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ABSTRACT This paper presents the realisation of self-erecting inverted pendulum controls via two switched
control approaches, a rule based fuzzy control for swing up inverted pendulum rod to pose upright position
from downright position and an optimal state feedback control for stabilization as pendulum on upright
position close to its equilibrium vertical line. The aim of this study is to solve two important problems
on self-erecting inverted pendulum; swing up and stability in its upright balance position. Simulation and
experimental results showed that control methods enabled the inverted pendulum swinging up and reaching
its stable attitude in upright position even though small impulse and pulse disturbances were given.

INDEX TERMS Fuzzy swing up, optimal state feedback stabilization, self erecting inverted pendulum.

I. INTRODUCTION

Problems of an inverted pendulum stabilization had been
attracting many control system engineers and researchers
for years [1]-[3]. Since an inverted pendulum is typically
nonlinear, high order, multivariable and unstable, then many
efforts to achieve balancing condition were proposed [4],
[5]. Also, due to its nonlinearity and instability, balancing
capability is the important platform to demonstrate vari-
ous control applications such as running and biped walking
robot, Segway riding and propeller rocket operation [6]—[8].
Moreover, an inverted pendulum also could represent model
and control of human balance in walking and running [9].
Developing control schemes for inverted pendulum was often
presented in some classic control system literatures as fun-
damental theory and application examples; (see Nise and
Franklin in [10], [11]). To mention some newest research
on inverted pendulum, we can observe several implementa-
tions of control methods for both swing up and stabilization
problems. Horibe and Sakamoto developed nonlinear optimal
control for inverted pendulum via stable manifold method to
solve Hamilton-Jacobi Equation approximately [12]. In other
work, non linear optimal control design with State-Dependent
Riccati Equation (SDRE) for two-wheeled inverted pendulum
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was used to reach the stability [6]. Yang and Li studied
finite-time control simulation for inverted pendulum sys-
tems [13]. A cyber physical system was used to deploy
imitation reinforcement learning for simplifying the deep
understanding in nonlinearities of an inverted pendulum. The
method was applied for rotary inverted pendulum in open
flow network [14].

The biggest problem of inverted pendulum dynamics to
be solved is how to swing it up from downright position to
upright position against gravitational forces and be kept for
a moment to implement linearised control strategy such as a
state feedback controller instantly as a pendulum is at stable
upright position. The recent work for successful swing up
control method can be found in [15], by proposing trajec-
tory planning and inertia effect to make swing up motion
and then continued by nonlinear adaptive neural network for
stabilization of rotary inverted pendulum. In recent years,
neural network, a kind of biological inspired control showed
the effectiveness of unknown and nonlinear dynamic control
situation [9].

This paper presents the realisation of self-erecting inverted
pendulum via two switched control approaches, i) fuzzy
logic control (FLC) for swinging up inverted pendulum to
reach upright position from downright position and ii) state
feedback design control for stabilization as pendulum on
upright position. Swinging up and stabilization have done
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by moving cart along horizontal axis. Fuzzy logic control
has been widely found in many real applications and used
in some inverted pendulum types, for examples were two
wheeled type [16], inverted pendulum on a cart [17], fuzzy
control of ball-bot [18] and FLC for specialty vehicles that
was combined with a phase plane method [19]. Therefore,
FLC is believed in extremely movement handling of inverted
pendulum from downright to upright position. The critical
advantage of FLC use is that we do not need to measure all
states accurately and it is robust enough depend on deployed
rule based fuzzy. Hence, it also reduced the complexity in
deriving mathematic model that was needed for embedded
software programming as control algorithm [20]. On the
upright position, fuzzy logic control is kept for moments
until the inverted pendulum swayed in small angle. In this
position, it is necessary to assume that physical model of
inverted pendulum is linear so that a state feedback controller
is deployed easily. Motivated by the previous study in [15],
[20], [21], we implemented two control techniques for self-
erecting inverted pendulum; fuzzy logic and optimal state
feedback; for swinging up and stabilization.

This study proposed the optimal state feedback was
designed by a simple linear matrix inequality (LMI) approach
based on Lyapunov’s stability theorem. The control method
guarantees the closed loop system stability, even though small
bounded disturbances occur. A recent work on robust stability
for uncertain master and slave chaotic system was investi-
gated and uniformly asymptotical synchronisation was guar-
anteed by state feedback stabilization using an LMI-based
Lyapunov stability approach [22]. Meanwhile in our work,
small disturbance of inverted pendulum stabilization can be
simply approached by parametric uncertainties [23]. In addi-
tion, our study contributed in design and realisation of
mechanics, electronics and control instruments were carried
out by ourselves from the beginning. Hence, the instruments
we built had the potential to be developed freely for testing
and validating other models and control strategies. Several
potential control designs that can be applied in this inverted
pendulum model and instruments are LQR / LQG, adaptive
control and others.

The following sections present content of the paper.
Section II describes mathematical model of inverted pen-
dulum which was needed in used control approach. Com-
pleting with electromechanical forces from dc motor as
actuator, state space of inverted pendulum was provided.
State feedback gain was obtained by linear matrix inequality
approach correspond to stability definition. The model was
also used to simulate rule based fuzzy in swinging up before
doing real implementation. Control strategies are presented
in Section III and realisation that followed by experimental
result analyses are provided in Section IV.

Il. MATHEMATICAL MODEL

Stability is main problem in self-erecting inverted pendu-
lum control design, both swing up and stabilization controls.
To provide mathematical model fairly, it is needed to observe
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TABLE 1. Parameters for inverted pendulum.

Symbol | Variables and constants Values*

M mass of cart 0.51 kg

m mass of pendulum rod 0.05 kg

L length of pendulum 0.51m

g constant of gravitational acceleration | 9.8 ms—2

F force on cart N

r radius of dc motor’s rotary 0.05m

Ra resistance of motor 3 ohm

Km motor constant 0.24Nm/A
g gear ratio 1

0 pendulum angle rad

V,H forces on vertical and horizontal axes | N

*kg = kilogram, m = meter, s = seconds, N = Newton, A = Ampere.

the model of nonlinear dynamic systems and linearise this
nonlinear model around its equilibrium point [20]. Elec-
tromechanical force is employed to move cart forth and back
for swing up and reaching upright stable condition.

A. INVERTED PENDULUM
Physically model and parameters of inverted pendulum
moved by cart can be seen in Fig.1. and Table 1.

Based on Fig.1, a point of center of gravity coordinate

along horizontal and vertical axes is written
xg=x+1lsin0, yg=y-+IcosH. (1)

Vertical and horizontal forces are following these equations,
(2) and (3)

mg — ml sin 6 — ml6? cos 0 =V 2)

mi + mlo cos  — ml6? sin = H. 3)

Balancing force on cart along horizontal direction is
following:

m¥=F —H. 4

Around center of gravity, balancing of rotation motion of
pendulum rod is hold in following equation

16 = VI sin 6 — HI cos 0 3)

Nonlinear dynamics representing Lagrange’s equation based
mathematical model of inverted pendulum [21], [24], are
obtained by substituting (3) to (4) and (2) to (5):

M + m)é +mlb cos © —mlb? sin = F (6)
I+ mlz)é + mlf cos 6 — mgl sin® = 0 @)

where [ = %ml2

B. LINEARISATION AROUND BALANCE POSITION

In case of the inverted pendulum is in upright position and
swinging around vertical line, it is needed to make assump-
tion that position of angle 6 is small enough [25]. Therefore,
following condition are hold; 62 = 0,sin9 =0,cos0 =1
and equations (6), (7) are written in following equations:

(M +m)i +mld = F 8)
(I + ml*d + mlx —mglo = 0 9)
6497
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FIGURE 1. Physical model of inverted pendulum moved by cart.

Hence, transfer function of input output relation according to
equations (8) and (9) can be written in following

ml
(mD? — M + m)I + mi?)s? + (M + m)mlg

G(s) = (10)

C. ELECTROMECHANICAL FORCES

To reach stability condition, dc motor with voltage input
V provides electromechanical force F. The equation of dc
motor is formulated in:

V = Ruls + Ko (1D

where R4 and I4 are resistance and current of dc motor arma-
ture whereas K, and w,, are torque and rotation constants.
Here, motor torque is

T = KuKgla (12)

where K is gear ratio.
Linear force on cart follows dc motor rotation that has
radius r is formulated in

Tm
F=—
’

(13)

Then motor angular rotation that corresponds to cart linear
motion is

X
o = —Kg (14)
r
Hence, motor armature current is
=1 (15)
AT KK,

6498

Substituting (11)-(12) and (14)-(15) to (13) yields electrome-
chanical force:

@@V_K%é

F =
r2R4

TRA (16)

Finally, an inverted pendulum stabilization system builds a
state space form:

C(t) = AC(t) + BV (1)
y(t) = C¢(t)

a7
(18)

where

1 0
O 6
0 0
B3 4

0
0
1

oS O O O

0

(I + mi2)Enke?

r2RA
M +m)d +mi2) — (ml)?’
B ml(mgl)
(M + m)(I + mi%) — (ml)?’

ﬂmmz
rzRA

M+ m) + mi2) = (ml)?’
(ml)>
(M 4 m)(I + mI%) — (ml)?

0,

B3 =

. mgl
I +mil?

1+ ),
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_ 0 _
U +mi?) s

B_ | M+md+m?) —(mi)?
- 5 ,
mllf;"ég
L (M + m)UI +mi2) — (ml)? ]
X
C=[0010], and¢=|}
6

lll. CONTROL METHODS

Explanation for fuzzy theory and applications has been
widely discussed [26]. In this paper, the self-erecting inverted
pendulum is considered as a multi input single output sys-
tem with input variable x;, i = 1,2,3,...n) and output
variable y. The universe of x; and y are X; = [—Ux;, Ux;],
Y = [—Uy, Uy] respectively. The fuzzification is a procedure
used to map a crisp input x; into fuzzy set Ax; in X;. Ax; is

LT

the fuzzy set label such as “‘negative big”, ““negative small”,
“medium”, “positive small”’, “positive big”, etc; and B is a
fuzzy set label of output Y. Next step is deciding IF-THEN
rules to reach desired output in fuzzy set Y. An example of
IF THEN rules for first rule is,

IF x; is Axf and x; is Ax} and x,, is AxX THEN y s BX with
k=1,2,3,...N(N is number of rules).

By defuzzification of Y, crisp output y is obtained as
follows

oo VT e, (x0)
2:11(\;1 H?zl MAx,-(xi)
where 4y, (x;) is membership function degree x; to Ax; and

yK is a point as B* reached maximum value.

yx) = (19)

A. FUZZY SWING UP CONTROL

Strategy of pendulum’s swing up was taken from increas-
ing of controlled energy [21] in following potential energy
equation:

1 .
Ep = E(1 +mi*)6% + mgl(cosd — 1) (20

In swing up control, controlled inputs are angle 6 and
velocity angle 6 of pendulum that will be mapped for rule
based fuzzy. Cart’s position x(f) is moved by dc motor
as control action for swinging up. Trajectories 6, 6 satisfy
Ep = constant and Ep = 0 when inverted pendulum is
at upright position. In this situation, cart is stopped since
cart velocity x = 0. This study adopted controlled potential
energy with mapping of pendulum angle as shown in Fig.2,
to develop rule based fuzzy swinging control by considering
following algorithm [20]:

1) case 1: for big angle around {NS, Z, PS} where 0 =~

i(zn — m) rad; two possible strategies are applied

o For positive/negative/zero angle 6 and posi-
tive/negative/zero velocity 6, the control action is
positive/negative/zero.
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FIGURE 2. lllustration of pendulum angle and velocity used in rule based
fuzzy for inverted pendulum swing up control.

TABLE 2. Rule based fuzzy.

0
HNB NM NS Z PS PM PB
N[N N NN zZ Z Z
§ Z|N N N Z P P P
Pz z z PP P P

o For 6 and 6 are different sign, the control action
was zero.

2) case 2: for medium angle {NM, PM} where 6 =

+( En — Zn) rad
« For positive/zero angle 6 and positive/zero velocity

é, the control action is positive/zero.
« For 6 and 6 are different sign, the control action is
Zero.
3) case 3: for small angle {NB, PB} and pendulum rod is
around equilibrium vertical line in upright position,
« If angle velocity 6 # 0, then use case 2.
« If angle velocity 6§ = 0, then swing up is stopped.
The abbreviation of membership functions of pendulum angle
are as follows, NS = Negative Small, NM = Negative
Medium, NB = Negative Big, Z = Zero, PS = Positive Small,
PM = Positive Medium, PB = Positive Big.

For years, fuzzy logic had been proven to have significance
advantage in real implementations that it did not need accu-
rate all states measurements [19], [20]. This paper use input
output relation according to above swinging algorithm that
also can be presented in Table 2.

Fig.2 illustrates mapping of pendulum angle corresponds
to the membership function. Fig.3 shows membership func-
tions of inputs 6, # and output force F.

By applying rule based fuzzy to the force on cart move-
ment, inverted pendulum does swinging motion shown
in Fig. 4.

B. STABILIZING CONTROL

After the inverted pendulum reached a stable position around
equilibrium, the linearisation of the model can be done refer-
ring to equation (17)-(18). Design of optimal state feedback
controller via linear matrix inequality (LMIs) is provided in
advanced. Before designing a state feedback controller for
stabilization of inverted pendulum, we need to consider the
following definition and lemmas:
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FIGURE 3. lllustration of pendulum angle and velocity used in rule based
fuzzy for inverted pendulum swing up control. Figure shows membership
functions of (a) angle, (b) angle velocity, and (c) force.
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FIGURE 4. Rule based fuzzy swing up movements.

Definition 1 [27]: If state x,(¢) is a solution of a differential
equation system (18) with a given initial x,(#p), this system is
said to be stable if other solution x,(¢) that begin at near of
x4(to) will stay close to x,(¢)Vz.

Lemma 2 Barbalat’s Lemma [27]: If x(¢) has a limit finite
for 1t — oo and x(¢) is uniformly continuous, then x(¢)
towards to zero as t — ©0.

Lemma 3 Schur’s Complement [28]: Given constants
matrices W, Wy, W3 where ¥ = ¥ and ¥, = ¥ > 0
then Wy + WI W '3 < 0 if and only if

Uy \IJ3T -y U
|:\113 —\1‘2:|<0’ 0r|:\p3T v, <0

Use of LMIs in control research area had started when Lya-
punov introduced ““Lyapunov theory’’. Consider a continuous
time linear time invariant (LTI) system in differential equation

dx(t)
dt

where x(r) € R” is said asymptotically stable i.e. all tra-
jectories go to near zero (limeo x(¢#) = 0, Vxg) if and only
if there exists a quadratic Lyapunov function V(x) = x” Px
such that along trajectories these inequalities V (x(¢)) > 0 and
V(x(1)) < 0hold. From the inequality V(x(1)) < 0, then there
exists a positive definite matrix P > 0 such that

= Ax(t), x(0)=xp 21

ATP+PA <0 (22)

Note that form (22) is linear matrix inequality (LMI). Stabil-
ity of the control system can be derived in LMI. For applica-
tion in this paper, let us solve a state feedback controller for
the system (17)-(18) with initial value ¢ (¢) = 0 = .

6500

The cost function to be minimized is
J= / "¢ ) + VIRV (1))dt (23)
0

where Q and R are given positive definite matrices.
Consider a candidate of Lyapunov function and its time
derivative

L=c¢"wpe), L=20"0)P¢(t) 24)

for ¢, ¢ # 0.
By involving cost function (23) to derivative of Lyapunov
in (24), then it is obtained that

L=¢"0Qe@) - " 0oc)+ VIRV (25)

where Q = P(A + BKy) 4+ (A + BKSf)TP + 0+ K;Rst
Then by condition 2 < 0, time derivative of Lyapunov
function follows

L <{c"nQe) — " 00c) + VIRV(1)) < 0 (26)

Note that equation (26) implies that L is negative definite and
the closed loop system is asymptotically stable. By setting
Ky = —R~'BT P, pre- and post-multiplying Q with P~! = X
and using Schur’s complement (Lemma 3), it is equivalent
with LMI

AX + XAT —B"R'B X
[ T o <0 (27)

The following matrices are known from the system
(17)-(18):

[0 1 0 0
0 —0.7349282296650 —0.7033492822967 O
A=
0 0 0 1
| 0 —2.161553616662 30.89220377146 0O
i 0
B— 3.06220%9569378 . C= [0 01 O]
| —9.00647340275823

By solving (27) using LMI toolbox of Matlab, we have
matrix X~! = P and state feedback gain Ky = —R7'BTP.
It is obvious that obtained Ky is similar to an optimal gain
from linear quadratic regulator (LQR) design with Q =
diag[0.1; 1; 0.1; 0.1],and R = 0.05. Then, the state feedback
gain is Ky = [-1.414 —2.456 —19.770 — 3.896].
All poles of closed loop are in the Left Half Plane (LHP), and
showing guarantee of closed loop stabilization. This gain is
guaranteed for optimal and stability including for nonlinear
model around equilibrium because it is similar to obtained
gain by LQR design [24]. Fig. 5 shows trajectories of pen-
dulum angle and cart position with chosen initial conditions
using LQR and guaranteed cost control designs. Phase plane
of pendulum angle, cart position and their velocities are
shown in Fig. 6. Here, Fig.5 and Fig.6 are shown to verify
the stabilization referring to Definition 1 and Lemma 2.
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FIGURE 5. State trajectories of pendulum angle ¢ for LQR (red line) and
Guaranteed cost controller (blue line).
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FIGURE 6. Phase plane of (a) pendulum angle vs velocity (b) cart position
vs velocity.

C. EXTENSION TO GUARANTEED COST CONTROL

In addition to stability concern, control of inverted pendu-
lum must also consider the uncertainties that may occur.
Therefore, one desired controller design that not only guar-
antees stability, but also guarantees system performance in
adequate level [29]. Several methods such as LQR, LQG,
Hy and Hy, had been used to carry out the problem of
uncertainties [30].

Next, assume that uncertainties AA, AB fulfil the rela-
tions: AA(t) = DyF,(t)E, and AB(t) = DpFp(t)Ep,
where D, E,, Dy, E}, are known matrices of real valued con-
stants with appropriate dimensions, while F,(¢), Fp(¢) satisfy
FI(t)F,(t) < 0and FI (t)Fp(t) < 0.

The extension of (27) needs following inequality:

DF()E +ETFT(t)D" <aDD" + o 'ETE.  (28)
Now, considering the uncertainties AA, AB, (17) become
£(t) = (A+ AA (1) + (B+ AB) + V(1) (29)

The closed loop of system (29) is
£(t) = [(A+ AA) + (B+ ABKIL (1) (30)

Adopting Lyapunov function from (24) and using (28) to
condition 2 < 0 implies that for any ¢ > O and 8 > 0,
these inequalities hold:
207 (0)AATPL (1)

=2eTEFI (1)DI Pe (1)

= ¢ (DE Eal (1) + o™ ¢ ()PD.Dg PE (1) 3D
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FIGURE 7. Physical systems of (a) inverted pendulum, (b) control module.

20T (KT ABT PL (1)
= 20" (K" E; Fy (0D P¢ (1)
= Bt (OKTEy EyKE(0) + B¢ T (OPDpDy PE(1) - (32)
By following past design procedure in (24)-(26), consider-

ing the cost function (23) and the uncertainties that assumed
in previous description, this inequality is an extension of (27)

] X XEl'  BRT'El
xT -0 0 0
E X 0  —a I 0 <033
EyR'BT 0 0 -8~

where ® = AX + XAT —B"R™'B+ o~ 'D,DY + p~'D,D}
Here, the obtained gain K = —R~!BT X is a guaranteed cost
controller that gives minimum value of guaranteed cost [23].
For nominal systems by suppressing AA = 0, AB = 0,
the derived controller gain is similar to previous K.

The signal balance of a noised system output can be written
iny = v — Lv, where v is measurement noise and L is
loop gain. Sensitivity function § = 1J+L corresponds to
disturbance attenuation, whereas the smaller |S(jw)| means
the more attenuation at angular frequency w. Therefore,
a noised system output can be rearranged in terms of sen-
sitivity function:

1
C1+L
According to (34), it is possible to replace sensitivity function
|S(w)| with |S(jw)V (jw)| at low frequency range for system
with uncertainties.

For disturbance attenuation system with uncertainties,
it needs bigger control gain to compensate noise so that its
loop gain L is also bigger than that of systems without uncer-
tainties or disturbances. As a consequence, sensitivity func-
tion of the proposed method (with uncertainties, V(jw) < 1)
is smaller than sensitivity function of LQR control method
(without uncertainty), see Fig. 10.

y v=_Sy 34

IV. EXPERIMENTAL RESULTS

Stability in vertical upright position is crucial problem to
be solved in this paper. The experimental testing was done
to ensure robustness the designed controllers although a
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FIGURE 8. Snapshots of self erecting inverted pendulum, from downright to upright.
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FIGURE 9. Responses of inverted pendulum stabilization for (a) pulse
disturbance, (b) impulse disturbance.

small disturbance was given. Instruments that used to build
the system consisted of i). DC motor with torque 2 kg.cm,
12-36 Volt input, ii). Motor driver BTS7960 H-bridge with
current rating 43 A and input level 3.3-5 Volt, iii). Micro-
controller Arduino Mega 2560 Rev3, iv). Incremental Rotary
Encoder with 800 Pulse Per Revolution, 5-24 Volt operating

6502

Sensitivity Function
0 T

Magnitude (dB)

g . .
10 10 10’ 10' 10

Frequency (rad/s)

FIGURE 10. Sensitivity Functions of LQR controller(black line) and
proposed method (blue line).

voltage, and v). Absolute Rotary Encoder Autonics EP50S
with 12-24 Volt, 1024 Pulse Per Revolution and Gray code
output.

The absolute rotary encoder detects the angle of the pendu-
lum and activates the motor driver to drive the cart back and
forth based on the fuzzy algorithm previously described. The
incremental encoder detects the position of the cart to be in
the horizontal rail range. When the pendulum is at an upright
position, the state feedback control stabilizes the pendulum
so that it is kept upright.

On the swing up testings, pendulum rod reached its
inverted vertical position in less than 10 seconds. Coding of
fuzzy swing up and state feedback stabilization algorithms
were embedded in micro controller employing open source
Arduino software, Integrated Development Software (IDE).
Data of pendulum rod angle and cart position were monitored
from serial monitor of Arduino.
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Both pulse and impulse disturbances had AA = AB =
6.7% of angle distortion from vertical line. In this situation,
all poles of closed loop systems locates in LHP. Time interval
of pulse disturbance was set around 2 seconds and 0.5 second
for impulse disturbance. System responded pulse and impulse
disturbances based on designed controller. Stabilizing time
of pulse disturbance was around 4.5 seconds and impulse
disturbance was stabilized in 2.2 seconds, see Fig.9. In work
of S. Chaterjee and S.K. Das (2018), disturbance was given
in the 65.2 second and stabilized in the 68 second [5]. They
used optimal tuning of state feedback controller gain with
dominant pole structure. In our work, inverted pendulum
reacted faster than their work, impulse disturbance occured
in the 5 second and stabilized in the 7.2 second.

V. CONCLUSION

Designing controllers for switched condition of self erecting
inverted pendulum play crucial role for its extremely dynamic
situation. Swing up movements need big enough energy and
fast response instantly to draw the pendulum reaching an
upright position around its equilibrium line. Fuzzy control
methods was implemented to swing pendulum rod from lower
straight position 180deg to upper position around 0deg.
By Definition 1 and Lemma 2, as pendulum was at vertical
inverted position, it was shown that pendulum was stabi-
lized. Since linearised was permitted in this situation, a state
feedback controller gain was set to stabilize pendulum rod
at vertical upright position around equilibrium line by mov-
ing cart along horizontal axis. It was shown, by laboratory
experiment, swing up and stabilization problem for inverted
pendulum can be solved via combination of fuzzy and state
feedback controllers. Small disturbances, i.e. impulse and
pulse forces on pendulum rod were still overcome by the
control methods.

VI. FUTURE WORK

Because the inverted pendulum system is developed by us
overall from the beginning, problems of the other control
methods and applications are still open to be implemented.
For educational purposes in control lecture or practical labo-
ratory, graphical user interface deserves to be developed for
monitoring state trajectories such as pendulum angle, angle
velocity and cart position.

State feedback guaranteed cost control is effective enough
to overcome small disturbances such as when the pendulum
is in an upright stabilization position. In the future, robust
control methods should be developed for overall inverted
pendulum control ranging from swing up condition to upright
positions.
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