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ABSTRACT We focus on the Simultaneous Fault Detection and Control (SFDC) in the context of Markov
Jump Linear Systems (MJLS). The main novelty of the paper is the design of Hy, and H> SFDC under the
MIJLS framework considering partial observation of the Markov chain. Both designs are obtained via Bilinear
Matrix Inequalities optimization problem. As secondary results we provide a Mixed H>/Hs, SFDC under
the same set up, as well as the implementation of a coordinated descent algorithm to solve the optimization
problem formulated as Bilinear Matrix Inequalities (BMI). To illustrate the viability of the proposed solution
a numerical example is provided.

INDEX TERMS Markovian jump linear systems, simultaneous fault detection and control, hidden markov

mode, Hy, norm, H> norm.

I. INTRODUCTION

Over the last decades, the demand for systems with high reli-
ability has increased, and for that reason, there is an increase
in the demand for control solutions that aim to optimize not
only the performance but also the safety levels. The most
recent control solutions developed under this premise are the
so-called Fault Detection and Isolation (FDI) approach [1],
[13], [25], or Fault-Tolerant Control (FTC) approach [16],
[17], [27]. Both solutions aim to increase the reliability using
completely different methods, therefore, a straightforward
way to increase the reliability would be the implementation of
both approaches in parallel. However, the overall complexity
of implementing two distinct units may be difficult.

As an alternative to overcome this complexity issue,
the design of a single unit that simultaneously works as a
stabilizing controller and residue generator has been studied
in the literature in the form of the so-called Simultaneous
Fault Detection and Control (SFDC). Another aspect that
must be considered to increase the system reliability is the
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communication dropout and communication delay caused by
package collision, which are both inherent phenomena to the
network communication and have a negative impact on the
control system performance.

One strategy to tackle the aforementioned aspects is to use
for modelling a class of stochastic systems named Markov
jump linear systems (MJLS). In this case, the MJLS role
is to model any unpredictable network behavior, with each
possible network behavior assigned to a particular Markov
chain mode and the transition between modes ruled by the
Markov chain.

In this regard, an important premise is that the network
state is instantly accessible, which may not be achievable in
real implementation. A possible way to model this particular
circumstance is the set up presented in [21] and [3], which
deals with a detector based approach when the Markov chain
modes are partially known. These works allow us to design
a SFDC solution that does not depend on the Markov mode,
instead it depends only on a detected mode.

The SFDC problem has received a great deal of atten-
tion recently. There are plenty of works that tackle similar
problems, we can mention [7], [11] for SFDC solutions
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considering the deterministic case, the first using state-
feedback controllers, the second one using affine switched
systems. [15] presented a deterministic solution for the SFDC
based on Linear Matrices Inequalities (LMI). The work [22]
presented a solution based on LMI using the performance
index H_/H,. The authors in [26] proposed an SFDC for
continuous-time MJLS applied to a forging equipment. [14]
presented an SFDC for continuous-time MJLS considering
uncertain transition rate in the Markov chain. All the afore-
mentioned works consider that the Markov chain is instantly
accessible, hence the development of new techniques that do
not rely on this premise motivated the present paper.

As previously mentioned, in this paper, the SFDC problem
under discrete-time MJLS framework with partial informa-
tion on the jump parameter is investigated. To provide a
solution that works as a controller and a fault detector simul-
taneously the resulting closed-loop system must be stochas-
tically stable, in which two performance criteria are studied:
one regarding the Hy, norm and the other for the H> norm.
The contributions are summarized as follows:

o Analysis of the Hy, SFDC problem under the discrete-
time MJLS framework with partial information on the
jump parameter, based on Bilinear Matrix Inequalities
(BMD).

o Analysis of the H, SFDC problem under the discrete-
time MJLS framework with partial information on the
jump parameter, based on BMI.

« Analysis of the Mixed Ha/Ho, SFDC problem under the
discrete-time MJLS framework with partial information
on the jump parameter, based on BMI.

« An illustrative example is presented to demonstrate the
usefulness of the proposed approach.

The BMI are solved using a specific type of coordinate decent
algorithm, which is also explained in the present paper.

The remainder of this paper is organized in the following
manner. Section II presents the notation. Section III formu-
lates the SFDC problem and provides some preliminaries.
Section IV introduces the main results. Section V presents
an illustrative example. The final comments are given in
Section VI.

Il. NOTATION

The real n-dimensional Euclidean space is represented by
R" and the space of n x m real matrices, by B(R™, R").
(+) indicates the transpose of a matrix, I, is the identity
matrix of size n x n, 0,,%x,, 1S the null matrix of size n x m,
diag(-) is a block diagonal matrix. For partitioned symmetric
matrices, the symbol e is a generic symmetric block. For N,
a positive integer, we set N £1(1,2,3,...,N}. The set H""™
is the linear space of all N-sequence of real matrices V =
Vi, Vo, ..., VN), Vi € BAR",R™), i € N and, for the ease
of notation, H" £ H"™" and H"T £ {(VveHd,V,>0i=
1,...,N}.For P,V € H'"", we write that P > V if P; > V;
foreachi =1, ..., N.On aprobability space (2, .%, P) with
filtration {.%;}, the expected value operator is represented
by E(-), the conditional expected operator, by E(- | -), and
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the space of all discrete-time sequences of dimension r,
Fr-adapted processes, such that ||z||§ = Z/fio E(||lz(k)|?) <
00, by 3.

lll. PRELIMINARIES
Consider the following MIJLS in the stochastic space
(R, Z, P) with filtration {.%},

x(k + 1) = Agyx(k) + Bogoyulk) + . ..

L wegowk) + Jfg(klf(k)
y(k) = Loyx (k) + Hyouyw(k) + Hrowf (k)
z(k) = Copyx(k) + Dooyu(k),

where x(k) € R” is the state, u(k) € R™ is the control
input, w(k) € R’ is the disturbance, f(k) € R/ is the
signature of the failure, y(k) € R® is the measured output,
and z(k) € R? is the controlled output. We set x(0) = 0 and
define 6(k) as a homogeneous Markov chain taking its values
in N with 6(0) = 6y, with 6y a random variable, and transition
probabilities P(O(k + 1) = jl6(k) = i) = p;j, P & [pil- Itis
considered, without loss of generality, that P has no column
equal to zero, meaning that IP is nondegenerate, [19].

We would like to design a type of stabilizing controller
that simultaneously can act as a residual filter as well. The
controller/filter structure is given by

g: ey

xe(k+1) = Acé(k)xc(k) + Bcé(k)y(k)
C:ukk)= Ccé(k)xc(k) 2)

~

f(k) = Cfé(k)xc(k) + Dfé(k)))(k)»

where x. € R” is the controller state and f k) € R is an
estimate of the signature signal f (k).

One of the main premises in this work is that (k) is not
directly accessible but, rather a detector provides an esti-
mation of 6(k), denoted by é(k). The estimation é(k) takes
its values on the set M;, when 6(k) = i. M is a subset
of M = {1,..., M}, where M represents all the possible
values of the detector @ (k). We consider that the signal é(k)
emitted from the detector depends only on 6(k). Let }A“o be
the o-field generated by {x(0), 6(0)} and f"k be the o-field
generated by {x(0), 6(0), é(O), ..., x(k),0(k)}. We consider
that é(k) e {l,..., M} is associated to 6(k) as in

PO k) =1 |Fr) = PAGK) = 110(k) = apgy, €M (3)

with Z?il aj = 1 foreachi € N.
Consider Fj as the o-field generated by {x(¢), 6(¢), 8(k);
t=0,...,k}. We have that

POk + 1) =jIFx) = POk + 1) = jI0(K) = poy.  (4)

Therefore, «;; denotes the probabilities that the detector
will emit the signal [ € M considering 6(k) = i. The set M
can be written as

M;={l € M; ey > 0} = {k{, ..., kL}, UYL, M;=M. (5)

The goal is to stabilize (1) through (2) whilst at the same
time the controller acts also as supervisory filter providing
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estimates of f (k) through the residual signal

r(k) £ f(k) — f (k).

By connecting (1) and (2) and defining % (k) £ [x(k)/ xc(k) ]
and, w(k) £ [w(k) f(k)'], we get the closed-loop dynamics

x(k + 1) - 9(k)9(k)x(k) + G(k)G(k)W(k)

Ge: y2k) = C@(k)g(k)x(k) (6)
r(k) = ,f'0(k)9(k)x(k) T Efé(k)@(k)w(k)’
where
Ail A |: A; BiCdi|’ jil él: i Jfi i|’
BoL;  Ad BoHyi  BeHp
Car 2[Ci DiCua], Cu = [-DaLi —Cp],
Ep £ [-DpHwi Iy — DpHp].

Let us introduce some basic concepts required for properly
describing the main goal. The concept of internal stochas-
tic stability and stabilizability are stated next, where A =
Ay,...,Ay) € BR", B £ (By,...,B,) € B[R R™),
and K £ (Ky,...,K,) € BR",R", and for Q € H",
Q) = 2 ienPijQ;-

Definition 1 (Internal Stochastic Stability): System (6) is
said to be internally stochastically stable (ISS) if for any
%(0) € R¥" and 6 € N we have that ||||2 < oo.

Definition 2 (Internal Stochastic Stabilizability): The pair
(A, B) is said to be internally stochastically stabilizable if
there exists K and ¥ € H't, Y > 0, such that ¥; —
Ai(K) E(Y)A{(K;) > 0 holds for all i € N, where A;(K;) £
A; + B/K;.

The class of admissible controllers is given by

£ {C : (6)isiSS}. Next we introduce the concept of
7—[00 norm of (6) with respect to outputs z(k) and r(k) adapted
from [21]. For that, we set W; £ {W € l [wll2; > 0},
where for any signal g = {g(k),k = 0 1,2,...0, lgli3; =
E(lg(0)]2 | 60 = i).

Now we define the Hy, and H» norms, which will be used
to present later on the mixed formulation. We start with the
Ho, norm definition.

Definition 3 (Hoo Norms): Given that C € %, the Ho
norm of (6) with respect to z is given by

N llzll2i
IGII%? £ sup sup
ieN weW; ”W”21

and the H o, norm of (6) with respect to r by,

ri|2i
IGISE") £ sup sup 7l
ieN weW; ”W”Zt

Consider the following inequalities for given y. > 0 and y, >
09

P; 0 | M °

[O v2 I} > ) ai |:Ni1 Sit]’ @

|:Mil °i|>|:1§il jﬂ][&'(f’) OMIE\I'Z jil:| ®)
Ni S Cit O 0 I[Car 0O
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and

i 0 M;
KT R S N G

lEMi
[imiz . ] - [E\iz Ji ][&'(‘I‘) 0} [{\il ~jiz]
Na  Gu|™ [Cu  Ep 0 | Car Eu]
for all i € N. The following bounded-real lemma is adapted

(10)
from [21].

Lemma 1 (Bounded-Real Lemma): If there exists P €
H>*, P > 0, P € H*F, 9P > 0, such that (7), (8) (9), and
(10) hold, then C € ¥, IIQCII(WHZ) < yeand ||Ge|| WHr} < Y.

Therefore the goal is to design C € € so that || Ge|lse ©
ve and |G|~ < y, for i € Wi, i e N. Specifically in
this work we focus our efforts in finding

inf {veBe + vrBr} :

CEC.P.yr.ye s.t.(7),(8),(9) and (10)  (11)

hold for a given . > 0, B, > 0. This particular formulation
will be useful later on in this paper. We present next the H»
norm definition.

Definition 4 (Hy Norms): Assume that C € €. For
%(0) = 0, define z>/ and r*, the outputs of (6) for the initial
condition 6(0) = i and the input w(k) = O for k > 1 and
w(0) = ey, where e; is the s—th vector of the standard basis
of R*. The H> norms of (6) with respect to the ouputs z and r
are given by

r N
DO willzi3

s=1 i=1

1G9 = (12)

and

r N
SO willrsii3, (13)

s=1 i=1

1G5 =

where the initial Markov chain state distribution is given by
P@O0)=1i)=pu; >0foralli e N.

Considering the strict inequalities,

Qi> Y (A& QAn+ClyCen),

IEM;

ieN, leM;, (14)

and

> Z (AL E(Q)Ay + C‘ﬁléﬂl),
IEM,'

ieN, leM;, (15

for 0; > 0 and ; > 0, we have that
) N
(19182)" < 32 37 caniTrTy&a@Jn— (16)
i=1 leM;

and
N

(191$™") <32 3 aunirGse o+ By, (17
i=1 leM;
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Following the discussion presented in [3] and [5], we get that
if the following inequalities for the filter part

N
DY wieaTr(Wa) < A7, (18)
i=1 leM;
Wi ° °
Ju &0 e >0, (19)
Eﬁl 0 1
Qi > Y ki, (20)
leM;
Rﬂ ° °
Ai &O)' e|>0. (21)
Cw O I
and for the controller side
N
DO wioaTr(Wa) < A2, (22)
i=1 leM];
Qﬁil °
I:jil 5i(£2)1i| >0, @3)
Qi > ) anF, 24)
leM;
fkil ° °
Ay &) e >0, (25)
écil 0 I

hold, then C € ¢, IIQCIIEWHZ) < Ac and ||gc||(2WHr) < Ar.
Similarly to the H o, case, the main goal is to design C € %’ so
that |G [|S"”% < Acand |GIS"™" < A, foriv € W, i € N.
Specifically in this work we focus our efforts in finding

V= (Wi, Qi, Rii, Wi, Qi, R, i €N, L e M} (26)
A = {1 such that (18)-(25) hold }
inf  {Ale+ A G} sty eA, (27)
CeC P\ A
for a given ¢, {» > 0. Similarly to the H, case, we choose
this particular formulation in order to derive some results
later on.
After the controller in (2) is obtained, the next step is the
on-line residual evaluation of the system for detecting faults.
As in [28], we define the evaluation function as follows,

ko+L

> rk)rk), (28)

k=ko

J(r) £

where kg is the initial evaluation time and L is the evaluation
duration. The threshold J is given by

J2 sup EWJ(>)). (29)
welb f=0

The idea of (29) is to obtain the value of the residual under
nominal operation, that is, without the fault, in a similar way
as presented in [22]. The value of (29) can be approximated,
for instance, through Monte Carlo simulations and using
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some knowledge of the nominal process transfer behavior.
A deeper discussion about this type of threshold can be found
in [2], [9], [12]. The decision process is then characterized by

J(r) > J A fault occured,
J(r) < J No fault. (30)

IV. MAIN RESULTS

In this section, we present the main theoretical results pro-
posed in the present work. The first result is the design of a
Hso SFDC for discrete-time MJLS with partial information,
the second result is the design of a H, SFDC for discrete-
time MJLS with partial information. As secondary results we
also present the Mixed H> / Hy, SFDC for MJLS with partial
information, as well as the coordinate descent algorithm as a
viable way to solve the BMI constraints.

A. Hy, SFDC

The next result presents BMI constraints regarding the con-
troller design (31), (32), as shown at the bottom of the next
page, and for the filter design (33) and (34), as shown at the
bottom of the next page.

Theorem 1: There exists an SFDC described as in (2) such
that C € €, 1G9 < y,, and |G|~ < y, for fixed
ye > 0and y > 0 if there exist symmetric matrices Z;,
X LM s)L SP. 30 % L D2, 6. 67 and
the matrices M2, 52!, 2!, &2, NI, N 12, N2 N22, 1,
‘ﬁ}lz, ‘ﬁlzl], fﬁ,?f, G, T'1, x1, ©;, @4, and K; with compatible
dimensions such that inequalities (31), (32), (33), and (34)
hold Vi € N,/ € M. If a feasible solution is obtained,
a suitable SFDC is given by

Ag = —Gflrl,
B = —Gl_IXl,
Ca = Kj,

Cp = -0y,
Dy = —®,.

Proof: The proof follows the similar reasoning pre-
sented in [4] and [10]. We set the structure of matrices P; and
P of (7)-(8) as

1
X,’ .— —1 Z._l [ ]
P. — N N P = ! A 35
' |:Ui Xi | ! |: Vi YJ (55)

and similarly for matrices *J3; and ‘Bi_l of (9)-(10), we set

_[E o] .—1:[31'_1 ?} 36
U [ ¥ 9] ©9

& X’ paf;
We also define the matrices t; and v; as
|1 I | EX)
= [ViZi 0] b U= [0 &(U)} 37
along with
|1 1 | &)
b= [%i& 0} o= [0 a-(u)] -G8
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By verifying the diagonal blocks of (31) and also (32),
we note that Her(G;)) > X —Z) > 0 so that G; is

non- singular Considering the fact that PP_ = [ and
Pt ‘13_ = I, we rewrite the matrices P; and P; by settmg
U; = —X;, and matrices 3; and *3;” ! by setting 4l; = —~Xi
as follows
. X; °
Pi = |:Z,‘ -Xi X — Zl':| ’ (39)
z7! °
Pl =7 , 40
‘ [z;l z! +(X[—zi)1] “0)
and
X .
P = , 41
ke |:3i -X Xi- 3i:| “h
—1
-1 3; .
, _ 1, (42)
ke [3 b3 -3 ]

Besides, Equations (37) and (38) become

1o [ oEx
’f_[l 0}’ “’_[0 5,(2—)()] “3)

I e Ei(X)
ti_|:] 0}’ “"[o 8,-(3—36)] “44)

and

and Gi&(X — 3)7'G] > Her(G)) + &i(3 — X) so that (32)
and (34) still hold if the diagonal blocks in which Her(G;) +
&(Z — X) and Her(G;) + £(3 — X) appear are substituted
by G;&(X — Z)_IGZT and G;&;(X — 3)7'GT, respectively,
resulting in

B Mil[1 ° ° ° ° o o]
Ml%l Ml%z ° ° ° o o
11 12 11
N Ny S ° ° o o
21 22 21 22
N N Si Si ° o o[>0,
B GDA EZ)wi E2)p EZ) o e
Eﬁl 362 E63 E64 0 E66 °
[Ci+DiCa G 0 0 0 0 I]
45)
and
B Sml.l,l ° ° ° ° o o
93?1»211 Sml?f ° ° ° o o
11 12 11
mil mil Gil ° ° o o

21 22 21 22
NG N &3 (Ch ° o o[>0,

ESI SZ(S)A, gl'(:’)).]wi gz(B)Jﬁ 51(3) ¢ o
61 62 563 z64 0 &%

Since Gj is non-singular, we set I'; = —GjA, x1 = —GiBei, °
K, = Cq, ©® = —Cp, and ®; = —Dg. As presented in —Cp—DpL; —DpLi —DgH,; I-DgHg 0 0 1]
[6], [10], we get that GE(X —Z) ' GT > Her(G)+E(Z—X) (46)
Zi e ° ° Milll ° ° °
Zi X ° ° Ml%l Ml.%z . . 31
0 0 0 p2.0] TN N2 g g2
B Mi}l ° ° ° ° ° o]
Ml%l M,%2 ° ° ° ° °
N N2 sit . . . .
N3 N s3! 522 . . o| >0,
E(Z)(A; + BiK;) E(2)A; E(Z) i & (Z)sz &i(2) . .
Gi(Ai +BiK)) + 11+ xili  GiAi + xili  GiJwi + xitHwi  GiJs + xiHp 0 Her(G) +&(Z —X) o
C; + DiK; Ci 0 0 0 0 I ]
(32)
3; ° . ° mll ° . °
. , 21 22
3())1 xol yrz:o I Z air 11 ?;:lfllz 6:1[1 : ; (33)
0 0 0 yior] mfll n? e &2
B mllll [ ) [ ) [ ] [ ) [ ) ._
9)?1-211 93?1.212 ° ° ° ° °
‘ﬂ},l 9’11-112 G}ll ° ° ° °
N N7 &y &7 . . o|>0.
Ei(3)(A; + BiK)) & (3)A Ei(3) i &3 &(3) . .
GAi +BK)+ T+ xiLi  GA + xiLi  Gilyi + xiHywi  GilJg + i Hp 0 Her(G)+&(B—X) o
®; + L, D,L; o/H,,; I + ®;Hy 0 0 I ]
(34)
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where
g% = &(Z)(A; + BiCap),
g% = Gy(A; + BiCet) — GiAc — GiBeLs,
E® = GiAi — GiBuLi,
8% = GJwi — GiBeHyi,
g% = GuJp — GiBuaHy;,
g% = Gi&x -2)7'q,
and

U= &(3)(Ai + BiCa),
8% = Gi&x -3)7'G).

o
(o)

By defining the following matrices

- [&@™! I
I = 0 G TEX — Z)] , (47)
and
. [&3)™! 1

and applying the congruence transformations diag(, I, I1;, I)
and diag(l, 1, 7w, I) to (45) and (46), respectively, we get that

/Mt ° ° o]
Niti Sit o o
Ul-,AilTi U,{jil Ul-/gi(P)_lvi o~ 0, (49)
| CeirTi 0 0 I ]
and
—’tpﬁ,‘[ti ° ° o |
Nt Sy ° °
~ ~ _ > 0, 50
wAati  wJa wEEB) e (50)
L Cﬁl’ti Eg 0 I ]

hold, for 7;, vj, t;, and u; given as in (43) and (44). By apply-
ing the congruence transformations diag(tf1 I, v ) and
diag(tl._l,l Uy l,I) to (49) and (50), respectively, and the
Schur complement to the resulting inequalities, we get that
(8) and (10) hold. Finally, by noting that (31) and (33) can
be equivalently rewritten as follows

TPt ° Myt e
> i , 51
|: 0 ch I:| lg/[;,- Olll|: Niti Sy 1)
and
t;mit,' ) £ty °
> o |t , 52
[ 0 v ZEXM; Lot Gy 62

we get, after applying the congruence transformations
diag(ri_l, I) and diag(tl.—l, I) to (51) and (52), respectively,
that (7) and (9) hold. Thus, since (7)-(8) and (9)-(10) hold for
the closed-loop system as in (6), we get from Lemma 1 that
C € C NGcllinsz < Yer and ||Gellis,r < ¥, and the claim
follows. |
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B. H, SFDC
The next result presents BMI constraints related to the control
and filter design of the SFDC system (2).

Theorem 2: There exists an SFDC described as in (2) such
that C € %, ||gc||(WHZ) < Ac, and ||QL||(W'_)V < A, for fixed
Ac > 0 and A, > O if there ex1st symmetric matrices W“,
W32, T;, 01, v,}‘, vz, wll, 022 T, O;, V), V3 and the
matrices Wzl R Vl%l, Qﬂlzll, Q]lzl Gl, Iy, xi, ®7, @4, and K; with
compatible dimensions such that inequalities (53), (54), (55),
(56), (57), (58), (59), and (60), as shown at the bottom of
the next page, hold Vi € N,/ € M. If a feasible solution
is obtained, a suitable SFDC is given by

Ag = —GI_IFI,
B = _Glel,
Ca = K,

Cp = -0y,
Dy = -9

Proof: The proof follows the similar reasoning as the
one employed in the proof of Theorem 1. Similarly as pre-
sented in [4], [10] the structure of matrices Q, and Q
(18)-(21), and 9, and Q of (22)-(25), are

0' [ ] ~_1 T‘_l [
;= -, =L A . 1
0; = [Ul Oi] 0; [ v, Ti] (61)
and
~ Di [ ) _ ‘I_l [ ]
Qi == [ﬂ, 5511| ) Q |: . §l1| . (62)
We also define the matrices n; and o;
1 1 |1 &)
= [\_/,Ti 0]’ o= [0 5,-(0)]' (63)
along with n; and s;,
I 1 | 5,’(?)
= [i}isi o}’ = [o si(u)] ©4)

We get from (55)- (56) as well as (59)-(60) that G is non-
singular. By setting U; = = —0; and 9 = —9O;in (61) and
(62) and using the fact that Q,Q_ = I and Q; Q_

we get that (61)-(64) can be rewritten as

s 0[. ° 1 Tl'_l
Ql_I:Ti_Oi Oi—Ti]’ 2 _[Ti_l

where Y1; = T — (0; — T~ ', and

1

O O ° 51 _ T_ °

— (D; — %), along with

le} > (63)

where Yy; = E;l

[ [ &
’“‘[1 o}’ ""[0 &(T—O)] 67
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and where A;(C) = A;j+B;Cep and Y35 = [Ai(Cer) —Act —BeiLil.
. I 1 &® - along with
ol L OSZ(I—D) : Qﬂl-lll . ° . .
257! Dy . . .
Recalling the previous reasoning applied in the proof of The- EDwi &) &) 5 L] 0,
orem 1, we get that G,;E(O — T) ™' G| > Her(G;)+E(T — O) GI[JKiD_ﬂEf{fIW] G’[,in;ﬁ;",f{’"’] 8 G ET) G 7
and G;&:(O —‘E)_IG} > Her(G))+E&;(T—9). By performing ‘ C 71)
the change of variables 'y = —GjA¢, xi = —GiBy, Ki =
Ce1, ©; = —Cy, and &; = —Dyg, we can rewrite (55)-(56) and
and (59)-(60) as follows oyl R . N .
Wl-zl] g2 . . .
w;! . . . EDAICa) DA E@) >0
51 Py i i(Cel i i i L4 L4 .
Wi Wi . . -0 G M3 GilAi—BaL]l 0  G&ED-T)7'G), o
E(T) i E(T)p &(T) . ’ —Cp — Dyl —DyL; 0 0 1
Gillyi—BaHuwl Gillg—BaHil 0 GEO-T)"'G 72)
(69)
By defining the matrices
and
" f, = [&(T)—l 1 }
Vo v . : : : 0 G Te0-1)
EMACT) — &DA  ET) . o[>0, and
G Y3 Gi[A; — B Li) 0 G&i(0 — T)“G} .
Ci+D;iCq G 0 0 I - Ei(T)~! I
(70) =1 0 G TE(30 - %)
DN wieaTr(Wy) < 22, (53)
ieN [eM;
T, e Vi}l °
sl )
ZGMI' t !
Wi}l ° ° .
21 22
Wi Wi ® ® >0, (55)
Ei(T) i E(T)Jy &(T) .
Gilwi + xiHwi Gl + xiHp 0 Her(Gy) + &(T — 0)
Vi}l ° ° °
Vi%l Vl%z ° ° °
E(T)(A; + BiK)) Ei(T)A; &(T) o o| >0, (56)
Gi(Ai +BiK))+ T+ xiLi  GlA; + xiL; 0 Her(G)) +&(T —0) o
Ci + DiK; C; 0 0 1
DD e Tr(Wa) < A7, (57)
ieN leM;
T e Q]illl °
|:Ti Di] g Z [m%l x2 |’ (58)
IEM,' ! l
inlll [ ] [ ) [ ) [ ]
Qﬂizll QU[.ZZ2 ° ° °
E(D) i (D) y &%) ) o| >0, (59)
Gilvwi + xiHywi Gl + xiHp 0 Her(G)) +&(T—9O) o
o,H,,; I + ®;Hy 0 0 1
Enllll [ ] [ ] [ )
m%,‘ ‘17%12 ° °
E(D)(A; + BiK)) Ei(DA; &i(%) o o| >0 (60)
Gi(Ai + BK) + T+ xiLi  GlA; + xiL; 0  Her(G)+&F—-90) o
O + P11 ®/L; 0 0 I
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and applying the congruence transformations diag(l,, ;)

and diag(hy,, 11, 1;)) to (69) and (70) as well as

diag(lyyf, i, I) and  diag(ln, i, Ir)  to  (71)-(72),
we get
4 ° 1
~ ~ 0, 73
|:Ui/ il O','/gi(Q)ilO'i_ ~ 73)
Uﬁifimi . o]
GgAimi U[Si(Q)_IUi o| >0, (74)
Ceirni 0 i
and
Wy o o]
siy sE(Q) s, e >0, (75)
Ep 0 s
R, ° o]
sSAm;  siE(WQ) s e > 0. (76)
Crm; 0 1]

By applying the congruence transformations diag(/, ol._l),
diagin; ', 0711, diagl,s7', 1), diagn7', 57 1) to
(73)-(76), we get that (19), (21), (23), and (25) hold with the
closed-loop matrices of system (6). Finally, by noting that
(54) and (58) can be rewritten as follows

nOimi > Z aiRim; (77)
IGM,*
and
nQimi > Y Ry, (78)
IEM;

and thus, by noting that (53) and (57) are equivalent to
(18) and (22), and by applying the congruence transforma-
tions n;” ! and ni_l to (77)-(78), respectively, we get that
(20)-(24) are also satisfied. Therefore, considering the dis-
cussion presented in Section III, see, for instance, [3] and [5],
we get that C € €, |Ge|S"7? < i, and [G1S"™" < A,

and the claim follows. |

C. MIXED H» / Ho,
We present now the design of mixed Hz/Ho, SFDC for MJLS
with partial information on the jump parameter.

Observing the constraints in Theorems 1 and 2 it is possible
to notice that the structure to obtain SFDC is the same,
therefore a mixed solution can be formulated.

To increase the overall performance the H, norm will
be considered in the controller side of the design due to
its equivalence to the LQR controllers, which provide good
performance in practical solutions. For the fault detection
side, we consider the Hy, norm, which provides an FDI with
a lower occurrence of false alarms, [18], [28].

From the aforementioned discussion, we consider the
mixed solution with the control side of the SFDC designed
using the BMI conditions for Theorem 2 and the fault detec-
tion side obtained using the BMI from Theorem 1. Hence,
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the new rewritten optimization problem is
¢ = {3 X, M, My, Sy, Wy, Vi, Ty, O;
G, Ty, xi, Ki, ©, @4} (79)
K = {6 such that (33)-(34) and (53)-(56) hold

inf  {A:le +yrBr} st €k (80)
CeC P, yr,Ae

for a given ¢, > 0, B, > 0.

Theorem 3: There exists an SFDC described as in (2) such
that C € %, 1G5~ < y,, and [|Ge[I$"~? < A, for fixed,
y, > 0,and A, > 0 if there exist symmetric matrices 3;,
X il 2. el &2, wil, W2, Vil VR T, 0, and
the matrices 93?1.211, 612[1, ‘ﬁ}ll, ‘ﬁ}lz, ‘ﬁ%ll, ‘ﬁ%lz, Wl%l, Vl%l,Gl,
Iy, x1, ©;, ®;, and K; with compatible dimensions such that
inequalities, (33), (34), (53), (54), (55), and (56), hold Vi € N,
| € M. If a feasible solution is obtained, a suitable fault-
compensation controller is given by

A = —GI*IF,,
By = —Gl_l)(z,
Ca =K,

Cp = -0y,
Dy = —®,.

Proof: The proof for Theorem 3 is black a direct conse-
quence of Theorems 1 and 2. |

D. COORDINATE DESCENT ALGORITHM

As explained at the start of this section the constraints in
Theorem 1 and 2 are in the form of Bilinear Matrices Inequal-
ities, therefore it is necessary to implement an appropriate
procedure to solve such a problem. It can be found in the
literature several numerical ways of dealing with BMI as, for
instance, a combination of line search and a sequence of LMI
as presented in [24]. Although of great interest, an analyzes of
the techniques to solve the BMI in Theorems 1 and 2 would
fall outside the scope of this paper. Due to that we will focus
on a procedure that is extensively used in the literature known
as the Coordinate Descent Algorithm (CDA), as implemented
in [20], or [23]. The specific approach implemented in the
present paper was first introduced in [4].

By inspection, it is possible to observe that all the non-
linearities are “‘caused” by the state-feedback controller K.
A usual workaround for those non-linearities is to fix
the state-feedback controller and solve the resulting LMI.
Assume that there exists a state-feedback controller K, and
apply this controller in the constraints (31), (32),(33), and
(34) for the Hyo case, or (53),(54),(55),(56),(57),(58),(59),
and (60) for the H, case. If a feasible solution is found
it may or may not be the optimized solution, due to the
choice of the state-feedback controller. The CDA algorithm
is described as in Algorithm 1.

V. NUMERICAL EXAMPLE
The coupled tank was chosen as an example. This partic-
ular coupled tank parameter and modeling were extracted
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Algorithm 1 Coordinate Descent Algorithm

Input: Kl,y_l,tmax,e

Output: A¢,B.,C.,Cr,Dy

Design stabilizing state-feedback controller(e.g. [21]).

2 Fix K in the LMI constraints for the H case or for the
H, case, and solve it to obtain the matrices Z;, 3;, and G;
for the Hy case, or T;, ¥;, and G for the H; case, or 3;,
T;, and G; for the mixed case.

3 Fix Z;, 3;, G; for Hy case, or T;, %;, and G; for the H,
case, or Z;, ¥;, and G for the mixed case, and solve the

-

same LMI constraint and now obtain A¢;, B, Co, Cp,
Dy, and the upper bound values y,, y, for the Ho, case

and )‘f’ A, for the H; case.
P

0
4 If yfyt—,lyc < €0rt < tygy, 0 back to step 2.

Uy (k)

.

H,y

Tank 1

|

H>

Tank 2

FIGURE 1. Plant scheme.

from [8]. The discrete-time domain space-state model is

Ao — [0:0239
1271 0.0127

Jw12 =0.01 By 2,
Ll — 12X2, L2=
Cl — 12><2

—0.0285

C2 =02><2’ Dl

—-0.0127 0.71 0
:| , Bip= [ ] ,

0 0.71

Jf 12 = 12><2’
02X2, Hy12= Hf 1’2=O.1 szz,

This is the space-state representation for the coupled tank
linearized in i1 = 0.2 cm and A = 0.1 cm, the sampling

time is 7y = 1s. The transition matrix, initial distribution,
and oy are
0.8 0.2 ;0.7 107 03
IP>_|:O.6 O.4i|’ H* _|:0.3i|’ \II_|:O.6 0.4:|' @1
The SFDC obtained using Theorem 1 is
A = [ 0.5053  0.1653
= 1-02767 04161
A — [ 0.2048  0.0686
2= [-0.1065 0.1725"
B — [—0.8252  —0.2487
= 05756 —0.8252)
B — [—0.7180  —0.2263
2= 105173  —0.7661
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e[ 2]
N )
e[ 2]
om0 ]
e B
e s o)

We performed Monte Carlo simulation with 2000 rounds. The
fault signal is a step signal at k = 100[s] applied to the first
tank. The noise signal used is the white noise with mean equal
to 0 and variance equal to 0.5% and multiplied by an expo-
nential. The simulation results are presented in four separated
Figs.2,3,4,and 5. Fig. 2 presents the controlled outputs and
compares the simulation with (faulty) and without (faultless)
the fault signal. An information can be extracted, which is
that even with the fault applied to the first tank, the output to
the second tank remains almost the same, which means that

T T
—— hy faulty
— — - h; faultless
17|-=-Ref.

Outputs signal
T

. . . .
0 50 100 150 200 250 300
Time(s)

FIGURE 2. Outputs for the Hy, case.

Control signals
T

. I I I I
0 50 100 150 200 250 300

| h |
50 100 150 200 250 300
Time(s)

FIGURE 3. Control signal for the H, case.
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Residual signals

I I I
150 200 250 300

. h
0 50 100 150 200 250 300
Time(s)

FIGURE 4. Residue signal for the Hy, case.

Evaluation function
T T

x10®

T
— J, faulty
1.5 F|- — - J, faultless

| | | |
50 100 150 200 250 300
Time(s)

FIGURE 5. Evaluation function for the H,, case.

the controller fulfills its purpose. The first output has an offset
due to the presence of the fault, as expected. The controller
tries to compensate for the fault presence. The first output
is stabilized but not compensated, and for the second output
the fault is compensated. We should recall that the second
state is coupled to the first one, and therefore, any fault
occurring in the first tank affects the second one. Observing
the control signals in Fig. 3 reinforces the statements made for
Fig. 2, where both controllers tried to compensate for the fault
occurrence. Fig. 4 shows that the residue signal generated by
the SFDC increases near k = 100[s], which coincides with
the start of the fault signal, meaning that the SFDC almost
instantly responds to the fault.

From Fig. 5 we can notice that the fault detection side of
the solution works properly, since it is clear the difference
between the faulty and faultless evaluation curves.

The setup for the simulation is exactly the same used in the
H case. The SFDC obtained using Theorem 2 is

A _ [05929  0.0388

< =10.0201 -0.1255|"
A _ [70-5929  —0.0388
2= 1-0.0201  0.1255 |’
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Outputs signals
T

T T T
—— h; faulty v
— — - hy faultless
11|-=-Ref.
05

I I I
0 50 100 150 200 250 300

0.2
O0 50 160 1 éO 260 2%0 300
Time(s)
FIGURE 6. Outputs for the H, case.
. _6[—0.2409 —0.0079
Ber =10 [0.0093 ~0.3303
603691 0.0010
B =10 [0.0044 0.0364 |
c. _[08648  0.0728
I = 10.0108 —0.1349|"
., _ [-0-8053  —0.0366
27 1-0.0460  0.2186 |
L _13[0.0748  —0.0001
Cri =10 [0.0000 —0.1463 |
. _13[—0.0835  0.0001
Cr2 =10 [—0.0000 0.1375 ]
Dby, _ [432163  —0.0000
S1=1-0.0000  7.5839 |
Dby, _ 332163 0.0000
27100000  2.4161]

The results obtained via simulation are presented in the
following Figs. 6, 7, 8, and 9.

In Fig. 6 both output signals are presented, as well as a
comparison between the situation with and without the fault
signal. As observed in the H, case, the first output has an

0 «107 Control signals
T T T
Ak
5721
3t
4
|
0 50 100 150 200 250 300
x10°

| | | | e
0 50 100 150 200 250 300
Time(s)

FIGURE 7. Control signal for the H, case.
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offset caused by the fault and the second output compensates
the fault occurrence.

In Fig. 7 for both control signals, it is possible to observe
that the controller tries to counterbalance the fault signal
applied to the first tank, which was the goal of the designed
controller.

In Fig.8 the first residual signal increases right after
k = 100[s], when the fault signal starts. The presented
behavior is the expected behavior for a FDI, which is the goal
for the FDI side of the SFDC proposed in this paper.

Residual signals

150 200 250 300
3
ol |
e

1k |
0 . . . .

0 50 100 150 200 250 300

Time(s)

FIGURE 8. Residue signal for the H, case.

The evaluation function presented in Fig. 9 shows that the
proposed solution responds rapidly after the occurrence of the
fault. Another important aspect is that the evaluation function
for the second output does not change its behavior.

Evaluation functions
800 T T T

——J; faulty
600 Jy faultless

=400

20 = ——==

»n©

50 100 150 200 250 300
Time(s)

FIGURE 9. Evaluation function for the H, case.

VI. CONCLUSION

In the present paper, we focus on the Simultaneous Fault
Detection and Control problem under the Markovian Jump
Linear Systems with partial observation on the Markov
parameter for the discrete-time domain. The main novelties
in this paper, presented in Section IV, are the design of
Hso and Hy SFDC for MJLS with partial observation based
on Bilinear Matrix Inequalities, and the mixed H/H, for the

VOLUME 8, 2020

SFDC, where the control side of the SFDC considers the H»
norm and the fault detection part considers the Hy, norm.
We also described the coordinate descent algorithm as a
possible method to solve the BMI. In Section V a numerical
example was presented to illustrate the viability of the pro-
posed solution. The results presented in Section V indicate
that the design of Hy, / H» SFDC for MJLS with partial jump
parameter provided in the present paper are viable solutions
for the SFDC problem.

Possible future steps along this line of research would
be to address the fault compensation problem, or consider
H_ index to increase the fault detection performance.
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