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ABSTRACT In this paper, we propose a family of quantum synchronizable codes from repeated-root cyclic
codes and constacyclic codes. This family of quantum synchronizable codes are based on (A(u + v)|u — v)
construction which is constructed from constacyclic codes. Under this construction, we enrich the varieties
of valid quantum synchronizable codes. We also prove that the obtained quantum synchronizable codes can
achieve maximum synchronization error tolerance. Furthermore, quantum synchronizable codes based on
(M(u + v)|u — v) construction are shown to be able to have a better capability in correcting bit errors than

those from projective geometry codes.

INDEX TERMS Repeated-root constacyclic codes, quantum synchronizable codes, (A(u + v)|u — v)

construction.

I. INTRODUCTION

In recent years, quantum computation and quantum commu-
nication have become a hot topic in communication, physics,
and mathematics. Quantum information theory has achieved
unprecedented development. Among them, quantum error
correction, which focuses on dealing with quantum noise, is a
necessary guarantee for the realization of quantum informa-
tion processing in a noisy environment. Typically, quantum
noise is characterized by operators acting on qubits. The most
common error model is a linear combination of the Pauli
operators I, X, Y, and Z operating on each qubit [1]. This
typical error model can be regarded as the quantum version
of additive noise, which is one of the most important and
deeply-studied error models in information theory. Also, mis-
alignment [2] concerning the block structure of a qubit stream
is another type of error in quantum information processing.
Misalignment is the simplest type of synchronization error,
which is different from the additive noise but also crucial.

In classical digital computing and communication, block
synchronization (or frame synchronization) is a challeng-
ing problem to make sure that the receiver can correctly
decode the transmitted information. Classical block synchro-
nization is commonly accomplished by information receiver
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or processing equipment continuously monitoring data to
accurately identify the inserted boundary signals of infor-
mation blocks [3], [4], or by using synchronizable error-
correcting codes [5] that can correct both additive noise and
misalignment in block synchronization. However, the for-
mer way does not apply in the quantum domain because
the measurement of qubits usually destroys their contained
quantum information. Many scientists have been working on
a quantum analog of the latter technique.

Fortunately, Fujiwara [2] proposed a coding system, guan-
tum synchronizable error-correcting codes, which can simul-
taneously realize synchronization recovery and Pauli error
correction. In his scheme, a pair of nested dual-containing
cyclic codes are required, both of which promise large min-
imum distances. After that, Fujiwara er al. [6] improved
the known general framework for designing quantum syn-
chronizable codes through a more careful analysis of the
algebraic machinery behind synchronization recovery, and
gave several families of quantum synchronizable codes based
on punctured Reed-Muller codes and their ambient spaces.
Subsequently, quantum synchronizable codes were presented
from finite geometric codes [5], quadratic residue codes [7]
and repeated-root cyclic codes [8]. Furthermore, Luo ez al. [9]
provided two new ways of constructing quantum synchroniz-
able codes. One is based on the (u+v|u—v) construction from
cyclic codes and negacyclic codes, and the other is to exploit
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the product construction to produce new cyclic codes from
two cyclic codes with coprime lengths. In the former case,
the obtained quantum synchronizable codes were shown to be
able to provide better performance in correcting Pauli errors
than non-primitive, narrow-sense BCH codes [8], [9], and
achieve the maximum tolerance against misalignment under
certain condition.

In this paper, we expand the results of Luo ef al. [9] and
propose a family of quantum synchronizable codes based
on the (A(u + v)|u — v) construction. This type of quan-
tum synchronizable codes are generated in two steps. First,
we exploit constacyclic codes to generate negacyclic codes
with twice the lengths. And then, we use the obtained nega-
cyclic codes and cyclic codes satisfying the property of nested
dual-containing to generate new cyclic codes. Our quantum
synchronizable codes are derived from the final obtained
cyclic codes. The (A(u+v)|u—v) construction is deduced from
the (u+v|u—v) construction and appears in negacyclic codes
which are generated by constacyclic codes. We also present
the circumstance where the obtained synchronizable quantum
codes can achieve maximum tolerance against misalignment.
In particular, we show that quantum synchronizable codes
derived from cyclic codes and constacyclic codes may have
a better Pauli performance in correcting bit errors than those
from projective geometry codes.

In the next section, we first introduce classical error-
correcting codes and the quantum synchronizable coding
framework. In Section 3, we propose the general formalism of
quantum synchronization codes based on the (A(u + v)|u —v)
construction. In Section 4, we use repeated-root cyclic codes
and constacyclic codes to construct quantum synchronizable
codes presented in Section 3 and prove that the obtained quan-
tum codes can reach the maximum tolerance against mis-
alignment. In Section 5, we discuss the minimum distances
of above repeated-root constacyclic codes and give an exam-
ple of quantum synchronizable codes. Finally, we present a
summary of our work in the last section.

Il. PRELIMINARIES

Let I, be a finite field with ¢ = p" a prime power, where p is
the odd prime characteristic of F; and m is a positive integer.
Denote by IE‘Z; = [F;\{0} the multiplicative group. It is well
known that 7 is a cyclic group of order ¢ — 1. Let & be a
primitive (g — 1)-th root of unity in I, then

Fpn ={0,&,....87 2, &7 =1},

For any element o € [}, we define ord,(«) as order in the
multiplicative group [Fy.

A classical linear [n, k, d] code C over I, of length n and
minimum Hamming distance d is a k-dimensional vector
subspace of F?, where d = min{wt(c)|c # 0,c¢ € C} and
wt(c) is the number of nonzero coordinates of a codeword c.
The code C can be determined by an (n — k) x n parity-check
matrix H, i.e.,C = {c € FngcT = 0}. Accordingly, there
exists a k x n generator matrix G satisfying HGT = 0. The
dual code C+ = {¢' € Fjlc - T = 0,Vc € C}of Cis
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an [n, n — k] linear code with a parity-check matrix G and
a generator matrix H. We call that C is a self-dual code if and
only if C = C*. Besides, C is said to be a self-orthogonal code
if C ¢ Ctand a dual-containing code if C*+ C C.

Let A be a nonzero element of F,. Given an n-tuple

¢ = (co,C1y...,cn—1) € F?, define a A-constacyclic shift
T) on IFZ as
Ta(co, €1y -+ oy Cn—1) = (ACp—1, €0, C1, - - -, Cp—2).

A code C is A-constacyclic if 7, (C) = C. And a A-constacyclic
code C is said to be a cyclic code if A = 1 and a negacyclic
code if . = —1. Any A-constacyclic code C of length n
over [F, can be identified as exactly one ideal in the quotient
ring (x,i’—[fi), which is generated by a monic polynomial g(x)
of x” — A. We call the monic polynomial g(x) of degree
n — k as the generator polynomial of C and denote by C =

(g(x)). Let h(x) = X;&)}‘. Then the dual code C*+ of C

is a A~ !-constacyclic code and has a generator polynomial
h*(x), where h*(x) = h(0)~'x922 O p(x=1) is the reciprocal
polynomial of A(x).

An [[n, k,d]] quantum error-correcting code Q is a
g-dimensional subspace of a ¢”-dimensional Hilbert space
(CH®", and can correct bit errors and phase errors caused
by Pauli operators of weight less than V%l . For an
(ai, ay) — [[n, k]] quantum synchronizable code, it can cor-
rect not only Pauli errors, but block misalignment to the left
by at most a; qudits and to the right by at most a, qudits for a
pair of nonnegative integers (ay, a,). Luo et al. [9] exploited
the well-known (u + v|u — v) construction on cyclic codes
and negacyclic codes to get new cyclic codes with twice the
lengths. Then they provided a new way in regard to generating
quantum synchronizable code. Let f(x) be a polynomial over
I, with f(0) # 0. Denote by ord(f(x)) = [{x? mod f(x)|a €
N}| the order of the polynomial f(x). The main result is given
as following.

Theorem 1 [9]: C; = (gi(x)) be an [n,k;, d;] dual-
containing code for i € {1,2,3,4}. Suppose that Ci, C
are cyclic codes with C; C Cp and C3, C4 are negacyclic
codes with C3 C Ca. Define the polynomial f(x) to be
the quotient of g1(x)g3(x) divided by g>(x)ga(x). Then for
any pair of nonnegative integers a;, ar such that a; +
ar < ord(f(x)), there exists an (a;,ar) — [[2n + a; +

ar,2(ky + k3) — nll quantum synchronizable code that
min{2d>,2dy,max{d,,ds}}—1 J
2

can correct up to bit errors and

min{2d;,2d3,max{d ,d3}}—1
2

J phase errors.

Theorem 1 needs a pair of dual-containing cyclic
codes Cy, Cy and a pair of dual-containing negacyclic codes
C3, C4 to generate a family of quantum synchronizable
code. The obtained quantum synchronizable code can
achieve the maximum tolerance against misalignment when
ord(f (x)) = 2n. Besides, these quantum codes have a better
capability in correcting Pauli errors because cyclic codes on
(u+ v|u — v) construction have minimum distances no worse
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than or up to twice larger than the component cyclic codes
C) and C3.

lll. THE (A(v + v)|u — v) CONSTRUCTION

In this section, we discuss the quantum synchronizable codes
based on the (A(u + v)|u — v) construction. Under this con-
struction, we are able to obtain new negacyclic codes with
twice the lengths from the component constacyclic codes.
It is required that x** 4+ 1 = (x" — A;)(x" — Ap) since
we use an n-length Aj-constacyclic code and an n-length Ao
constacyclic code to generate a 2n-length negacyclic code.
Therefore, the conditions thatk12+1 =0and Ap» = —Aj need
to be met. Some important results about the (A(u + v)|u — v)
construction are given in the following theorem.

Theorem 2: Let Cy and Cy be [n, k1] and [n, k2] consta-
cyclic code over F,. Denote by Gi, Gy and Hy, Hy the
generator matrices and parity-check matrices of C1 and Cy
respectively. And g1(x), g2(x) are the generator polynomials
of C1 and C; respectively, where g1(x)|x" — A1, g2(x)|x" — A2
and hy = —A1, M2+ 1 = 0. Let A = Ay. Then the (Au +
v)|u — v) constructionC = C; Y Co = {(AMu + v)|u — v)|u €
C] ,V € Cz} is a [21’!, k] + kz, min {2d1, 2d2, max {d], dz}}]
negacyclic code with a generator matrix

[ 226Gy G
G—( Gy —Gz)’ ()
and a generator polynomial g(x) = g1(x)g2(x). The dual
code C is a (—A(u + v)|u — v) construction of Cy +and G,

ie,Ct=(C Y C)* = Ci Y Cot with the generator matrix
(—"'Hy H
H= ( - VHy ) )

Proof: Itis easily known that C; Y C; is the row space of
G, and G has rank k1 +k>. So C; Y C; is a negacyclic code [10].
Assume that C1 Y C, has a generator polynomial g(x)[x*" + 1.
Since g is a codeword, g can be written as

g(x) = —Azagy + Aibgy + x"(ag1 — bg2)
= Magy + bg2) + x"(ag1 — bg2) 3)

for some polynomials a,b. The equality (3) can be rewritten
as g(x) = ag1(x" — A2) — bga(x" — A1). Due to g1 (x)|x" — A
and go(x)|x" — Ao, we get g1(x)g2(x)|g(x). Finally, we have

deg(g(x)) = 2n — ki

So g(x) = g1(x)ga(x). Suppose that u € Cj, v € C; are
different codewords. If u # 0, then wt(A(u + v),u — v) >
wt(u) > d;. Andif u = 0, then wt(Av, —v) = 2d;. As aresult,
the code C = C; Y C; based on the (A(u+Vv)|u—v) construction
has the minimum distance d = min{2d, 2d,, max(d;, d3)}.
The properties of the dual code C* can be obtained by using
the same method. O

Remark: Consider the cyclic group Fy = (§) of order g — 1
where £ is a primitive (g — 1)—th root of unity in IF,,, we can

easily know that x*+1 = (x"—é B )(x —i—é B ) Thatis to
say, two constacyclic codes which can generate a negacyclic

— kz = deg(g1(x)g2(x)).
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=1
code are g -constacychc code and —& # -constacyclic
code respectively. Note that there exists an element A € Fyym

such that A = f;‘% if and only if p = 1 mod 4 (any m) or
p =3 mod 4 (m is even).

Throughout this paper, we assume that p = 1 mod4
(any m) or p = 3 mod 4 (m is even). Following Theorem 2,
we can now give the construction method of quantum syn-
chronizable code based on (A(# 4+ v)|u — v) construction as
follows.

Theorem 3: Let C; = (gi(x)) be a [2n,k;,d;] dual-
containing cyclic code for i € {1,2}. Let C; = (gj(x)) be an
[n, kj, d;] constacyclic code for j € {5,6,7,8}. Cs = (g5(x))
and C7 = (g7(x)) are A-constacyclic codes of length n. Co =
(g6(x)) and Cg = (gg(x)) are —A-constacyclic codes of length
n. Suppose that Cy C Cp, Cs C C7 and Cg C Cg. Then C3 =
Cs5Y Cs, C4 = C7Y Cg are negacyclic codes satisfying C3 C Ca.
Denote by d3, dy the minimum distances of C3, C4 and k3, ky
the dimensions of C3, C4 respectively. Define the polynomial
f x) = %. Then for any pair of nonnegative
integers ay, a, such that a; + a, < ord(f(x)), there exists an
(a1, ar)—[[4n+a;+a;, 2(k1 +ks+ke—2n)]] quantum synchro-
nizable code that can correct up to min{2d2’2d4’r;“{d2’d4} =1 J

min{2d1,2d3,r£1ax{d1,d3}}—ldj phase errors,
where d3 = min{2ds, 2dg, max{ds, ds}} and dy =
min{2dy, 2dg, max{d7, ds}}.

Proof: From Theorem 2 we can get the result that
€3 = C5 Y Co = (g5(x)ge(x)) is a [2n,ks + ke, d3]
negacyclic code with d3 = min{2ds, 2ds, max{ds, d¢}} and
Cs = C7 Y Cg = (g7(x)gs(x)) is a [2n, ky + kg, d4] with
dys = min{2d7, 2dg, max{dy, dg}}. It is clear that C3 C C4
because of Cs C C7 and C¢ C Cg. Then we can get the desired
quantum synchronizable codes by applying Ci, Cz, C3, C4 to
Theorem 1. O

bit errors and

IV. THE USE OF REPEATED-ROOT CONSTACYCLIC CODE
OVER Fg

In this section, we exploit repeated-root constacyclic codes
and cyclic codes over [F; to construct quantum synchroniz-
able codes. In particular, the maximum tolerance against
misalignment of the obtained quantum synchronizable code
is 4n because the maximum value of ord(f(x)) is 4n. Let
fx) = % in Theorem 3. The way of achieving
the maximum tolerance a, alnst misalignment is to make

ord( g:g;) = 4n or ord(g6 = 4n whatever the value of

ord(£5X) g;g;) is.

A. THE USE OF REPEATED-ROOT CONSTACYCLIC CODES
OF LENGTH p° OVER Fq

We first consider the easy case of constacyclic codes of length
P Flrstlz we have x%' + 1 = (" — AP + 1) with

A= E € IFym. A is a nonzero element of the field

]Fpm, SO A‘p = A‘l. By the division algorithm, there exist
nonnegative integers ry, r» such that s = rym + rp and

ry+bhm—s m—r
0<rm<m—1TLeth=—-aP""" = _5="" Then
8451
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AP = —aP"" = _)=1 The following lemma gives the

generator polynomial of A-constacyclic code of length p°.

Lemma 1 [11]: Suppose that C = (g(x)) C ()];Z[fl)
a A-constacyclic code of length p*. There exists a nonzero
element Ay € IF;; such that M\o?’ = —A"1. Then the code C is

precisely the ideal ((Aox + 1)}) C ()i‘i[i)

Applying Lemma 1 to Theorem 3, we can construct
quantum synchronizable codes from constacyclic codes of
length p*.

Theorem 4: Let Cr = {((x — 1P’ e (x 4+ 1)’ ~#r2) be a
cyclic code of length 2p® with €11 < €21, €12 < €22,
%Y < &.1,62 < p',and r € {1,2}. Furthermore,
Ci = ((ox+DP~%) and C; = ((—hox + 1) ~%) are
A-constacyclic code and —\-constacyclic code of length p*
respectively with %J <eg,e < pforie (5 Thandj € {6,8)},

is

, where 0 < i < p’.

where . = EKTA and ho' = —A1. Assume that e5 < &7
andeg < eg. Ife1—es 2 p*~ ' oreg—ee = ps_l, then for any
pair of nonnegative integers aj, a, such that a; + a, < 4p°,
we can construct an (ay, a,) — [[4p° + a; + a,, k]] quantum
synchronizable code where k = 2(g1,1+¢€1,2+¢5+ 86 — 2p°).

Proof: C, is a dual-containing code since the condi-
tion %X < &r1,6r2 < pPlorr € {1,2). By Lemma 1,
A-constacyclic code C; has a generator polynomial as follows:

i) = (ox + P75, ie{5,7),

with )LOI’S = -2l Due to A™! = —), we can get
—A-constacyclic code C; has a generator polynomial as
follows:

g(x) = (—rox + 1Y %, je{6,8).

It is clear that C3 = Cs Y Cg and C4 = C7 Y Cg are negacyclic
codes. Furthermore, the fact that C; C C; and C3 C C4 is
obvious due to the assumption that 1 1 < €21, €12 < €22,
and 5 < 67,66 < 68. If 67 — &5 > ps_1 or eg — &¢ = ps_l,
then the order of the polynomial

_ 81(x)g5(x)g6(x)
f&) = —F"—F"——
82(x)g7(x)gs(x)
— (_x _ 1)52,1751,1()6 + 1)52,2751,2
X (Aox + D775 (—rox + 1) 7% )]

is 4p*. By applying above properties to Theorem 3, we can
naturally complete the proof of Theorem 4. O

B. THE USE OF REPEATED-ROOT CONSTACYCLIC CODES
OF LENGTH Ip°® OVER Fq
Now we investigete constacyclic codes of length [p® as the
component codes in Theorem 4, where /, p are distinct primes
(the case I = 2 will be discussed later), ¢ = p™ and m, s > 1
are positive integers.

For any integer ¢, denote by C; the g-cyclotomic coset of
t modulo / over F, by C; = {r - qi(modl)[j =0,1,...}1.
Let y be a primitive /-th root of unity in the extension field
Fgv, where w = ord;(¢) indicates the order of ¢ in Z*.
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Lete = % Then the following equality gives the irreducible
factorization of x'”' — 1 in Fylx]:

e
=Gl -y = ]_[ M,(xy” 5)
t=0
where M;(x) = [ (x — yi ) is the minimal polynomial of y*
ieCy
over Iy for 0 < ¢ < e. Denote by M;(x) the monic polyno-
mial of M,(x) dividing its leading coefficient. The following
lemma gives the generator polynomials of A-constacyclic
codes of length [p®.
Lemma 2 [12]: Suppose that C = (g(x)) C ﬁ—[i]k)
A-constacyclic code of length [p®. Let w = ord;(q).
(I). If gcd(l, q — 1) = 1, then there exists a unique element
a € Fy such that a'”’n = 1. And we have the generator
polynomial of C as follows

isa

e
g) = [ [ Miaxy” . (6)
t=0
Especially, if w is odd, the generator polynomial of C can be
written as

2
g() = (e —a~ Y [ ] M(axy™=* My(axy =" (D)
t=0
where 0 < &, 6, <p°for0 <t < 5.
(Il). If gcd(l, g — 1) = [, let ¢ € T, be a primitive [-th root of
unity in Fy. One of the following two cases holds:
(i). A € (£Y). Then there exists a unique element b € IFZ such
that b’ ). = 1, and the generator polynomial of C is
-1

T S
ge)= =Y O [T a—b7"eh"

t=1

&t E—t

a—b~le Y T

(®)

where 0 < g;,6_y < p*for0 <t < I_Tl

(ii). » & (&Y. A unique integer jwith 1 < j < | — 1 and an
element d € F;; can be found such that d'P’). = &P’. Then
the generator polynomial of C is
glx) = (x —d 'Y,
Applying Lemma 2 to Theorem 4, we can easily obtain
a family of quantum synchronizable codes that possess the
maximum tolerance against misalignment.
Theorem 5: Let | be an odd prime satisfying gcd(l,
g — 1) = 1. Assume that C; = (g1 (x)), Co = (g2(x)) are
cyclic codes of length 2Ip®. Cs = (g5(x)), C7 = (g7(x))
are A-constacyclic codes of length Ip®. C¢ = (ge(x)), Cg =
(gg(x)) are —A-constacyclic codes of length lp®. There exists

a unique element a € IF; such that a'’ ). = 1, where A =
P11

4 . Letw = ordi(q).
(I). If w is even, then the generator polynomial of cyclic code
C,forr e {1,2}is

0<e<p' )

gr(0) = [ [ Moy s Mu(—xy" >, re{l,2),  (10)
t=0

VOLUME 8, 2020
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with %Y < &4,0ry < pPfor 0 <t < e Furthermore,
constacyclic codes C;, C; for i € {5,7} and j € {6, 8} have
generator polynomials

gix) = [ [ Moaxy’ =5, i€ (5.7),

t=0
@) = [[M(—axy’=5, je{6.8), A
t=0

5

respectively with % < &g, 8 < p'for 0 <t < e Assume
that

el <
< 8.t (12)
for 0 < t < e If there exists an integer v in the range
0 <v<esuchthater, —¢&5, > P~ Lor £8.p — &6y > P
then for any pair of nonnegative integers a;, a, such that
a; + ar < 4lp®, we can construct an (ay, ar) — [[4lp° + a; +
ay, k1] quantum synchronizable code where

&5t &7ty E6,t

e
k=20 (e1s 4810 + 50 + £6.)W
t=1

+(e1,0 + 81,0 + €50 + €6,0) — 2Ip°).  (13)

(II). If w is odd, then the generator polynomial of cyclic code
C,forr e {1,2}is

I

gr(x) = (x — 1Y r0(x 4 1y o T [ (M ey =
t=1
X My (x5 M (o) o M (e 01,
ref{l,2},

with %x < €1.0,820 < P %X < 810,020 < P p° <
&t + &r—1, 8t + 8, 1 < 2p° for 1 <t < 5. Furthermore,
constacyclic codes C;, C; for i € {5,7} and j € {6, 8} have
generator polynomials
5
gi)=(x —a "Y' E0 [ | My(axy” ~5i M (axy” ~5i,
t=0
ie{57},
gi(0) = (c+a” 'Y 90 [ [ My(—axy =5 M_y(—axy =5,
t=0
j € {6,8}, (14)

S
respectively with % <& <P P <& +&i 1,8+
gj— < 2p° for 1 <t < §, where a?’ A = 1. Assume that

<
€10 £ €20, El,r S €21, E1,—1 S 82,1, €50 < €70,

X t
€51 < 71, €61 S €81, 01,0 < 02,0, 61,r < 82y,
<

€
82,1, €6,0 < 8,0, €5,—1 < €7,—1, €6,—1 < 8,1,

81,—1
(15)
for1 <t < % If there exists an integer v in the range
—5 < v < § such that &7, — &5, > P Loreg, — g6, >
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p*~ L, then for any pair of nonnegative integers ay, a, such that
a; + a, < 4lp®, we can construct an (aj, a,) — [[4lp° + a; +
ay, k11 quantum synchronizable code where

k=2 Z
— 55 1#40
+e6,r + &5, + &6, )w+ (€10 + 31,0 + €50 + €6,0)
—20pY). (16)

(g1 + 81 +e1,—1 + 81, + &5,

Proof: Assume w is even. We have the factorization

e
1= - = [ [ MG M(—xy . (17)
t=0
The generator polynomial of C, is obvious. It is easy to verify
that C, is dual-containing code due to the condition that %S <
&r1, 6 SPpPfor0 <t <eandr € {1,2}. By Lemma 2(I),
A-constacyclic code C; has a generator polynomial as follows

e
gi(x) = [ [ Mutaxy"~5i1, i€ (5,6},
t=0
with a unique element a € FZ such that a”’ 1 = 1, where

% < &y < pffor0 <t < e. In asimilar way, we can know
that —A-constacyclic code C; has a generator polynomial as
follows

e
gi(x) = [ [Mi(—axy" =51, je 6,8},
t=0
with a unique element —a € IE";; such that (—a)"?" - (—A) = 1,
where % < gy <pifor0 <t <eLletC=0Cs5YCgand
D = C;7 Y Cg. C and D are negacyclic codes by Theorem 2.
Then C and D have generator polynomials

e
gC(x) = l_[M;(ax)”LSiIMI(_ax)PLé?s,r’
t=0

e
gp() = [ [ Mi(axy” = My(—axy" =%, (18)
=0

respectively. C and D are also dual-containing codes due to
the condition that % < gingy < pPfor0 <t < e
According to the assumption (12), we get C; C Cp and
C C D. Next we prove the order of f(x) in Theorem 3 is 4n.
Under the assumptions, the polynomial f(x) is

fx)
_ B0
82(x)g7(x)gs(x)

e N 5 N 3 A S
[T Mi(xy 1 My (—x 1 My (ax)P ~ 5+ My (—ax " ~#61
t=0

¢ s s > S " S
[T My =22 My (—x )"~ My (ax 7 My (—ax " ~#8
t=0

e
— H[Ml(x)el,t*QJMI(_X)‘SIJ*SZJ
t=0
x My (ax)e7 =85 M, (—ax) 8.1 ~861].
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Pick an integer v in the range 0 < v < e satisfying
€7y — &5y > pv L or €8,y — &6,y > p*~1, then ord(f (x))
has a factor p® - ord(Mv(ax)). It is easily known that
ord(MV(ax)) = 41. We have ord(f (x)) > 4lp°. There is also
ord(f (x)) < 4Ip?®, so we get ord(f (x)) = 4Ip°®. Finally, C, has

dimension

e
ky = 21["? - (Z (Ps —&rt +Ps - (Sr,t)w
=1
+ (ps —&r0 +PS - 8}',0))

e
= (eru+ 80w+ (80 + 8,.0).
t=1

Similarly, C and D have dimensions

e
ke = (es. + e6.0w + (850 + £6,0).
=1

kp =Y (e7. + e8.0w + (7,0 + £8.0).
=1

respectively. Applying the above discussion to Theorem 3,
we can build the quantum synchronizable code with the
desired parameters. For the case that w is odd, we can get
the statement in (I) by taking similar argument of the case
that w is even. g

Theorem 6: Let | be an odd prime satisfying gecd(l,
g — 1) = I. Assume that C; = (g1(x)), Co = (ga(x)) are
cyclic codes of length 2Ip’. Cs = (g5(x)), C7 = (g7rgx))
are A-constacyclic codes of length lp® with . = & %.
Ce = (ge(x)), Cs = (gg(x)) are —A-constacyclic codes of
length Ip°. Then cyclic code C, has a generator polynomial
8r(x) = gr1(x)gr2(x) for r € {1, 2}, where

-1
. 2 S

=1y [ —oY e —¢

t=1
=1
2

(x + I)P'Y—ar,() 1_[ (x + é.t)Ps—lsr,t(x + é.—t)lfv—fsr,—t7

t=1

gr1(x) = RO

)

gr(x) =
(19)
<phLp < e+

Fi urthermo re,

{6, 8} have

with B < €10, €20 < P, § < 81,0, 820
Sr,—t,Br,t + 68— < 2p°for1l <t <
constacyclic codes C;, Cj fori € {5, 7} and j €
generator polynomials

~

1

QU

=1
2

gitr) = (x = b~y 0 [T(x — plgty
t=1

X (x — b_lg—l)ps_gi.ft’ ie(5.7).
-1

= .

g0 = + o7 [T+ 671y

t=1
x4 b e T je(6,8),  (20)

8454

S
respectively with % < &, &y < pPand pPo< gy +

Ei—tr €1 + & < 2p°for 0 < t < e, where 70 = 1.
Assume that

€10 £ €20, €1t < &1, €1, K €2,—15

€50 < €70, 851 < €71, €61 K €81,

81,0 < 82,0, O1,r <021, 81— < 82,1,

€6,0 < €80, &5,—1 < €7,—1, 86,1 < €8,—,  (21)
for1 <t <

? If there exists an integer v in the range
1%1 <vglh =5~ suchthat &7, — &5, > p*~ 1 oreg .y — &6y >
p*~, then for any pair of nonnegative integers ay, a, such that
a[ + a, < 4lp®, we can construct an (a;, a,) — [[4lp* + a; +
ar, k1] quantum synchronizable code where

=1

2
k=2( Z (81,t + 51,t +e1,— + 51,—t + &5+ €6,

S

2
+es s+ e6—w+ (61,04 81,0 + &5.0 + £6.0) — 2Ip°).

Proof: Note that ql;l iseven,soA = & e € (%Y. Then
taking arguments similar to the proof of Theorem 5, we can
get the results in Theorem 6. ]

Now we consider the case of / = 2. Similarly, there exists
a polynom1al reduction x*° + 1 = (x?° — A)(x¥" + 1) with

A= 5 4 . Dinh [13] has discussed the generator polynomial
of constacyclic codes of length 2p®. Divide the elements of Fy
into two disjoint subsets A,qq U Aeyen, Where

Apdd = {E'11 <i < p™— 1, iisodd},

and

even - {E |1

Obviously, {0}, Apgs and Aeye, are disjoint sets. 2p°-length
A -constacyclic codes can be described clearly as following
lemmas.

Lemma 3 [13]: Suppose that C = {(g(x)) C o ?[jl) isa
A -constacyclic code of length 2p°. Then one of the following
two cases holds:

(I). If . € Agpen, then there exists a nonzero element

6y € IE‘;; such that 00" = A7' and C is the ideal

((Box — 1)i(Box + 1Y) C (xg’,’s[i]M, where 0 < i,j < p°.

(I1). If A € Apda, then there exists a nonzero element 01 € IFZ

such that 0,7 = —. C is the ideal (x> + 0,)) C %
where 0 < i < p'.

Now we give Theorem 7 on constructing quantum synchro-
nizable codes from constacyclic codes of length 2p°.

Theorem 7: Assume that C; = (g1(x)), Co = {(g2(x)) are
cyclic codes of length 4p*. Cs = (gs(x)), C7 = ($7(x) are
A-constacyclic codes of length 2p° with A = E .C¢ =
(g6(x)), Cs = (gs(x)) are —A-constacyclic codes of length
2p®. Then the generator polynomial of cyclic code C, forr €
{1,2}is

&r(x) =

i <p"—1, iiseven}.

(= 1P 8l (x 4 1P 82 (x — a0
x@x+AP T re(1,2) (22)
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The generator polynomials of C;, C;, i € {5, 7} and j € {6, 8}
are one of the following two cases:

(I). If p=1mod 8 (anym) or p =3,5,7 mod 8 (m is even),
then C;, Cj have generator polynomials

gi(x) = (Box — P ~5il(@ox 4+ 1" 52, e (5,7},
g(x) = (B x — 1Y E1@ 'k + 1752, je6,8),
(23)

respectively with 0o = .=, where %S < &, & < PP for
t € {1,2}. Assume that e5; < €74, €6+ < €3¢ fort € {1,2}.
If there exists an integer v € {1, 2} such that €7, — €5, >
PV ores, — g6, > p*Y, then for any pair of nonnegative
integers ay, a, such that aj + a, < 8p°, we can construct an
(a;,a,) — [[81); + a; + a,, k1] quantum synchronizable code

where k = 2(3_ (e1.1 + 81, + €51 + €6.1) — 4p°).

t=1
(). If p = 5 mod 8 (m is odd), then C;, C; have generator
polynomials

i) = (2 +601Y 8, i€ {57},
gix) = 24+ 60,7V, jel6,8), (24)
respectively with " = —X\, where %x < g8 < pl

Assume that 5 < €7, €6 < ¢€g. If there exists an integer
v € {1, 2} such that &7, — &5, > P Lor €8,y — €6,y > P
then for any pair of nonnegative integers aj, a, such that

aj+a, < 8p°, we can constructan (ay, a,)—[[8p*+a;+a,, k1]
2
quantum synchronizable code where k = 2(_ (€1, + 81,4)+

=1
(e5 + &6) — 4p°).

Proof: Note that A € Agpen if p = 1 mod 8 (any m)
orp = 3,5, 7mod 8 (m is even), and A € A,y if p =
5 mod 8 (m is odd). We can get the generator polynomials
of A-constacyclic codes by Lemma 3. There does not exist
A-constacyclic codes of length 2p* in other cases of p modulo
8. Then taking arguments similar to the proof of Theorem 5,
we can obtain the results of Theorem 7. 0

From Theorem 4, 5, 6, and 7, we can tell that the quan-
tum synchronizable codes can be derived from cyclic codes
and constacyclic codes. And the conditions that quantum
synchronizable codes reach maximum tolerance against mis-
alignment are proved.

V. THE ERROR-CORRECTING CAPABILITY OF QUANTUM
SYNCHRONIZABLE CODES

In this section, we discuss the error-correcting capability of
quantum synchronizable codes in Section 4. If the consta-
cyclic codes and cyclic codes meet the conditions of theorems
mentioned in Section 4, the the obtained quantum synchro-
nizable codes can achieve maximum tolerance against mis-
alignment. Besides, the component classical codes with large
minimum distances guarantee that quantum synchronizable
codes have great ability in correcting Pauli errors. For sim-
plicity, we only discuss the error-correcting capability against
bit errors. Phase errors can be discussed through the same
method.
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Firstly, there is an F,-algebra isomorphism [12]

. IE‘q[x] Fq[x]
O T e =y
fx) = f(ax), (25)

where a is a nonzero element of IF:;. Therefore, the mini-
mum distances of /p*-length constacyclic codes can be deter-
mined by following the same strategies of cyclic codes.
And Luo et al. [8] have discussed the computation of the
minimum distances of [p*-length cyclic codes. Define a set
of corresponding simple-root /-length A-constacyclic codes
{a-,v|0 < v < p* — 1} with the generator polynomial

Ziv() = [ [ Mi(axy <, (26)

t=0
1, ifp* —¢gis > v,

0, otherwise.
Hamming weight of the polynomial (x —1)" and P, =

where f, o, = Denote by P, the

s—1 s—

I[Twy+1), wherev = Y v,p* for0 < v, < p—1and
—0 —0

0 < u < s — 1. Define the set [14]

u—1
V={= Z(p— D F 4+ p I <u < s,
n=1
1<t<p—-13U{0}. (7

Then the minimum distance d(C;) of A-constacyclic code C;
can be computed by

d(C;) = min{P, - d(C;,)|v € V}, (28)

where d(a,v) is the minimum distance of Ei,v. Therefore,
we are able to convert the computation of d(C;) into com-
puting min{P,|v € V} and d (Ei,v). The minimum distance of
—A-constacyclic code C; can be discussed similarly.

Let emin and emax be the minimum and maximum elements
in the set {p* — &;;|0 < t < e} respectively. Parameter
d’ denotes the minimum distance of Ei’v/, where P, =
min{P,|v € V,é&min < V < é&max}. Parameters 1 <
BB, B <p—=2,1< p,pui, 2 <s—land1 < 7,7, 2 <
p — 1 are integers. Then the minimum distance of /p®*-length
constacyclic code are listed in Table 1.

From the above, we take 3p®-length constacyclic codes
as an example. Let [ = 3 be a prime distinct from p and
ged(l,g — 1) = 1. Then we have p” = 2 (mod 3). Due
to (25) we can construct a [ -algebra isomorphism ¢g

Fylx] Fylx]
<x3]‘,’xil> x%:\) that maps f(x) to f(6x), where 6 € ]FZ

such that 637" 2 = 1 [15]. When / = 3 and p” = 2 (mod 3),
3p’-length cyclic code has a generator polynomial g(x) =
(x — D=0 (x2 4 x4+ 1) ~2 for 0 < iy, i < p°. According
to the map ¢g, the generator polynomials of C;, C; are

gix) = (x —i—a)pS*s"’l(xz—ax _i_az)p‘fei,z’ ie{5,7),
gix) = (x — ay’ e (x% + ax + a®) E2, je 6,8},
(29)
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e . S _ ..
TABLE 1. The minimum distance of an /p*-length constacyclic code C; = ( [] Mt(ax)p €isty with 0 < gt < pSforo<t<e.

t=0
Case ‘ Emin ‘ Emax ‘ Minimum distances
1 ‘ 0 < Emin < P -t ‘ 0 g Emax < Ps_l ‘ 2
2 0< min <p°° Bp* ! < Emax < min {2d’, 8 + 2}
B+1pt
3 0< emin <p°' [ S O min {2d', (7 + 1) p"}
)ps_”_l < Emax &
ps 7psf,u + Tp87#71
4 B1p* ™! < emin < B2p® " < Emax < min {(61 + 2) d’, B2 + 2}
Br+1)p" B2+ 1)p° "
5 ﬂp571 < Emin < ps _pS*#_’_ (T_ mln{(ﬁ—'_z) dlv(T—’_l)p“}
B+1)p° ! Dp* ™ * < emax <
ps _ psf,u + Tp57u71
6 e A S G pT—p 2 4 (T2 — min {(r1 + 1) p"*d’, (12 + 1) p"?}
Dp* 171 < emin < Dp° 7! < e <
ps _psfp,l + 7'1])57“171 ps _pS*MZ + 7_2p57,u,271
7 | 0< emn <p° " \ P’ \ 2d'
8 Bp" ™" < Emin < P’ (B+2)d
(B+1)p*
9 pt—p M+ (T~ p* (r+1)ptd
1)PS_M_1 < Emin <
ps _p.sfy, + Tpsfufl

5
respectively with % < &1,8i2,8,1, €2 < p’. The mini-
z o

mum distances of C;, and C;, are given as follows

1, ifp*—e1 <v, p—ei2 <y

— 2, ifp'—g1>v, pP—gip <y
d(Ciy) = 3 iy e < s (30)

s 1 p i1V, P &2 >V

oo, ifp*—ei1>v, pf—egi2>v,

I, ifp'—eg1 <y, pP—g2<y

— 2, ifpf—g1>v, pPP—ga<vy
d(Cj,V) = e 5 (31

3, ifp—eg1<v,p—¢ga>v

oo, ifp’—egi1>v, p’—eg2>v.

Assume that p* —¢; 1 < p® —gpandp® —¢;; < p® —¢gjo,
then there exsits an element v/ € V such that d( 5,;,,/) =
3and Py = min{P,|v € V,p’ —¢;1 < v < p’ — g2}
We also can find an element v{’ € V such that d( Ej,vl’) =3.
Table 2 lists sample parameters for constacyclic codes C;, C;
and negacyclic code C; Y C; based on the (A(u + v)|u — v)
construction.

Suppose that C, is a 6p°-length cyclic code with a generator
polynomial

gr() = (x — P 7ol (x 4 1P 782 4 x + 1P o

x(@X—x+ 102 refl,2). (32)

The minimum distance of a 6p°-length cyclic code be com-
puted using the strategies in [8]. Then the 12p*-length cyclic
code C, Y (C; Y C;) can be determined. We list some parameters
in Table 3.

8456

TABLE 2. Sample parameters for 3p°-length constacyclic codes C;, Cj
and a 6p°-length negacyclic code C; v ¢ withi € {5,7} andj € {6, 8}.

Case | p s &1 &2 e g2 ngt diodi o di” kit
1 5 2 23 13 21 12 150 4 4 4 94
2 7 3 172 171 200 172 2058 5 5 5 1058
3 11 2 64 61 80 65 726 7 7 7 396
4 17 2 216 144 144 110 1734 10 12 12 868
5 19 2 270 181 305 288 2166 11 5 10 1513

% n;; denotes the length of negacyclic code C; Y C;.
b d;; denotes the minimum distance of negacyclic code C; Y C;.
¢ k;; denotes the dimension of negacyclic code C; Y C;.

TABLE 3. Sample parameters for a 12p°-length cyclic code Cr Y (C; ¥ cj)
withr € {1,2},i € {5,7}andj € {6, 8}.

Case | p s n* di dj dr ki ke d® kS

1 5 2 300 4 4 3 94 125 4 219
2 7 3 4116 5 5 5 1058 1109 5 2167
3 11 2 1452 7 7 5 396 563 7 959
4 17 2 3468 10 12 12 868 1084 12 1952
5 19 2 4332 11 5 11 1513 1487 11 3000

 n denotes the length of C;- Y (C; Y Cj).
® d denotes the minimum distance of C Y (C; Y C;).
¢ k denotes the dimension of C- Y (C; Y C;).

We can know that the constacyclic codes and cyclic codes
in Table 3 meet the conditions of Theorem 5(II). According
to Theorem 5(II), the quantum synchronizable codes from
constacyclic codes and cyclic codes with the parameters
in Table 3 reach maximum tolerance against misalignment.
According to the sample parameters in Table 2 and 3, we can
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TABLE 4. Sample parameters for p-ary projective geometry codes.

Case \ p Length Dimension Minimum distance
1 5 781 654 5
2 7 2801 2590 7
3 11 1464 1177 10
4 17 5220 4609 17
5 19 7240 5909 19

tell that it is easy to construct dual-containing constacyclic
codes for a set of parameters. This is because repeated-root
constacyclic codes have their advantageous dual-containing
properties. And due to the strong relation between their mini-
mum distances and those of a corresponding set of simple-
root cyclic codes, we can exactly compute the minimum
distance of constacyclic codes.

Table 4 lists some sample parameters of projective geome-
try codes. By the comparison between Table 3 and 4, we can
tell that if the parameters of repeated-root cyclic codes and
constacyclic codes are chosen properly, then C, Y (C; Y C;) has
larger minimum distance than a projective geometry code of
close length.

Example 1: Taking case 3 in Table 3 for example, we can
use the constacyclic codes and cyclic codes with the parame-
ters of case 3 to construct an (ay, a,) — [[1452 +a; +a,, 466]]
quantum synchronizable code Q;. Q; can correct at least
up 3 bit errors. Besides, we can construct an (a;, a,) —
[[14644a;+a,, 890]] quantum synchronizable code Q, from
a projective geometry code [5], [16] with the parameters of
case 3 in Table 4. Q; also reach maximum tolerance against
misalignment. And Q) can corrects at least up to 1 bit errors.

Comparing Q1 with Qj, we can see that Q; from cyclic
codes and constacyclic codes can correct more bit errors
than Q, from a projective geometry code over the same base
fields of close lengths. In other words, although both of Q;
and Q) achieve maximum tolerance against misalignment,
the quantum synchronizable codes from cyclic codes and
constacyclic codes may have a better capability in correcting
bit errors than those from projective geometry codes in some
cases.

Example 2: We can use the constacyclic codes and cyclic
codes with the parameters of case 4 in Table 3 to construct an
(a, ay) — [[3468 + a; + a,, 436]] quantum synchronizable
code Q3. Q3 can correct at least up 5 bit errors and 5 phase
errors. However, an (a;, a,) — [[5220 + a; + a,,4609]]
quantum synchronizable code Q4 from a projective geometry
code with the parameters of case 4 in Table 4 can corrects at
least up to 1 bit errors and 8 phase errors.

According to the above examples, the quantum synchroniz-
able codes from projective geometry codes reduce bit error-
correcting capabilities because the cyclic codes responsible
for bit error detection will have smaller minimum distances
[5]. We use the parameters in Table 3 and construct quantum
synchronizable codes which are listed in Table 5. We can
tell that quantum synchronizable codes from cyclic codes and
constacyclic codes can correct bit errors and phase errors with

VOLUME 8, 2020

TABLE 5. Sample parameters for a 12p*-length cyclic code Cr Y (C; Y C})
withr € {1,2},i € {5,7} andj € {6, 8}.

Case ‘ P n Dimension  Correcting bit errors ~ Correcting phase errors
1 5 300 138 1 2
2 7 4116 218 2 2
3 11 1452 466 3 3
4 17 3468 578 5 4
5 19 4332 1668 5 5

a close number. So our quantum synchronizable codes ensure
good performance in both bit errors and phase errors.

VI. CONCLUSION

In this paper, we expand the work of [9] and present
a family of quantum synchronizable codes based on the
(A(u~+v)|u—v) construction. This family of quantum synchro-
nizable codes are derived from cyclic codes and constacyclic
codes. The obtained quantum synchronizable codes can reach
maximum tolerance against misalignment under some condi-
tions. Besides, we precisely compute minimum distance of
the component cyclic codes and constacyclic codes. Some
sample parameters are listed in Table 2 and 3. We also give
the sample parameters of projective geometry codes. By the
comparison between two types of quantum synchronizable
codes, we illustrate that quantum synchronizable codes from
repeated-root codes of length [p® are able to have a better per-
formance in correcting bit errors than those from projective
geometry codes in some cases.
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