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ABSTRACT This paper is concerned with the problems of modeling, stabilization, and H, con-
trol for continuous-time singular networked cascade control systems (SNCCSs) with state delay and
event-triggered control. An event-triggered scheme is firstly introduced to this system for utilizing the
network bandwidth resources efficiently. Considering the effects of both time-varying network-induced delay
and event-triggered control, a singular networked cascade control system (SNCCS) model is established.
By constructing a suitable Lyapunov-Krasovskii functional, sufficient condition of admissibility for this
system is proposed, and the co-design method of event-triggered parameter, primary state feedback controller
and secondary state feedback controller are also derived. Furthermore, H, control is concerned for SNCCS
via linear matrix inequality (LMI) technique. Finally, a simulation example considering a heating furnace
with the structure of SNCCS and event-triggered control is given to illustrate the effectiveness of the proposed
method, where it can be seen this method is superior to the existing one with periodic control.

INDEX TERMS Cascade control, singular systems, networked control systems, event-triggered control,

stabilization, H, control.

I. INTRODUCTION
Since cascade control is firstly proposed in [1], it has become
a very effective strategy to improve the performance of
closed-loop control systems. Cascade control systems are
usually composed of two control loops: a secondary loop
embedded into a primary one. The secondary loop can regu-
late the key variables rapidly to guarantee the process stability
while the primary one is designed to fulfill some performance
index [2]. In practice, cascade control has been used in many
industrial process control systems, such as power systems
[3], [4], chemical systems [5], and so on. From theoreti-
cal angle, cascade control has been considered in all kinds
of dynamics systems, such as nonlinear systems [2], [6],
networked control systems (NCSs) [7]-[9], neural network
systems [10], singular networked control systems [11], [12]
and so on.

Nowadays, motivated by the fact that SNCCS is
widespread in industrial process, many researchers and
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scholars have paid attention to SNCCS [11], [12]. It has
all the characteristics of singular system, NCSs and cascade
control systems. As is known, singular system is more general
and practical in describing the actual dynamical systems
than differential system, since besides the dynamic behavior
expressed by differential equation, it also has the capacity
to represent the algebraic constraints between physical vari-
ables [13]. However, the problem for singular systems is
much more complicated than that for differential systems.
Simultaneously, SNCCS also has the advantages of both
NCSs and cascade control systems, such as reduced system
cost, facility of maintenance, shortening the regulating time
and controlling timely.

In addition, while bringing the above advantages, the inser-
tion of network and cascade control make the problems of
modeling, analysis, and synthesis of the SNCCS much more
complicated. In SNCCS, there exist three types of devices
with different functions: two sensors, two controller, and an
actuator. The network-induced delay may be time-varying
and exist everywhere, either in the primary loop or in the
secondary one, and the effect of this delay will occur when the
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sampling signals are transmitted through the network. So it
need to be considered in this system.

On the other hand, most sampling signals are concerned
with periodic control where all signals are transmitted
through network. This control mode may result in some
problems, such as more data packet loss, network trans-
mission congestion and so on. Recently, to save the lim-
ited bandwidth, event-based/event-triggered control has been
proposed. It has many potential advantages for the systems
connected by network, such as better resource utilization,
less transmission traffic. What’s more, based on this mode,
sampling signals will be transmitted only when some sam-
pling information exceeds a special threshold. In short, only
part of the sampling signals need to be transmitted through
the network, so it can be viewed as an alternative sampling
scheme in terms of the network bandwidth utilization.

In the past decade, event-triggered control has been
considered in all kinds of systems and much effort has been
made to apply it, such as linear systems [14]-[16], nonlinear
systems [17]-[20], NCSs [21]-[29], singular NCSs [30], sin-
gular systems [31]-[33], multi-agent systems [34]-[36], and
the references therein. Thereinto, in [23], event-triggered Ho
stabilization is investigated for discrete-time NCCSs with
disturbances. In [30], the problem of event-triggered Ho
control is considered for singular NCSs with both state and
input subject to quantizations. In [31], the problem of con-
troller design for linear singular systems with event-triggered
control is investigated. Until now, there are few works on the
problem of SNCCS with event-triggered control, which is one
of the main motivations for this paper.

For SNCCS with state delay and event-triggered control,
because of the existence of algebraic subsystems, event-
triggered control, and cascade control, the entire structure of
SNCCS becomes very complex and many issues should be
considered simultaneously, such as regularity, impulse, sta-
bility, network-induced delay, state delay, cooperative work
of event-triggered scheme and two controllers. Although
Lyapunov-Krasovskii method is a popular and efficient one
to analyze the problem for dynamical systems [37], [38],
the problems of modeling, selection of Lyapunov-Krasovskii
functional, and the calculation and processing of its derivative
along the motion of SNCCS may be challenging for scholars.

Up to now, the issue of event-triggered control in SNCCS
has not yet been fully considered, which inspired us to inves-
tigate this challenging issue. Motivated by this consideration,
to investigate the effect in practice, we discuss the problems
of modeling, stabilization, and H, control for SNCCSs with
state delay and disturbance based on event-triggered control.
Mainly, the co-design method of event-triggered parameter,
primary controller and secondary one will be proposed based
on Lyapunov-Krasovskii method which guarantees that the
corresponding closed-loop SNCCS is admissible. The main
contributions of this paper are summarized as follows.

1) SNCCS exists widely in practical industrial process,
in this paper, event-triggered control is introduced to SNCCS
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FIGURE 1. Configuration diagram of SNCCSs with event-triggered control.

for the first time, which can reduce the unnecessary waste of
the network bandwidth resources;

2) A new model that takes differential subsystems,
differential-algebraic subsystems, network-induced delay,
state delay, cascade control and event-triggered control is
first constructed. The model is more general and practical
in describing the actual dynamical behavior, and the system
has the benefits of both cascade control and event-triggered
control;

3) The co-design method of event-triggered parameter,
primary state feedback controller and secondary one is pro-
posed, which can be easily applied to the corresponding
industrial process control systems;

4) H control for this system with event-triggered control
is also considered. The obtained results can be further
extended to the industrial process control systems established
as SNCCS models.

The organization of this paper is as follows. In Section II,
the model of SNCCS is established. Section III gives the
sufficient condition of admissibility for SNCCS without dis-
turbance, and the corresponding co-design method of event-
triggered parameter, primary and secondary state feedback
controllers is also developed. In Section IV, Hy, control
for SNCCS with event-triggered control and disturbance is
considered. In Section V, a simulation example considering
a heating furnace with SNCCS structure and event-triggered
control is given to show the effectiveness of the proposed
method, and Section VI is the conclusion of this paper.

Notation: || - | is the Euclidean norm of vector or matrix,
X > O(respectively, X < 0)forX € R"" means thatis areal
symmetric positive-definite (respectively, negative-definite)
matrix.

Il. MODELING OF SNCCS WITH EVENT-TRIGGERED
CONTROL

In Section II, a configuration diagram of SNCCS similar to
the one in [23] is shown in Figure 1 where two plants P and
P, are concerned.

In Figure 1, S; is the primary sensor, Cj is the primary
controller, event generator and C; are connected by network,
while the secondary sensor S> is connected with P, and the
secondary controller C;. A is a actuator that is installed in the
field connected with P;. From Figure 1, the output of P; is
used as the input of Py, the states of P(P3) are sentto C1(C3)
by S1(52).
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P is continuous-linear time-invariant and described by the
following:

Ex(t) = Axxp(t) + Azxa(t — ©) + Boua(t) + Baw(t)

(D
y2(t) = Coxp(t) + Caw(t)

where E € R"™" may be singular and rankE = r < n,
and x>(t) € R*, up(t) € R™, w(t) € RP are the state vector,
control input of P> and disturbance, respectively, as well as
¥2(¢) is the output of P», T is a constant and denotes the state
delay, As, A3, By, B3, C> and C4 are constant matrices with
appropriate dimensions.

Py is also continuous-linear time-invariant, which can be
written as follows:

X1(t) = A1x1(t) + Brya (1)

()
y1(®) = Cix1(t) + C3w(t)

where x| (1) € R" is the state vector of P, w(t) is assumed to
satisfy L»[0, co) which means w(¢) has limited energy, y2(¢) is
described as the control input of P, and y;(¢) is the output of
P1, Ay, By, C1 and C3 are constant matrices with appropriate
dimensions.

Next, an event generator is installed in the outer loop of
SNCCS. That is, a scheme is used to determine whether the
signal is sent to Cy. The following algorithm is applied to
describe this scheme:

[x1 Gixh) — x1 ()T Qo (ixh) — x1(teh)]
< oxi (ixh)Qx1(ixh) )

where €2 is a positive-definite matrix, o € [0, 1), x1(ixh) is
the current sampling signal at the instant ixh where ixh =
txh+1lh, 1 = 1,2, ---,and x1(#;h) is the last transmitted signal
at the triggering instant f;h.

Remark 1: The sampling signal x1(ixh), just not satisfied
the inequality (3), can be sent out through the network. Fur-
thermore, it can be seen there is no Zeno phenomenon in
SNCCS.

In this paper, we assume the SNCCSs are completely
observable, and the phenomenons of data packet loss and mis-
sequence are not concerned. The primary loop of SNCCS
is connected by network, where the time-varying network-
induced delay may be larger than one sampling period. That
is, the network-induced delay mainly exists in the outer loop,
and the omitted delay in the inner one is relatively much less
than that in the outer loop.

Next, the following controller is adopted in the outer loop,
that is

ui(t) = Kyx1(t) 4

where K is the gain matrix, and u(¢) is the output of Cj.
Considering the existence of network-induced delay, (4) can
be rewritten as follows:

ui(t) = Kixi(teh), t € [tih+ w, tigrth +ws1) ()

where 7 is the network-induced delay.
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The state feedback controller is also adopted in the inner
loop, which is described by

uy(t) = Kix1(th) + Koxa (1),
t € [teh + e, tk1h + Thg1) (6)

where K> is the gain matrix of C;.
Define a function 7(¢) that satisfies

t— () € [tch, try1h)

where t € [txh 4+ Tk, tkr1h + Tr+1), then according to the
above formula, we can choose 7(¢) as:

Oty =<t(t) <ty

where 1); denotes the upper delay bounds. It means for ¢ €
[txh+ Tk, ti+1h+ Tr+1), there exists the corresponding t(¢) €
[0, tas] to make t — 7(t) € [txh, tr4+1h) hold.

Define er(t) = x1(txh) — x1(t — t(¢)) and combine (3), an
event-triggered scheme is applied in SNCCS, that is

el (NQex(1) < ox{ (1 — T(1))Qx1 (1 — T(1)) (N

where o € [0, 1), and 2 is a positive-definite matrix.
Using (1), (2), (6), (7), a new model for the closed-loop
SNCCS with event-triggered control can be obtained:

x1(t) = A1x1(t) + B1Caxa(t) + B1 Caw(2)

Exr(t) = Apxp(t) + Aszxp(t — 1) + BoKoxp(t)+
BaKyx1(t — 7(t)) + B2K ek (t) + B3w(r)

y1(@) = C1x1(1) + C3w(?)

y2(t) = Coxp(t) + Caw(r)

t € [teh+ t, tkr1h + Tkt1]

®)

IIl. EVENT-TRIGGERED STABILIZATION FOR
SNCCS WITHOUT DISTURBANCE
Now, the following lemmas are introduced which are
essential for deriving the main results of this paper.

Lemma 1 [13]: If the pair (E, A) is regular, then for any
h times piecewise continuously differentiable input function
f (), the system

Ex(1) = Ax(1) + /(1)

is regular, that is, the above system has a unique solution. The
above system is impulse free if (E, A) is impulse free.

Remark 2: Based on Lemma 1, the singular subsystem of
(8) is regular if the pair (E, A + B2K>3) is regular, and it is
impulse free if (E, Ay + B2K>) is impulse free.

Lemma 2 [38]: For any real matrix E, P, and symmetric
positive-definite matrix Z with appropriate dimensions, the
following inequality holds

PTETZ7'EP > pETEP+ pPTETE — p’ETZ"E.
In addition, if PTET = EP, we have

PTETz7'EP > pETPTET + pEPE — p’E"Z"E,
where p is any chosen constant.
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Theorem 1: For the system (8) without disturbance, and
given a parameter o € [0, 1) and matrices K1, K3, the sys-
tem (8) is admissible if there exist a nonsingular matrix
P, symmetric positive-definite matrices R > 0,Z; >
0,72, > 0,0 > 0,2 > 0 and matrices X, Y, T}, X;j,i =
1,2,...,5,j = 1,2,...,5 with appropriate dimensions,
such that (9)-(12) hold

ETP=P'E>0, (9

X Y
|: YT ETZQE = O’ (10)

X1 X2 X3 Xy X5 T

* X Xz X Xos T
* * X33 Xzq Xzs Ty
* * * X4 Xy5 T3 >0, (D
* * * * Xss Ts
* * * * * 71

D1 P12 D13 Py P15 D16 D1y
¥ Dy Dyz Doy D5 Py Doy
x D33 D3y D35 P36 D3y
* Dyy Dys Py Qg7 | <0, (12)
*  x Dss D56 Dsy
* * *  Dgg Dg7
* % ok k. Dy |

* ¥ ¥ X ¥
* ¥ ¥ *

where

@1 = PT(Ay + B2Ky) + (A + BoKy) ' P+ Y

+ YT 41X 4+ 0 + X1,

Py = C2TBITR + T2 + i X12,

= RTA, +A1TR +T + TlT + i X22,

i3 =PTA;— Y +yXi3, o3 =T] + nuXo3,

®33 = -0 + )} X33,

@14 = PTByK) — Ts + X4,

oy =T —T1 +uXoa, @aa=—Tu4+ X34,

Dy = T3 — T3T + o Q4 X4,

@15 = PTByK + tyXis, @os =T + 1y Xos,
a5 = —TI + Ty Xus,
®ss = —Q + 1y Xss, i =twmClBlZ,
o6 = AT Z), D36 =0, Dag =0, D5g =0,
oo = —uZi, P17 =142 + B2K2) Zp, @27 =0,
37 = 1Al 25, 47 = 1(B2K)) 2,
57 = 1(B2K1) 2o, ®g7 =0, P77 = —12.

D35 = T X35,

Proof: To show the system (8) with w(¢#) = 0 is
admissible, we first show (8) with w(f) = 0 regular and
impulse free. Without loss of generality, we denote A, + B, K>
by A, and assume E, A, in (8) have the following forms

_[r o _ A An
E_|:0 0]’ Ac_|:A21 Azz]‘

From (9),(10) and (12), we can see
Yiu O Py 0
Y = , P= .
|: Y21 0 ] |:P21 Py :|
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From (12), we can obtain PTA, + ACT_P +Y+YT <o
That means Aj> is nonsingular and the pair (E, A> + B2K>)
is regular and impulse free. According to [13], it also implies
that the system (8) with w(¢) = 0 is regular and impulse free.
Next, we will show the system (8) with w(¢) = 0 is stable.
Choose a Lyapunov-Krasovskii functional as follows:

5
V() =) Vi) (13)

i=1

where

Vi(t) = x] (ORx1 (1),
0 t

v = [ [ d@zn@dadp,
—ty Jt+p

Vi3(t) = x3 (OET Pxa(1),

t t
Va(t) = f / i1 (@)ET ZyExy(a)dadp,
t—1 JB

t
Vs(r) = / 2T (9)0xa(s)ds,
t

-7
where R, Z1, P, Z, Q are defined in Theorem 1 and to be
determined.
Taking the derivative of V(¢), we can obtain

5
V()= Vi) (14)
i=1
where

Vi(t) = 2x] (1)R[A1x1(t) + B1 Caxa (1)1,

t
Va(t) = wuil (12131 () — f

1=ty
Va(t) = 2x; ()P [Arxo(t) + Asxa(t — 1)

+ BoKoxo(t) + BoKyxi(t — ©(t)) + B2Kiex(1)],
Vi(t) = il (DET Z,Ex (1)

il (@)Zy51 (@)da,

1
— / i (@ET ZyEiy(@)da,
t

—T
Vs(t) = x5 (NQx2(t) — x3 (t — T)Qx2(t — 7).
Using (8), the following equation holds
Ex2(1) = (A2 + BaKo)xa (1) + Asz[xa(2)
t

— / xp(a)da] + BoKixi(t — t(t) + BrKer(t).
-1

Combining Moon [39] inequality and (14), we can obtain
V3(t) < 205 (P [(A2 + BaKo)xa (1) + As[xa (1)

t
- / x(a)da] + BoKixi(t — t(t) + BaKyer(t)]
t

-7

< 23 (OPT[(A2 + A3 + BoKa)xa(t)

t
—A3/ Xop(a)doa+BrKyx1(t — ©(t) + BaKyer(t)]
I-

< 2x3 (OPT[(A2 + A3 + BaKo)xa (1) + BoKjex(t)
+BaKixi (t — ()] + 3 (1)Xx2(1)
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t
+ / i (@ET ZyEiy(a)da
-t

t

+ 27 ()Y —PTA3) | ia(a)da

t—1
< 2x; (NPT (A2 + BaKo)xa(1) + Yxa(t)
+PIByKx1(t — ©(t) + PT BaKyex(1)]

t
+ xd (O)Xxa (1) + / i (@)ET ZyExy(a)da
-7

+ 27 (1)(PT A5 — Y)xa(t — 1)
< x3 (OIPT (A2 + BoKy) + (Ay + B2Ko) P+ Y
+ YT 4 X Ixa(t) + 243 (1)PT BaKyx1 (t — ©(1)]
t

+2x7 (1)PT BaKex (1) + / i ()ET ZExy(a)da

-7
+ 27 (1) (PT A3 — Y)xa(t — 1)

where X, Y, Z; satisfy |: > 0.

X Y

YT ETzzE:|
Therefore, for any matrices 73,1 = 1,2,...,5, and X ,

defined in Theorem 1, we have the derivative of V(¢) along

the trajectory of the system (8) as:

5
V() = > Vi) + 20 (0T + x0Tz + x1(t — T()T3
i=1
+x2(t — T)T4 + ex(t)T5]
X [xi(6) = x1(t = (1) — f

t—t(t)

t

x1(a)der]

t

+(ET (HXE@) — f ( )sTmfcé(t)da
r—1(t
t

< T ()0E(r) - f & (t, )&, )da  (15)

t—1(t)

where &(1) = [xJ (1) xT(t) x1(t — 1) xI (¢t — (1)) el DI,

&t ) = [x] (1) xT (1) XL (t=7) xT (1 —1(1) ef (1) &1 (@)
If ® < 0, IT > 0, we can obtain V() < 0 for all nonzero

£(1), &(t, ). Therefore,

X T
M= 0 16
|:TT Z]:| > U, (16)
therein
X1 X Xiz X4 Xis
. * X X3 Xog Xps
X = = * X33 Xa X35 |,
* * *  Xaa  Xas
* * * Xs5

r=[17 17 17 17 T1I].
In addition
D P Pz Py Pys

* Dy D3 Dy Dos

o= =« x P33 Py D35 | <0, (A7)
* * * Dyq  Dys
* * * * D55

2764

and

@1 = PT(Ay + BoK2) + (A2 + BoKo) P+ Y
+YT + X +Q+ wCIBI 2B,y
+T(A2 + B2K2) Zx(Ay + B2Ko) + tu X1,
@1 = C3 B R+ T> + wy C3 Bl Z1Ay + tuXio,
@y = RTA; +A[R+ Ty + T + tiAT Z1A) + i Xoo,
@13 = PTA3 — Y + 1(Ay + BoKo)' ZoA3 + i X13,
O3 = T] + uXoz, @33 =—0+ 1A 245 + ty X33,
@14 = PTBrKy — Tr + t(As + BoKo) ZoBaK,
+ mX14,
®yq = T — T1 + tnXoa,
3y = —Ty + tAL ZoBoK) + T Xaa,
gy = —T3 — T +0Q+ t(BaK1) ZoBaKy + ty Xua,
@15 = PTByK) + T(A2 + B2K2) ZaBoKy + i Xis,
®ps = TT + 11 Xos,
@35 = AT ZLBoK) + T X5,
P45 = —TJ + t(B2K1) Z2B2K) + Ty Xas,
Oss = —Q + 1(B2K)) ZoBaK + i Xss.

According to Schur complement, ® < 0 is equivalent to (12).

If the inequalities (9)-(12) hold, then V() < 0 for all
nonzero £(t), & (¢, o). Therefore, (9)-(12) guarantee that the
system (8) with w(z) = Ois stable for t(¢). As aresult, the cor-
responding system (8) without disturbance is admissible.
This completes the proof.

Next, we will propose the co-design method of
event-triggered parameter €2, primary controller gain K; and
the secondary one K, for the system (8) with w(#) = 0 and
event-triggered scheme (7).

Theorem 2: For the system (8) without disturbance,
and given parameters o € [0, 1), p, if there exist a
nonsingular matrix P, symmetric positive-definite matrices
R > O,Zl > O,Zz > O,Q > 0,Q > 0 and matrices
Wi, Wa, X, Y, T;, X;j,i = 1,2,...,5,j = 1,2,...,5 with
appropriate dimensions, such that (18)-(21) hold

(13)
|: 5( ~ f( ~ ] >0
YT pETPTET + pEPE — p’ETZIE | = 7
(19)
X11 ):(12 ?:(13 ):(14 ):(15 fz
X Xz X Xos T
* X33 Xaa Xss Ty -0
* * * Xga  Xys T3 ’
* * * * )?55 'fS
* * * * * RT + R — Z
(20)
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D c1312 q:>13 <§>14 C:D]S <?16 cI>17

* D Qo3 Pog Pps Dy P27

* P33 Py P35 D3 P37

* * * Dy Dy5 Dy DPy7 | <0,

* * * * &>55 &)56 &)57

* * * * * ds  DPe7
| * * * * * * cf>77_

(2D

where

®11 = AP+ BoWy + PTAY + WIBY 47 +
YT 41X 4+ 0+ X,

dpp = i)TCQTB{ + Tr + i X12,

Oy = AR+ RTAT + T + T + X,

i3 = AP — ¥ + Xy, $o3 = T + i Xo3,

d33 = —0 + X33,

14 = BoWy — T + ty X4,

dyy = T3T — Tt + tXos, @34 = — Ty + i Xa4,

&)44 = —T3 - TST + o + TMX44,

dis = BoWi + tnuXis, dos = TST + T Xos,

®35 = T Xss, Bas = — T4 + Ty Xus,

dss = —Q + Ty Xss,

&)16 = ‘L’Mi’TczTB]T, &)26 = ‘L’MRTAIT, &)36 =0,

Dy6 =0, Ds¢ = 0, Po6 = —TnZi,

&)17 = ‘L']BTAg + ‘L’WQTBQT, &)27 =0, &)37 = ‘L’]BTAg,

g7 =W B,

&357 = ‘L'WlTBg, &)67 =0, &)77 = —‘L'ZQ,

then, the system (8) without disturbance is admissible.
Simultaneously, the corresponding event-triggered parameter
is given by @ = R~TQR~!, the primary controller gain can
be obtained as K| = W11~€_1, and the secondary controller
gain can be obtained as K» = ng’_l.

Proof: By theorem 1, if there exist a nonsingu-
lar matrix P, positive-definite matrices R > 0,7; >
0,2, > 0,0 > 0,2 > 0 and matricesX, Y, T;, Xj;,i =
1,2,...,5,j = 1,2,...,5 with appropriate dimensions
satisfying (9)-(12), the system (8) without disturbance is
admissible.

Defining E = diag{P~",R"T,P"T,R"T,RT,Z T,
Z, Ty, and pre- and post-multiplying (12) by E and
its transposition, respectively, and letting P = P!,
R=R'""Wi=KiR "\ W, =k,P 1,27 =272 =
X =P Txp Y =P TyP 1, 0=P TP, Q=
RTQR'\, Ty, = RTMR'T» = PTDHR,
5 =R TRV, Ty = PTTuRV,Ts = RTTsR™!, etc.,
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we can obtain

dyy c?12 @13 ‘?14 q:>15 q:>16 ‘?17
* D2 P23 Doy D25 Dy Doy
* * P33 Py P35 Py D37
* * ko Dyy Dys Dyg Dy | <(@2)
* * * * P55  dsg D5y
*k k * * *k &)66 &)67
| * * * * * * &>77_
where

®1; = AgP+ BoWy + PTAT + WIBY + ¥

+ 7T 42X + 0+ X,
Py = PTC{BT + Tz + ‘L'M.f(lz,
Oy = AR+ RTAT + Ty + TT + tyXoo,
&)13 = A3P— Y + ‘L’Mfflj,, Doz = T4T + 'L’MXB,
33 = —0 + X33,
14 = BoWy — T + X4,
oy =T —T1 + tuXos, @3a=—Tu+ X4,
&)44 = —T3 — T3T +G§2 + ‘L’Mf(44,
15 = BoWi + X5, o5 = T4 + tyXos,
35 = iy Xss, Das =T + iy Xus,
dss = — + Ty Xss,
16 = tiyPTCIBl, @ = tyR' AT,
s =0, Ps6=0, Do = -7,
d‘)17 = TPTA; + TW;B;, &)27 =0, &)37 = ‘L’]BTAg,
&)47 = ‘L’WITBg,
ds; = W] B,

36 =0,

&)67 = O, &)77 = —‘L’Zz.

Pre- and post-multiplying (11) by diag{P~",R™T, P T,
R™T,R™T,R~T} and its transposition, respectively, we can
obtain

Xu X X3 X4 Xis )

* X X3 X Xos T

* * X33 X34 Xss T4 >0. (23)
* * *  Xaa Xus 13

* * * * Xss ... Ts -

* * * * * RTZf R

The inequality (23) is not a strictly LMI because of the
existence of nonlinear terms. According to (R — Zl)TZI_ !
(R —Z;) > 0, the following inequality can be obtained

R"Z7'R>R+R" - 7. (24)
Then, if (20) holds, we can obtain (23).
Pre- and post-multiplying (10) by diag{P~", P~T} and its

transposition, respectively, we can obtain

[;(T IBTET%_]EIB} =0 (23)
According to (18) and Lemma 2, we can obtain
PTETZ;'EP > pETPTET + pEPE — p*ET,E.  (26)
Then, if (19) holds, we can obtain (25).
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As a result, if (18)-(21) hold, the system (8) without dis-
turbance is admissible. The corresponding event-triggered
parameter, primary and secondary controller gains can be
obtained as: Q@ = R-TQR™!, K| = W11~€_1,K2 = W213_1.
This completes the proof.

IV. EVENT-TRIGGERED H,, CONTROL FOR

SNCCS WITH DISTURBANCE

In this section, according to Theorem 1 and Theorem 2,
we will concentrate on the problem of event-triggered Ho
control for SNCCS (8) with state delay and disturbance w(t),
which guarantees the system (8) admissible with H,, perfor-
mance index y . That s, the following conditions are satisfied.
1) The SNCCS (8) is admissible with w(z) = 0.

2) Under zero-initial condition, the following inequality
ly1((®)]l2 < yllw(®)]l2 holds for all nonzero w(t) € L[0, co)
and the prescribed scalar y > 0.

Next, the corresponding co-design method will be
proposed as follows.

Theorem 3: For the system (8), given parameters ¢ €
[0, 1), y > 0, and matrices K1, K>, the system (8) is admissi-
ble with H, performance index y if there exist a nonsingular
matrix P, symmetric positive-definite matrices R > 0, Z; >
0,2, > 0,0 > 0,2 > 0 and matrices X, Y, T}, X;j,i =
1,2,...,6,j = 1,2,...,6 with appropriate dimensions,
such that (27)-(30) hold

ETPp=P'E >0,

27
X Y
[YT ETzE | =%
(28)
X1 X X3 Xu X5 Xie T2
* X Xoz X Xos X T
_ * * Xz Xz X35 X I
M= * * * Xga X455 Xu6 T3 | >0,
* * * * Xss5 Xs¢ Ts
* * * * *  Xeo To
| * * * * * * Zl_
(29)
P D D9
- * 5%} Dr9
o= . < 0,
* * :
* * *  Dog |
(30)
where

@1 = PT(Ay + B2K2) + (A2 + B2K2) P+ Y
+YT + X 4+ 0 + wiX11,

1y = CIBIR+ Ty + tyXa,

@y = RIA +ATR+ Ty +T] + tyXa2,

@13 = PTA; — Y + tyXi3, @3 =T] + tyXos,

®33 = -0 + i X33,
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D1y = PTBKy — Tr + i X4,

Gpg =T —T1 + tyXoa, P3g = —Ty + X34,
Dgq = T3 —T1 +0Q+ tyXua,

@15 = PTBoK| + i Xis, @os = T5T + i Xos,
D35 = i Xss, Pus = —TI + mXus,

Gss = —Q + Ty Xss,

®16 = P'B3 + tuXis,

@26 = RB1Cs + T¢ + tiXa6,
Dap = —T¢ + tnXae, D56 = mXs6,

oo = —yI + uXee, P17 = C3 Bl Z1,

7 = AT Z1, D37 =0, g7 =0, P57 =0,

®g7 = wCiBlZ), @77 = -7,

Py = (A2 + B2K2) Zy, Do =0, P33 = 1A 2,
Dug = 1(B2K1) 2o,  ®sg = 1(B2K1) 2,

Dgg = TB§Z2, DO78 =0, Pgg = —175,

D9 =0, By =C], d39=0, Pag =0, d59 =0,
Dgg = C:{, O79 =0, $gg =0, g9 = —1.

D36 = T X36,

Proof: According to Theorem 1, the system (8) with
w(t) = 0 is admissible if (9)-(12) hold. Noting that for any
matrix X with appropriate dimension, the following equation
holds
t

t(ET ()X E(@) — / eTnXeyda =0 (31)

t—1(t)

where £1) = [T xI@)
(1) ef () W]

Choosing a Lyapunov-Krasovskii functional as (14), tak-
ing the derivative of V(¢) along the solution of (8), and for
any appropriately dimensioned matrices T;,i = 1,2, ..., 6,
we can obtain

T T
@ — 1) x @ —

5
V() = Y Vi) + 20 (0T + x2(0T2 + x1(t — 7(1)T3
i=1
+x2(t — )Ty + ex(1)Ts + w’ (£)Te]
t
x [x1(6) = x1(t = T(1) — /

t—1(t)

x1(a)da]

t

+t(ET(OXE®) - / eT(HXE(Mda

t—t(t)
t

< T Qe - / &1 (t, )IEx(t, )da (32)

t—1(t)

where &(r,0) = [xI() xI'(t) xI¢ — v xI@ -
(1)) e;{(t) wl () )'CIT(Ot)]T-

Define a functional as:

J= fo DT (i) — y?wl wolde (33)

for the system (8) with disturbance w(z).

Assuming y] ()y1() — y*wl (Ow() + V() = & T&,
we can obtain J < [ & Y&dt and J < O for all nonzero &
if T <0.
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Combining (31), (32), we can obtain

J = /0 ] (y1(t) — y>wT (w(e) + V(1)]ldt

— /oo V(t)dt
0
o0 t
_ /0 [E7 (1)DE(r) — / | S, oda
t—t(t
—V(co)+ V(0) (34)

In (34), I1 > 0is described as (29), and ® < 0 can be written
as:

D P Pz Py Pis Dys
* Dy Pz Doy DPp5  Dyg
= |k * D33 D3y P35 Dy
il I * * Dy Pys  Dag | 0
* * * * ds5 Dsg
* * * * * Dgp
therein

Since ® < 0, > 0, V(0) = O under zero initial condition
and lim;_, o, V() > 0, the following LMI J < 0 holds, this
gives the desired result

Iy1®ll2 = ylIw@)ll2. (35)

That implies the system (8) has Hy, performance index y.
Similar to the proof of Theorem 1, we can obtain (27)-
(30). Moreover, (27)-(30) also imply that the system (8) with
w(t) = 0 is admissible. This completes the proof.

Next, the co-design problems of the event-triggered param-
eter €2, the primary controller gain K1, and the secondary one
K> for the system (8) will be considered.

Theorem 4: For given parameters o € [0,1),p0,y > O,
if there exist a nonsmgular matrix P symmetrlc posmve-
definite matrices R > 0, 21 > 0, Zz > 0, Q > 0, Q >
0 and matrices Wy, W2,X, Y, T,,X,j,z = 1,2,...,6,j =

@11 = PT(Ay 4 B2K>) + (A2 + BoKo) P+ Y
+YT +tX +Q+ wCIBl 2B, Cy
+1(A2 + B2K2) Zx(A2 + BaKo) + T X1,

@1 = C3 BR+T> + i C3 Bl Z1A| + tu X2,

by = RTAl —}—AlTR + T+ TlT + ‘L'MAleA]
+ X+ Cl Cy,
@13 = PTA3 — Y + 1(A2 + BoKo) 2045 + i X13,

D3 = T4T + X3,

33 = —Q + TAY oA + T X33,

®14 = PIByK| — Tr + t(As + B2K2) ZoBo K
+ X4,

oy = T — T1 + T Xoa,

b3y = —Ty + TAL ZoBoK) + T X,
Byy = —T3 — T +0Q + 1(BaK 1) Z2BrK1 + Ty Xua,

D5

PT'ByK| + t(Ay + BaK2)! ZoBoK) + i Xis,

D)5 = T5T + i Xos,

@35 = 1AL ZLBoK) + T X35,

®ys5 = —TJ + 1(B2K1) Z2BoKi + Ty Xas,
®ss = —Q + 1(B2K1) ZBoK + Ty Xss,

®16 = PTB3 + tCI Bl 2,B1Cy

+1(A2 + B2K>)! Z»B3,

®26 = RB1C4 + TMA1T2131C4 + T6T + C1TC3,
D36 = IA§22B3, Dy = ‘[K1T352233 — T6T,
s = tK| B} 7,83,
_ T pT T 2 T
Des = tMCy B1 Z1B1Cy + C3 C3 — y°I + B3 21 B3.

Using Schur complement, ® < 0 is equivalent to (30).
It fol]ows if the mequalltles ® < 0,11

Jo by

HOIOE

£(1), Ez(t, a).

VOLUME 8, 2020

> 0 hold, then
2T (Hw(t) + V(1)]dr < O for all nonzero

1,2,...,6 with appropriate dimensions, such that (36)-(39)
hold
PTET =EP >0, (36)
N >0, 37
|:YT pETPTET + pEPE — p*ET20E | ~ 37)
[ X1 X12 X13 X14 X15 X16 Tz
x Xn )523 {(24 {(25 {(26 T
. * ok X33 X34 X35 Xze Ty
IT= % % % Xaa Xas Xug T3 | > O, (38)
k k k k )?55 }256 fs
* * * * * )?66 7A’6
| * * * * * * W
oy q}lz . c?19
R * @y .. Do
&= T <0, 39
* :
% k &)99 _
where
¥ =R"+R-27,
®yy = AP+ BoWy + PTAY + WIBL +¥
+YT+‘L'X+Q+‘[MX11,
&)]2 = ﬁTCZTBlT + f2 + TM)A(IZ,
dp = AR + IAQTAIT + 711 + flT + X2,
Qi3 = AP~V +yXi3, Doz =T + wnXos,
&)33 = —Q + TM??33,
Dy = BoWi — T + X4,
Doy =T —T1 + tuXos, P34 = —T4 + i X34,
Ci>44 = —YA"3 — TA%T + O’SAZ + 'L’M)A(44,
D5 = BoWi +tyXis, Pos = TST + i Xos,
35 = i Xss, Dus = —Td + iy Xas,
&355 =-Q+ TM)A(557
@16 = B3 + iy Xi6, P26 =B1Cy + T6T + i X26,
D36 = X6, Dag = T + tuXae, P56 = i Xs6,
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do6 = —y1 + tuXes, P17 =mPTCIB],

Ci>27 = ‘L’MIA?TA{, &)37 =0, CI>47 =0, @57 =0,

g7 = wmCl B, 77 = —n2i,

(i)lg = T(fA’TAg + Wng), &)28 =0, &38 = ‘[IAJTAg,
dy5 = tWIBY, dsg = tW]BL, dgg = BT,

D39 =0, Dg9=0, D59 =0, Pgg = C1, P79 =0,

then the system (8) is admissible with H, performance index
y. Simultaneously, the desired event-triggered parameter is
Q=R TQR™!, the primary controller gain is Ky = WiR™!,
and the secondary one is Kr = WzP 1

Proof: Similar to Theorem 2, if there exist a nonsin-
gular matrix P, positive-definite matrices R > 0,7Z; >
0,72, > 0,0 > 0,2 > 0 and matrices X, Y, T;, X;j,i =
1,2,...,6,j = 1,2, ..., 6 satisfying (27)-(30), the system
(8) is admissible with y > 0.

Letting E = diag{P~",R"T, P~ ", R-T,R°T, 1,27,

_T ,I}, pre- and post-multiplying (30) by E and its
transpose respectively, and applymg Lemma 1, Theorem 3,
and defining P = P~ LR = L'wy = KR!,
W, = KoP7 2 = 2;1,22 = Zz—l,f( = P Txp!,
Y = PTyp ! 0 = PToPr 1,4 = RTQR I, T} =
RITRYT, = PILRYT; = RITRY, Ty =
P IR Ts = RTTsR™, T = TeR™ !, etc., ® < 0is
equivalent to (39).

Letting F = diag{P~",R"T, P~ T, R"T,R°T I,R7T},
and pre- and post-multiplying (29) by F' and its transpose,
respectively, we can obtain (38). Similar to Theorem 2,
we can also obtain (36), (37). As a result, if (36)-(39) hold,
the system (8) is admissible with y > 0. The corresponding
event-triggered parameter, the primary and secondary con-
troller gams can be obtained as: 2 = RTQR, K, =
W1R UK, = W2P 1 This completes the proof.

Remark 3: Compared with those systems, such as NCS,
singular system, singular NCS, with event-triggered control,
it is noticed that the methods in those systems are not fea-
sible for SNCCS, and the existing results are difficult to be
extended to SNCCS.

Furthermore, we can see that this system is more general
than differential system, and has the advantages of cas-
cade control, event-triggered control and networked control.
According to the obtained result, it can be easily applied to
the practical industrial control systems.

V. SIMULATION EXAMPLE

In this section, a simulation example of SNCCS with event-
triggered scheme is provided to illustrate the effectiveness of
the obtained results.

Considering the power transmission system as described
in [11] and [12], the heating furnace could be an important
part of the steam generation process. Proper control of the
heated material temperature is extremely important to ensure
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FIGURE 2. Schematic diagram of SNCCS for heating furnace with event
generator.

the security and effectiveness of the overall system. Cascade
control is an effective mean for the temperature control of the
heated material.

In the process, the primary sensor S; and secondary one S,
are associated with the furnace, and transform the information
of the primary plant and the secondary one, respectively. The
disturbance exists mainly in the inner loop which can be sup-
pressed rapidly. The information of the primary/secondary
plants includes the temperature, disturbance and so on, of the
furnace mouth/hearth. The secondary controller C> can con-
trol the valve of the furnace, thus the quantity of the fuel
material can be modulated. G denotes the event generator.
The event generator G, S1, the primary controller Cy, and Cy
are connected by network where the network-induced delay
phenomena may appear in the transmission.

Figure 2 is the schematic diagram of SNCCS for heating
furnace with event generator and can be transformed to
Figure 1. Assume that the state and disturbance of the sec-
ondary plant have algebraic relation, the representation of the
secondary plant can be described by (1) with the following
parameters:

10 13 1
k= [0 0}’ A= [0.2 o]

02 0.1 0.2 ~0.4
A3=[o.2 1] 322[1}’33:[0.1]’
Cy=01,C,=[-03 0.1].

The representation of the primary plant is described by (2)
with

Alz[j _02], Blz[gﬂ,q:[o 0.1]

C; =0.2.

Next, assuming the sampling period 7 = 0.1s, we will
co-design the event-triggered parameter €2, the primary and
secondary controller gains K1, K, for (1), (2) without/with
w(t) according to Theorem 2/Theorem 4 proposed above by
LMI Toolbox.

VOLUME 8, 2020



Z.Du et al.: Event-Triggered H-Infinity Control for Continuous-Time SNCCSs With State Delay

IEEE Access

Release interval

= o o o =

N ©w o~ o =]
1

e
T

L 1 1 L L
1 15 2 25 3 35 4 45 5
Release instants (s)

FIGURE 3. The release instants and interval with K;, K, and € in (18-21).

A. FOR SNCCS WITHOUT DISTURBANCE

According to Theorem 2, the state feedback stabilization
controllers and the event-triggered parameter for system (1),
(2) without disturbance will be co-designed with ¢ = 0.3,

t = 0.1, p = 1, and )y = 0.2. Some matrices can be
obtained as follows:
P [ 170.2611 0 :|
| —408.0562  42.4675 |’
R [ 299.9353 —73.4348]
| —73.4348  215.7686 |’
&= [213.7686 —8.0909:| f/:[ —70.1697 O]
| —8.0909  209.1496 |’ —147.5125 0 |’
7 = [ 386.8310 —106.7157j|
| —106.7157 256.8347 |’
7= e Soten |
Wy = [0.4926 0.1535],

Wa = [172.7256  —382.9190],

For simplicity, the other obtained matrices are omitted.

Thus, the event-triggered parameter is obtained as:

0.0031  0.0021
0.0021  0.0056 |’

and the primary and secondary controller gains are obtained
as:

Q=RTQR ' = [

Ky = Wik~ =[0.0020
K> = WoP~! = —20.5955

0.0014],
—9.0168].

If the initial conditions are:
a0=[32 29]", nO=[-14 21],

the release instants and release interval are plotted as Figure 3,
and Figure 4 is the state response of this system. The simula-
tion results for ¢ € [0, 5]s show that the maximum release
interval is 0.5s, only 13 signals need to be sent out to the
controller, and the last transmitted signal is at the instant of
t = 4.8s, it can be computed that the event generator leads
to an average release period of 0.3692s. That is, only 26% of
the sampling signals need to be sent to the primary controller.
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FIGURE 4. The state response of system with feedback gains in (18-21).

As can be seen clearly, the SNCCS without disturbance is
admissible, and the states of this system converge to zeroes.
At the same time, the average release period 0.3692s is much
larger than the fixed sampling period 0.1s, which means that
only less signals need to be transmitted in the network.

B. FOR SNCCS WITH DISTURBANCE
It is assumed that the disturbance can be written as follows:

sin(10t) 0 <t <3
w(t) = .
0 otherwise

The primary and secondary controllers, and the event-
triggered parameter for (1), (2) with disturbance will be
co-designed according to Theorem 4 proposed above.

Settingo =03,y =3, 7 =0.1, p = 1,and 1)y = 0.2,
some of the obtained matrices can be described as follows:

P 8.1769 0 }
| —20.3035  2.5457 |’

. [ 16.3671  —3.3604 |
| —3.3604  11.9928 |’

& - [ 10.6987 —0.3873 ?:[_3'7463 0}
| —0.3873  10.4804 |’ —4.2249 0 |’

5 = [ 21.5729  —4.5399
| —4.5399 152025 |°

2 = [ 11.8141 —1.1028]
| —1.1028  104.3935 |’

W, = [0.0273 —0.0026],

Wy, = [6.6206 —21.9869].

Therefore, the event-triggered parameter is obtained as:
A TAN 0.0475 0.0271

Q=RTQR™ = [0.0271 0.0843]

the primary and secondary controller gains can be obtained
as:

Ky = WiR™" =[0.0017  0.0003],

K» = WoP™! = [ -20.6356  —8.6367].
If the initial conditions are:
a0=[32 291", nO=[-14 -22]",
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FIGURE 5. The release instants and interval with K, K, and € in (36-39).
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FIGURE 6. The state response of system with feedback gains in (36-39).

Figure 5 plots the release instants and release interval. The
simulation results for ¢ € [0, 5]s show that only 12 signals
need to be sent out to the controller, the maximum release
interval is 0.8s, and the last transmitted signal is at the instant
of t = 4.6s, it can be computed that the event generator leads
to an average release period of 0.3833s. That is, only 24% of
the sampling signals will be sent to the controller.

On the other hand, the response of this system can be
presented as Figure 6. It can be seen clearly that the system
with event generator and disturbance is admissible with Hy,
performance index y = 3, and the states of SNCCS converge
to zeroes. Simultaneously, the average release period 0.3833s
is much larger than the sampling period 0.1s, which means the
effectiveness and improvement of the obtained results.

VI. CONCLUSION

In this paper, the co-design problem of the event-triggered
parameter, the primary controller and the secondary one is
mainly considered for SNCCS with event-triggered control
which is firstly introduced into this system. First, a new
model is constructed which assures whether the sampling
signal need to be sent to the primary controller. Based on
Lyapunov stability theory, sufficient condition of admissible
for this system is presented, and the co-design method of the
primary and secondary controllers, and the event-triggered
parameter is also proposed. Then, the problem of H, control
for SNCCS is also concerned. Finally, a simulation example
considering a heating furnace temperature control system
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with cascade control and event-triggered control is given
to illustrate the effectiveness and applicability of the pro-
posed method. Future work will address the control issues of
SNCCS with two or more event triggers.
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