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ABSTRACT An interval-valued Pythagorean hesitant fuzzy set (IVPHFS) not only can be regarded as
the union of some interval-valued Pythagorean fuzzy sets but also represent the Pythagorean hesitant
fuzzy elements in the form of interval values. So IVPHFSs are extensions of Pythagorean hesitant fuzzy
sets (PHFSs) and interval-valued Pythagorean fuzzy sets (IVPFSs), which are powerful tools to represent
more complicated, uncertain and vague information. This paper focuses on the four kinds of correlation
coefficients for PHFSs, and extends them to the correlation coefficients and the weighted correlation
coefficients for IVPHFSs. In the processing, we develop the least common multiple expansion (LCME)
method to solve the problem that the cardinalities of Pythagorean hesitant fuzzy elements (PHFEs) (or
interval-valued Pythagorean hesitant fuzzy elements (IVPHFEs)) are different. In addition, we propose score
functions and accuracy functions of Pythagorean fuzzy elements (PFEs) (or interval-valued Pythagorean
fuzzy elements (IVPFEs)) to rank all the PFEs (or IVPFEs) in a PHFE (or an IVPHFE). Especially, score
functions and accuracy functions of IVPFEs are both presented as interval numbers. Then use the comparison
method of interval numbers to compare two revised IVPHFESs in order to keep the original fuzzy information
as far as possible. What’s more, we define the local correlations and local informational energies which
can depict the similarity between two IVPHFEs more meticulously and completely. At last the numerical
examples to show the feasibility and applicability of the proposed methods in multiple criteria decision
making (MCDM) and clustering analysis.

INDEX TERMS Interval-valued Pythagorean hesitant fuzzy set IVPHFS), Pythagorean hesitant fuzzy set

(PHFS), correlation, informational energy, correlation coefficient.

I. INTRODUCTION

Correlation plays an important role in mathematics, statis-
tics and engineering sciences. The interdependency between
two variables can be measured with the aid of correlation
analysis. The Karl Pearson coefficient, as a popular correla-
tion coefficient, has been applied widely to various research
domains and practical fields, such as data analysis and
classification [30], decision-making [33], [37], [45], pattern
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recognition [20] and so on. Since the information is fre-
quently incomplete, fuzzy and imperfect in many situations,
some researchers have developed the correlation coefficients
in fuzzy environments. Chiang and Lin [9] defined the con-
cept of correlation of fuzzy sets. Gerstenkorn and Manko [14]
discussed the correlation of intuitionistic fuzzy sets. Bustince
and Burillo [5] developed the correlation coefficient in
interval-valued intuitionistic fuzzy environment. Then Zeng
and Wang [47] and Parket al. [28] both added indeterminacy
degrees to study the correlation coefficient of interval-valued
intuitionistic fuzzy sets. Moreover, Mitchell [26] studied the
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correlation coefficient for Type-2 fuzzy sets. It can be seen
that the correlation measure is one of the hot spots in the
research of fuzzy information. In this paper, we mainly focus
on the correlation measures for PHFSs and IVPHFSs.

Torra and Narukawa [35] and Torra [36] introduced the
concept of hesitant fuzzy sets (HFSs) which permit the mem-
bership degree of an object to a set of several possible val-
ues. Because of its outstanding application ability in group
decision-making problems, it has been explored in depth.
Interval-valued hesitant fuzzy sets [6], [8], [32],dual hesitant
fuzzy sets [51], interval-valued dual hesitant fuzzy sets [15],
hesitant N-soft sets [3], [4] and interval-valued probabilistic
hesitant fuzzy sets [12], [17], [18] have been proposed and
applied to decision-making problems successfully. Xu and
Xia [42], Chen et al. [7] studied the correlation coefficients
for classic HFSs. Their methods expand the possible mem-
bership degrees through adding some extreme values to the
hesitant fuzzy element (HFE) which has the less cardinality
of elements. However, if the extreme value is far from the
other possible membership values, the extended HFE will be
quite different from the original HFE. And if hesitant mem-
bership degrees of one HFS is always zero, the correlation
coefficients between it and other HFS cannot be calculated.
Liao et al. [22] defined a novel correlation coefficient formula
based on the mean of a HFE and extended the range of
the correlation coefficients to the interval [—1, 1]. When a
HES is represented by a constant function, the correlation
coefficient between it and other HFSs will still not be cal-
culated. Sun et al. [34] focused on improving the counter-
intuitions of the existing correlation coefficients of HFSs
in [7], [22], [42]. Its contribution is mainly in the case of
improving the weighted correlation coefficients, but it does
not improve the general case. Meng and Chen [24] proposed
the correlation coefficients of HESs based on fuzzy measures
and they [25] extended the method to study the case of
interval-valued hesitant fuzzy sets. However, the definition
is too cumbersome. In addition, Tyagi [37] and Ye [46]
studied the correlation coefficients of dual hesitant fuzzy
sets. Das et al. [10] addressed the correlation coefficients of
hesitant fuzzy soft sets. Although there exist several corre-
lation coefficients for HFSs, many unreasonable cases can
be made by such concepts. Some unreasonable examples are
illustrated in Example 8 and Example 10.

With the development of research, Yager [43], [44] pro-
posed another class of non-standard fuzzy sets, called
Pythagorean fuzzy sets (PFSs), which allow the sum of
squares of the Pythagorean membership degrees and the
corresponding Pythagorean non-membership degree to be
less than or equal to 1, rather than the sum of both less
than or equal to 1. Obviously a PFS is another extension
of an intuitionistic fuzzy set. Due to the broad definition
of PFSs, their application has involved various fuzzy prob-
lems. For example, Akram et al. [1], [2] introduced group
decision making methods in Pythagorean fuzzy environment.
Yager and Abbasov [44] studied Pythagorean fuzzy aggre-
gation. Li and Zeng [19] developed the distance measure
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of PFSs and applied them in MCDM. Nguyen [27] pro-
posed the correlation coefficients of PFSs based on the mean
of all the Pythagorean fuzzy elements. This method fails
when a PFS takes all constant functions. Garg [13] studied
other correlation coefficients of PFSs and applied them to
decision-making processes, whereas they may encounter sit-
uations where the correlation cannot be distinguished. Exam-
ple 12 shows the drawbacks of his correlation coefficients.

Subsequently, some scholars combined PFSs with HFSs
and introduced Pythagorean hesitant fuzzy sets (PHFSs),
but their definitions are little different. Liu and He [23],
Khan et al. [16] and Liang and Xu [21] separated possible
Pythagorean membership degrees from possible Pythagorean
non-membership degrees and considered possible member-
ship degrees and possible non-membership degrees to form
two independent HFEs. Wei et al. [38] saw a Pythagorean
hesitant fuzzy element (PHFE) as a set of several Pythagorean
fuzzy elements (PFEs). Since the evaluations of alternatives
based on attributes by some expert are always presented in
the form of pairs in real-life decision making, we think Wei’s
definition is more reasonable than others. However, we have
seen few researches on correlation coefficients for PHFSs
so far.

In practical problems, we usually encounter possible
Pythagorean membership degrees and possible Pythagorean
non-membership degrees of an object are represented by
several possible interval numbers. On the basis of Wei’s
definition, Zhang et al. [50] put forward the concept of
interval-valued Pythagorean fuzzy sets (IVPHFSs), which
satisfy each interval-valued Pythagorean hesitant fuzzy ele-
ment (IVPHFE) is a set of some pairs of possible Pythagorean
membership interval values and possible Pythagorean non-
membership interval values. The theory depicts the compli-
cated, fuzzy environments more suitably.

The aim of this paper is to study the correlation coefficients
for PHFSs and IVPHFSs and their applications. Considering
that the existing methods of comparing two HFSs are greatly
affected by extreme values, firstly we use the least common
multiple expansion (LCME) method to make the cardinali-
ties of two PHFEs (or two IVPHFEs) are consistent. This
method does not add any additional extreme information.
Then construct score functions and accuracy functions of
PFEs in order to sort the PFEs in a PHFE. Especially, while
sorting the IVPFEs in an IVPHFE, define score functions
and accuracy functions of IVPFEs in the form of interval
numbers so as to keep the original fuzzy information as far as
possible. What’s more, we introduce the concepts of the local
correlations and the local informational energies, and then
we deduce the four formulas of correlation coefficients for
PHFSs and IVPHFSs and the four weighted correlation coef-
ficients for IVPHFSs. Our correlation coefficients can not
only degenerate into the correlation coefficients of HFSs or
PFSs, but also solve the problem that the existing correlation
of HFESs or PFSs cannot handle. Their applications in multiple
criteria decision-making (MCDM) and clustering analysis are
illustrated.
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The structure of this paper is organized as follows: In
Section 2, we review some basic concepts and results of
HFESs, PHFESs and IVPHFSs. Section 3 gives the definitions
of the correlations, informational energies and correlation
coefficients of PHFSs and discusses some properties. Fur-
thermore, the correlation coefficients and the weighted cor-
relation coefficients for IVPHFSs are proposed in Section 4.
Section 5 solves a MCDM problem and a clustering problem
by the proposed weighted correlation coefficients in interval-
valued Pythagorean hesitant fuzzy environments. Concluding
remarks are made in Section 6.

Il. PRELIMINARIES
Let U = {x;li =1, 2, .-, n} be the universe of discourse in
this paper, unless otherwise specified.

A. HESITANT FUZZY SET (HFS)

A hesitant fuzzy set (HFS), introduced by Torra and
Narukawa [35], [36], allows the membership degree of an
element to a set represented by several possible values. It is
very suitable for describing problems that are difficult to be
determined by only one membership degree.

Definition 1 [36]: A hesitant fuzzy set (HFS) A on U
is described as A = {{(x,ha(x))|x € U}, here hy(x) =
{ua)|na(x) € [0, 11} represents the set of possible mem-
bership degrees of A at x.

For convenience, Xia and Xu [40] call # = ha(x) a hesitant
fuzzy element (HFE). And Torra and Narukawa [35] defined
some operators on HFEs, such as:

(D) hC = {1 — ulu € h};

(2) b1 U hy = {max{u1, u2}|pu1 € hy, p2 € h2};

(3) hy N hy = {min{uy, ua}lp1 € hy, u2 € h}.

HFSs have been applied to get the optimal alternatives
in decision-making problems with multiple attributes and
multiple decision makers.

B. PYTHAGOREAN FUZZY SET (PFS)

A Pythagorean fuzzy set (PFS), introduced by Yager
in 2013 [43], is characterized by a membership function and a
non-membership function, where the sum of the square of the
membership degree and the non-membership degree of x is
less than or equal to 1, while an intuitionistic fuzzy set is also
characterized by them, where the sum is less than or equal
to 1. Obviously PFSs are more general than intuitionistic
fuzzy sets. A PFS has emerged as an effective tool to solve
multiple criteria decision making problems [31].

Definition 2 [43]: A Pythagorean fuzzy set (PFS) P on
U is described as: P = {{x,upx),vpx))|lx € U},
here up(x),vp(x) € [0, 1] are Pythagorean membership
degree and Pythagorean non-membership degree of P at x,
respectively. They satisfy 0 < ,u,%,(x) + v%,(x) < 1. The
Pythagorean indeterminacy degree is given by mp(x) =

1 — pp(x) — vj(x).

For convenience, Zhang and Xu [49] called a Pythagorean
fuzzy element (PFE), denoted by P = (up, vp).
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Yager and Abbasov [44] continued to study the operators
on PFSs. Let A = (ua, va) and B = (up, vg) be two PFEs
on U. He defined the following operators:

(1) AC = (va, pa);

(2) AUJB = (max{ua, up}, min{va, vp});

(3) A(B = (min{ua, g}, max{va, vg}).

Obviously an intuitionistic fuzzy set is a special PFS, or say
that a PFS is a generalization of an intuitionistic fuzzy set.

C. PYTHAGOREAN HESITANT FUZZY SET (PHFS)
Based on the concept of PFS and HFS, Wei proposed the
concept of Pythagorean hesitant fuzzy sets (PHFSs) [38],
whose membership degree is a set of several possible PFEs.
That is:

Definition 3 [38]: A Pythagorean hesitant fuzzy set (PHFS)
P on U is described as:

P ={{x,hpx))lx € U},

where hp(x) = {{Lp(), vp)lnd0) + 150 <
1} is a set of some PFEs in U, denoting the possible
Pythagorean membership degree and possible Pythagorean
non-membership degree of &2 at x. We call hgp = hgp(x)
a Pythagorean hesitant fuzzy element (PHFE), here hgp =
{(p, V)| ? + 02 < 1),

Definition 4 [38]: Let hgp = {{u, v)}, hop, = {{11, v1)}
and hg, = {{2, v2)} be three PHFEs and A > 0. The basic
operators on PHFEs are defined as:

(1) hS, = {(v, Wl{p, v) € hap};

() Iy = (W, V1 = (A = v} )[(, v) € hap);

() thgp = {(V1 =1 = p®* vM)|(i, v) € hp);

@) hapy ® hp, = {(V(11)? + (12)? = (m1p2)?, viv2)

(i vi) € hgp i =1, 2}
S) hp, @ hgpy, = {1102, V)2 + ()2 = (1n)?)
(i vi) € hgpy i =1, 2}
(6) hop, \Jhp, = {{max{u1, 2}, min{vy, v2})
(i vi) € hgpy i = 1,2}
(7) ho, (N h, = {{(min{u1, u2}, max{vy, v2})
(i vi) € hgp i = 1,2}

D. INTERVAL-VALUED PYTHAGOREAN HESITANT FUZZY
SET (IVPHFS)
As mentioned earlier, in many practical problems, it is dif-
ficult for decision makers to determine precise membership
degrees or non-membership degrees. Interval numbers can
avoid the information loss better and enhance the flexibility
and applicability of decision-making models in dealing with
qualitative information. We extend PHFSs to interval-valued
Pythagorean hesitant fuzzy sets (IVPHFSs) in [50].
Definition 5 [50]: An interval-valued Pythagorean hesitant
fuzzy set (IVPHFS) &2 on U is described as

P = {(x, hz()|x € U},
where

h() = (7 50, T 5(0)
|7 5(x) = [ 55(0), w501 € DIO, 1],
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V() = [v (), v5)] € DIO, 11,
+ 2 + 2
WP + 05 < 1),
m F(x) and ng’g(x) are the possible Pythagorean member-
ship intervals and the possible Pythagorean non-membership
intervals of & at x, respectively. The possible Pythagorean

indeterminacy degree of &2 at x is a set of some pairs of
intervals defined as

7500 = {7 (), 7 5(0)]
50 = 1 - Wh@R - 052,
75 = /1 - 502 — 052,

([n 500, 1 5001, v (), v 50D
= (H 7). V5(0) € hz(0).

For convenience, we call each set of pairs h gz = hg(x)
as an interval-valued Pythagorean hesitant fuzzy element
(IVPHFE), where hg; = {(IL,V)|K = [u~,puTlV =
v, vF1, (u™)? + (vF)? < 1}. For each IVPHFE h 5, if [l
and D both degenerate into one singleton, the IVPHFS is a
PHEFS:; if h@; includes only one pair of intervals, the IVPHFS
degenerates into an IVPFS [29]; if V = [0, 0], the IVPHFS
is an interval-valued hesitant fuzzy set [6]; if u™ + v < 1,
the IVPHES is an interval-valued intuitionistic hesitant fuzzy
set, similar to [48].

Now we define some basic operators on [VPHFSs.

Definition 6 [50]: Let hzz = {(W, V)| = [u~, u*],V =
boovflhhg = {ELWIE = [upufln =
rovihhz, = (EW)E = [uy,ul 0 =

[v,, u; 1} be three IVPHFEs and ). > 0. The basic operators
on IVPHFEs are defined as follows:

ey h = (v P [, w DI
2 h = {[(u)", W)H
VT = (= P VT = (= G BIE ) € hz);
B)rhg ={[V1—(— (M )2)’\, VI=(0 = @HHH],
[V DI, D) € hg);
W hz @hz = (LD + (e P — )22,
Jur+ G = e PGP )
[y vy v vy ])
(i vi) € hz, i=1,2)
) hz, @ hg, = {uy 1y 1131,
[JOD? +07)? = 0] Py 2,
JO?2 4092 - 62052 ),
(T W) € hz. i =1,2);
©) hz Uhz, = ((Imax{uy, 3}, max{u), u3 )],
[min{v,", v, }, min{vﬁ, v;r}])
i, Vi) € hgry i=1,2}%
(M hz Nhz, = ([minfu], wy ), min{u], @3],
[max{vf, v, ), max{vi, v;}])
i, vi) € hz, i=1,2}.

V) € hz};
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C 1
Similar to the cases of PHFEs, h'~ hg ,)Lh],h] EBh@ s
hg ®hg . hz \Uhg, andhg (%h] are all IVPHFESs.

Ill. CORRELATION COEFFICIENTS FOR PHFSS

A. EXISTING CORRELATION COEFFICIENTS FOR HFSS
Correlation coefficients can reflect the degrees of relationship
between two variables. As a probability parameter, it has
been successfully applied to many real problems. Many
approaches [7], [22], [42] have been introduced to study
the correlation coefficients of HFSs. Since the cardinalities
of two HFEs may be different, Xu [42] proposed the two
methods based on the pessimistic principle and the optimistic
principle to make the cardinalities of two HFEs same. Spe-
cific methods include: (1) Add multiple minimum elements to
the collection with a small cardinality (pessimistic principle);
and (2) Add multiple maximum elements to the collection
with a small cardinality (optimistic principle). For example,
when |h4(x;)| # |hp(x;)| for some x; € U, assume |ha(x;)| <
|hp(xi)|. ha(x;) should add the minimum values by pessimistic
principle (or the maximum values by optimistic principle) in
it until it has the same cardinality with Ap(x;). Finally the two
cardinalities realize |hg(x;)| = max{|ha(x;)|, |hp(xi)|}.

At the same time, Chen [7] arranged HFEs in a decreas-
ing order. For any HFE h = {w|j = 1,2,---,mj}, let
o:(1,2,---,m)— (1,2, ---,m)be apermutation satisfying
Ho() = Mo(+1).J € {1,2,---,m — 1}, and s be the
Jjth largest value in h. So we have the extended HFE A’ =
{ohli = 1,2,---, m}. Then the correlation coefficient for
HFSs can be defined as follows.

Deﬁnition 7 [7]: Let A = {{xi,ha(xi)))|x; € U},

= {{x;, hg(x)))|x; € U} be two HFSs on U. The correlation
coeﬁ‘lczent between A and B, denoted by ,oH) (A, B), is defined
as

p (A, B) = Cu(A, B)
e J—EH<A)J—EH(B>
S - s o ()5 B ) (50)
_ i=1 Y j=1
n n 1 lB,' ’
\/lZ lA: Z MAU(/)(XI))\/Z;(EJ; /“leia(i)(xi))
where
CH(A, B) = Z( ZuAa@(x,)uBa@(xz»

i=1 j—

is called the correlation between A and B.

lai

En(A) = Z( ZMAH(,)(x,))
131

Ey(B) = Z( Zu&,m(x,))

are called the informational energy of A and B, respectively.
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Here pas(xi) €  Hy(xi), wpoyxi) €  hglx),
li = max{lha(xp), [hpx)I} = |HC)l = [Rg(x)l, lai =
|ha(xi)| and lg; = |hp(x;)|.

Example 8: Let A| = {(x
two HFSs on U; = {x}.

Since Eg(A;) = 0, we cannot calculate the correlation
coefficient between A| and B; based on Definition 7.

In 2015, Liao [22] presented a novel correlation coefficient
for HFSs based on the classical correlation coefficient in
statistics.

Definition 9 [22]: Let A = {{x;, ha(xi))|x;i € U},B =
{{xi, hg(x))|xi € U} be two HFSs on U. The correlation
coefficient between A and B, denoted by pfqz)(A, B), is defined
as

{0h}, B1 = {(x,{0.2,0.3})} be

> *(ha(x;)) — A)(hg(x;) — B)

Py (A, B) = L — = —,
Vi (i) = A I (i) — BY?
here ha(x;) = {pa1(xi), maa(x2), - - -, pap, (X))},
hp(x;) = {uB1(x;), up2(x2), - - - ,MBZB,-(Xi)}

lA, lBr

ha(xi) = — Z pak (i),  hp(xi) = Z MBi(Xi),
Al k 1

_ _ S
A=- th,-), B=-3 hp).
i=1 i=1

Example 10: Let A, = {{x1, {0.2}), (x2, {0.2})} and By =
{{x1,{0.1}), (x2, {0.2,0.3})} be two HFSs on Uz = {x1, x2}.

Since hAz(xl) = hAz(xz) Ay = 0.2, py(Az, By) cannot
be calculated by Definition 9.

We can find the above existing two definitions
of correlation coefficients for HFSs both have some
drawbacks.

B. EXISTING CORRELATION COEFFICIENTS FOR PFSS
Garg [13] discussed the correlation coefficients between two
PFSs, which consider not only Pythagorean membership
degrees and Pythagorean non-membership degrees, but also
Pythagorean indeterminacy degrees.

Definition 11: Let A = {{x, ua(x), vax))|x € U}, B =
{(x, up(x), vp(x))|x € U} be two PFSs on U. The two cor-
relation coefficients between A and B, denoted by p(l)(A, B)
and p}z)(A, B), respectively, are defined as

e B = VB
P B = — 8D

max{Ep(A), Ep(B)}’

where

Cr(A, B) = ) (3 (a)pp(x) + vi(x)vp(x)

=1
+ T NTH()),

VOLUME 8, 2020

= > (h ) + i) + mhoa),

i=1

=) (upx) + vE(x) + Th(x).

i=1

Ep(A)
Ep(B)

Since they add Pythagorean indeterminacy degrees to cor-
relation coefficients, the definitions are more accepted by a
large number of researchers. However, they may meet the
indistinguishable situation.

Example 12: Let A,B,C be three PFSs on U =
{x1, x2, x3}, here

A = {{x1, 0.6, /0.55), (x2,0.5,0.3), (x3,0.4,0.5)};
B = {{x1, 0.3, +/0.55), (x2,0.5,0.4), (x3,0.3,0.5)};
C = {(x1,0.1,4/0.98), (x2, 1, 0), {x3,0, 1)}.
We can compute the correlation coefficients as follows:
P (A, C) = p\ (B, C) = 0.5158,
PP, C) = pP (B, C) = 0.3525.

Obviously Garg’s method cannot distinguish the above
situation.

C. CORRELATIONS AND CORRELATION COEFFICIENTS
FOR PHFSS
For PHFSs, the first problem is that we should adjust their
cardinalities to compare them, since the cardinalities of two
PHFEs are often different. Based on the previous analysis,
we find the construction of correlation coefficients of HFSs
needs to add some minimum values or some maximum val-
ues, which may cause the fuzzy information to be inconsistent
with the original HFEs. The two methods both have the draw-
back, which is the methods depend on the decision makers’
subjective perception of risk preferences which are affected
by the extreme values. In this paper we propose the least
common multiple expansion LCME) method similar to [39],
which can add information from the original PHFEs evenly
and not just add extreme values.

Definition 13: Let hey (xi) = {{pir, vir), - -+, (Wi, Vis,)}
(t=12,.--,T) be some PHFEs about x; on U with S;, =
|h ey (xi)]. Take the least common multiple number of all S,

(t = 1,2,---,T) and denote it S;. Then for any t, hg (x;)
can be extended to
h;{t(xi) = (i1, vir), - (Mit, vin)s -0
SSTI times
(1is, s Vi, )s =+ 5 (is,,» vis, )}
SS—,’; times
Then W, ()l = W)l = - = [H, () = S

The method is called the least common multiple expan-
sion (LCME) method.

Then we face the second problem: how to rank the
pairs of PFEs in a PHFE? As presented earlier research in
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Pythagorean fuzzy environment [49], the score function is
used to measure PFEs. The bigger the score values, the larger
the PFEs. However, we may face the situation that the score
values of two PFEs are equal. We develop a method for
Pythagorean fuzzy environments based on the score function
and the accuracy function.

Definition 14: For any PFE P = (up,vp) on U, here
,u% + vfz, < 1, the accuracy function S is defined to map P
to [—1, 1], which satisfies:

S(P) = pp — vj.
The accuracy function H is defined to map P to [0, 1],
which satisfies:
H(P) = s + v3.

Let A = (4, va) and B = (up, vg) be two PFEs.

(O IfS(A) < S(B), then we say A < B;

Q) IfS(A) > S(B)), then we say A > B,

B) If S(A) = S(B), furthermore,

when H(A) < H(B), then we say A < B;
when H(A) > H(B), then we say A > B;
when H(A) = H(B), then we say A = B.

For two PHFSs &7 and 4, if for any x € U, extend /4 (x)
and hg(x) based on LCME method and rank all PFEs in
ho7(x) and hg(x) based on the order “>"". Then we have the
revised /', (x) and //5(x).

Example 15: Let hgy(x) = {(0.2,0.4),(0.3,0.4)},
hg(x) = {(0.4,0.5),(0.4,0.7), (0.3,0.6)} and he(x) =
{(0.5, 0.8), (0.6, 0.8)} be three PHFEs on U = {x}.

Firstly we use LCME method to extend all the PHFEs:

he(x) = {(0.2,0.4), (0.2, 0.4), (0.2,0.4),
(0.3, 0.4), (0.3,0.4), (0.3,0.4)};

hg(x) = {(0.4,0.5), (0.4, 0.5), (0.4,0.7),
(0.4,0.7), (0.3, 0.6), (0.3,0.6)};

hg(x) = {(0.5,0.8), (0.5, 0.8), (0.5, 0.8),
(0.6, 0.8), (0.6, 0.8), (0.6,0.8)}.

Then we rank all the PHFEs based on *“>":

fgj(x) = {(0.3,0.4), (0.3, 0.4), (0.3,0.4),
(0.2,0.4), (0.2,0.4), (0.2,0.4)};

h’gg(x) = {(0.4,0.5), (0.4, 0.5), (0.3, 0.6),
(0.3, 0.6), (0.4,0.7), (0.4,0.7)};

hﬁg(x) = {(0.6, 0.8), (0.6, 0.8), (0.6, 0.8),
(0.5, 0.8), (0.5, 0.8), (0.5,0.8)}.

Through the extension and ranking of PHFE, the revised
PHEFE /' does not add extreme information. Then we propose
the correlation coefficients of PHFSs.

Definition 16: Let o7 = {{x;, hoy(x))|x; € U} and B =
{{xi, hg(xi))|xi € U} be two PHFSs on U, and S; be the least
common multiple number of |h o (x;)| and |hg(x;)|. The total
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correlation between of and A is defined as

Cpu(, B)
1 n 1 S,‘
— 2 A .
=~ g(g F;(u,d(,@(x,)ugM)(xl)

02y GV 0. () ) + T ) T ) (D))-
And

n Si
1 1
C;,LH(JZf, B) = ; Z(Z_SI Z(Mi{oo)(xi)ﬂ?@g(j)(xi)
i=1 j=1
+ (1= 12,0 @N( = nZ @),
11 Si
C}‘;H(&{’ B) = ; Z(z_sl Z(nygq)(xi)végg(/)(xi)
i=1 j=1
+ (1 =25 @1 = g (),
1 Si
Cpy(t, B) = ; Z(Z_S, Z(Neif“(,»)(xi)ﬂ(%g(i)(xi)
i=1 j=1

(1= 70 O = 755y (0)))

are called the membership, non-membership and indetermi-
nacy correlation between <f and B, respectively. The three
kinds of correlations are collectively referred to as the local
correlations between </ and A.

Here (i o763)(Xi), Vero(j)(Xi)) and (i ze()(Xi), Vo) (Xi))
are the jth largest PFEs in I'_,(x;) and W (x;), respectively.

Definition 17: Let of = {{x;, hoy(x;))|x; € U} be an PHFS
on U with T; = |hg(x;)|. The total informational energy of
o is defined as

n T;
1 1 «
Epi(e/) = =3 (5 > (heyyoi) + Vi) + 7).
i=1 ~ =1
And

n T;
1 I «

Epp () = ~ 3 (o0 D (00 + (1= u())),
i=1 T =1

n T;

1 I «

Epp () = =) :(2_T,~ D W) + (1= 2,000,
i=1 j=1

n T;
1 I «

Efy (/) = =3 :(2_T,- > whi) + (= w00
i=1 j=1

are called the membership, non-membership and indetermi-
nacy informational energy of <7, respectively. The three kinds
of informational energies are collectively referred to as the
local informational energies of < .

Here {11.07j(05), vy /(31)) € hy(x).

Remark 18: Let I ,(x)) = {{leyo()(Xi)s Vo)l =
1,2, Si}betherevised h o/ (xi) = {(1orj(Xi), vorj(XD)) | =
1,2,---,Ti},here S; = |thV(x,~)| and T; = |hg/(x;)|. We can
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find
Epu (o )

_Z(

Z(ud,(x,) + Vi 00) + 7 (x0)

1 1
= Z Z(S_SI Z(,U«:tjg(j)(xi) + Vi{aq)(xi) + n_;(,m(xi)))o
im =1

So in the following context, we do not emphasize which
method is used to calculate the informational energies when
we mention them. The case of £ Il.fH, Ep,, and EF, are similar.
Proposition 19: The correlations and informational ener-
gies of PHFSs satisfy:
MO0 Cpu(, B)< 1

0 < Chy(, B), Chyy (e, B), C H(d B) <

0< EPH(JZ{) EPH('Q{) E;H(d) H(%) 1,
(2) Cry(, B) = Cpu (%, A);

Cpy(d, B) = Chy (B, A,

Chy(d, B) = Chy(B, ),

Cy(ed, B) = Cpy (B, ),
(3) Cry(, o) = Epy(A);

C;’-fH(%, o) = E#H(%);

Cpy(d, o) = Epy (),

CPy (o, o) = ERy ().

Proof: Proposition 19 can be proved by Defini-
tion 16 and Definition 17 easily. Here the process is
omitted. 0

Definition 20: Let o/ and 9 be two PHFSs on U. Then the
correlation coefficients between </ and 9, can be defined as
the following four forms:

D (. Cpu(4, B)

Pri( - B)= VEpH() A/ EPH(«@)
Cpy(t, B

P (ot B) = P ( )

max{EpH(d) EPH(%)}
P (o, B) = g(pm(m B)+ppy (A, B)+ppy (. , B));

1 / / /
Poiy (A - B) = S 0y (. BY+ (. Bt pyy (o B).

Here,
n
oyt By = — e LD
\/Egﬂ(ﬁf) Epy(#)
Cpy (e, B)
b (A, B) = £t ;
PPH VEpy () JEpy (B
CEy (e, B)
Ryl B) = H :
P VEE () By ()
, Chy(, B)
" of B — PH
Ppu(T P) max{Ep, (), Epy(B)}
, Cpy(, B)
Y (o B) = PH ,
Pe( ) max{Ep, (<), Epy(A)}
PP (A B) = 2

ax{Epy (), Epy(#)}
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Proposition 21: The correlation coefficients of PHFSs sat-
isfy the followzng properties:
(1)ppg(szf B) = p“)(% ),
pp (fQ{ B) = ppg(% ),
ppi-](% PB) = Pp g(% ),
Poi (A . B) = poyy (B, A ):
2)0< p(?(szf B) < < p(}),(szf B) <
0 < pooy (e, B) < pé,{i(% B) < 1
S ot . B) = pp(A . B) = pp(d. B) =
PH(%,%)_ 1o o = 2.

Proof: Claim (1) and (3) can be proved by Defini-
tion 20 easily. Here the processes are omitted. Claim (2) can
be proved as following:

Obviously the inequality p (42% B), p(z) (A, B) >
By Cauchy-Schwarz 1nequa11ty

1y1 + x2y2 + - Xn)?

SOF+3 441D 3+ + 4D,

,yn) € R", we have

here (x1,x2, -+, xz), V1, Y2, -+

Chy (o, B)
1 n 1 Si
_ 2 N2 .
= (- Z}g glj(um@m)u%@(xl)
+ vfy,,m<xi>v§w<xi> T ) EDT Sy (D))

uwmun Kooy @) Vi)
N 'Z BSBS NES)
v,%mocl) T2 @1) TG0
' JF NSNS
Ko Higoyn) Vg (in)
'Z Ve V35, V35S,
o) On) o)
V@) (D)
351 351 38

. ‘{%(/) (x")

NEM

V@) Ty On)

Z 124 ng(])(xn)
38, 38y

1 3L wh, ) vh ) wh ()
(= Z( Bo()" | “#a0) o)
nj:l 351 351 351

V0 On) T Cn)

38, 3S,

1 Z Mgd(/)(xn)
1

- (Z Z 3S; Z(ui%(,)(xi) V570 00 F Ty 30
i=1 Vo

S.
1 1 -

: (; Z S_S, Z(Migg(/)(xi) + V%(,(i)(xi) + ﬂ(%g(j)(xi)))
i— =1

= Epy () - Epp(%).
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TABLE 1. Correlation coefficients of PHFSs.

(o, B) (B, ¢) (A,6) Ranking
pB) 08730  0.6444 02948  pU) (o, B) > p0) (B, %) > pL) (4, F)
Pl 07131 05848 0.2653 53}1( 2) > p(2,6) > p<2> (,%)
Pl 09227 08423 06402 P (o7, B) > pﬁf},(% %) > p3) (o, %)
P 08310 07397 0.5347 (4) (vf B) > p\)(B,6) > pi) (o,%)

Therefore Cpy (', B) < Epg () - /Epa(A), s0 0 <

P, B) < 1.
Since Epy(2/) < max{Epy (), Epy(P)}, Epn(#) <
max{Epy (<), Epy(#)} and Epy(o/)Epy(#) <

max{Epy(/), Epu(#B)}. S0 ppy(et, B) < pppy (et , B).
Hence 0 < pjyy (/. B) < ppy (/. B) < |
Similarly, we have 0 < ppp(/, B) < poy (/. B)
< 1. O
Example 22 (Continued From Example 15): Compute the
correlation coefficients between o7 and %, % and €, <&
and €.

Based on Definition 16 and Definition 17, we have
Cpy(d, B) = 0.1502, Cpy(AB,€)=0.0998,
Cpu(, %) = 0.0559,
Chy (o, B) = 0.4081,
C,’.fH(Jz%, %) = 0.3362,
Cpy (o, B) = 0.2953,
Cpy(e,€) = 0.2024,
CEy(od, B) = 0.2471,
Cpy(eZ,€) = 0.1290;

Epy (/) = 0.2106,
Epp(€) = 0.1706,
E;,‘H(Jz%) = 0.4398,
Epy(€¢) = 0.2911,
Epy (/) = 0.3656,
E}y () = 0.2696,
E, () = 03262,
Ep,(€) = 0.4511.

Chy (B, €) = 0.3208,
Cpy(B, %) = 0.2313,
CEy(B,€) = 02471,
Epn (%) = 0.1405,
Epy,(2) = 0.3831,

Eby(B) = 02774,

EZ, () = 0.2610,

So we have the correlation coefficients in Table 1. It shows
the four results of ranking are consistent.

D. COMPARATIVE ANALYSIS WITH THE EXISTING
CORRELATION COEFFICIENTS
As we have presented in the introduction, the concept of
PHEFS is controversial. About the correlation coefficients of
Liu’s PHFS we have not seen the related reports. Considering
PHFSs are the extension of HFSs and PFSs, we will compare
the existing correlation coefficients of HFSs and PFSs with
our definition.

() Let A = {{x,ha(x))|x € U} be a HFS on U, here
ha(x) = {ma(x)}. We can generalize hs(x) to ha(x) =

{{uax), /1 — uf\(x))}. Then A is extended to a PHFS.
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Continue to Example 8 as an example. Denote A; and B
as two PHFSs:

ha,(x) ={(0, 1)},  hp,(x) = {{0.2,/0.96), (0.3, +/0.91)}.

Then compute the correlation coefficients between A| and B
based on Definition 20 as follows:

pS,;(Al B1) = 0.9969, pﬁ,;(Al B1) = 0.9350,
PSI (AL BY) = 0.9979,  pi(Ay, By) = 0.9567.

Continue to Example 10 as an example. Denote A, and B;
as two PHFSs:

ha,(x1) = {(0.2, +0.96)},

hp,(x1) = {{0.1, +/0.99)},
hp,(x2) = {{0.2, +/0.96),

ha,(x2) = {{0.2, /0.96)},

(0.3, /0.91)}.

Then compute the correlation coefficients between A, and By
based on Definition 20 as follows:

p;Q,(Az, By) = 0.9988, p\) (A, By) = 0.9952,
P (Ag, By) = 0.9992,  pSh) (A2, By) = 0.9968.

(2)LetA = {{x, ua(x), va(x))|x € U} be aPFS on U, here
0< ,uf‘(x) + vﬁ(x) < 1, for any x € U. We also can see A
as a PHFS, whose responding PHFEs only include one PFE

{{ra(x), va(x))}.

Continue to Example 12 as an example and compute the
correlation coefficients between A and B based on Defini-
tion 20, we have

PS(A, C) = pS (B, C) = 0.5158,
PSI(A, C) = pS) (B, C) = 0.3525,

PSI(A, C) = 0.7094 (B, €) = 0.7066,
PSI(A, C) = 0.5703,  pSH(B, C) = 0.5702.

We can find that our first two definitions of correlation
coefficients are consistent with Garg’s definition. What’s
more, our last two definitions of correlation coefficients can
distinguish two different situations.

IV. CORRELATION COEFFICIENTS FOR IVPHFSS

A. CORRELATIONS AND CORRELATION COEFFICIENTS OF
IVPHFSS

Furthermore, we try to study the correlation coefficients of
IVPHFSs. We may use LCME method to solve the inconsis-
tent problem of the cardinalities of [IVPHFEs, while we still
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need to consider the ranking problem in one IVPHFE. Here
we recall the operators of interval numbers.

Definition 23 [11]: Leta = [a™, atland b= [b—,b*] be
two interval numbers. The interval arithmetic can be defined
as:

(Hha+b=[a +b",a"+b"];

Qa—-b=[a —bT,at —b7];

B)a" = [(@)", (a*t)'], herea™ > 0,n e IN.

Definition 24 [41]: Let a = [a—,aT] and b = [b~, b™T]
be two interval numbers, and (@) = at — a=,l(b) =

bT — b™, then the possibility degree of a > b is defined as
follows:
t_a
P b max{l — max{——, 0}, 0}.
(a = b) = max{ {l(a)+l(b) 1,0}

The equation of the possibility degree is used to compare
two interval numbers. If P(a > b) > 0.5, then a is superior to
b, denoted by a > b; If P(a > b) = 0.5, then a is equivalent
to b, denoted by a = b.

Similar to the discussion about PHFEs, we develop
the score function and the accuracy function to compare
IVPHFEs. It is worth noting that an IVPHFE includes
some pairs of interval-valued Pythagorean fuzzy elements
(IVPFEs). The arithmetic of interval numbers can keep the
original fuzzy information more than that of real numbers.
So we propose the following concepts of score functions and
accuracy functions about IVPFEs.

Definition 25: For any IVPFE P = (ﬁp, Vp) =
(lug. wg) vy, vil) on U, here (uf)® + (WY < 1,
the score function S is defined to map P 1021~ 1 U which
satisfies

S(P) = (iip) — (W)
= [(13)* — 9%, )’ — 3 1.

The accuracy function H is defined to map P 1o 21011,
which satisfies

H(P) = (fip)* + ()
= [(13)* + )%, 3 + L.
LetA = (1x, v3)s E (i1, v) be two IVPFEs on U.

(D IFPESA) = S(B)) < 0.5, thenA < B
2 IfP(S(A) > S(B)) > 0.5, then A = B;
3) IfP(S(A) > S(B)) = 0.5, furthermore,
when P(H(A) > H(B)) < 0.5, thenA < B
when P(H(A) > H(B)) > 0.5, then A > B
when P(H(A) > H(B)) = 0.5, then A = B.
For two IVPHFEs, extend the IVPHFEs by LCME method
and rank all the pairs in one IVPHFE based on the order
>"". Then we have the revised IVPHFEs and compare
them. _ _
Definition 26: Let o/ = {{x;, h 7(x))|x; € U} and # =
{(xi, hz(x))|x; € U} be two IVPHFSs on U, and S; be the
least common multiple number of |h 7(x;)| and |h g (x;)|. The
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total correlation between &/ and A is defined as

Crvpu (<, 327)

=_Z(

+ @~

Z«u% o T, ()

()5 @)

+ N2
FINCD)

7o l)vj O+
Gl @ )+ (v iy

+(rh ok (a))?).

A (j) o (j)

And

n Si

~ ~ 1 1 d
" _ . YT )2
Clip( . 5) = ~ 213( IS Z}j(wmo)(x,m%@(x,))

i= j=

+ AV 12
+ (M_Q{?}(/)(xl)ﬂng(j)(xt))
+ (= (g o GO = (5 (60)?)
+(1 - (uj; O = (h @))).

Z(( e
+(V£}V (/,)(x,-)v@ (,.)(xi))
(1= DDA = )
+(1 -0 (xl))2>(1 R CENED) )

Chpu (A, B) = — Z( W 50

Bo(j)

PORPOR (L
Clvpn (/. ) = — Z(TS,- Z((n 700 T 5, @)

2
@Il ()
+( = (r % DA = (T 5 i)
+(1 =@l D = (g )h)

are called the membership, non-membership and indetermi-
nacy correlations between o7 and B, respectively. The three
kinds of correlations are collectively referred to as the local
correlations between <f and AB.

Here (117,00 17 001 17,50, v7 G0
and ([ 5 (%), s o v, (/)(x,) vE (")) are the
jth largest interval-valued PFEs in h ~(x,) and - (x,)
respectively. -

Definition 27: Let o/ = {{xi,h H{x;))lx; € U} be an
IVPHFS 0n~U and T; = |h 7(x;)|. The total informational
energy of < is defined as

— Z(
+05 (x,»“ + ~(x,>>4
+ <n;,7(x,->)4 + (n;:ﬁ(xi))“)).

Enven (/) = Z((u; ) + (0o
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And
R N
Epypy () = — Z(E Z((u;;,;(x,-»“ + ()
+( = ~<xl>)2)2 + (1= ),
EIVVPH(WN) =

1 — W L ot e
- E(ﬁ ;«v 7! + ()

+(1 - (v*~.(x,»))2)2 +1 - (v+~.(x,-)>2>2)),

Efypn () = Z( Z((n ) + ()

+( - @(x,-»zf + (1= (7 Si)))
are called the local membership, non-membership and inde-
terminacy informational energies of </, respectively. The
three kinds of informational energies are collectively referred
to as the local mformanonal energies of .
Here {[p (i), Md 71 [v 5 (xi), v S € hpx).
Proposmon 28: The correlatlons and informational ener-
gies of IVPHFSs satisfy:
(DO Crypu(, B) < 1
0 < Chipy (A, B).Chpy (A, B), Clyppy (o, B) < 1
0< EIVPH(W) <1,
0< VPH(’Q{) 1wer (D) Efypy (9) <
(2) Crveu (A, B) = Crypu (A, B);
IVPH(JZf %) =C VPH(“Q{ %)
Crvpu(, %) = Crypy (A, %)
Clvpu A, B) = Clypy (A, B);

(3) Crvpu (., o) = Evpu();
Crypy( A, &) = Eppp();
Crypu (A, ) = Epypy ();

Crvpu (A, ) = Epypy (7).

Definition 29: Let </ and 9 be two IVPHFSs on U. Then
the correlation coefficients between </ and % can be defined
as the following four forms:

Crvpu (A, B)

\/ Ervpu() /. Ervpn (%)
Crveu (<, B)

max{Eppy (), Eyven(P)) !
%(p;‘VPH@eZ B) + pypy (A, B)
+ orypu (A . B));

%(p;‘V’PH(% B)+ phypu(l, B)
+ (. B)).

Plvpu (T, B) =

Prvpn (. B) =
Piveu (A B) =

Here,
Clop (s B)

oy B) = :
\/ IVPH(‘Q{ ) IVPH(‘%))

9280

Clypu . B)
VER o) Bl ()
Clypu( A, B)

VER () By ()
Clypu( . B)
max{Efypy (). Epypy ()
VPH(JZ{ 7 )
maX{EIVPH(d )s VPH(%))}
Chpn (. )
max{ IVPH(‘Q{)’ EK/PH(QZ)} '

pIUVPH ("ZZ é) =

PfVPH ('QZ % ) =

pﬁ/pH(fQZ @) =

P})\//PH(QZ @) =

p}TV/PH(QZ B) =

Proposition 30: The correlation coefficients of IVPHFSs
satisfy the following properties:
(1 p,lgp,,w B) = p,gp,,(ﬂ );
(g)pH('Q{ %) = plg)p[—[(% JZ{)
p]}g:]-](ﬂ %) = pIX)PH(% JZ{)
pIVPH(% PB) = pIVPH(% ),
@0 < plyen (T, B) < prypy (T, B) <
0 < Plypy (' B) < piypy (7, B) < 1
) Piopi el D) = . B) = ooy T F) =
i B) =1 & o = B.
Example 31: Let ,;af %’ % be three IVPHFSs on U = {x}.
Here
o = {x, ([0.2,0.5], 0.3, 0.4])}:
% = {x, ([0.2,0.4],[0.3,0.7]), ([0.2, 0.4], [0.3, 0.5])};
7 = (x, ([0.3,0.5], [0.2, 0.4])}.
Compute the correlation coefficients between them.
Firstly we give the revised IVPHFEs:
h 7x) = {([0.2,0.5], [0.3, 0.4]), ([0.2, 0.5], [0.3, 0.4])};
hz(x) = {{[0.2,0.4], [0.3, 0.5]), ([0.2, 0.4], [0.3, 0.7]) };

hp(x) = {{[0.3, 0.5], [0.2, 0.4]), {[0.3, 0.5], [0.2, 0.4])}.
Based on Definition 26 and 27, we have

Crvpu(, B) = 0.1905, Crpu(%,€) = 0.1901,
Crveu(/, €) = 0.2000;
Chpy (A, B) = 0.3983,
Chpy (7, €) = 0.3756;
Chopy (o, B) = 0.3562,
Chopy (o, €) = 0.4021;
Clpu (e, B) = 03171,
Clopu (. €) = 0.3225;

Ervpn(/) = 0.2005,

Eppr(€) = 0.2005,

Chpy (B, €) = 0.3868,
Clypp (B, €) = 0.3664,
Clpy (B, 6) = 03171,
Ervpr(#) = 0.1965,

0.4136,

EK,PH(d:) = 0.3871,
Elpy () = 0.3653,
E}ypy () = 0.3919,

EK/PH (g? )=

Epypy (%) = 0.3497,
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TABLE 2. Correlation coefficients of IVPHFSs in Example 31.

(o, B) (B, 6) (A,6) Rankmg
P oy 09600 09579 09979 P (%) > pIVPH(Qf B) > p\y pu(#,€)
PPy 09504 09483 09979 p\H L (A, ) > p\D) by (A, B) > p$2) by (B, C)
Py 09785 09788 09992 p\¥ (A, €) > p\D) L (B,6) > p\D (o, B)
PV oy 09481 09312 09808 p\V) L (A, 6) > )y (o, B) > o) oy (B, 6)

Epypp(€) = 0.4136,
EJp () = 0.3225,
EJpy(€) = 0.3225.

EJpy (%) = 03261,

So we have the correlation coefficients in Table 2.
Although the four ranking results are little different, VPHFS
</ and IVPHFS € are always the most similar.

B. WEIGHTED CORRELATION COEFFICIENTS OF IVPHFSS
In the above section, we discuss the case that all objects are
equally important. In many practical situations, the different
objects may have different weights. This section develops the
concept of the weighted correlation coefficients of IVPHFSs.
Definition 32: Let of and A be two IVPHFSs on U.

Let o = (w1,wy, - ,a),,)T be the weight vector of U
n

with > w; = 1. Then the weighted correlation coefficients
i=1 ~

between of and B can also be defined as the following four

forms:

CIVPHm(JZZ B)

\/ Epn, () \/ Ewpy, (B)
CrvrH, (o, B)
maX{Elvam (»Q{) EIVPH (%)}

g(pIVPHa,('Q{ ,B) + p})VPHw(ﬁ{ , B)
+ o1ven, (A B));
S hopn (T )+ iy, (T
+ ,Ofv/PHw(@Z B)).

' ~ ~
:";V;)Hw (o, B) =

Pivp, (. B) =

3 ~ ~
’OI(V)PHLD("Q{’ %) =
4 ~ ~
p;vi)Hw(% , B) =

Here,

Crvpn, (., ) = Z( 55, Z((u% DR, ()
i=1

4+, (v~
+ (T~

7 (])(x,)v ()’
W2
T (/)( l)ng (])( Xi))
(e G ()
L @vE i)

Y o o (j)
+ s Tk )

Po(j)

427(/) 0

Clvpn, (A, B) = Z( IS Z((ud OG0 )

i=1
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Clvpn, (7. B)

CK/PHL,) (@Z '@) =

Epw, () =

EK/PHQ, (42?) =

Ep VPH,, (%N)

Efpp, ()

pK/pHm(VQZ @) =

P[vvaw (QZ e@ ) =

+ AV s )2
g ) SR G, 0)
+ (1= (g GO = ()
+ (1= (G =l )

n S;
— wj _ - 2
a ;(4—51 Z((V<Q%\;7(7)(Xl)vﬂ?a(j)(x’))

2
+ W SCvE @)
+ (1= e DA = g )
+ (1= S = (v )

n

Si
wi _ B )
Z(4_Si Z((ﬂ<4<>7t7(i) (Xi)nf}?a(j) (xi))

i=1

+ @)
+(1 = 7 ) = ( ;3 0D
+(1 = g, DDA = (L))

n ; ) ) 4
25T, ;““@(’”» + (i)

+ (v;Z.(x,-))“ + (v;7j<x,->>4

+ () + ()

n T,'
w; - 4 4
,»221(47 ;«%(xi» + (1 7x0)

+(1 - (ul;~j<xl-))2)2+<1 —(uj,;;(xi))%);

n Tl'
Wi - 4 4
= E(“_Tf j_Xf‘((v@(xi» + (V)

+(1 - (v;;;(xi)>2>2+(1 — (v%xf))z)z));

n T;
I —(x)* e
= E( iT ];((%(x,» + (7 )

+ (1= (1)) +(1 = 5x0))*)));
Chypp, (A B) '
JE;‘VPH D) Efvp, (D)
VPH (“Z{ 93)

\/E IVPH, ("27)\/ IVPH, (93)
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Civen, (. B)

VERp, (D) \[Efp, %)
CK/PH (o, B)
maX{EIVPH (), Ep, IVPH,, (%))}
Clypn, (7, P)
maX{EIVPH (@7/ ), Ej, IVPH,, (%)}
Clven, (o, B)
max{E, IVPH,, (d ), EIHVPH (*@)}

P;IVPHW (&Z QZ) =

IL/ ~ ~
OrvpH, (o, B) =

/Olv‘//PHw («QZ @) =

p;[V/PH,u (@7, @) =

Proposition 33: Let o/ and % be two IVPHFSs
on U. Then the weighted correlation coefficients between
o and B satisfy:

(D) Piypn, (7 B) = plypy, (B, D),

Do (T B) = 02y (B )
oo, T B) = Py, (B ),
pﬁ‘éiw wf D) = pliwn, (B T
2)0< p[vp[-[ (% %) < p}\l/;vH (437» %) < 1
0 < plppy, (. D) < pﬁ%H (o, B) <

3) pl(‘l/;’H (ﬂ '%7) = 'OIVPH (% '%7) = pIVPH (*@( 93)

Psvpn, (7 33)_1@427 B.

1 T
(4)1fw=(—,---—) ,
n n
Chvpi, (. B) = Clypyy (7, B,
2 2 = 5
I(VI)DH (o, B) = I(VBDH(«W, B),

Clopn, (. B) =

Civp, (. B) =

veH
Chop (T, B),
Ve
Civpu (S, B,

Ejyp, () = Ejypyy (),
Efop, () = Efypy (7),
Efop, () = Efypyy (),
Ejyb, () = Ejypy (),

Pven, (A B) =
Prvpn, (A B) =
Pivpn, (A B) =
prvp, (. B) =

V. APPLICATIONS

This section will apply the correlation coefficients for
IVPHFSs to MCDM problems and clustering analysis.

A. MCDM PROBLEM
Let A = {Afli = 1,2,

natives and C = {Cj|j = 1,2,---

teria, w = (w1, w3, -
the criteria, where w; € [0,

Piveu ., B),
P, B,
P\ (T, B),
Pver( . ).

,m} be a finite set of alter-
,n} be a set of cri-
,w,)T be the weight vector of
NG = 1,2,---,

> wj = 1. Suppose M = (h @)mxn is an interval-valued

Pythagorean hesitant fuzzy decision matrix (IVPHFDM),
where hz: =l p ) v v DIGD? + () <
1},G6=12,---,mj=1,2,---,n)is an IVPHFE given
by decision makers to evaluate the alternative A; with respect
to the criteria C;.

The concrete algorithm is listed as follows:

Step 1 Input M = (hZ)mxn, @ = (@1, @2, , )T
and A € [0, 1].

Step 2 Make M the revised IVPHFDM M’ (h/ ~)mX "

The cardinalities of different IVPHFEs may be d1fferent
even in the same criteria, that is |k _~ T | # |h d' k,1 =
,2,--- mk#I1,j=1,2,---,n). Use the LCME method
to make the cardinalities of two IVPHFEs are consistent and
order all the interval-valued PFEs in each IVPHFE. Then
we have |h/ ~| |h’ ~| and the revised IVPHFDM M’ =
(h ~)mxn is formed

Step 3 Compute the weighted correlation coefficients
between each <7 and .

Here o7 = (h;? h;y &7) (i=1,2,---,m)canbe
seen as the IVPHES which represents the fuzzy degree of the
alternative A; about all the criteria. o/* is the IVPHFS which
represents the fuzzy degree of the ideal solution A* about all
the criteria. For the benefit criterion C;, the ideal solution is
depicted by the IVPHFE h@ = {{[1, 1], [0, O]}}; For the
cost criterion Cj, the ideal sohition is depicted by the [IVPHFE
hd* = {{[0, 0], [1, 1])}. Then A* =

whrch satisfies |hﬂ*| = |K ~| foranyj € {1 2,---,n}

(h%*,h%*, ,I’lgz})

Step 4 Get the prrorrty of the alternatives A; by ranking the
above correlation coefficients. End.

Example 34: An investment company should evaluate four
possible projects A; (i = 1,2, 3,4) according to the three
criteria C; (j = 1,2,3). Here C; and C; are both benefit
criteria while C3 is a cost criterion. Suppose that the weight
vector of the criteria is @ = (0.3, 0.45, 0.25)7 . The decision
matrix is given by the experts as Table 3.

Considering that |hQ{ | # |h9f | for any j € {l, 2,3},
we revised the matrix M 1nto M’ in Table 4. Table 5 gives the
correlations between the four IVPHFSs and the ideal IVPHFS
and informational energies of the four IVPHFSs. Further-
more, compute the four correlation coefficients between this
alternatives and the ideal alternatives in Table 6. The result
shows the project A3 are always the most optimal, although
the four ranking results are little different.

B. CLUSTERING ANALYSIS
Let & (i = 1,2,---,m) be m IVPHFSs on U, and R =
(0ij)mxm be their interval-valued Pythagorean hesitant fuzzy

relation matrix, where p; = pl(‘l/)PHw( <, ). R obviously
satisfies: forany i,j = 1,2, --- ,m,

(1)(Boundedness) 0 < p;; < 1;

(2)(Reflexivity) p;; = 1;

(3)(Symmetry) p;j = pji.

So R can be regarded as a similarity relation matrix.
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TABLE 3. IVPHFDM M in Example 34.

Ch [ Cs
(06,07, 04,058, {([0.4,0:6], 0.1, 03], {([0:5,0.7], [0:2, 0.4])F
! ((0.5,0.8],[0.1,0.3]) } ([0.4,0.6],[0.2,0.5]) }
7 (04,06[,[02,04)}  {{[05,0.6],[0:3,04]), {{[0.3,0.6],0-2,0.3],
2 ([0.3,0.5],[0.2,0.3]), ([0.2,0.5],[0.3,0.4]),
([0.2,0.7],[0.2,0.4]), ([0.2,0.6],[0.1,0.3])}
([0.3,0.5],[0.2,0.7])}
. {(0305.[01,02),  {([(0.6,08,[0.,0.2)),  {{[0.3,0.4],[0.4,0.6]),
3 ([05,0.7],[0.3,0.4))}  (0.6,0.8],[0.2,0.3))}  ([0.3,0.4],[0.5,0.7]),
([0.4,0.5],[0.3,0.6])}
— {(05,06,[02,04))F {{[0.4,05], 03,047, {([0.5,0.8],[0.2,03))}
! ([0.3,0.5],[0.3,0.4])}
TABLE 4. Revised IVPHFDM M’ in Example 34.
Ch C Cs
~ ((05,08[0.1,03),  {{[04,06L,[0.1,0.3]),  {{[0:5,0.7], [0.2, 0.4y,
1 ([0.6,0.7],[0.4,0.5])} ([0.4,0.6], [0.1,0.3]), ([0.5,0.7],[0.2,0.4]),
([0.4,0.6], 0.2, 0.5]), ([0.5,0.7],0.2,0.4]) }
{[0.4,0.6],[0.2,0.5]) }
7 (04060204, {([0.5,06],[0.3,0.4]),  {([0.3,0.6,]0.2,03],
2 {]0.4,0.6],[0.2,0.4])} ([0.2,0.7], 0.2, 0.4]), ([0.2,0.6],[0.1,0.3]),
([0.3,0.5],]0.2,0.3]), ([0.2,0.5],[0.3,0.4])}
([0.3,0.5],[0.2,0.7])}
o (05070304, {{{0.6,0.8],[0.1,02]),  {([0.4,05],[0.3,0.6]),
“3 {[0.3,0.5],[0.1,0.2))} {[0.6,0.8],[0.1, 0.2]), ([0.3,0.4], [0.4, 0.6]),
([0.6,0.8],[0.2,0.3]), ([0.3,0.4],[0.5,0.7])}
{[0.6,0.8],[0.2,0.3])}
7 {(05,06[,02,04], {{[0.4,0.5],[0:3,0.4]), {([0.5,08],[0.2,0.3]),
4 ([0.5,0.6],[0.2,0.4])}  ([0.4,0.5],[0.3,0.4]), ([0.5,0.8],]0.2,0.3]),
([0.3,0.5],[0.3,0.4]), ([0.5,0.8],[0.2,0.3])}
([0.3,0.5],[0.3,0.4])}
TABLE 5. Correlations and informational energies in M’ in Example 34.
CIVPHw C?VPH“, CIUVPHW C?VPHW Ervpn, E?VPHQJ E;VPHW E?VPHW
9{1 0.0908 0.2025 0.3464 0.2236 0.1675 0.2959 0.4116 0.2950
§7%) 0.0668 0.1914 0.3388 0.1702 0.1899 0.3416 04114 0.3167
o3 0.1258 0.2590 0.3893 0.2290 0.1720 0.3119 0.4147 0.2893
ay 0.0640 0.1573 0.3400 0.1948 0.1727 0.3186 0.4104 0.2892
TABLE 6. Correlation coefficients of IVPHFSs in Example 34.
(eth, A*) (ota, ™) (o5, 9 *) (y, o*)
P 0.3844 0.2655 0.5252 0.2669
P 0.2725 0.2004 0.3773 0.1921
PIVPH, 0.6241 0.5459 0.7043 0.5524
PV 0.5150 0.4669 0.5848 0.4614
Ranking
T T T T
pg\;PHw Pg\)PHw (a3, ™) > Pg\;PH (S, o) > p<IVPH (a, %) > PE\BPHW( /)
2 % 2 ~
Pg\;PHW PI\)PHW (a3, ™) > Pg\;PHw (S, ) > p§VPH (e, /%) > pIVP (7 )
3 3 s 3 ~ 7
pg\}PHw Pg\%PHw (a3, ™) > pg\}PHw (S, ) > pg\)PH (a, %) > pIVPHw( o)
4 4 - 4 T
pg\}PHW F’(1\3PHW (a3, ™) > pg\}PHW (A, o) > p(IV)'PH (cho, /*) > pIVPHW (557 )
Define R2 = RoR = ([)“U)mxm, here integers n and 1, the composition matrix R"1 72 = R™" o R™

m
pi=\/ (pik/\pkj), Lj=12--,m.
k=1
Then we say R? a composition matrix of R. Similarly, R} =
R20R,--- ,R"=R"10R, ... Usually, for any nonnegative
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is still a relation matrix. m
If R? C R, that means \/ (oic N\ prj) <
1,2,---,m. Wesay R is transmve When a relation satisfies

the reﬂexwlty, symmetry and transitivity, it is an equivalence
relation. Then we can say the interval-valued Pythagorean

pij, forany i,j =
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TABLE 7. IVPHFDM M in Example 38.

[ Co Cs
{05,081, [0-4,05)F  {([0.3,0.4],[0.4,0.8]),  {{[0-2,0.4], [0.3,0.6]y,
e (0.2,0.2],[0.7,0.8))}  {([0.6,0.8],[0.2,0.3]),

([0.5,0.6],[0.4,0.7])}

~ {{[05,0.7],[0.2,03]), _ {([0.5,0.7],10.2,0.3)F _ {([0.8,0.9],[0.1,0.2])}
P2 {[0.3,0.4],[0.6,0.6])}

~ {([0.1,0.3],[0.6,08))} _ {{[0.6,0.8],[0.2,0.5), _ {{[0.5,0.6],[0.4,0.5]),

3 (]0.3,0.4],[0.6,0.6))}  (]0.3,0.4],[0.4,0.6]),

([0.3,0.6],[0.2,0.5])}

— {{[0.4,0.4],[0.3,05]), {([0.2,0.5],[0.3,0.6)} _ {([04,0.5],[0.2,05)}
Y1 {[0.1,0.8),[0.2,0.3])}

—{([03,0.6], [0.4,0.7)} {([0.1,0.3],[0.3,05)),  {{[04,04], [0.5, 0.6]);

s (0.3,0.5],[0.1,0.4))}  {[0.3,0.6],[0.2,0.3]),

(0.2,0.5],[0.3,0.4])}

7 (01060204, {([0407,0203)F {([03,05],[02,04])}

([0.1,0.4],[0.3,0.5]}}

TABLE 8. Clustering results of six cars.

Class  Confidence level Clustering result

1 0<A<0.7671 {A1,A2, A3, A4, A5, As}

2 0.7671 < A < 0.8965 {A1,As, A4, As, Ac}, {A2}

3 0.8965 < A < 0.8967 {Al},{Az},{Ag,A4,A5,A6}

4 0.8967 < A < 0.9336 {Al}, {A2}7 {As}, {A4, A5, AG}

5 0.9336 < A < 0.9678 {Al}, {AQ}, {Ag}, {A4, As}, {A5}

6 09678 < A <1 {Al},{AQ},{Ag},{A4},{A5},{A6}

hesitant fuzzy similarity relation matrix R is an equivalence
relation matrix. In fact, a similarity relation matrix can be
composited into an equivalence relation matrix.

Proposition 35: Let R = (pjj)mxm be an interval-valued
Pythagorean hesitant fuzzy relation matrix on U. Then after
the finite times of compositions: R — R*> — R* — ... —
R — .. -, there must exist a positive integer k such that
R¥ = R¥" and R* is also an interval-valued Pythagorean
hesitant fuzzy equivalence relation matrix.

Definition 36: Let R = (pjj)mxm be an interval-valued
Pythagorean hesitant fuzzy relation matrix on U and ) €
[0, 1]. We say R, = (Apij)mxm the A—cutting matrix of R,
where

app = 10 TPt
Y L oif pjzr

Proposition 37: Let R = (pjj)mxm be an interval-valued
Pythagorean hesitant fuzzy relation matrix on U and A €
[0, 1]. R is an interval-valued Pythagorean hesitant fuzzy
equivalence relation matrix iff R, is a classic equivalence
relation matrix for any confidence level A.

Now we propose an algorithm of clustering IVPHFSs as
follows:

Step 1 Input M = (h,7 )mxn and w = (01, w2, - - - ,on)T.

Step 2 Compute pl(‘l,}DHw (JZZ, JZZ), for any i,j =
1,2,---,m, and get R (0ij)mxm,» where p; =
Piver, (. ).

Step 3 Initiate D = Rand E = (/.

Step 4 While E # D, do E = D and E = E?, end.

Step 5 Give any Confidence level A, and classify all these
IVPHFSs 7 (i = 1,2, --- , m) based on E;. End.
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Example 38: With the continuous improvement of people’s
living standards, the automobile industry is developing faster
and faster. To better evaluate six different cars U = {A;|i =
1,2, ---, 6} onthe market, we need to cluster them according
to the following three attributes: Cy: power performance; Cy:
handling stability; and Cs: fuel economy. Because the users
have different professions and levels of knowledge, they may
give different evaluations of the same car. To clearly reflect
the differences of the opinions, we keep all the evaluations by
interval-valued Pythagorean hesitant fuzzy information listed
in Table 7. Suppose that the weight vector of the criteria is
o = (0.3,0.25,0.45)T.

According to the weighted correlation coefficients p; =
p;‘l,%,Hw(,QZ , ;z%;), we derive the relation matrix R = (0;j)6x6 as
following:

1.0000
0.7633
0.8703
0.8965

0.7633
1.0000
0.7238
0.7671

0.8703
0.7238
1.0000
0.8677

0.8965
0.7671
0.8677
1.0000

0.8705
0.7219
0.8967
0.9336
0.8705 0.7219 0.8967 0.9336 1.0000 0.9266
0.8490 0.7573 0.8823 0.9678 0.9266 1.0000

Composite R and deduce the equivalence relation matrix:

1.0000 0.7671 0.8965 0.8965 0.8965 0.8965
0.7671 1.0000 0.7671 0.7671 0.7671 0.7671
0.8965 0.7671 1.0000 0.8967 0.8967 0.8967
0.8965 0.7671 0.8967 1.0000 0.9336 0.9678
0.8965 0.7671 0.8967 0.9336 1.0000 0.9336
0.8965 0.7671 0.8967 0.9678 0.9336 1.0000

— R,

0.8490
0.7573
0.8823
0.9678 |’

R =

Now classify the six cars based on the A—cutting matrix R§
in Table 8:
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VI. CONCLUSION

The paper has introduced four correlation coefficients for
PHEFSs and IVPHESs. Based on LCME method and the com-
parison method of interval numbers, the correlations between
two IVPHFEs can be derived. In addition, we have added
the local correlations and local informational energies for
PHFSs and IVPHFSs, so we can more completely depict
the similarity between two PHFSs or two IVPHFSs. And
the ranking results of the proposed correlation coefficients
by local correlations and local informational energies are
basically consistent with that by the conventional definitions
of correlation coefficients. At the same time, we have applied
the correlation coefficients for interval-valued Pythagorean
hesitant fuzzy environment in MCDM problems and cluster-
ing analysis to demonstrate the effectiveness.
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