subarrays and L receive antennas with
N subarrays, the Tx and Rx may cover either the whole @X
and @ complex space, respectively, or only some subspace
of them, i.e., @™ and @V, respectively. The subarrays in Rx
array are also useful to increase the coherent gain even further
relative to the MIMO array. The combination of coherent gain
and diversity gain in the Tx-Rx array is expected to produce
a high T-R gain and SINR, which are proportional to the
enhancement of the maximum number of detected targets.
While the concept and performance of FPMIMO radars have
been reported by the authors in [31], this paper sets the
focus on the radar parameter identifiability and the detection
performance.

This paper also expands the study reported in [13], i.e.
the maximum number of detectable targets especially for
MIMO radars, and the investigation in [15] especially for
MIMO radars with non-overlapping subarrays. The formu-
lation on the maximum number of detectable targets on the
FPMIMO radar has been derived into a generalized expres-
sion of subarrayed MIMO radar by using the least squares
(LS) method [13]. While LS is only one of many estimators
available, since our paper focuses on the structure of the
systems and signals on the radar array and in order to facilitate
comparison with MIMO radar results in [13], we use LS
in our treatment and leave the use of other estimators for
others studies. In addition, expressions for the magnitude
of complex amplitude of the target echo from any direction
are given for various FPMIMO configurations. Such per-
formance indicators as the maximum number of resolvable
targets and probability of detection are studied numerically,
especially with respect to the number of subarrays, the total
number of elements and the element spacing. The results
show the capability of FPMIMO radars in trading off the
number of detectable targets and the maximum range or min-
imum reflection coefficient of the target.

The evaluation on the detection performance in terms of
the probability of detection and the probability of false alarm
reported herein is an extension of study by [32]. These param-
eters are evaluated based on several aspects such as the effect
of threshold value, SNR, and the number of subarrays in Tx
and Rx. Numerical results show the potential of the FPMIMO
radar, which exhibits high flexibility.

A holistic consideration on all performance indicators
shows that the FPMIMO systems are a generic form of the
combination of PA and MIMO where trade off can be made
between the parameter identifiability due to waveform diver-
sity and the maximum range due to coherent gain of the sub-
arrays. With the availability of software-defined radar (SDR)
technology, such trade-off can be done flexibly depending
on given application requirements. In [31], an example of
FPMIMO application for bird radar systems has been given.
Herein we show another example of the FPMIMO applica-
tion, which is a vehicular radar.

Generally, in FPMIMO systems, the Tx and Rx may cover
either the whole transmit and receive spaces or only some
subspace of each of them, depending on the number of
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programmed subarrays. Hence, our paper can also be seen
as a review of multi-antenna radar techniques that combine
the PA and MIMO structures by making use of overlapped
subarrays. Aside from that, the main contributions of this
paper, which have not been reported before, including in [31],
are summarized below:

1) The formulation and the evaluation for the parameter
identifiability in the PA, the PMIMO, and the FPMIMO
radars to determine the maximum number of detectable
targets and the number of elements in a virtual array.

2) The expression and the evaluation of the probabil-
ity of detection, the probability of miss detection,
and the probability of false alarm for the PMIMO
and the FPMIMO radars in determining the detection
performance.

3) While [31] compares different cases of FPMIMO in
terms of T-R gain, SINR, and maximum target range,
this paper describes a more complete view of the flexible
subarrayed MIMO radar system concept as the generic
form of multiple-antenna radar structures that allows
trade-off between different performance criteria, con-
sisting of those mentioned in point 1) and 2) as well as
those reported in [31].

Following this section, Section II reviews the multi-
antenna radar system and signal model, Section III starts with
a review of the parameter identifiability for the MIMO radar
system and proceeds with the extension of the MIMO case
to the more general case of FPMIMO radar and its numerical
evaluation. Section IV begins with a review of the detection
performance for the PA and MIMO radars and proceeds to
discuss the extension of this performance for the FPMIMO
radar and its numerical evalution for various parameter val-
ues. Section V covers the considerations for implementation
and applications. The conclusion is provided in Section VI.

Il. MULTI-ANTENNA RADAR SYSTEM AND SIGNAL
MODEL
A. SYSTEM MODEL
Fig. 1 presents several examples of configurations in the Tx
and Rx arrays for multiple-antenna radar systems. In Fig. 1a,
the PA radar consists of the transmitter of a single AC wave-
form with a high coherent gain while the L elements in
the Rx array operate as independent receivers (NC). Hence,
it is capable of multi-target detection, although the detected
targets are limited because the size of its virtual array (VA)
is L. In Fig. 1b, the MIMO radar transmitting K waveforms
(NC) that are orthogonal to each other provides the wave-
form diversity, while the L elements in the Rx side operate
as independent receivers (NC) making it suitable for multi-
target detection because the VA size is KL. A more specific
explanation about the VA is given in part A of Section III.
The comparison of configurations of Tx and Rx between
the PMIMO radar, i.e., an FPMIMO radar with 1 < M < K
Tx overlapped subarrays and N = L Rx subarrays, and a
generic FPMIMO radar using 1 < M < K Tx subarrays and
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FIGURE 1. lllustrations of FPMIMO arrays on radars: (a) the PA (M =1,
N =L), (b) the MIMO (M = K, N = L), (c) the PMIMO (1 <M <K, N = L),
and (d) another form of FPMIMO (1 <M <K, 1 <N <L).

1 < N < L Rx subarrays are illustrated in Figs. 1c and 1d.
On the PMIMO radar, M overlapped subarrays (NCS) in the
Tx transmit orthogonal waveforms that compromise between
the main advantages of the PA radar (i.e., the directional
gain) and the MIMO (i.e., the waveform diversity), while the
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L elements in the Rx operate as NC receivers so that they can
detect multiple targets because its VA sizeis ML, 1 <M <K,
as presented in Fig. 1c. On the other hand, the FPMIMO radar
in Fig. 1d has M NCS on the Tx array and N NCS on Rx so
that it simultaneously compromises both the gain at Tx and
Rx and the multi-target detection capability. The VA for the
FPMIMO radar is MN.

B. SIGNAL MODEL

Suppose a radar system with co-located uniform linear arrays
(ULAs) has K antennas on the Tx array and L antennas on
the Rx array as in Fig. 1d. The spacing between antenna
elements in the Tx and Rx arrays are dx and dy , respectively.
The transmitted signal is assumed to be narrowband and its
propagation is nondispersive. The Tx and Rx arrays have been
partitioned into M and N overlapping subarrays, respectively.
The number of antenna elements in each subarray is Ky =
K — M+1 for the Tx array and Ly = L — N+1 for the
Rx array. Each subarray acts as a PA, so each one forms a
beam that leads in a certain direction. A beamforming weight
vector is designed to maximize the coherent processing gain
across all subarrays on both sides. The block diagram of the
FPMIMO radar system is given in [31, Fig. 2].

Subarrays on the Tx array emit unique orthogonal wave-
forms simultaneously. The m-th subarray on the Tx array
emits the signal ¢,,(#) where the signal is orthogonal to those
from the other subarrays. Assume that the m-th subarray
consists of K — M+1 < K elements of the Tx array, then the
baseband signal model for the m-th subarray with unit energy
can be expressed by the signal vector ¥ (t) = [¢1(t)p2(t)
om0

The K -element complex envelope vector of the transmitted
baseband signal on the m-th subarray is

sm(t) = VK/Mpu(O)Ws, m=1,2,...M (1

where K/M is the normalizing coefficient of power, which
ensures that the energy sent by the FPMIMO radar in a radar
pulse is equal to K, and w,, is the unit-norm K-element
complex weight vector for the m-th transmit subarray with
K — M+1 beamforming weights corresponding to the active
antenna elements of the m-th subarray. Hence, the number of
non-zero weights in w,, is equal to K — M +1, while the other
M+-1 are zero. Accordingly, the M x K matrix of the subarray
envelopes of the Tx array, i.e. S(t) = [s1(¢) s2(¢) ...sp()]7,
must satisfy the following orthogonal requirement

/ S1)S (t)dt = Tyxm )
Tp

where T), is the pulse repetition interval (PRI).

If the total energy emitted by the K -element transmit array
in one PRI is K, then the energy of signal s,,() on the m-th
subarray in one PRI is

Ey = / st (O)ysm(t)dt = K /M 3)
Tp

VOLUME 8, 2020

Hence, the total energy of M subarrays in one PRI
equals K and the energy per element in a subarray is
K/(M x (K — M+1)).

The signal reflected by a target located at 6 in the far field
with reflection coefficient o (6) is expressed as

M
r(t,0) = VK/Mo(©) Y whan@)e g, ) (4)
m=1

where a,,(6) denotes a K -element transmit steering vector on
the m-th subarray, t,,(6) the relative delay of the first element
of the m-th subarray to the first element of the first subarray
with 7,,(0) = mdg sin(f)/c, where c is the speed of light.

Define the M-element transmit coherent vector ¢(0) and
the transmit diversity vector d(6) as

wiay©®] )
e 2t m®]" (6)

c(0) = [wha(6)
d©) = [e—jZTrfrl ©)

whay(0)
e 2mf 26

then (4) can be simplified into

r(t,6) = VK /Mo (6)(c(®) o d©6))" ¥ (1) @)

where o denotes the Hadamard product.
Assume that there are P targets in the directions of {6, }

with p = 1, ..., P, then the N-element received complex
vector is
P
Yeemmo() = Y r(t, 0)(&(0p) o h(@p) +n(t)  (8)
p=1
or

P
Yremmo() = VK /M > 0,(0,)[g(0) o h(8))]
p=1
[e8p) o d@)" ¥ (1) +n(t)  (9)
with
g(0) = [viby(9)
h¥) = [e*]?”ffl(@)

T
vybv@©)]  (10)
e—72mf N () ]T

(1)

where b,(0) denotes the L-element receive steering vector
on the n-th subarray, v, the L-element unit-norm complex
weight vector of the n-th subarray on the Rx array with the
same definition as w,,, g(6) the N-element receive coherent
vector, h(9) the N-element receive diversity vector, and n(z)
the N -element vector for white zero-mean noise and interfer-
ence. It is worth noting that, unlike (8), the received vector
in (11) of [31] assumes a single target with P interferences.

Furthermore, by using matched filter banks to sep-
arate terms containing orthogonal waveforms {¢;, (1)},
a MN-element vector is obtained

Vb ()
e*j27’[ff2(9)

u=[y[ ¥ .. ]
P
= VK/M ) 0p(0p)e(@,) +n (12)
p=1
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where the time variable ¢ is hidden and
P
ym = VKM Y 0p(6p)e(6)p) +n,
p=1

with the MN-element T-R steering vector
e(0) = (c(9) o d(0)) ® (g(6) o h()) (13)

Notation ® denotes the Kronecker product operator,
op(6p) the radar reflection coefficient of the p-th target and
n the MN-element noise vector including the interference
at the receiver. For the p-th target, 0,(0,) is independent
from other targets and is a white Gaussian process with zero
mean and variance UI? or op(6) ~ CN(O, O’pz) [13]. Tt is
assumed that neither noise nor interference correlates with
the transmitted signal ¢,,(¢).

IIl. PARAMETER IDENTIFIABILITY

A. VIRTUAL ARRAY

The target detection, the angular accuracy, and the maximum
number of detectable targets are strongly dictated by the
VA dimension in MIMO radar systems as reported by [17].
The relationship between the VA size and the maximum
number of detectable targets for the MIMO and the PA radar
has been described by [13]. In a MIMO radar, in which
K elements in the Tx array transmit orthogonal waveforms
and L elements in the Rx array receive echo signals from tar-
gets operating independently, the VA dimension is expressed
as [13], [17]

Mumvo € [K +L —1,KL] (14)

where MyiMo is the integer number of virtual elements. The
interval in (14) can be interpreted as that of the number of
virtual elements from VA with the lower limit Myimvio = (K +
L— 1) occurring when the element spacing in Tx and Rx is
dx = dp = d and the upper limit Nyiivo = KL is achieved
when dx = Ldy, and di = d. Generally, d = 0.5 is chosen
for element spacing to minimize the mutual coupling effect
and to avoid grating lobes in phased arrays [13].

For a PA radar that transmits a coherent waveform having
an echo signal received by L independent elements in Rx,
the number of virtual elements in the VA is [13], [17]

Npa =L (15)

We can extend the above results to the generic FPMIMO
and the PMIMO case as follows. For a FPMIMO radar
with a Tx array that uses M overlapped subarrays to radiate
M orthogonal waveforms and a Rx array consisting of N over-
lapped subarrays as independent receive elements, the num-
ber of virtual elements in the VA is

Nrpmivo € [M +N — 1, MN] (16)

As a special case of the FPMIMO radar, the PMIMO radar
only uses M overlapped subarrays in the Tx array that trans-
mit M orthogonal waveforms. Echo signals from the targets
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are received by L elements in the Rx so that the number of
virtual elements in the VA is

Npmivo € [M + L — 1, ML] 17

The number of virtual elements in the VA for radars
with overlapping subarrays on Tx and/or Rx, referred to
herein as the subarrayed MIMO (SMIMO) radars, such as
the FPMIMO radar, ranges between two extreme configura-
tions, namely the PA and the MIMO radar. That is, ANpy <
Nsvimo < Mvitmo. This is because the SMIMO radar uses
overlapping subarrays, so that the formed waveforms are not
perfectly orthogonal and make the number of virtual elements
in the VA lower than that of the MIMO radar. Howeyver,
applying the concept of the FPMIMO radar as a generic form
for the MIMO radar is beneficial thanks to its flexibility due
to the degrees of freedom (DoF) provided by the numbers
M and N of subarrays in the Tx-Rx arrays. In the case of
the PMIMO radar, the Rx array is fixed with N = L. This
implies that the PA, the MIMO, and the PMIMO radar are
special conditions of the FPMIMO radar i.e., FPMIMO (M =
I,N = L), FPMIMO (M = K, N = L), and FPMIMO
(1 <M <K,N = L), respectively.

B. REVIEW ON MAXIMUM NUMBER OF DETECTED
TARGETS FOR MIMO RADAR

For clarity in discussions that follow, herein we provide a
short review of the performance of MIMO radars in the max-
imum number of detected targets, mostly taken from [13].
Suppose a MIMO radar system with co-located ULAs has
K antennas on the Tx array and L antennas on the Rx
array. The L-element vector of the received signal with target
direction 6, is [13]

P
Yamvio() = 3 0p@)bE)aT @)¥ (1) +n(r)  (18)
p=1

where (-)7 denotes the transpose operator, P the number
of targets, 6, the location of the p-th target, o(9) the
radar reflection coefficient of the target at direction 6,
a (0) = [l e 2mdsin®h  o=2x(K—Ddgsin®@)/MT  he
K-element transmit steering vector at 6, b () =
[le=2mdsin®@)/h = 2n(L—Ddpsin®/MT  the I -element
receive steering vector with a definition similar to a(f),
dg and d, the spacing between antenna elements in the trans-
mit and receive array, respectively, A the carrier wavelength,
Y() = [p1(t)ea(t) ...goK(t)]T a vector of the transmitted
baseband signals from the K transmit antennas in discrete
time with ¢t = 1, 2, ..., Q, and n(¢) the L-element vector
for noise and interference from targets in other locations
uncorrelated with reflections from the P targets.

The spatial spectrum of the target reflection coefficient
magnitude obtained by the least squares (LS) method is
defined as [13]

Zfz b @Ry a*(6)
Ib(©)11% aT (0)Ry ya*(6)

oMmo(0) = 19)
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with
. 0
Ry =(1/0) ) _ Yumo@¥" (@) (20)
N B 0 Hooo
Ryy =1/0)_ v@¥"@=Tcx Q)
where || - || denotes the Euclidean norm, (-)7 the Hermi-

tian transpose operator, (-)* the complex conjugate operator,
ommmo(0) the LS estimation for the radar reflection coeffi-
cient or magnitude of the complex amplitude of the target at
direction 6, and ¢ = 1, 2, ..., Q is the index of data sample.
The number of detectable targets can be identified from the
peaks of the spatial spectrum.

C. MAXIMUM NUMBER OF DETECTED TARGETS FOR
FPMIMO RADAR

The parameters of FPMIMO radar performance such as
T-R gain, SINR, and maximum range have been derived,
with the PMIMO, the MIMO, and the PA radar as special
cases, in [31]. Specifically, the SINR gain on the FPMIMO
radar depending on the number N of Rx subarrays is
(N/LY(L — N+1) times the SINR obtained by the PMIMO
radar, in which N = L.

In [13] it is stated that to determine parameter estimates
such as the maximum number of detectable targets, the SINR
must be infinite so that the noise in the receiver can be ignored
and does not correlate with the transmit signal.

As in the derivation of parameter identifiability of MIMO
radar in [13], the baseband-equivalent signal is received by
the L-element Rx array consisting of N overlapping subarrays
for 6, on the FPMIMO radar as in (9). The parameters to
be estimated from yrpymivo(?) are {cfl!,(Gp)};::1 and {6, }117)=1'
Let n(#) be uncorrelated with ¥ (¢), then the identifiability
property of the first term of (9) is not influenced by the second
term.

The identifiability equation for FPMIMO is extended from
that of MIMO in [13, Eq. (7)] to include the subarrays and can
be given as follows

P
> 5p(6,)g(0)) 0 h(G)1le(E,) 0 dF)T ¥ (1)
p=1 P
= Z 0p(0p)[&(6,) o h(B)][e(6)) 0 dE)) ¥ (1)  (22)
p=1

For the existence of parameter identifiability, (22) shall
have a unique solution for each of 6,(6,) = 0,(6), 6, = 6,,
p = 1,2, ..., P. The assumption is that the M transmitted
waveforms are linearly independent from one another, so that
the following is satisfied:

rank {[¥(1) ¥ ... ¥(Q]}=M, 0=M (23)
Subsequently, (22) can be simplified to

P
> 55(0p)[8(6,) 0 h(@)][e(E,) o d(B,)]"
p=1

P
= Z p(0p)[8(6p) 0 h(B)1[e(B)) 0 dB)IT  (24)
p=1
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or
A5 = Ao (25)
where

o =[a16)  o26h) op®p)]"  (26)
& =[516) &6 slp] @D
o, = [2(6) o h(6,)][c(6)) o d(@,)]” (28)
&, = [8(6)) o h(B,)][c(B)) o d(6,)]" (29)
A=[a; a ... ap] (30)
A=[a & ar]" (31)

The maximum number of detectable targets on the
FPMIMO radar is derived in analogy to that of the MIMO
radar reported in [13, Eq. (22)]. If there are K antennas on
the Tx array that form M overlapping subarrays to transmit
linear independent waveforms and L antennas on the Rx array
that forms N overlapping subarrays with their respective
matched filters for the independent waveforms, sufficient and
necessary conditions for the identification of FPMIMO radar
parameters are

M+N-2 MN+1
+ +> (32)

Ppax, FPMIMO € |: > , >

The range of the maximum number of detectable targets
from the FPMIMO radar in (32) depends on the number of
subarrays in the Tx and Rx arrays (i.e., M and N). Unlike
in the MIMO radar [13], the number of antenna elements in
the Tx and Rx arrays, K and L, does not directly determine
the maximum number of detectable targets on the FPMIMO
radar. The number of each of Tx and Rx subarrays formed on
a FPMIMO radar rangesin 1l < M < Kand1 < N < L,
respectively, with the MIMO radar being a special case of
FPMIMO radars where M = K and N = L. Thus, the actual
value of the maximum number of detectable targets achieved
by the FPMIMO radar having different subarray configura-
tions is lower than the MIMO radar because M < K and
N < L. This is also because when compared to MIMO the
use of overlapping subarrays on T-R arrays in the FPMIMO
radar has a positive effect on the high directional coherent
gain, which is proportional to the high magnitude of complex
amplitude (MCA) of detectable target. The simulation results
of the FPMIMO radar that have been carried out show that
such use of T-R subarrays has the advantage of being able
to balance the MCA between two targets, as required by the
given application [31].

Based on (32) and following the results in [13], the range
of maximum number of detectable targets for the PMIMO
radar, where 1 < M < K and N = L, can also be
derived from the FPMIMO radar. For the PMIMO radar, (32)
becomes

(33)

M+L—-2 ML+1
2 )

Pax, PMIMO € [
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In (33), the maximum number of detectable targets
on the PMIMO radar depends on the number of subarrays
on the Tx array side and the number of antenna elements on
the Rx array side. The number of each of the Tx and Rx
subarrays in PMIMO radaris 1 < M < Kand N = L,
respectively, and hence Ppax pMIMO > Prax, FPMiMo- This
indicates that the use of overlapping subarrays on the Tx
array can control the magnitude of complex amplitude of
detectable target. The Rx array on the PMIMO radar does
not use subarrays, which means a non-coherent array (NC),
so that it maximizes the waveform diversity gain to an extent
limited by the number of Tx subarrays and Rx antennas. The
waveform diversity gain has an impact on the decrease of
the MCA but also implies an increasing number of detectable
targets.

While (32) and (33) are our own findings, the maximum
number of detected targets for PA and MIMO radars as given
in [13, Eq. (25) and (22)] can also be obtained from (32),
those being special conditions of the FPMIMO radar. Thus,
for the FPMIMO radar, the following relationship applies,
Prax, MIMO = Pmax, FPMIMO = Ppax,PA-

D. COMPLEX AMPLITUDE OF TARGET ECHO

It is necessary to estimate o (f) for each target direction 6
from the received vector yppmimo(#). The estimate 6(0) of
o(0) can be used to form spatial spectra, which in turn can
be used to estimate locations of all targets by finding distin-
guishable peaks in it. To obtain the number of detected targets
on the MIMO radar, the LS method used in [13]—-[15] is used
herein against the N -element vector of received signals in (9).
The estimate 6(0) can be obtained when both sides of (9)
are multiplied from the left by the transpose conjugate of
[g(6,)-h(6))] as follows:

[2(9)) o h(0)1" yrpnvmo (1)

P
= VKM 0,(6)lc)) 0 d@) ¥(1)  (34)

p=1

Next, both sides of (34) are multiplied from the right by the
transpose conjugate of [c(Gp)od(é‘p)]Tw(t),

P
> 0p(0,) = VM /KIg(6)) o h@)1 Yepnmio ¥ (1)
p=1

“[e(Bp) 0 d(@p)]"  (35)

Taking the average over all Q snapshots in (35), it can be
obtained

P
E{> 0y
p=1
= VM /K[g(®,) o h(#,)1" Ryy[c(6,) 0 d(@,)]*  (36)

where E{-} denotes the averaging operator and liW =
E{yrpmmvo() ¥ (1)} 1/Q) Z,g:] yepmmo (@ ¥ (g),
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so that parameter o (0) can be estimated by the LS method
as:

GrpmIMO(6)
 VETM Y2, (26) 0 h(0)) Ry (e(6) 0 d(0))
12(0) o h(®)]1% (e(8) o d(@))T Ry y (e(8) o d(8))x
with Ryy = E{y (09" ()} = 11Q) X, ¥ (99" ().
Simplification of the denominator from (37) using (5), (6),
(10), and (11) can be achieved as follows
lg(8) o h(®)[|* = (g(6) o h(9))" (g(8) o h(9))
= N llg@®|* (38)

where the last step results from |[h(6) |2 =N [22].
For the condition where Ryy = Iy xp, it can be obtained

(©(®) 0 d(©) Ry y(c(®) 0 d(©)* = M [[c@]>  (39)
so that (37) simplifies into

6rpMiMo(0) A
VKM Y2, (@) o h©)Ryy (c(®) 0 d(®))*
B MN [lg®)II* lle®)1*

By evaluating (40), the maximum number of detectable tar-
gets for the FPMIMO radar can be obtained.

In the following we obtain y(¢) for various waveform con-
figurations using (9) with the number of subarrays on the Tx
array being 1 < M < K and on the Rx array 1 < N < L.
Among these configurations, only the combination of NC
transmit and NC receive has been studied before, while the
others are the contribution of this paper.

(40)

1) NC TRANSMIT-NC RECEIVE

For the MIMO radar, the configuration consists of a NC Tx
array (M = K) and a NC Rx array (N = L). Therefore
a(0) = 1k x1, d(6) = a(@), b(f) = 111, and h(®) = b(®)
so that the following is obtained,

P
y() = Z ap(6p)b(Ep)a’ (6)¥ (1) + n(1) (41)

p=1

It is observed that y(¢) in (41) is similar to that in [13], [17].

2) NCS TRANSMIT-NC RECEIVE

For the PMIMO radar, the configuration includes a NCS
Tx array (1 < M < K) and a NC Rx array (N = L).
Consequently, d(8) = [a1(0), ..., ay(9)]7, b(6) = 17«1, and
h(6) = b(0) so that it can be obtained:

P
¥() = VK/M Y 0,0,)b(6,)[e(6) 0 d@,)) ¥(0) +n(r)
p=1
(42)

This result is similar to that in [22], the only difference being
the way in which it is written.
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3) AC TRANSMIT-NC RECEIVE

The PA radar configuration consists of AC Tx array (M = 1)
and NC Rx array (N = L), so that ¥ (t) = ¢1(¢), a(6;) = a(0),
d(®) =1,b(0) = 1.«1, and h(9) = b(h). Hence,

P
y(t) = VK Z op(6p) Bb(6p) Y (1) + n(7) (43)
p=1
with 8 = a (9,)a(6)).

The following is the formulation of () using (37) for
various orthogonal waveform configurations with multiple
subarrays on the Tx array, | < M < K, and the Rx array,
1 < N < L. The derivation of &(8) for the PMIMO and
PA radars has never been reported before.

1) NC TRANSMIT-NC RECEIVE

For the MIMO radar configuration with a NC Tx array (M =
K) and a NC Rx array (N = L), we have a(f) = 1g«1,
d®) = a(9), b() = 1.1, and h(f) = b(0) so that it is
obtained

X2 b ORya*0)
Ib©)|1>a” (6)Ry ya*(0)

It can be seen that 6 (@) in (44) is similar to that obtained
in [13].

A

(44)

2) NCS TRANSMIT-NC RECEIVE

The PMIMO radar employs a NCS Tx array (1 < M < K)
and aNC Rx array (N = L), withd(@) =[a1(0), ..., ay ()7,
b(#) = 1.«1, and h(8) = b(9). Therefore,

VETM Y2 b9 )Ry (e(6) o d(0))
IB®)]I? (e(8) 0 d@)T Ryy (e(8) 0 d(®))x

3) AC TRANSMIT-NC RECEIVE

The PA radar uses an AC Tx array (M = 1) and a NC Rx
array (N = L), with ¥ (r) = ¢1(?), a(6)) = a(0), d(9) = 1,
b(6#) = 1,41, and h(68) = b(#). Hence,

VE Y2 b O0)Ryycx ©0)
b))% c(®)c * (©)

From evaluation results for the maximum number of
detected targets with different waveform configurations (for
number of Tx subarrays 1 < M < K and the Rx subarrays 1
< N < L), itis found that the maximum number of detected
targets in the MIMO radar is K times greater than that in the
PA radar with K antennas in the Tx array. This is shown next
in Fig. 6 and Fig. 8 and also in the detailed discussion in part
E of Section III, which is consistent with the results in [13].

(46)

E. PERFORMANCE EVALUATION

In evaluation of the maximum number of detectable targets
for the FPMIMO radar using (37), it is assumed that the
number of antennas in the T-R array is identical, K =
L = 16 elements, while the number of subarrays varies,
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ie., 1 < M < K inthe Tx array and 1 < N < L in the
Rx array. The spacing between antenna elements in the T-R
array is half the carrier wavelength (dx = d;, = 0.51). Noise
is Gaussian with spatial mean of zero and the same variance
in each antenna element, or n(z) ~ CN (0, anleN).

For evaluation of the maximum number of detectable tar-
gets of the MIMO, the PMIMO, and the PA radar, (44)—(46)
are used, respectively. For the PA radar, the number of trans-
mit subarrays is one with 16 elements. In the MIMO radar,
16 antennas produce 16 waveforms that are orthogonal to
each other. In the FPMIMO radar, the number of transmit and
receive subarrays might be different, the optimum values of
which give relatively high T-R gain performance, as partially
indicated in [28] for the PMIMO radar, and proportionally
increasing number of detectable targets. The T-R gain is
determined by the directional coherent gain and waveform
diversity gain. The coherent gain affects the magnitude of
complex amplitude, which is also an equivalent measure of
the maximum target range [31], while the waveform diversity
gain affects the number of detectable targets [22].

1) IMPACT OF THE NUMBER OF SUBARRAYS

The MCA for the PA radar is relatively high because it has
very high directional coherent gain, which also implies a
high maximum target range, relative to the other types of
radar. Another consequence of the high directional coherent
gain is that the minimum reflection coefficient of detectable
targets is the lowest compared to the other types of radar.
This is the opposite of the MIMO radar that has a high
waveform diversity gain, which results in the largest maxi-
mum number of detectable targets. Meanwhile, the FPMIMO
radar as the generic form of subarrayed MIMO radar can
be designed to balance between the maximum number of
detectable targets and the minimum reflection coefficient
magnitude of detectable targets by adjusting the number of
Tx-Rx subarrays (M and N). Thus, the FPMIMO radar is able
to compromise between the advantage of directional coherent
gain to detect small or distant targets and that of waveform
diversity gain to obtain a greater number of detectable targets.

Fig. 2 depicts the performance in MCA that varies with
the number of transmit subarrays M on the FPMIMO radar
with N = 16. MCA decreases with the increasing number
of transmit subarrays M. MCA for the PA radar (M = 1),
the PMIMO radar (M = 8), and the MIMO radar (M = K),
i.e. the MIMO, are 0.91, 0.79, and 0.73, respectively.

The trend of decreasing MCA with the increasing number
of Tx-Rx subarrays, i.e., M and N, occurs on the FPMIMO
radar in general, as shown in Fig. 3. Assuming an FPMIMO
radar with conditions M = 8 and M = 13, the MCA will tend
to decrease if the number of receive subarrays (V) increases.
This shows that the greater value of M means that there will
be as many orthogonal waveforms, which greatly determines
the waveform diversity gain. This gain is also proportional to
the number of detectable targets. Vice versa, if M is small,
it will cause higher directional gain, which also translates to
fewer detectable targets. MCA in both conditions, M = 8
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Magnitude of Complex Amplitude (5(8))

2 4 6 8 10 12 14 16
Number of transmit subarrays, M

FIGURE 2. Magnitude of complex amplitude vs. number of transmit
subarrays on the FPMIMO radar (K =L = 16, N = 16).

Magnitude of Complex Amplitude (5(8))

2 4 6 8 10 12 14 16
Number of receive subarrays, N

FIGURE 3. Magnitude of complex amplitude vs. number of receive
subarrays on the FPMIMO radars with K = L = 16 for M = 8 and M = 13.

and M = 13, equally decreases with the increasing number
of receive subarrays N, where the decrease is greater at
M = 13. This also indicates that the use of 13 transmit
subarrays provides a maximum number of detectable targets
greater than that with 8 subarrays. Also seen from Fig. 3 that
if greater maximum number of detectable targets is desired,
then M and N must be close to the total number of antenna
elements on the T-R array, i.e., K and L.

2) IMPACT OF THE TOTAL NUMBER OF ANTENNAS

In Fig. 4, two configurations with the same odd number
of antennas at the Tx and Rx, K = L, are considered,
namely a PMIMO radar with M transmit subarrays where
M = (K+1)/2 and another case of the FPMIMO radar where
M = (K+1)/2 and N = (L+1)/2. The number of Tx-Rx
antennas are at least K = L = 3 so that overlapping subar-
rays can be formed. This condition is considered because it
will be difficult to detect multiple targets if the number of
Tx-Rx antennas are less 3. The curves of the MCA with
respect to the number of T-R antennas (K = L) exhibit
a similar decreasing trend. The MCA on the FPMIMO
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——— M=(K+1)2,N=(L+1)/2 ==m=+= M=(K+1)/2,N=L(PMIMO)

Magnitude of Complex Amplitude (5(0))
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4 6 8 10 12 14 16

Number of Tx-Rx antennas (K = L)

FIGURE 4. Magnitude of complex amplitude vs. number of Tx-Rx
antennas.

Magnitude of Complex Amplitude (5(8))

80 60 40 20 0 20 40 60 80
Angle, 6 (deg)

FIGURE 5. Magnitude of complex amplitude at § = {—10°, 0°, 10°} with
M=5,N=9and M =9, N =5 on the FPMIMO radar.

configuration with subarrays as many as half of the antennas
is greater than on the PMIMO radar because in the latter the
subarrays literally have only one element each. However, this
also means that there are L waveforms formed in the receive
array of the PMIMO radar, more than (L+1)/2 waveforms
in the former. The more waveforms are formed, the higher
the waveform diversity gain and the maximum number of
detectable targets.

Fig. 5 shows that an identical number of detectable targets
can be achieved by FPMIMO radars with reversed combi-
nations of transmit and receive subarrays, e.g., M = 5,
N = 9withM = 9, N = 5. This also agrees with
results in [21] that the two configurations exhibit equal
performance in T-R gain and SINR. This property allows
flexibility in the design of the FPMIMO radar, especially in
achieving a good compromise between ease of design and its
performance.

3) THE MAXIMUM NUMBER OF RESOLVABLE TARGETS

Table 1 presents the relation between the maximum num-
ber of detectable targets determined by the formulation of
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TABLE 1. Number of detectable targets for the FPMIMO radar with
M=N=4andK=1L =8.

Probability of successful
detection of all targets (%)

100
100
100
90
70
50
20
10
0
0

~

= 000NN AW —

Pqx and the estimation of detectable target &(6). Formula-
tions of Py, for the FPMIMO and the PMIMO are given
in (32)-(33) and for MIMO and the PA are given
in [13, Eq. (22) and (25)], whereas the estimation of
detectable target 6 (0) for the FPMIMO radars is given in (37)
and other radars in (44)—(46). The maximum number of
detectable targets in (32) is supported by the simulation
results of the estimation of detectable target (@) in (37). For
a given number of targets P, multiple tests are carried out
with different target angles. The number of detectable targets
(Pger) 1s subsequently compared with P to obtain the proba-
bility of successful detection of all targets. The probabilities
given in percentage in Table 1 are obtained from the mean of
all tests for each value of P.

Applying (32) results in Py,4x rpvvo = [3, 8]. For P =1,
i.e., a single target, we experiment with ten different target
directions. The test results show that all targets are detected
correctly, i.e., 100% detection. Also, as shown in Table 1, for
P =2,i.e., two targets at two different angles, we also try ten
combinations, and the test results show that all targets are still
detected correctly, again 100% detection. In the same way we
obtain the percentage of detectable target for P = 3 up to
P = 10. The results indicate that for 1 < P <2 all targets can
be detected properly (100% success), whereas for3 < P < 8
only at some of the times all targets are detected, which
means the percentage of detectable target is less than 100%,
while for P > 8 there are always some undetectable targets.
These results suggest that the maximum number of detectable
targets falls within the interval given in (32), which depends
on the number of subarrays on transmit and receive array, i.e.,
M and N.

For simple validation in determining the maximum num-
ber of detectable targets on all types of FPMIMO radars,
acomparison is made between the simulation results adopting
the LS method for 6(0) using (37) and (44)—(46) and the
calculations for P,,,, using (32)—(33) for the FPMIMO and
the PMIMO and using (22) and (25) in [13] for the MIMO
and the PA radars. Herein, the number of Tx-Rx antennas is
setK =L =8.
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FIGURE 6. Magnitude of complex amplitude for the FPMIMO radar with
variants (M, N), and K = L = 8, with targets at directions in ©,.

a: PHASED ARRAY RADAR

To determine the maximum number of detectable targets of
the PA radar, it is assumed that there are 10 targets located
at ®4 = {-50°,—35° —25° —18°, —5°,5°,18°,25°,
35°,50°}, with identical complex amplitude o = ...=
op = 1. We take Q = 256 snapshots. Signal waveforms
¥ (¢) are the Hadamard codes designed in accordance with
the number of the Tx-Rx subarrays [18]. As seen in Fig. 6 the
maximum number of detectable targets for the PA radar
i.e., the FPMIMO (M = 1,N = 8) is 4. This result is in
agreement with that of P, using (25) in [13] for L = 8, for
which the number of P,y pa is 4. The results also indicate
that six or more targets will not be completely detected by
the PA radar.

b: MIMO RADAR

as an example of determination of the maximum number of
detectable targets of the MIMO radar i.e., the FPMIMO with
M = 8and N = 8§, it is assumed that there are 10 targets with
locations and complex amplitudes as used in the preceding
case. As also shown in Fig. 6, the maximum number of
detectable targets of the MIMO radar is 8. This result is also
in agreement with those from (22) in [13] for K = L = 8§, for
which the number of P4 Mivo 18 in [7, 32]. The results also
show that the maximum number of detectable targets P,y of
the MIMO radar is twice that of the PA radar.

¢: PHASED MIMO RADAR

As an example of determination of the maximum number of
detectable targets of the PMIMO radar, the same 10 targets
are assumed. Result shown in Fig. 6 indicates that the maxi-
mum number of detectable targets on the particular PMIMO
radar with M = 4,N = 8, is 8. This is in agreement
with the result from (33) for M = 4, for which the number
of Pjax pMIMo 18 in the range of [5, 16].
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FIGURE 7. Illustration of FPMIMO antenna array with K = L = 8 for: (a) M = N = 8 (MIMO), (b) M = 4, N = 8 (PMIMO), and (c) M = 4,

N =5.
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FIGURE 8. Magnitude of complex amplitude for the MIMO radar with
K =L = 8, and dy = 8d;, with targets at angles in ©g_

d: OTHER FPMIMO CONFIGURATIONS

The same exercise can be done for other configurations
of FPMIMO radar for the same 10 targets. As also seen
in Fig. 6 the maximum number of detectable targets on the
FPMIMO structure with (M = 4, N = 4) and (M = 6,
N = 6) are 5 and 8§, respectively, which is in agreement with
the results from (32) for these two variants, for which the
numbers of Pqx FpMivo are [3, 8] and [5, 18], respectively.

4) IMPACT OF ELEMENT SPACING

With K L 8, the largest P,y is 8 x 8 = 64 so
that the spacing between elements in the Tx array is dg
8d; = 4) [13], [17]. The number of VA elements corre-
sponds with the configurations of the Tx and Rx arrays [17],
as presented in Fig. 7 for several combinations of (M, N)
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Magnitude of Complex Amplitude (5(6))
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FIGURE 9. Magnitude of complex amplitude for the PMIMO radar with
M =4, K =L = 8, and di = 8d|, with targets at angles in ©g.

for K L 8. To evaluate the maximum number of
detectable targets of the MIMO radar with dx = 8dr and
drp = 0.5X it is assumed that there are 51 targets located
at Op {=75°, =72°,—69°, ..., =3°,0°3° ..., 69°,
72°, 75°}, with identical complex amplitude o
op 1. Fig. 8 indicates that the maximum number of
detectable targets of the MIMO radar with K = L = 8 is 47.
The result also shows that the P,,,, obtained for the MIMO
radar is more than eleven times that for the PA radar. This
result agrees with that reported in [13].

For the PMIMO radar we assume the same antenna spac-
ings as in the previous MIMO case with the same P targets.
Fig. 9 demonstrates that the maximum number of detectable
targets for the PMIMO radar with (M 4, N 8)
is 25, which indicates that the maximum number of detectable
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FIGURE 10. Magnitude of complex amplitude for the FPMIMO radar with
M =4,N =5,K =L =8, and di = 8d,, with targets at angles in ©g.
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FIGURE 11. Magnitude of complex amplitude for the FPMIMO radar
(N = 8, K = L = 8) with varying the number of transmit subarrays (V)
with targets at angles in O¢

targets for the PMIMO radar is more than six times that for
the PA radar. Likewise, for a configuration with the same
antenna spacings and targets where M = 4 and N = 5,
Fig. 10 shows that the maximum number of detectable tar-
gets is 19, which is more than four times the value for the
PA configuration.

5) ACCURACY OF DETECTION

The detection accuracy of the FPMIMO radar turns out to
be determined by the number of subarrays in the Tx-Rx
array as presented in Fig. 11 and Fig. 12. In this example,
the FPMIMO radar has inter-element spacings in the T-R
array dx = dp = 051 with K = L = 8. It is assumed
that ®c = {—36°, —18°, 0°, 18°, 36°} with identical com-
plex amplitude o1 = ...= = o5 = 1. In Fig. 11, for the
FPMIMO radar with N = 8, when the number of transmit
subarrays (M) increases, the accuracy of detectable target
is increasing. Detection errors of 2° and 1° for M equal
to 2 and 4, respectively, only occur at 6 = =+ 36°, whereas
for M = 8, the targets are detected correctly. This indicates
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Magnitude of Complex Amplitude (5(0))

Angle, 0 (deg)

FIGURE 12. Magnitude of complex amplitude for the FPMIMO (M = 4,
K = L = 8) radar with varying number of receive subarrays (N) with
targets at angles in O,

that increasing the number of transmit subarrays will increase
the accuracy of target detection. All targets can be detected
by increasing the number of receive subarrays (V) as shown
in Fig. 12. It also appears that for the FPMIMO radar with
M = 4, all targets can only be detected at N = 8 although
there is still an error in detection. Thus, the number of Tx-
Rx subarrays (M and N) greatly determines the number and
accuracy of detectable targets because it affects the size of the
T-R aperture on the Tx-Rx array of antennas, in agreement
with [19].

The accuracy of angle detection is largely determined by
the radar VA mentioned in [17]. In Fig. 11, if Mgpmmvo is
obtained with (16) then the FPMIMO radars with N = 8
and M = {2, 4, 8} hasN = {9, 11, 15}. This shows that
the configuration of FPMIMO radar with (M = N = 8),
i.e., the MIMO radar, has the accuracy of target detection
that outperforms other configurations since it has the largest
N. Through similar analysis for Fig. 12, the FPMIMO radars
withM = 4and N = {2, 4, 8} result inA = {5, 7, 11} which
implies that the highest accuracy of detection belongs to the
configuration with the largest N, namely the (M = 4, N = 8)
structure, known as the PMIMO radar.

In Fig. 12, several cases of the FPMIMO radar are com-
pared, one of which is the PMIMO radar structure with
M = 4, N = 8. The use of overlapping subarrays on the
FPMIMO radar results in highly directional coherent gain
that is proportional to the high MCA, but also reduces the
number of detectable targets. The high MCA is very helpful
for detecting targets with small RCS or weak reflection.
However, this is in contrast to the MIMO radar condition
where each element on the Tx array has a waveform, which is
essentially equivalent to non-overlapping transmit subarrays
with one element in each subarray.

The above cases demonstrate the flexibility of the
FPMIMO structure in trading off between coherent gain and
waveform diversity gain, which in turn determines the maxi-
mum number of detectable targets.
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IV. DETECTION AND FALSE ALARM PROBABILITIES

A. REVIEW OF TARGET DETECTION OF THE

PA AND MIMO RADAR

The following review, summarized mostly from [32], is pro-
vided to give better clarity to discussions in the sequel on
the detection performance. Performance indicators of target
detection as reported in [32] are the probability of detection
(Py), the probability of miss detection (P,,), and the probabil-
ity of false alarm (Pf,). For the MIMO radar, these parameters
are [32]

—1MIMO
Pp MIMO = €Xp (Ta,%) 47)
In(Pfz MMO)
P — - 7 48
4, MIMO = €Xp (1  KL(SNR) (48)
Puvmvo = 1 — Py miMo (49)
o2
SNR = £ (50)
O
n
(KLo2 + 6%)g2 (KLo? + o2V
o = ——L— i LT} (51
g,
P n

where ap2 and 03 denote the target signal and the noise power,
respectively, and Vr denotes the threshold value that is used to
determine the target detection and set according to the desired
false alarm rate [7], [18], [32].

On the other hand, the parameters of the target detection
for the PA radar are [32]

—1NPA
Prypa = €xp <KL0,%> (52)
In(Pys,pa)
P = S — 53
d.PA = CXP <1 ¥ KZL(SNR)> ©3)
Pupa = 1 —Pgpa (54
(KZL(TP2 + onz)af (KZLUP2 + anz)VT
npa = 3 In 5 (55)
Ko, lop

B. TARGET DETECTION OF THE FPMIMO RADAR

As in the derivation of target detection performance criteria
for the PA and MIMO radars in [32], the detection problems
on the FPMIMO radar are formulated as follows

Hyp:u=n

Hi:u= \/gape(e) +n (56)

where u and e(f) are defined in (12) and (13), respectively,
Hp and H; are the hypotheses that there is only noise (no
echo signal) in u and that u contains an echo signal, respec-
tively. For the target echoes and the noise, it is assumed
0,~CN(0,Imn) and n ~CN(0, o.21y).

The optimum solution for hipothesis testing with Neyman-
Pearson, namely, the likelihood ratio test (LRT), requires the
knowledge of the probability distribution of e(f). In (56)
the distribution of o, is known but it is not the case for 6
and, hence, the distribution of e(f) is unknown. Therefore,
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the detection problem becomes maximum likelihood (ML)
estimation given as

max P(u|H, 07, e(0))
e(9) >H
<u, V1 (57

P(u ’Ho, a,%)
The probability density for u with respect to Hj can be
expressed as
P(u |1, 02, e(0)

— n—MNo_n—ZMN

x exp|—[u— A—/Iope( ) u— A—/Iape( )]o,

(58)

By taking the natural logarithm of (58), differentiating the
result with respect to e(f) and equating it to zero, we obtain

the ML estimate as
e = Y (59)
e(0) =,/—u
K

When the estimate e(@) in (59) is substituted into (58) for
e(0), the distribution becomes

P(u ‘Hl 02, e(8)) = w~MN 5 —2MN (60)

n

and the probability density of uw with respect to Hyp is
expressed by

2 MN _—2MN uu
P(u ’Ho, o;)=n "o, exp (— 3 ) (61)
O-ﬂ

then the log likelihood ratio is stated by

P(u|Hy, 02, e® H
1o [P@lHr 0. e©)) _ u'u ©2)
P(u|Hy, 02) o
so the LRT becomes
2 >H1
all” <, nFPMIMO (63)
where
nEpMIMO = 07 In(Vr) (64)

Again, the optimal detector for Neyman-Pearson criteria
in FPMIMO radar corresponds with the noncoherent sum-
mation of the MF output when direction 6 of the signal is
unknown. To evaluate the target detection performance of
the FPMIMO radar, we assume that the distribution of 8 is
known so that e(9) in (56) can be substituted with the MF
output. As such, the elements of vector e(6) become identical
and, hence, coherent integration can be performed before the
detection process by multiplying the received signal vector
in (12) with [(g(9)O h(9)) ® (¢(9)Od(8))17 [31]. Afterward,
the detection problem becomes

Hy:u=n
K
Hi:u= MKMLNMNUp +n (65)
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where n ~CN(0, Ky LyMNa?2) so the LRT solution in (65)
becomes

P(u ‘Hl,o,f,aﬁ) >t -
S
P(u ’Ho,a,%) Ho °T (66)

Since the distributions of e(f) and n are known, the
probability density of u given H; can be expressed
as

P(u‘Hl,anz,opz)

1
JTKMLNMN[(K/M)KMLNMNGPZ +02]

2
X exp|— lul (67)
KMLNMN[(I(/M)KMLNMNUP2 +02]

and the probability density of u with respect to Hyp is
expressed by

Jul?
P(u|Ho,07) = ——————— x exp |~
wlHo. o) = ey InMNa2 P ( KyLyMNo?
(68)
then the log likelihood ratio is stated by
5 >Hi
lul”™ <p, nFPMIMO (69)
with
(KKMLNMNag +Mo2)o?
NEPMIMO = >
K o5
(KKyLNMN o2 + Mo 2)Vr
x In ( - z (70)
Mo}

When the target is absent then the distribution of |u|? is
exponential, i.e.,

1
2

~ - 71
Jul™ ~ exp (KMLNMNU,%) 71

so that the probability of false alarm of the FPMIMO radar
is

1
P =Ple _
fa, FPMIMO < Xp ( Ko Ln MNU,%) > nFPMIMO)
—1NFPMIMO
= X —_— 72
P (KMLNMNU,$> 72)
with the threshold

nEpMiMo = Ky LyMNo? In < (73)

Pa,FPMIMO )

However, if the target is present, the distribution of |u|? is
exponential, i.e.,

1
|ul* ~ exp (74)
KvLyMN[(K /M)Ky LyMN o2 4 021
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so that the probability of detection is

P4 ppmMiMO

—1FPMIMO
= exp 3 3 (75)
KuLNMN[(K /M)KyLyMNoy; + o,

By substituting nppmivo in (73) into (75), we obtain

Mo} In(Pg, rpvivoO) ) (76)

P =ex
d,FPMIMO = €XP (KKMLNMN%2 Mo}

The probability of miss detection, i.e.,

Py rpmivo = 1 — Py rpmiMo (77)
If SNR is defined in (50), then (76) will be

M In(P; rpMIMO) (78)
M + KKy Ly MN (SNR)

P4 ppMIMO = €XPp <

The above expressions for detection performance of the
FPMIMO radar are the contribution of this paper. The fol-
lowing expressions are obtained for n, Py, and P, for various
configurations using (70), (72), and (78) with 1 < M < K
subarrays on the transmit array and 1 < N < L subarrays on
the receive array.

1) NC TRANSMIT-NC RECEIVE

The MIMO radar configuration consists of a NC Tx array
(M = K) and a NC Rx array (N = L) so that the following
is obtained,

2 2\~2 2 2
_ KLoj+ohoy ((KLGP + Un)VT> 79

= J,? o2
Pr = exp [ —L (80)
fa =P\ kLo?

In(Pr,)
P, ) 81
d eXp<1~|—KL(SNR)) 1)

Expressions in (79)—(81) are in line with the results obtained
in (51), (47), and (48).

2) NCS TRANSMIT-NC RECEIVE

The PMIMO radar configuration includes a NCS Tx array
(1 < M < K) and a NC Rx array (N = L) so that it can be
obtained:

y (KKyMLoy + Mo)o,

Kog

(KKyMLo2 + Mo2)V:

X 1n< M P 5 VT (82)
Moy
P = exp | —r—s (83)
: KyMLo?
M In(P
Py = exp n(Fra) (84)
M + KKyyML(SNR)
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3) AC TRANSMIT-NC RECEIVE
The PA radar configuration consists of an AC Tx array (M =
1) and a NC Rx array (N = L), and therefore,

27 2 2y 2 27 2 2
(K Loy +o, )o,; n ((K Lo, +Un)VT> (85)

= Ko? o?
-1
Pr, = exp (KLG,,Z) (86)
ln(Pfa)
P; = P — 87
4 = ©xp (1 n KZL(SNR)> ®7)

Expressions in (85)—(87) are similar to (55), (52) and (53).

These expressions reveal that the threshold value, the prob-
ability of false alarm, and the probability detection form a
one-to-one relationship. This indicates that the optimal deter-
mination of the threshold determines the success of radar
system’s target detection.

C. PERFORMANCE EVALUATION

In this section, we compare numerically the performance of
target detection for various radar configurations. The perfor-
mance of target detection on the FPMIMO radar is given
by (72) and (78) for Py and P4, respectively, assuming
that the number of antennas in the Tx-Rx array is identical,
K = L = 8 elements, while the number of subarrays varies,
ie.1 <M < K inthe Tx array and 1 < N < L in the Rx
array. The special cases of MIMO, PA and PMIMO structure
are evaluated using (80), (86), and (83) for Py, and using (81),
(87), and (84) for Py.

1) IMPACT OF THE THRESHOLD VALUE

The threshold is set to produce tolerable values of Py, since
too low a value of Py, might sacrifice Py,. The value of Py is
dependent on Py, and complementary to P,,. Accordingly, the
detection performance of radar system is usually presented in
Py and Py, also known as the receiver operation characteristic
(ROC). Fig. 13 shows the effect of the increase of Vr on Py

and Py,.
Suppose the target reflection coefficient o, = 1, and
accordingly, the target signal power Upz = 1, with white

Gaussian noise of power 0,2 = 0.1, so that SNR is 10 dB. The
detection performance of the radar system is presented in Py
and Py, each as a function of V7 in the range of 0-35. The
antenna array is assumed to be linear with K = L = 8§, then
evaluation of the detection performance is carried out for the
FPMIMO radar in five configurations, i.e., (M = 3, N = 6),
(M = 6, N = 3), the PMIMO radar (M = 4, N = 8), the PA
radar (M = 1, N = 8), and the MIMO radar (M = N = 8).
Fig. 13a shows that the PA radar outperforms the MIMO
radar in terms of Py, for both of which the performance
is better when V7 is greater. The PMIMO radar has the
Py, performance between the PA and the MIMO radar. The
FPMIMO radar with (M = 6,N = 3) has the Py, per-
formance between the PA and the PMIMO radar but the
FPMIMO with (M = 3, N = 6) outperforms the other radars.
This shows the ability of the FPMIMO radar to adjust the
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0.996
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—+— M=4,N=8(PMIMO)
—p— M=3,N=6
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0.988

0.986
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FIGURE 13. The detection performance vs. threshold (V7) for all radar
variations in: (a) the probability of false alarm (Py,) and (b) the
probability of detection (Py).

performance of the Py, based on the conditions of the desired
target. The Py, value for all radar systems is below 10~ for
Vr over 30.

Fig. 13b demonstrates that the (M = 3, N = 6) con-
figuration outperforms the others, because P, is a function
of Pf,. In overall, the detection probability performance of all
configurations is still within the limits of tolerance, which is
greater than 97%, with the corresponding probability of false
alarm smaller than 10~* when the threshold is greater than 30,
in agreement with results in [33] and [34]. Based on these
results, in the next evaluation V7 is set to 30, since smaller
Vr yields sub-optimal detection performance.

2) IMPACT OF THE SNR

In [32], the PA radar outperforms the MIMO radar in
detection probability at low SNR. However, the situation
is reversed at high SNR. Herein we evaluate the detection
probability performance of the FPMIMO radar as a function
of SNR in relation to the performance of the special cases of
PA and MIMO radars given in [32]. All configuration param-
eters are assumed as before. The detection probability of all
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FIGURE 14. The probability of detection vs. SNR for all radar variations
with Py, = 1076,

—w— SNR=-10dB
—HE— SNR=-5dB
SNR=0dB
—+— SNR=5dB
SNR=10dB
—6— SNR=15dB

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

FIGURE 15. The probability of miss detection vs. Py, for the FPMIMO
radar (M = N = 4) with the variation of SNR.

configurations is evaluated for SNR in the 0-30 dB range,
while Py, is set to 107°. The results shown in Fig. 14 confirm
those in [32] that the PA configuration outperforms the others
in detection probability at low SNR. For SNR up to 10dB, itis
shown that all types of the SMIMO radar, such as those with
(M = 4,N = 8)i.e., the PMIMO, with (M = 3, N = 6),
and with (M = 6, N = 3), provide the value of P; greater
than 99%. This indicates that target detection is optimal for
the SNR above 10 dB. Especially if the Py, is set to greater
than 107, the performance of Py is better for SNR less
than 10 dB [37].

Fig. 15 shows the performance of P,, on the FPMIMO
radar with (M = N = 4) and K = L = 8 as a function of
the Pg,. It shows that for SNR greater than 10 dB,
the FPMIMO radar exhibits the miss probability smaller
than 10~* that corresponds with false alarm probability less
than 10~*. This indicates that the false alarm rate Py, that
provides the optimal detection probability P; is smaller
than 10~%. Since P,, is a complement of P, with a small P,,
the performance of P is better.
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FIGURE 16. The probability of detection of the FPMIMO radar with
Vr =30,02 =1,and 67 = 0.1 as: (a) the function of number of transmit
subarrays (M) and (b) as function of the number of receive subarrays (N).

3) IMPACT OF THE NUMBER OF SUBARRAYS

If V7, Pg,, and SNR are fixed then the advantage of the
FPMIMO radar, in the form of adaptability of the number
of subarrays in Tx and Rx, can be exploited to achieve the
desired multi-criteria performance.

In Fig. 16, the FPMIMO radar takes on K = L = 25
and Vr = 30, with SNR = 10 dB. The detection probability
P, as a function of number of transmit subarrays M with
respect to N = {1, 6, 12, 18, 25} is presented in Fig. 16a.
It appears that for a given M, P, is higher if N ~ L/2.
For any N, the detection performance for the FPMIMO radar
is decreasing with increasing M. Especially at N = 1 and
N = 25, the decline in the detection performance is faster
than at other N. The results also show that, the closer
the number of receive subarrays to N = L/2, the better the
detection performance. This can also be explained by the
fact that the independent receive elements and the orthogonal
waveforms altogether provide the VA, the size of which is
proportional to the maximum number of detectable targets.

Unlike the results in Fig. 16a, Fig. 16b shows a sym-
metrical up and down trend in P; with respect to N.
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TABLE 2. Summary of performance of FPMIMO radar with variants (M, N) pairs.

Parameter M=1,N=L (PA) M=K, N=L (MIMO) 1<M<K, N=L (PMIMO) 1<M<K 1<N<L
Grr K[22] 1[22] (M/KYK? [22] (M K)Y(N/LYKAL, [31]
SNR K[22] 1[22] Ku[22] (N/L)KyLy [31]
SIR 1[22] 1[22] (MIK)Ky[22] (MIK)Y(NIL)K Ly [31]
Ruux (K)*[22] 122] (M /K)K; 1" [22] [(M/KYN /LY K131 [31]
R o WA (OR 1250 BH(O\R ° -
w0 w q:]lz fé’)Rﬂwa *59) (K/ﬁ{) bl (9zl}w (e(B)-d(8)) i (K/M)"52,(g(8) - h(8))" R, (e(6)  d(6)) *
@ c@c*® [o@fa"©OR,2*@)  [b@ ©(6)°dO)' R, («(6)od©)* o5 n@) c6)-d(@) R, c(8)d(6) "
[13] [30]
» (L—I-I[B] {KJ’ZL_z,KL;IJ {M+L—2 ML+1J [M+N—2 MN+1J
max 5 2 ) 2 T2
[13]
N L [13] [K+L-1,kL] [13] [M+L-1,ML] [M+N-1,MN]
. “7_|132 1 132 _-n __-n
P EXp[ KLo? ] B2 eXp( KLo J B2 s K, LN
exp[%J eXP[M] MIn(P,) MIn(P,)
Pa 1+ K“L(SNR) 1+ KL(SNR) Pl 0 + KK, ML(SNR) PV + KK, L, MN(SNR)
[32] [32] '

Note: Gtr, SNR, SIR, and R, are normalized to the MIMO parameters.

For all variations of M = {1, 6, 12, 18, 25}, the perfor-
mance of P, increases dramatically until N = L/2, which
in the case of L = 25 takes the value of 12 and 13.
This increases P; over 99% before the drop that is sym-
metrical to the earlier rise. As M increases, P; decreases.
This indicates that the FPMIMO radar with certain N and
K = L produces high performance in P; for small M. This
also shows that the configuration with K = L = 8§ as
reported by [31] has fulfilled the requirements in detection
performance.

V. CONSIDERATIONS FOR IMPLEMENTATION AND
APPLICATIONS

A. ADAPTABLE SUBARRAYED MIMO RADAR

Results of the FPMIMO radar performance evaluation with
various subarray configurations, especially in terms of the
maximum number of detectable targets (Ppqy), the com-
plex amplitude of target echo (6 (0)), the angular resolution,
the number of elements in virtual arrays (N), the probability
of false alarm (Py,), the probability of detection (Py), and so
on, as well as the results reported in [31] for the T-R gain
(G1R), the SNR, the SIR, and the maximum range (R;qx),
indicate that the FPMIMO radar provides a generic structure
of the subarrayed multi-antenna radar structure. This was
achieved by the ability of the FPMIMO radar to exploit the
number of overlapped subarrays on each of the Tx and Rx
arrays, i.e., M and N, so that orthogonal waveforms can be
transmitted by 1 < M < K subarrays and echo signals from
targets received by 1 < N < L subarrays independently. With
this capability, the FPMIMO radar can serve as a flexible
SMIMO radar by its capability in adjusting M and N to
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obtain the performance parameters that cater to the desired
conditions of the targets at that time.

Being a generic form, when necessary, the FPMIMO radar
can enjoy the main advantage of the PA radar (i.e., coherent
directional gain), the MIMO radar (i.e., waveform diversity
gain), or the PMIMO radar (i.e., SINR gain). This can be
obtained because the PA radar is a FPMIMO radar with
(M = 1,N = L), while the MIMO radar is one with (M = K,
N = L), and the PMIMO radar is another with (1 <M <K,
N =1L).

In [31] a comparison of the performance of the FPMIMO
radars with different configurations has been reported for
such parameters as G7r, SNR, SIR, and R, as presented
in Table 2. Table 2 also presents the latest comparison results
of the FPMIMO radar performance for parameters such as
6(9), Prux, N, Py, and Py,, which are the contribution of this
paper. A flexible concept means that if a target or multiple
targets are to be detected, the FPMIMO radar system tries
as much as possible to achieve the detection goal, including
being able to minimize the impact of the clutter, the inter-
ference, and the other disturbances, by adjusting M and N,
adapting the performance parameters to the desired target
conditions. Accordingly, the radar can take the benefit of
a programmable software-defined-radio (SDR) platform to
meet specific requirements for various radar applications by
exploiting the capability of SDR in performing the functions
of devices used in conventional Tx and Rx, such as mixers,
filters, and others, in the digital domain.

All the parameters of the SMIMO radar performance that
have been mentioned are functions of M and N, which can
be used to identify the possible combinations of M and N
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FIGURE 17. Combined contours of T-R, SNR, and SIR gains of FPMIMO
radar for various combinations of number M of transmit subarrays versus
number N of receive subarrays with equal number of antennas K = L [31].
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- s
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FIGURE 18. The maximum number of detectable targets (Pmax) vs. the
number of Tx-Rx subarrays (M and N) for FPMIMO radar with K = L = 50.

that provide the desired performance to detect multi-targets.
Fig. 17, taken from [31, Fig. 3] with modified colouring for
better clarity, presents a few examples of contour diagrams
of the performance parameters, such as Grg, SNR, and SIR as
functions M and N.

The other advantages of the flexible SMIMO radar are the
ability in governing the number of elements in VA and the
maximum number of target detections by adjusting M and N.
The VA is formed because Tx array transmits M orthogonal
waveforms to form a more focused beampattern and echo
signals are received by N Rx subarrays that act as independent
elements. An example of the P,,,, diagram as a function of
M and N for K = L = 50 is presented in Fig. 18, which
agrees with the results in [13] and [17] that show that the
characteristics of VA strongly determine P,y

The performance of target detection presented
on Figs. 19 and 20 are for the probability of detection and
the probability of false alarm, respectively, as functions of M
and N, where the effects of M and N have been reviewed in
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FIGURE 19. The probability of detection (P4) vs. the number of Tx-Rx
subarrays (M and N) for FPMIMO radar with K = L = 50, V; = 30, a} =1,

and o2 =0.1.
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FIGURE 20. The probability of false alarm in logaritmic scale vs. the
number of Tx-Rx subarrays (V1 and N) for FPMIMO radar with K = L = 50,
Vr =30,07 =1,and 67 =0.1.

the explanation that follows Fig. 16. Fig. 20 depicts that the
effect of M and N on the performance of Py, is very closely
related to the effect on the Py, which is directly related to Py,
as indicated by (78).

B. EXAMPLES OF APPLICATION

From the results in [31] and by evaluating various per-
formance parameters in earlier sections of this paper,
the SMIMO radar concept is ready for various radar applica-
tions. Examples of performance evaluation of the FPMIMO
radar for the bird radar application have been presented
in [31]. Another example of application is the vehicular radar,
in which the relevant performance parameters are presented
herein, such as Pyqx, N, Pg, and Py,.

A vehicular radar should be able to measure the range
and the velocity of distant objects with sufficient preci-
sion compared to other types of sensor instruments, espe-
cially when the environmental conditions are not bright
(i.e., foggy or dusty), because the radar is not affected by
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TABLE 3. Mission requirement for vehicular radar.

Parameter Symbol Value
Min. SNR, dB SNR i 10
RCS, m’ o, !
Threshold value Vr 32.8
Probability of false alarm Py >10*

TABLE 4. Comparison of detection performance of FPMIMO radar with
variants (M, N) pairs for vehicular radar application.

Parameter PA MIMO PMIMO  FPMIMO
(M=1,N=8) (M=N=8) (M=4,N=8) (M=N=4)
J 4 [7,32] 6, 20] 13, 8]
w 8 [15, 64] [11,32] 17, 16]
Pu(%) 0.0006 0.0047 0.0009 0.0004
Py(%) 99.765 98.456 99.639 99.844

extreme environmental conditions such as heat, weather con-

ditions, or variations of light or lighting on the road [35], [38].

The main concept of radar sensors utilized in vehicles has
been reported by [36]. As the vehicular radar, the radar with
high accuracy and resolution of multiple target detection is
needed [38]. The challenge is that in addition to estimating
the range, the velocity, and the azimuth angle of the target,
the radar must also be able to achieve a sufficient maximum
number of detectable targets and capability to decide on
the presence or absence of the target (i.e., probability of
detection) when used for multi-target detection. Therefore,
it is necessary to formulate the mission requirements for the
vehicular radar implementation, as given in Table 3.

This example aims to provide technical recommendations
for adjusting the array parameters and implementing the
FPMIMO system in vehicular radar applications as illustrated
in Fig. 21. For vehicular radar applications, the radar system
is illustrated as having a radar beam that covers a span of the
azimuth angle.

In this example, the vehicular radar application adopts
isotropic or omnidirectional antennas with the number of Tx
and Rx antennas being K = L = 8 and the element spacing
being half wavelength. The linear structure has an optimum
subarray, which is M = N = 4. We subsequently obtain:

a. The range of P, by applying (32), i.e. [3, 8].

b. The range of N from (16), i.e. [7, 16].

c. For Py, of 107°, V7 of 32.8 is obtained [34].

d. Following [33] for SNR;,;, > 10 dB and Py, > 10~ [33]
and using (80), Py 0f99.8% is obtained. This confirms that
all radars in Fig. 17 exhibit good detection performance in
P, and Py, for SNR > 10 dB.

Performance of the FPMIMO vehicular radar with various
configurations are summarized in Table 4. As can be seen,
the FPMIMO radar when combined with the SDR technology
has the potential benefit of flexibility in adjusting the number
of subarrays in Tx and Rx based on the current target condi-
tions in order to achieve the desired performance parameters.
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FIGURE 21. The FPMIMO radar application for vehicular radar.

VI. CONCLUSION

We have discussed the parameter identifiability of the
FPMIMO radar and determined the maximum number of
detected targets by the LS method. The maximum number
of detectable targets is dictated by the number of virtual
elements in a virtual array. To complete the discussion on the
detection performance also given expression and evaluation
of the probability of detection (P,) and the probability of false
alarm (Pyg,). It has been shown that for a given total number
of antennas at the transmit and receive sides, the parame-
ter identifiability, the virtual array size, the probability of
detection and of false alarm can be adjusted by varying the
number of overlapping subarrays in the Tx-Rx arrays, which
consequently varies the number of elements in each subarray.
Expressions of the parameter identifiability, the magnitude of
target reflection coefficient, the virtual array, the probability
of detection, and the probability of false alarm for the general
FPMIMO radar have been given, which all depend on the
number of the Tx-Rx subarrays and which lead to some well-
known radar forms as special cases, including the PA radar,
the MIMO radar, and the PMIMO radar.

In this manner, the FPMIMO radar can achieve a desired
magnitude of complex amplitude, again by adjusting the
number of Tx-Rx subarrays, which essentially is equivalent
to trading off between the waveform diversity gain and the
directional coherent gain. This flexibility suits the FPMIMO
radar for various applications having different requirements
of parameter identifiability, the minimum magnitude of target
reflection coefficient, the virtual array, the probability of
detection, and the probability of false alarm. When imple-
mented on a SDR platform, flexibility in the radar design can
be achieved. Finally, a design example has been presented
of the FPMIMO radar configuration for vehicular radar
applications.
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