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ABSTRACT In this paper, the consensus and optimization of a multiagent system in a distributed optimiza-
tion problem with bounded constraint is discussed under the general step-size, which is square nonsummable.
Firstly, a distributed projective subgradient algorithm is designed for time-varying directed communication
topologies under the event-triggered mechanism. Secondly, the consensus and optimization of the system
state and the ergodic average sequence are discussed. Finally, the effectiveness of the design algorithm and
the correctness of the theoretical results is verified by a simulation example.

INDEX TERMS Multiagent system, distributed optimization, event-triggered, general step-size,

time-varying switching digraph.

I. INTRODUCTION
With the emergence of complex systems and large-scale net-
works, distributed optimization problems have received great
attention in recent years, and some achievements in theory
and application have been obtained, like consensus prob-
lem [1]-[20], [38], [39], containment control problems, track-
ing control problem, optimization problems [16]-[37] and so
on. Meantime, the optimization problem is widely applied to
all aspects of life. In medical, disease diagnosis is based on a
large number of sample data to establish a corresponding opti-
mization model according to human special medical knowl-
edge, and then obtain the types of disease diagnosis. In the
natural world, collective behavior is pretty common, such as
bird migration, shoal effect, ant foraging, and bee nesting.
In the behavior of predation, individual action is often blind
and has high risk and low benefit. On the contrary, neighbor-
ing individuals can effectively avoid danger by transmitting
danger signals in collective behavior. Meanwhile, collective
behavior can maximize group benefits. Each individual in the
biological cluster can make independent decisions and can
be regarded as an agent. The system in which individuals
communicate with each other and coordinate to accomplish
tasks together is called the multiagent system.

For the consensus-based multiagent system distributed
optimization problems, agents by resource sharing,
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coordination control and distributed executing cooperatively
achieve consensus and optimization of states. Hence, the con-
sensus problem is the basic problem of optimization. The
consensus problem was earlier raised in [1]. Then the con-
sensus problem was discussed in practical engineering appli-
cation about self-driven in [2] and theoretical explanation
was given in [3]. Then distributed optimization problems
were studied systematically by [4], [5]. Later the consensus
was discussed in the perspective of hybrid systems [6] and
game theory [7], [8]. The bipartite consensus is discussed
in [9] which is based on the relationship of cooperation or
antagonistic in the networks.

A. GENERAL STEP-SIZE

It should be noted that the study of consensus and opti-
mization is normally discussed on the step-size which is
square summable. However, the algorithm with general
step-size which is square nonsummable makes the dis-
tributed optimization problem more challenging. Along with
the distributed subgradient algorithm of multiagent system
in [4], [5], the optimization problem with general step-size
was further discussed in [10]-[12]. Under time-varying
directed graphs, the relationship between the ergodic aver-
age sequence and optimization value was provided in [10]
with general step-size under unconstrained. The consensus
and optimization of the ergodic average sequence was inves-
tigated in [11] under digraph topology and unconstrained
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with general step-size. Furthermore, the discrete-time dis-
tributed optimization problems with general step-size are
discussed under unconstrained and bounded constrained
respectively in [12].

B. COMMUNICATION TOPOLOGY GRAPH

The information transfer between agents is established on
the communication topology. A bidirectional communication
topology is an undirected graph. If the channel is attacked
by the network, then the communication topology becomes
a one-way topology, i.e. digraph topology. In the mean-
time, the asymmetry of the adjacency matrix increases the
difficulties of the problems. When communication topol-
ogy is Markov stochastic, then the communication between
the agent and the neighbor depends on the agent’s current
state [13]. In practical communication topology, packet loss
and network attack lead to the re-transmission of informa-
tion and the asynchronous clock between agents, so the
communication delay will inevitably occur, which discussed
in [14], [15].

C. GENERAL CONSTRAINT

The feasible set in distributed convex optimization problem
can be divided into unconstrained problems [16], [17], [35]
and constrained problems [18]-[30]. And the constraint set
which contains bounded constraint, equality constraint, and
inequality constraint is normally called general constraint
set. The discrete-time distributed convex optimization with
general constraint is studied in [19]. Besides, the continuous-
time distributed convex optimization problems with general
constraint is considered in [20]-[22]. Meanwhile, this method
can directly apply to neurodynamic networks [23], [24],
which regard each nerve as an agent. In addition, the con-
straint of the feasible set can be discussed on the game
problems [25]-[30], under the bounded constraint [25]-[28],
equality constraint [29], and general constraint [30].

D. EVENT-TRIGGER MECHANISM

The general time-triggered subgradient methods are stud-
ied in [4]-[30], however, they consume a great number of
resources for the agent needs to communicate with its neigh-
bors at every communication moment. In order to reduces
the burden of communication network, event-triggered con-
trol [31]-[34], [36]-[39] has be widely studied in recent
few years. The key to the event-triggered mechanism is
to reduce the unnecessary information transmission among
agents which can effectively improve the running speed and
reduce the communication burden. Event-based distributed
optimization of the multiagent system with general undi-
rected network and strong requirement of step-size be focused
on [32]. And the threshold function is assumed to be pro-
portional to the step-size in [32]. Then, the threshold func-
tion of the trigger condition is changed to independent with
the step-size [33]. The event-based distributed consensus of
the multiagent system with time-varying digraph network is
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explored in [34], however, the constraint case and general
step-size are not considered.

Motivated by these researches [12] and [32]-[34],
a discrete-time distributed subgradient event-triggered
method with general step-size is proposed. It is verified
that the condition of general step-size, square summable,
is not necessary under the time-varying switching digraph.
Meanwhile, the system state and ergodic average sequence
can asymptotically converge to the minimizer of the global
objective function.

More precisely, the contribution of this paper mainly
includes the following three aspects.

1) A discrete-time distributed event-triggered subgradient
algorithm with more general step-size is explored, which
relaxes the requirement of step-size.

2) Under the event-triggered mechanism, the ergodic aver-
age sequence with general step-size is established and its con-
sensus and optimization under time-varying digraph network
are shown. Meanwhile, the convergence rate of O(%) is
obtained.

3) When the threshold function is large, the general
step-sizes of the update algorithm converge quickly, the con-
vergence precision is high, and the trigger times are few.

The rest of this paper is organized as follows.
Section 2 introduces some preliminaries, formulate the
distributed convex optimization problem, and give the
event-triggered subgradient projection algorithm. Then,
the main results of consensus and the convergence about
the system state and ergodic average sequence are obtained
in section 3. Furthermore, the simulation result is given in
section 4, and we conclude this paper in section 5.

Notations: Use NT, R, R", R as the set of positive inte-
ger numbers, the set of real numbers, the set of n-dimensional
Euclidean space, and the set of n x n-dimensional real matrix,
respectively. || - || represents the Euclidean vector norm.
Iy eRV*N s a identity matrix. < x,y >= x"y.

Il. PRELIMINARIES AND PROBLEM FORMULATION

A. ALGEBRAIC GRAPH THEORY

A Nth order digraph is denoted by G(V, E, A), which com-
poses of a vertex set V = {1,2,...,N}, an edge set E C
VY x V, and a weight adjacency matrix A = [a;]vxn.,
respectively. Let a;; denotes the edge from vertex i to vertex j,
and a;; > 0 means that there exist a path from vertex i to
vertex j. Supposing that there didn’t exist repeated edges or
self-loops, i.e., a;; = 0, Vi € V. And the vertex (i,j) € E
represents a directed edge from vertex i to vertex j. We denote
the in-neighbors and out-neighbors of vertex i by N;,,(i) =
{{ € VIG.) € E} and Nouw() = {j € VI(,)) € E},
respectively. The Laplacian matrix L = [u;j]yxn of digraph
G(V. E. A)is defined by w;j = —ay. i # j: tii = Y0y j; .
Vi,j € V, which satisfies Zsz 1 ujj = 0. The in-degree and
out-degree of agent i can be defined by the Laplacian matrix
Las din(i) = — Y10y i wji and doy (i) = uis.
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Definition 1: A digraph G is balanced, if it satisfies
din(i) = dous (), Vi € V.

B. CONVEX OPTIMIZATION

A set C C R" is called convex if for all x, y € C, it contains
all points nx + (1 — n)y € C,Vn € (0, 1). A function f is
convex if and only if for all x and y in its domain and for all
0 <n < 1wehavef(nx + (1 —n)y) <nf(x)+ 1A —=nf).
If the objective function f is a convex function and the con-
straint set is a convex set, then the optimization problem is a
convex optimization. A vector g(x) is said to be a subgradient
of f: R" > Ratx € domf = {x € R"|f(x) < oo} ifit
satisfies

f@=f) +g (x)z—x), zeR" (1

Denote Py [z] = arg miﬁ llz— x|, which signifies a projec-
Xe

tion operator of a vector z on a nonempty and closed convex
set X'. The projection operator has the following property:

IPx[u] — Pyl < llu—vl, Yu,veR™. (2)
IPxlu] — I < llu—vII* — [IPxlu] — ull?,
Yv e X. 3)

<Px(w)—u,v—Py(uw)>=>0, uelk", veX. 4
C. PROBLEM FORMULATION

For a time-varying switching direct topology graph
G(V,E,A) that contains N agents, we regard each agent
as a node normally. The element of the weight adjacency
matrix A satisfied a; > 0 means that the information can
be transferred from agent i to agent j. In this subsection,
we consider the following distributed minimization problem
under the network G(V, E, A):

N
minimize f (x) = Zfi(x),
i=1

N
subject tox € X = ﬂ X, 5)
i=1
where x is a global decision vector of a multiagent system.
The local objection function f;: R" — R, i € V, is only
known by the ith agent, and X', X; € R", i € V, is common
objection constraint and local objection constraint, respec-
tively. In general, the step-size is considered to satisfy the
condition of a(/) > 0, lim;_ o (/) = 0, Z?io a(l) = oo,
Z?io a*(l) < oo, which can effectively ensure the global
decision vector converges to the optimal point in [4], [S].
In this paper, we relax the demand of step-size to general step
size which is not square summable, i.e., Z}’io az(l) = o0.
And compare the effect of general step-size on convergence
rate.
Assumption 1: The step-size «(l) satisfies a(l) > O,
limy, oo a(l) = 0, 0%, a(l) = 0o, and Y7 a%() = oo.
Remark 1: 1In this paper, we consider the general step-size
with the form of a(l) = L which satisfies positive,

- NS .
vanishing, and not square summable in Assumption 1.
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Assumption 2: The constraint set is nonempty, convex and
compact, i.e., for all x € X there exists a positive constant Cy
such that ||x|| < C,.

Assumption 3: The problem (5) exists a nonempty
bounded optimal set X'*.

Assumption 4: There exist an infinite sequence {/1, [, .. .,
Ly, ...}, such that the union graph Uf’”“_l G(1) is strongly

=l

connected if 0 < [,41 — I, < B, B € N*.

D. EVENT-TRIGGERED SUBGRADIENT

PROJECTION ALGORITHM

The event-triggered mechanism is studied in this paper,
in which each agent executes the update of states in the
way of distributed. Consider the event-triggered subgradi-
ent projection algorithm with the constraint on time-varying
switching digraph, the algorithm we discussed is inspired
by [32]-[34]. The square summable step-size in the algorithm
of [34] is modified to the general step-size under the bounded
constraint. The algorithm is shown as follows:

N
zi() = xi (D) + h Z a;i(DEi(D) —x;(1) —a(D)gi(D),
j=1
xi(l + 1) = Py[zi(D)], (6)

where x;(I) € R” is the state of ith agent at time /; scalar &
is a positive control gain which play a role in converting
the weight adjacency matrix of digraph balanced to the dou-
bly stochastic matrix; vector g;(/) is a subgradient of local
objective function fij(x). The nonnegative scalar elements
a;j(l) of weight adjacency matrix A(/) describes each agent
communication weight in time-varying digraph, and have an
upper bound M, i.e., M = sup,cy a;i(l), in which M > 1
is permitted, Vi,j € V. The vector z;(/) is used to store an
intermediate value in a projection calculation. Triggered state
xjj(1) describes the state that jth agent receive form ith agent
at triggered time /, which is denoted as follows:

cm = | O if 1 € i @
T X =1, otherwise. ®)
where «;; = {li(j)., li}, el l;}, ...},n € NT,is the triggered time

set, where nth triggered time of ith agent send information to
Jjth agent is denoted as ll’]‘

Remark 2: Based on the definition of Xj;(/), it is worth to
notice that Xjj(/) € X. For Xj(I) = xi(),if | € «ky; else
i) =X -1 =% -2) = - =X;() = x(I),
where [ € «;; is the biggest triggered time of ith agent.

Assumption 5: The objective function f;(x) is continuous
and differentiable. The subgradient set of local objective
function f;(x) is bounded, i.e., for all x € X, there exist a
positive constant C, such that || g;(x)|| < C,.

Assumption 6: For all i € V,j € Ny,(i), the thresh-
old value 0 < Ej(l) < E(I) satisfies positive, vanishing,
and square summable, i.e., E(I) > 0, limj E(l) = 0,
S RoE() =00 and Y 12, E%(l) < .
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Remark 3: The threshold function with the form of
E() = 1+L1 is considered in this paper, where c is a positive
constant and satisfies Assumption 6.

Denote measurement error of triggered time as ¢;;(/) € R”,
which satisfies

eij(1) = Xy(1) — xi(D). C))

Next, we can denote the triggering function and
nth trigger-time as

Hij(1) = lleji(DIl — Ey(D), (10)
Iy =inf{l|l > =", Hy()) > 0}. (11)

Hence, the agent updates their state if the triggering func-
tion is nonnegative, and for each time, all agents satisfy the
following condition under the event-triggered mechanism at
time /.

les(DIl < Ey(l) < E(D). (12)

In the event-triggered mechanism, the communication fre-
quency is decided by each agent, i.e., when to communicate
with their neighbors under network link lie on the agent
threshold function E;;(1).

Let ®;(I) € R" be the perturbation term at time / caused
by the projection operator.

@;(l) = Pxlzi(D] — zi(D). (13)

By using the projection perturbation term ®;(/), we can
remove the projection operator and simplify the calculation.
Then, using the projection perturbation term ®;(/) and mea-
sure error e;(l), the event-triggered algorithm (6) can be
rewritten as

xi(l +1) = zi(D) + Pi(D)

N
=xi)+h Z aii(D(xj(1) — xi(1))

=1

N
+h Z aij()(eji(l) — ejj(1)) — a(Dgi(l) + @i(l)

=1

N

= (I = huii(D)xi(D) — h Z wii(Dx;(D)
J=Lj#

ei — a(Dgi(h) + ®i(l)

1

+

N

j=
where@i(l)=h Y-, a;j()(ejill)—e;j(1)) <ME(1), M =2hNM,

a;i(l)=1-hu;;(1), a;j(1)= —hu;;(1). According to the definition
of balanced digraph graph, it is easy to see that Zjvzl a;j(l)=

a;i(Dxi(D) +ei(D) — aDgi() + @D, (14)

Zi\]: 1 @ji(l)=1.In order to ensure that the elements of the new
ddubly stochastic weight adjacency matrix A are nonnegative,
we require that the control gain & satisfies a;;(I) = 1 —
hu;i(l) > 0, otherwise there may exist negative elements in
the weight adjacency matrix A.
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Therefore, we obtain that
xi(+1) = vi() + &i(D), (15)

where the weight average term of ith agent at time / is denoted
as vi(l) = Z]N=1 a;i(Dx;(l), which playing a role in enabling
all agents to reach a consensus. And ¢;(I) =¢; — a(l)gi(l) +
®;(]) is the consensus error term.

Denote y(l) = IL\, vazl x;(1) as the state average sequence.
By equality (14), it is easy to see that the state average

sequence satisfies

[+1)= z-“(l)N @+ - N(*~z+c1>~1
Y+ D =30 = == ) &l ﬁgem (D)

i=1

(16)

Besides, the ergodic average sequence is utilized to estab-
lish the convergence rate of event-triggered mechanism,
which defined as

L L

> () > ay)
B(L) = =2 S == a7
3 a(l) > o)
=0 =0

where X;(L) and y(L) € R".

Assumption 7: There exist a constant 4 with0 < pu < 1,
Vi,jeV={1,2,...,N}, VI € N, such that the elements of
weight matrix A satisfies

(@) ai(l) > w;

) ag) > . if G(h) > p.

Then the state transition matrix W(/, s) is introduced as
follows:

W(l,s) =ADAI = 1)---A(s), VI, se Nt [>s (18)

where the state transition matrix (I, s) satisfies W(l,1) =
A, W(,1 + 1) = Iy, VI € N*t. Mark the jth column
of the state transition matrix W(/, s) and the element in ith
row and jth column of the state transition matrix W(l, s)
as vector [W(/, s)]; and scalar [W(/, 5)];j, respectively. The
relevant property of the state transition matrix is given as the
following.

Lemma 1: (see [5]) Let Assumption 4, 7 hold in the bal-
anced digraph, then the element of the state transition matrix
[W(l, s)]; converge to scalar %, Vi,j €V, and

1+ p B0

T (= w9

where p is a lower bound of Assumption 7, N is the number
of agents, By = (N — 1)B, and B is the intercommunication
interval bound of Assumption 4.
Lemma 2: (see[5])Let0 < A < 1andlet{y;} be apositive
scalar sequence. If llim y; = 0, then
— 00

I
lim Y A"y, =0. (20)

[— o0
r=0
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o0
Besides, if Y y; < o0, then
=0

oo [
D3 Ay < o0 1)

=0 r=0

Ill. MAIN RESULTS
A. THE PROPERTY OF PROJECTION PERTURBATION
TERM AND CONSENSUS ERROR TERM
Lemma 3: Let Assumption 1, 5, 6 hold in the balanced
digraph, then projection perturbation term ®;(/) have

||| < ME(I) + Cga(l), M = 2hMN . (22)
Proof:
Step 1: State that the vector v;(I) = Z a;j(Dx;(l) is belong

to the convex set X. According to the ¢ deflmtlon of convex
set X and x;(I) € X, we have linear combinations v;(I) =

N
> a;j(Dx;(l) in the set X either.
j=1
Step 2: Find the relationship between the projection pertur-
bation term and the system variable. Based on the property (3)

of projection vector Py [-] and formula (14), we have

IPx [zi(D]—viDI* < Nzil) — viDII* = | D)
= [e; — aDg)I* =1 P:DI*.  (23)
Step 3: Scaling the inequality (23). Due to ||Py[z;(])] —

zi(D]? = 0, the boundedness of a;j(1), property (12) of the
measurement error e;;(/) and Assumption 5, 6, we have

DI < l[ei—agiDI*
< ME() + Coa(D))?, (24)
where M = 2hMN is a positive constant. Thus, Lemma 3 is
proved. ||

Lemma 4: Let Assumption 1, 5, 6 hold in the balanced
digraph, then the consensus error term satisfies

lim [l&;(D)]l = 0. (25)
[—o00

Proof: Since ¢;(1) ="¢; —a(l)gi(l) + ®;(I) is a consensus
error term, for all / > 0 and formula (24), then we have

leiDIl = &), (26)
where g(1) = 2(ME(l) + Coa(1)), M =2hMN. By Assump-
tion 1, 5 and 6, for inequality (26) we have llim lle:(D] = 0.

— 00
Thus, Lemma 4 is proved. [ |

B. THE CONSENSUS AND OPTIMIZATION
OF MULTIAGENT SYSTEM

Theorem 1 (Consensus): Let Assumption 1-7 hold in the
balanced digraph. Consider the sequence {x;(/)} obtained by
event-triggered subgradient projection algorithm (6), and for
all i € V the state average vector y(l) = zlv vaz 1 Xi(1) satisfies

Am (@) = y(Dl = 0. 27)
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Proof: Step 1: Describe the state x;(/) by the state transi-
tion matrix W(/, s). Based on the relationship in (15) and the
state transition matrix W(/, s) in (18), Vi € V, [ and s € N*
with [ > s, we can write

x(U+1)
= (A(D) ® Ix(1) + (1)
[A(D) ® LIAUL = 1) @ L)x(I = 1) + el = D]+ €(0)

= [ADAI = 1) - A(0)) ® I, 1x(0) + [(ADAU — 1)

A1) ® I,1€0) 4 - - - + A1) ® L)e(l — 1) + €(l)
I+1
= (W 0) @ L)x(0) + > (¥(. 1)@ Le(r — 1), (28)

r=1

where x(1), () € RN and x;(I), €;(I) € R". Therefore,
it yields that
N I+1 N

x4+ 1= WA 00+ Y Y [W(l, r)lye(r—1).
Jj=1 r=1 j=1
(29)

Step 2: Describe the state average vector y(I) =
% Z?;l xi(l) by the state of x;(). According to weight adja-
cency matrix A(/) is doubly stochastic matrix, we have

1 N N
52D _[Wd=1,0)](0)

i=1j=1

1N I N
+ NZZE\D(I— 1, Mljei(r—1)

i=1r=1j=1

== Zx,m) + = ZZe,(r -D. G0

r 1j=1
Then, combining (29) with (30), yields

y() =

N
1
xih) =y = D (W = 1,05 = :)%(0)

Jj=1
I N 1
+ ;FZI([W = Lnli= et =D, (1)

Using (31), then we obtain
llxi (1) =y

N
1
< 1AW = 1,001 = )50
J=1
I N

1
+ID Y qwa-1, P36 =1

r=1j=1
1
<N vl -1,0));—— (0
< N max |[W( = 1, 0)l— . ma | O
+ iN max |[W(—1 r)]--—l|max lleir—1)]|. (32)
r=1 jev ’ Y N jev / ’
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Step 3: Scaling the inequation (32). According to the
property of Lemma 1, we get

1
0w, 9l = 1 < DX, (33)

with D = 2550 % — (1 — pB0)!/B and 0 < X < 1.
Then, by the upper bound of x in Assumption 2, Lemma 4
and (33), yields that

1
N v(l-1,0]5—— (0
IJI_;@%/XI[ (= 1,0)]; Nlrjrngij( Il

< NC,DxI1, (34)
l
1
;N max [[W( = 1, 1)l = 37| max =D
l
< ND Zae’—’—lg(r—l). (35)

r=1
Combine (34) and (35), we have
1
0<llx(D)—y(Dll <NC; DX +NDY "X '8(r—1).  (36)
r=1

Finally, according to Lemma 2 and Lemma 4, formula

llim lx;(l) — y(I)] = O hold. Hence, the Theorem 1 is
— 00
proved. ]

Theorem 2: (Consensus) Let Assumption 1-7 hold in the
balanced digraph. For all i € V, considering the sequence
{x;(1)} obtained by (17), it satisfies

lim [%(L) —%(L)|| =0, (37
L—o00
and the convergence rate is O(m(L—H)).
Proof: Step 1: Find the relationship between the norm

lx;(D—y(D)|| and the norm ||x;(L)—y(L)]|. Since the convexity
of norm, we have

L
> a)ll )=y
(L) Tl < =— (38)

Step 2: Based on the size of norm ||x;(I) —y(!)|| to constrain
IX;(L)Y(L)||. Use the inequality (36) in Theorem 1 expansion
and contraction inequality (38), we yield to

(L) =y

ia(l)ael—l i Xl:a(l)%l_’_lg(r— 1)
< CDN=- + DN . (39)
> o) > o)
=0 =0
Step 3: Scaling the inequality (39). With (/) = —— < l in

\/7_

Assumption 1 and €(r — 1) in Lemma 4, we obtain that

L L2 1
e / L e=2(/IT3-1) = VL. (40)
P IRVAY
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L L 1
~1 -1
— 41
D amx™ <y X s (41)
=0 =0
L

1
Zza(l)ae’—’—l s(r—1)

1=0r=1

L I
=Y > a)X" QME(r— 1)+2C,a(r—1)).
1=0r=1
(42)

By the define of threshold value of E(I)=ca?(l) in Assump-
tion 6, we have

L 1
2M) Y a(HX T E(r—1)
=0 r=1
L

/
<2cMa(0)) Y X" aDa(r—1).  (43)

1=0 r=l1

Scaling the second term of inequality (42), we have

L I
26, > X a(Ba(r—1)
=0 r=1
L -1

_ 2 ZZ%I TaDa(s)

L L1

_ Cg —1
= [1+Zae (Z\[\/]T

L L—i+1 1

2Cg i—1

A4y xb - d

X [ Z 0 NxXN/x+i X

2C Lo

Tg[HZxH 2In(vVL—=i+1++vL+1)]

IA

IA

In(L+1)
In2
- 3€( t—F )
4 8Cy;In(L+1
<2 T In(L+1)= 8C, In(L+1)

X 1-X X(1-%)
which L > 2. Hence, summing (43) and (44) up, for equality
(42) we have

Zza(l)x’ ~lgr—1) <

S

IA

2C
£. : (44)

8(cMa(0) + Co)n(L +1)

1=0 r=1 x(1 = X)
(45)
For inequation (39), we have
(L) — ()|
_GDN 1 8(cMa(0) + Cg)DN In(L + 1)
= + . (46)
1-%x f X1 -% VL

Taking the limit of both sides of (46), it is easy to know

that hm L —0and lim "D _ 0, i.e., the convergence
(L\-iG) L—o0 f &

rate is ,In VA Hence, the Theorem 2 is proved. ]
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Theorem 3 (Optimization): Let Assumption 1-7 hold in
the balanced digraph. For problem (5), if the agents state
sequence {xj(/)} established by event-triggered subgrident
projection algorithm (6), then for all i € V there exist an
optimal solution x* € ™, such that

lim x;(1) = x*, @7
[— o0

and the convergence rate is O(M).
Proof: Step 1: Calculate the error between y(I + 1) and

x*. Using equality (16), we have that

Iy + D—x*|1?

o I ¢ )
= [l —x )—TZg,-<z>+NZ@a>+q>i<z>>||
= [ly() — x* || Zg,(bn + (Z lei0)

2a(1
+ D) - % Eg?uxy(l) —x")
o) N
+ SO0 —x) ;@@ + @i(D))
2 [
“( ) Z g () ZC(I)+ D;(1)). (48)
i=1

Step 2: Scaling the inequality (48). According to the
bounded of ¢;(I) and the property of ®;(I) in Lemma 3.
We yield that

1 & _
N Z le:(D) + (DIl < 2ZME(1) + Cga(D), (49)
i=1

N
1 R _
]W[Z 2D + ®:DIT* < @ME) + Coa(D)*.  (50)
i=1
And due to the bounded of constraint set, ||x|| < Cy, Vx € X,
in Assumption 2, we have

—Z(J’(l) Neil) < ACME(). D

According to the lemma3 and inequality (4), respectively.
We have ||[®;())| < ME() + Coa(l) and < Px[zi(1)] —
x*, Pyx[zi(D)] — zi(l) >< 0. Besides, in inequation (4),we set
u=z(l),v=x*s0

2 N
v Z(y(l) —x) 0i()

=

2
= Z(y(l) — PaelzODT Plz(D] — z(D)

2

2
+ Z(PX ()] — ) Pla)] - z(D)

i=1
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() — Pxlzi(D)T ®i(D)

A
ZIN

IA
ZIN

IA

N

N

> Iy = xil + DIMEQD) + Coar(D))
N

> Iy = xiIME@D) + Cpa(l)

2
N
i=1
+ IIxi(1) — xi(l + DIDM E(I) + Coae(D)). (52)
According to the consensus of Theorem 1 and algorithm (6),
yield that limy_, 00 X;i(1) = limy_ o0 Xji(]), limj o0 at(l) =
0, so limj_00z;(1) = xi(I), and lim;,ox;(I + 1) =
lim;— o0 x;(l) = x. Hence Ve; > 0, 3N; € NT, such that

if [ > N, then ||x;(I + 1) — x;(1)|]| < €1. Then, combine the
formula (51) and (52), if | > Ny, we can get

N
1%@(1) — )Y @) + i)

i=1

2 Y _

N Z ly@) — xi(DIME) + Coa(l))
=1

+2ME() + Coa(l))e. (53)

< 4C,ME(]) +

Since the bounded of subgradient ||g;(])|| < C,, it yields that

2a(l)

0 ZC(I) + i)
i=1 i=1
<2C a(l)(ZA_/IE(l) + Cga(l)), (54)
2(!) >
— Zg,(nn
< c,,% 2(Z>, (55)

gl (D) — x*)
= " OO — x) + gl D) — x*)
> g7 DO — D) + D) — fi(x™))
> —Colly(D) — (Dl + (FiCa(D) — (D)
+ (D) = fi(x*)
> —2C,ly() — xi(Dl + (D) — fix™)),

N
PNACNOEES!

i=1

N
—2GNlly() — xi(DIl + Z(fi(}’(l)) —fix™))

>
i=1
= —2C,NIy(1) — xi(DIl + (F D) — f(x)),
N
—Z“T(l) gl (D) — x*)

i=1

20(1) .
< 4Cea(Dlly() — x; (DI — T(f(y(l)) —f(x). (56)
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Then, we sum the inequality (50), (53), (54), (55), (56) up,
for equality (48), if I > Ny, we get
Iy + 1) — x*|)?
< ly() = x*11% + 4M°E(1) + 6C2a(1)
+8CME(Da(l) + 2(2Cy + €1)ME(])

2a(]) *
+2Cge1a(l) — T(f()’(l)) —f(x")

2 & _
+5 ; ly() = (DI ME) + Coar(1))
+4Coa(DlIy() — xi(DI. (37)
Next, according to the relation ll_l)rgo lxi(l) — y(D|| = 0in
Theorem 1, we have Ves > 0, 3N, € NT, such thatif I > Ns,
then ||x;(1) — y(I)|| < e2. If I > max{Ny, N,}, yields that
Iy + 1) —x*|?
< Iy — x*|2 + 43 E>(1) + 6C2a>(D)
+8CME(Da(l) + 2(2Cy + €1)ME(])

[
+2Cge1a(l) — J(f(Y(l)) ACH)

+ 2ME(l) + 6Cga(l))en. (58)

Step 3: Prove the formula lim; _, oo f(Y(L)) = f (x*). Rear-
ranging the nonnegative term %(}‘ (D)—f (x*)), yields that

2a(l)

FOD) = f&x™)
< (||y(1> =P = Iy 4+ D = x*)?)
+4MEX(1) + 6C2a>(1) + 8CME(Da(l)
+2Q2Cx + €1 + )ME() 4 2Cq(e1 + 3e)a(l).  (59)
Taking summation of the discrete-time from [ = 0 to L,

we obtain
L

2
v 2.7 M) rAC))
1=0

L L
< (0 —x*I> + 437 Y EX D)+ 6C2 Yo%)

=0 =0
L L
+8C,M Y " E(har(l) +2Q2C + €1 + )M Y E(D)
1=0 =0
L
+2Cq(e1 + 3e2) Z a(l). (60)
=0

Dividing both sides of inequality (60) by positive term
L
]%, > a(l), we have

=0
L
> la((FGD) = fG&™))]
Z Ol(l) =0
=0
14260

<N - LSS0
23" all) > al) 0
=0 =0
3C2N L
L 3B Sy 4T S
> () 1=0 L) 19
=0 ’—0
el +L€1 + e2)MN ZE(Z)+C N(er + 3¢2).
0 1=0
=0

(61)

Then, according to the following inequations

L L+2 1
> al) = f —dx=2(WL+2-1)> L, (62)
ps 1 WX

L
Za2(l) <l+In@L+1)<2In+1),L>2 (63)

=0

L L

ZE(I) 1,L>2, (64)
=0 =0

L 1
2 _ -

ZE ®= Z(1+1)2 <EQ- ) 65)
L

Z a(DE() = (66)
=0 1=0

where it is easy to know that if p > 1, then Zleo ﬁ con-
verge. Let the upper bound of inequality (66) is . Combining
equalities (62) — (66) to inequality (61), if / > max{Ny, N>},
yields that

L
> laDFEGD) = F ()]

Z Ol(l) =0
=0
_2CN . 4EMN  2EMON L econMEED
- VL VL VL(L + 1) VL
ACEMNr +2002C, + €1 + enpin MEFD
e C € € E—
\/Z X 1 2 ﬁ
+ CgN (€1 + 3¢3). (67)

According to the definition of convex function f(x),
we have f(ax + (1 — @)y) < af(x) + (1 — @)f (y), then we
obtain

L
FOW) — &™) =f( D (ayd) —f(x*)
> a(l) 1=0
1=0

L
D T GD) = f (N (68)
a(l) =0

IA

0=

=0
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Basing on inequality (67) and taking the limit of formula (68),
we get

0< Lli)rréof@(L)) —fG

< lim
L—o0

L
> laF @) = f))]
> a() 1=0

=0
=0. (69)

Hence, the convergence rate between f(y(L)) and f(x*) is
In(L+1)

N
Step 4: Prove equality Llim [P(L) — y(L)|| = 0. We can get
— 0

that
L
IFL) — y(L)] < S @Dllyd) - L
Z Ot(l) =0
=0
L S b -yl (0
5 a(l) =0
=0

According to the consensus of Theorem 1, we have
hm y(l) hm xi(l) = Xx, then ¢ > O satisfy that if

1N = max{Nl,Nz} then [y(1) — %]l < 555 Let ©(s) =

Z [l¥()) — y(L)||. Using Cauchy Convergence Criterion,
=1

we obtain that Ve > O, N € N, ifn > N,m > N, m > n
and L > N, yield that

|©@m) — On)|
= [lly(m) = y@D)ll + - - - + [ly(n + 1) = y(D)|l|
= |(lyGm) = x|l + lIx =y + - -

+(ly(n+ 1) — X[ + [lx — y(D)IDI
€ € € €

= (2(m—n)+2(m—n))+' ot (2(m—n)+2(m—n))

=e. (71)

Hence the series ®(s) converges, i.e. there exists 6, such
that limy_, oo O(s) = 6. If [ > N, N = max{N;, N,}, from
formula (70) we have

NN O(L)
0< 1 L L) < 1 — =0. 72
< lim |YL) —y@)] < lim N7 (72)
It is easy to know that lim; . [[Y(L) — y(L)|| = 0, then

limy o fOL)) = limpoof((L)) = f(x*). According
to the consensus of Theorem 1, we have lim;_, o f (x;(])) =
f(x™). Hence, the Theorem 3 is proved. |

Theorem 4: (Optimization) Let Assumption 1-7 hold in
the balanced digraph. For problem (5), if the ergodic average
sequence established by (17), then there exist an optimal
solution x* € X'*, such that

lim f(G(L) = f(x"), (73)
L—o00
and the convergence rate is O(MTZI))'

VOLUME 8, 2020

Proof: Step 1: According to formula (69) in the proof of
Theorem 3, we know that limy _, o f(J(L)) — f(x*) = 0
Step 2: Base on the consensus of the ergodic average
sequence in Theorem 2, we have lim ||x;(L) — Y(L)|| = 0,
then foee

Jim @) —f ()]
< ngrgo If &i(L)) — F L) + [f L)) — f(x™)
= 0. (74)

Hence, the Theorem 4 is proved. |
Next, the following Algorithm 1 is given to show the
distributed event-triggered mechanism implementation.

Algorithm 1

1: Initialize: x)(ith agent initial state, i € V); X;;(0)(the
initial triggered state of ith agent to jth agent); a;;(¢)(the

element of weighted adjacent matrix); T = I(discrete
sampling period); / = O(initial time); L(total number of
iterations).

2. for/=1:T:Ldo

3:  while in the time-varying switching topology graph A;
do

4 if ||lx;()) — %;(D]| = E(/) then

5: Y,-j(l) = x;(/) <=Update triggered state;

6: end if

N
7: zZi)=x()+h ; a;i(D&;i(1) — (1) — a(l)gi(l)
8: if (/) € X, then

9: xil + 1) =z

10: else

1 %l + 1) = P [zi(D)]
12: end if

13: J=j+1d=<j<3)
14:  end while

15: end for

Remark 4: According to Algorithm 1, we can notice that
the state update by distributed event-triggered subgradient
projection algorithm only use the triggered state rather than
the agent state of each moment, which can effectively reduce
the transmission of information. Hence this algorithm can
filter out the information that has little impact on the update.
That is to say, when the error between the last triggered state
and the current state is smaller than given threshold function,
which standing for that the distortion of state is within the
tolerance, then this current state do not be transfer under the
time-varying switching digraph topology.

IV. SIMULATION RESULT
In this section, the simulation examples are provided to
compare the difference convergence result between the gen-
eral step-size and the square summable step-size under the
event-triggered subgradient projection algorithm.

Example 1: Under the time-varying switching digraph
topology showed in Fig.1, consider the optimization problem
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TABLE 1. The triggered times of five agents under different step-size with a sample period T = 120s.

Step-size E(l) = l-%l
a(l) = 7= | [40.28484337]
a(l) = 5 | 147.38,67,58,52]

_ 6 __ 15

B =5 | BO) =%
[37,23,40,39,33] [40,24,43,38,32]
[39,26,45,40,41] [39,32,47,45,41]

Remark: The vector [tz1 stao, teg,tay, tzs} shows the triggered times of every agent, where ¢,, means triggered times of ith agent.

T @
&—@

Cy
S

=31+2

FIGURE 1. Time-varying switching digraph topology.

mingey Yo, fix), where fi(x) = 0.5logio(1 + x2) + x2,
i eV ={l,2,3,4,5}. The constraint setis X = {x|x €

R, x| < 3}. Choose the weight adjacency matrix of
time-varying switching digraph topology as
Ay, ift =3I,
A(t) = 1 A, ift =31 +1, (75)
Az, ift =31+2.
0120 0 O 01505 0 0
1.2 0 0050 00 0150
whereA;1=[ 0 0 0 0 0.6(,4=[2 0 0 0 O |,
0050 0 O 00 0 015
0 0060 O 00150 0
0008 0 O
000 O O
A3 = (080 0 O O |. Set control gain 2 = 0.5,
000 009
000090

which satisfies @;;(I) = 1 — hu;;(I) > 0. This condition
ensures that the elements of the new doubly stochastic
weight adjacency matrix A are nonnegative. The initial values
of agents state are x? = [5,0.6,0.2,0.5, 1.8]T, xg =
[3,0.6,0.2,0.5,1.817, x) = [2.5,1.5,-0.2,-0.5,0.4]7,
x) =[12,05,1.7,-0.3,05]",x? = [-1.5, -1.2,0.5,0.7,
—-0.717.

Table 1 shows that the general step-size has lesser infor-
mation transmission compared with the square summable
step-size under the event-triggered mechanism when sam-
pling is conducted every second and the overall sampling
period is 120 seconds. It can effectively reduce the update
times of the actuator, save communication resources and
reduce the load of communication flow.

The rest of the simulation graphs show the effect of dif-
ferent step-size for convergence. When the update time is
60 seconds, the convergence situation under the different
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State of Agents
State of Agents

o 10 20 30 w0 50 0 0 10 20 30 w0 50 )
Update Time Update Time

(a) General Step-size (b) Square Summable Step-size

FIGURE 2. State convergence condition of agent x;.

step-size is revealed in Fig.2. From the simulation graph
in Fig.2(a), we can know that the general step-size takes a
larger time in the progress of the state update. And when the
threshold function is small (¢ = 1), which mean that the error
between the state at the triggered time and the current state is
small.

Therefore, choosing the larger iterative step makes the
algorithm much fluctuation in the process of update. And
when a state near to the optimal value, the general step-size
may across the optimal value lead to an extension of the
convergence time.

6 6
5 GRRCCONIOOONNCOONKRRINN0 & o < -] 5 GRRCECONICOONNN0D G0 OB 0 O com O o0

. .

E: 200 COMAWWPMWPWW® © 00 w© -] © % 200 COMAWWMWPO ¢ WO -] o 00 00O
1 GIRCCOOONNIOO0NINND O OO -3 © 000 160000 ¢ © 0 O WO OW WO oo

0 10 20 30 40 50 60 0 10 20 30 40 50 60
Update Time Update Time

(a) General Step-size (b) Square Summable Step-size

FIGURE 3. Trigger time of each agent in different step-sizes.

The trigger time of each agent in different step-size is
revealed in Fig.3. Since the algorithm is distributed and
parallel, that is the updates of each agent do not interfere
with each other and are carried out asynchronously. In the
meantime, we know that the information transfer times are
lesser under the general step-size from Table 1. The reason
why the time-triggered mechanism consumes a great number
of resources is that the agent needs to communicate with its
neighbors at every moment. That is to say, the triggered times
is 120 times in time-triggered mechanism for every agent.

From the Fig.4-Fig.6, it yields that when the threshold
function is small(c = 1), the square summable step-size
can be selected to acquire better convergence results (Fig.4).
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State of Agents

0 10 20 30 40 50 60
Update Time

FIGURE 4. Convergence comparison for E(/) = ,%

State of Agents

R & . . . .
0 10 20 30 40 50 60
Update Time

FIGURE 5. Convergence comparison for E(/) = %.

State of Agents

0 20 40 60 80 100 120 140 160 180
Update Time

FIGURE 6. Convergence comparison for E(/) = ,%

And as threshold function increasing (¢ =6), the convergence
case of two types of step-size is the same after 20 seconds
(Fig.5). Besides if the threshold function is larger(c = 15),
the general step-size can be selected to acquire a more effec-
tive result which demonstrated in Fig.6.

Example 2: Under the time-varying switching digraph
topology showed in Fig.7, consider the optimization problem
min,cy Z?=1 fi(x) with different objective functions, where
fik) = 0.5logio(l + x?) + x2, H(x) = 2(x)fH(x) =
x2f4(x) = x,f5(x) = 3x —2. Set the same initial value and
constraint set like the Example 1, and select the time-varying

VOLUME 8, 2020

e

=31+2

FIGURE 7. Time-varying switching digraph topology.

Square Nonsummable |

Square Summable

State of Agents

0 2000 4000 6000 8000 10000
Update Time

FIGURE 8. Convergence comparison for E(/) = 73%.

commutative directed graph topology as (75), where A| =

0050050 0000 O
000050 0000860
1 000O0f,A3=[{00 00 O (,and A is the
00100 000008
000O0OO 0080 0 O

same as in Example 1. The general step-size can converge
to the optimal solution for different objective functions under
the time-varying switching digraph showed in Fig.8.

V. CONCLUSION

The discrete-time event-triggered subgradient projection
algorithm is considered for constrained convex optimization
with general step-size in this paper. It shows that the states of
all agents can asymptotically converge to the optimal solution
by the proposed algorithm under the time-varying switching
digraph network. In the meantime, the convergence rate of
the ergodic average sequence is given. Besides, it yields that
when the threshold function is large, the general step-size
can acquire better convergence results. The subsequent work
intents to improve the event-trigger mechanism in this paper
into the dynamic event-trigger mechanism.
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