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ABSTRACT Electro-optic modulators have enabled a wide range of emerging applications that place greater
demands on the alignment of the modulators. In this paper, for the first time to the best of our knowledge,
we construct a theoreticalmodel to describe the electro-opticmodulator with alignment errors, which helps us
to quantitatively analyze the distribution characteristics of the exiting intensity of the electro-optic modulator
under different alignment errors and different applied voltages. The alignment errors in the theoretical model
are divided into three kinds, namely, the horizontal error, the vertical error, and the rotation error. The
theoretical results show that the model and the distribution characteristics of the exiting intensity are useful
to align the electro-optic modulator precisely in practical applications. Furthermore, an experimental setup is
proposed to align the electro-optic modulator based on a lithium niobite crystal and to verify the correctness
of the model presented in this paper. An excellent agreement is found between the theoretical results and the
experimental results.

INDEX TERMS Electro-optic modulator, alignment error, polarization ray tracing.

I. INTRODUCTION
Electro-optic modulators are the engines of the classical
optical communication systems, which convert the elec-
trical signals to optical signals by varying the phase or
intensity of the normal incident light beam [1]. In recent
years, electro-optic modulators have enabled a wide range of
emerging applications, including quantum information net-
works [2], wide-field fluorescence lifetime microscopy [3],
free-space optical communications [4], high-resolution
LIDAR systems [5], [6], and so on. In these emerging
applications, electro-optic modulators should be designed to
modulate not only the normal incident light beams but also
the tilt incident light beams. Due to the nature birefringent
of the electro-optic crystals are very sensitive to the incident
directions of the light beams, high precision manufacturing
and alignment of electro-optic modulators are crucial to these
emerging applications [7]–[9]. Therefore, it is of great impor-
tance to establish the theoretical model to provide guidance
in fabricating and mounting the electro-optic modulators.
The current models for electro-optic modulators are mainly
based on Jones calculus and Mueller calculus [8], [10]–[12],
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which have two unsolved issues: 1) the Jones calculus and
the Mueller calculus are defined for the light beam when
the polarization paraxial approximation holds, which means
they are only suitable for describing the normal incident
light beam; 2) Only a small misalignment in the rotation
angles of the electro-optic crystal was described, namely,
the alignment errors of the electro-optic crystal have not been
fully considered.

In our previous work, we derived the analytical formulas
of the parameters to describe the light beam propagation
characteristics in electro-optic crystals with an arbitrary inci-
dent direction [13]. On this basis, this paper uses the three-
dimensional polarization ray tracing calculus to build the
theoretical model of the electro-optic modulator with three
kinds of alignment errors.

In Section II of this paper, we present our theoretical
model. For clarity, we divide Section II into three subsections.
In the first subsection, the horizontal error, the vertical error,
and the rotation error are described. In the second subsec-
tion, we describe the analytical formulas for a ray through
the electro-optic crystal with an arbitrary incident direction.
In the third subsection, we applied the three-dimensional
polarization ray tracing calculus to describe the exiting inten-
sity of the modulator. Then, an electro-optic modulator based
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FIGURE 1. The relationship between the three-dimensional global
coordinate system (X, Y, Z ) and the coordinate system for the field-free
principal dielectric axes of an electro-optic crystal (x, y, z): β is the
horizontal error angle; ψ is the vertical error angle; ζ is the rotation error
angle.

on a lithium niobite crystal is considered as an example and
the results are discussed in Section III. Finally, the conclu-
sions are summarized in Section IV.

II. THEORETICAL MODEL
A. ALIGNMENT ERRORS OF THE ELECTRO-OPTIC CRYSTAL
Under the ideal alignment condition, the optical axis of
the electro-optic modulator should be parallel to the nor-
mal direction of the electro-optic crystal interface and the
principal dielectric axes of the electro-optic crystal should
be oriented towards specific directions corresponding to the
transmission axis of the polarizer in the electro-optic modu-
lator. In order to describe the alignment errors, two Cartesian
coordinate systems are defined in this paper.

As shown in Figure 1, a Cartesian coordinate system
X , Y , Z is defined as the global coordinate system of the
electro-optic modulator in three-dimensional space. The opti-
cal axis of the electro-optic modulator is coincident with the
Z -axis. Meanwhile, the other Cartesian coordinate system x,
y, z is defined as the principal dielectric axes of the electro-
optic crystal. The normal direction of the crystal interface
is parallel to the z-axis. When the electro-optic crystal is
imperfectly installed, the X , Y , Z coordinate system is not
coincident with the x, y, z coordinate system. The relationship
between these two coordinate systems can be described by
rotational coordinate transformations. First, we rotate from
the global three-dimensional coordinate system X , Y , Z into
an X1, Y1, Z1 coordinate system through a rotation β about
the X-axis. Let X̂, Ŷ, Ẑ and X̂1, Ŷ1, Ẑ1 be the unit vectors
along the X -, Y -, Z -axis, and the X1-, Y1-, Z1-axis. The
relationship between the unit vectors X̂, Ŷ, Ẑ and the unit
vectors X̂1, Ŷ1, Ẑ1 can be defined as

(
X̂1 Ŷ1 Ẑ1

)
=

(
X̂ Ŷ Ẑ

) 1 0 0
0 cosβ − sinβ
0 sinβ cosβ


=

(
X̂ Ŷ Ẑ

)
· T1. (1)

The resulting Y1-axis and Z1-axis remain in the OYZ
plane. Then, we rotate about the Y1-axis into the X2, Y2,
Z2 coordinate system through an angle ψ . The Y2-axis
remains coincident with the Y1-axis. The plane containing the
Y2-, Z2- coordinate axis is now tipped through an angle ψ
relative to the original OYZ plane. The relationship between
the unit vectors X̂1, Ŷ1, Ẑ1 and the unit vectors

(
X̂2, Ŷ2, Ẑ2

)
which are along the X2-, Y2-, Z2-axis can be expressed as

(
X̂2 Ŷ2 Ẑ2

)
=

(
X̂1 Ŷ1 Ẑ1

) cosψ 0 sinψ
0 1 0

− sinψ 0 cosψ


=

(
X̂1 Ŷ1 Ẑ1

)
· T2. (2)

And finally, we rotate about the Z2 axis through an angle ζ
into the coordinate system for the field-free principal dielec-
tric axes of an electro-optic crystal (x, y, z). The z-axis is
coincident with the Z2-axis. The relationship between the unit
vectors X̂2, Ŷ2, Ẑ2 and the unit vectors x̂, ŷ, ẑwhich are along
the x-, y-, and z-axis of the coordinate system can be described
as

(
x̂ ŷ ẑ

)
=

(
X̂2 Ŷ2 Ẑ2

) cos ζ − sin ζ 0
sin ζ cos ζ 0
0 0 1


=

(
X̂2 Ŷ2 Ẑ2

)
· T3. (3)

We consider the transformation matrix between the unit
vectors x̂, ŷ, ẑ and the unit vectors X̂, Ŷ, Ẑ is TGC. Utilizing
Eqs.(1)–(3), the relationship between x̂, ŷ, ẑ and X̂, Ŷ, Ẑ can
be expressed as(

x̂ ŷ ẑ
)
=

(
X̂ Ŷ Ẑ

)
· T1 · T2 · T3. (4)

Consequently, the transformation matrix TGC is given by

TGC = T1 · T2 · T3. (5)

It is worth noting that TGC consists of the parameters β,
ψ , and ζ . Here, the angle β represents the horizontal error,
the angle ψ represents the vertical error, and the angle ζ
represents the rotation error.

Consider a ray at the center of the incident light beam
refracts from an isotropic medium into an electro-optic crys-
tal plane plate. As shown in FIGURE 2, the wave vector of the
incident light is kin, αG represents the angle between kin and
the Z -axis, where 0◦ ≤ αG ≤90◦. The angle between the Y=0
plane and the plane which contains the incident wave vector
kin and the Z -axis is represented by φG which ranges from
0◦ to 360◦. For a ray propagate along an arbitrary direction,
the unit wave vector of the incident ray can be expressed as

k̂in =
(
X̂ Ŷ Ẑ

) sinαG cosφG
sinαG sinφG

cosαG

, (6)
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Substituting Eq.(4) and Eq.(5) into Eq.(6), we can obtain
the following equation:

k̂in =
(
x̂ ŷ ẑ

)
T−1GL

 sinαG cosφG
sinαG sinφG

cosαG


=
(
x̂ ŷ ẑ

) kinXkinY
kinZ

. (7)

where kinX , kinY and kinZ are three components of k̂in in the
x, y, z coordinate system.
Besides, the unit wave vector of the incident ray can also be

described by the incidence angle α and the azimuth angle φ
in the x, y, z coordinate system:

k̂in =
(
x̂ ŷ ẑ

) sinα cosφ
sinα sinφ
cosα

 . (8)

Comparing Eq. (8) with Eq. (7), we can get the following
equations for the incidence angle and the azimuth angle:

α = arccos (kinZ ) . (9)

sinφ =
kinY√
1− k2inZ

, cosφ =
kinX√
1− k2inZ

. (10)

B. ANALYTICAL FORMULAS FOR A RAY THROUGH THE
ELECTRO-OPTIC CRYSTAL WITH AN ARBITRARY INCIDENT
DIRECTION
Refraction in uniaxial crystals generally gives rise to two
refracted rays: an ordinary ray, which follows Snell’s law,
and an extraordinary ray, which does not follow Snell’s law.
Nevertheless, when the crystal is biaxial symmetry, the two
refracted rays are both extraordinary rays. The complexity of
describing the propagation direction of the extraordinary ray
lies in the fact that first the refractive index of the extraor-
dinary ray varies in space, and second, the wave vector of
the extraordinary ray is in general not parallel to its Poynting
vector.

Due to a field-free uniaxial crystal generally becomes
biaxial symmetry and the principal dielectric axes of the
crystal rotate under the influence of an applied electric field,
the task to describe the refraction in an electro-optic crystal is
more complicated. For ease of description, the two refracted
rays in the electro-optic crystal are represented by ray A
and ray B, respectively. As shown in FIGURE 2, the two
refracted rays propagate along different directions in the
electro-optic crystal. Although the extraordinary ray does not
follow Snell’s law, the refraction in electro-optic crystals can
also be described by the electromagnetic wave theory. In our
previous work, according to the refractive index ellipsoid
theory and the electromagnetic wave theory, we derived a
set of analytical formulas to calculate the refractive indices,
the wave vectors, and Poynting vectors of the two refracted
rays in electro-optic crystals with an arbitrary incident direc-
tion [13]. The refractive indices of the ray A and ray B can be

FIGURE 2. The propagation of a ray passing through the electro-optic
crystal with an arbitrary direction. EnI: Entrance interface; ExI: Exit
interface; SA, SB are the Poynting vectors of the refracted ray A and the
refracted ray B; Sex,A and Sex,B are the Poynting vectors of the exiting
ray A and the exiting ray B.

calculated by the following equations:

nA =

√
B+
√
B2 − 4AC
2A

, (11)

nB =

√
B−
√
B2 − 4AC
2A

. (12)

with the parameters:

A = n2e, (13)

B = 2n2e
(
n2o + n

2
E

)
− n2i sin

2 α
(
n2o − n

2
e + n

2
E

)
− 2nonEn2i sin

2 α

×

[(
1− 2 sin2 φ

)
cos 2θ + 2 sinφ cosφ sin 2θ

]
,

(14)

C =
(
n2o − n

2
E

)2
n2e + n

2
i sin

2 α

×

[(
n2o + n

2
E

)
n2e −

(
n2o − n

2
E

)2]
− 2nonEn2en

2
i sin

2 α

×

[(
1− 2 sin2 φ

)
cos 2θ + 2 sinφ cosφ sin 2θ

]
.

(15)

where no and ne are the ordinary refractive index and the
extraordinary refractive index of the field free electro-optic
crystal, respectively; ni is the refractive index of the light in
the isotropic medium; nE is the change of refractive index
induced by the applied electric field; θ is the rotation angle of
the principal dielectric axes when the electric field is applied
on the crystal.

Expressions which allow calculation of the wave vectors
of the refracted rays in the electro-optic crystal are functions
of the refractive indices, the incidence angle, and the azimuth
angle. The unit wave vectors of the two refracted rays can be
expressed as:

k̂A =
(
x̂ ŷ ẑ

) ni sinα cosφ/nAni sinα sinφ/nA√
1− n2i sin

2 α/n2A

. (16)
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k̂B =
(
x̂ ŷ ẑ

) ni sinα cosφ/nBni sinα sinφ/nB√
1− n2i sin

2 α/n2B

. (17)

For a ray with the refractive index n in an electro-optic
crystal, the Poynting vector of a refracted ray depends on the
refractive index and the corresponding wave vector k. The
equation for the Poynting vector can be described by

S =
(
x̂1 x̂2 x̂3

)


(1+ H) n21 − n
2

√
1+ H

(
n21 − n

2
) (k · x̂1)

(1+ H) n22 − n
2

√
1+ H

(
n22 − n

2
) (k · x̂2)

(1+ H) n23 − n
2

√
1+ H

(
n23 − n

2
) (k · x̂3)


,

(18)

where the auxiliary factor is

H =

[
3∑
1

n4j
(
k · x̂j

)2
/
(
n2 − n2j

)2]−1
. (19)

where x̂1, x̂2, x̂3 are the unit vectors along the electric field
induced principal dielectric axes of the electro-optic crys-
tal. The relationship between the unit vectors x̂1, x̂2, x̂3 and
x̂, ŷ, ẑ can be expressed as

(
x̂1, x̂2, x̂3

)
=
(
x̂, ŷ, ẑ

) cos θ − sin θ 0
sin θ cos θ 0
0 0 1

. (20)

Therefore, substituting the expressions for the refractive
indices and the wave vectors of the two refracted rays into
Eq. (18) and Eq (19), we can obtain the Poynting vector of
the ray A(SA) and the Poynting vector of the ray B (SB). In an
electro-optic crystal, the energy flux propagates along the
Poynting vector, while the phase increase along the wave vec-
tor. Because of the wave vector is generally separated from its
Poynting vector in the electro-optic crystal, the optical path
lengths of the ray A and the ray B in the electro-optic crystal
can be described as

OPLA = nAL

(
k̂A · SA

)
(
SA · ẑ

) . (21)

OPLB = nBL

(
k̂B · SB

)
(
SB · ẑ

) . (22)

C. THREE-DIMENSIONAL POLARIZATION RAY TRACING
CALCULUS FOR THE ELECTRO-OPTIC MODULATOR
On the basis of Subsections (A) and (B), the evolution of the
polarization state along a ray path through the electro-optic
modulator should be further precisely quantified. Because
of the incident direction is arbitrary, it is more conve-
nient to quantify the evolution of the polarization state in
three-dimensional space. The three-dimensional polarization
ray tracing calculus is a generalization of the two-dimensional

Jones calculus into the three-dimensional global coordinate
system [14]. In the calculus, the polarization state is described
by a 3×1 polarization vector and the changes in the polariza-
tion state are characterized by a series of 3×3 polarization ray
tracing matrices. The polarization vector of the incident ray
can be characterized by E0 [15]:

E0 = E0 exp (iφ0) Ê0, (23)

where E0 exp(iϕ0) is the complex magnitude of incident
polarization vector E0; Ê0 is the unit direction vector which
satisfies the following equation:

Ê0 · Ê∗0 = |Ex |
2
+
∣∣Ey∣∣2 + |Ez|2 = 1. (24)

Referring again to FIGURE 2, when the ray at the cen-
ter of the incident light beam passes through the crystal,
the evolution of polarization state consists of three parts,
namely, the interaction between the ray and the entrance inter-
face, the phase accumulation between the entrance interface
and the exit interface, and the interaction between the ray and
the exit interface. Due to the refraction in the electro-optic
crystal gives rise to the ray A and the ray B, two polar-
ization ray tracing matrices should be used to characterize
the interaction between the incident ray and the entrance
interface. The unit Poynting vector of the incident ray is Ŝin
which is equal to its unit wave vector k̂in. In the isotropic
medium, two orthogonal eigenmodes (s-polarization state
and p-polarization state) can be expressed as

Ês =
Ŝin × ẑ∣∣∣Ŝin × ẑ

∣∣∣ , Êp =
Ŝin × Ês∣∣∣Ŝin × Ês

∣∣∣ . (25)

We consider the two refracted rays are polarized in ÊA
and ÊB, respectively. The unit Poynting vectors of the two
refracted rays are represented by ŜA and ŜB. According to
Reference [16], the polarization ray tracing matrices for the
refraction at the entrance interface can be described by the
following equations:

Pin,A =
(
tsAÊA tpAÊA ŜA

)
·

(
Ês Êp Ŝin

)T
.

(26)

Pin,B =
(
tsBÊB tpBÊB ŜB

)
·

(
Ês Êp Ŝin

)T
.

(27)

where tij (i = s, p; j = A,B) is the amplitude transmission
coefficient that the i polarization state of the incident ray in
the isotropic medium refracts to the j polarization state of the
refracted rays in the electro-optic crystal.

For the phase accumulation between the entrance interface
and the exit interface, the optical path lengths of the two
refracted rays should be incorporated into the polarization ray
tracing matrices:

POPL,A =
(
ei

2π
λ
OPLAÊA 0 ŜA

) (
ÊA ÊA⊥ ŜA

)T
,

(28)
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POPL,B =
(
0 ei

2π
λ
OPLBÊB ŜB

) (
ÊB⊥ ÊB ŜB

)T
,

(29)

where 0 is a 3×1 zero vector; ÊA⊥ and ÊB⊥ are two pseudo
polarizationmodes conveying no power and orthogonal toÊA
and ÊB, respectively.
For the interaction between the ray and the exit inter-

face, we also utilize two polarization ray tracing matrices to
quantify the evolution of the polarization states at the exit
interface:

Pex,A =
(
tAsÊAs + tApÊAp 0 Ŝex,A

)
·

(
ÊA ÊA⊥ ŜA

)T
. (30)

Pex,B =
(
0 tBsÊBs + tBpÊBp Ŝex,B

)
·

(
ÊB⊥ ÊB ŜB

)T
. (31)

Consequently, the total polarization ray tracing matrices to
describe the evolution of the polarization states through the
electro-optic crystal can be calculated by

Ptotal,A = Pex,A · POPL,A · Pin,A. (32)

Ptotal,B = Pex,B · POPL,B · Pin,B. (33)

Utilizing the orthogonal relations between the eigenmodes
and substituting Eqs. (26)–(31) into Eq.(32) and Eq.(33), the
total polarization ray tracingmatrices can be expressed in (34)
and (35), as shown at the bottom of the next page.

Up to now, we have obtained the total polarization ray
tracing matrices for the ray A and the ray B through
the electro-optic crystal. When these two rays exit the
electro-optic modulator, we use 3×1 vectors Etotal,A and
Etotal,B to characterize the exiting polarization vectors of the
ray A and the ray B. These two vectors can be described by
the following equations:

Etotal,A = PN · · · Ptotal,A · · · P1E0, (36)

Etotal,B = PN · · · Ptotal,B · · · P1E0, (37)

where the matrix Pk (k = 1, 2, . . . ,N) is utilized to quantify
the evolution of the polarization state through the polarizing
optical element k.

Here, we assume that the amplitude distribution function of
a light beam with arbitrary incident direction is f (x, y). The
exiting ray A and the exiting ray B are the rays at the center
of the two exiting light beams whose amplitude distribution
functions are fA(x, y) and fB(x, y), respectively. When the
interference of the two exiting light beams is effectively total,
the polarization vectors of the exiting light beams can be
written as a sum:

Esum = PN · · ·
(
Ptotal,A + Ptotal,B

)
· · · P1E0

= Etotal,A + Etotal,B. (38)

The intensity corresponding to the polarization vector
Esum can be expressed as

Isum = (Esum)
† Esum. (39)

where the † notation is used to represent the transpose of a
matrix.

However, for a tilt incident light beam, these two exiting
light beams are divergent and are partially interfered with
each other. The combined polarization vector of the ray at
the point (x, y) is:

E (x, y)

= PN · · ·
[
fA (x, y)Ptotal,A + fB (x, y)Ptotal,B

]
· · · P1E0

= fA (x, y)Etotal,A + fB (x, y)Etotal,B. (40)

Then, the light intensity of the ray at the point (x, y) can be
written as

I (x, y) = f 2A (x, y) Itotal,A + f
2
B (x, y) Itotal,B

+ fA (x, y) fB (x, y)
(
Isum − Itotal,A − Itotal,B

)
.

(41)

where Itotal,A and Itotal,B are the intensity of the ray A and the
ray B, which can be expressed as

Itotal,A =
(
Etotal,A

)† Etotal,A. (42)

Itotal,B =
(
Etotal,B

)† Etotal,B. (43)

Consequently, for a light beam incident with an arbitrary
direction, the light flux 8 of the light beams exiting from
the electro-optic modulator can be described by the following
equation:

8 =
(
Isum − Itotal,A − Itotal,B

) ∫ +∞
−∞

∫
+∞

−∞

fA (x, y)

× fB (x, y) dxdy

+ Itotal,A

∫
+∞

−∞

∫
+∞

−∞

f 2A (x, y) dxdy

+ Itotal,B

∫
+∞

−∞

∫
+∞

−∞

f 2B (x, y) dxdy. (44)

III. RESULTS AND DISCUSSIONS
In section II, the theoretical model of the electro-optic
modulator with three kinds of alignment errors has been
established. As an application, we analyze the distribution
characteristics of the exiting intensity of an electro-optic
modulator under different alignment errors.
A z-cut lithium niobite (LN), a remarkable optical material,

is chosen as the electro-optical crystal. The dimension of
the LN crystal is 9 mm × 9 mm × 18.8 mm (x × y × z).
A polarizer and an analyzer are placed on both sides of the
lithium niobate crystal. The transmission axis of the polarizer
is parallel to the X -axis of the global coordinate system, while
the transmission axis of the analyzer is perpendicular to the
X -axis. Besides, theαG changes from 0 degree to 6 degree and
φG changes from 0 degree to 360 degree. In order to facilitate
the analysis, we consider that the exiting two light beams
strike at the same pixel of a detector array due to the divergent
distance is smaller than the pixel size of the detector array.
As shown in FIGURE 3 and FIGURE 4, the theoretical results
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of the exiting intensity are presented in a polar coordinate
system.

Without the effect of the applied electric field, the LN crys-
tal is uniaxial symmetry. FIGURE 3 (a) shows the distribution
of the exiting intensity of the electro-optic modulator without
alignment error and is a classic conoscopic interference pat-
tern of the uniaxial crystals. The interference pattern consists
of a set of concentric circles and a dark Maltese cross. The
center of the concentric circles is the imaging point (the red
dot) of the optical axis of the electro-optic modulator. The
two centerlines of the dark Maltese cross are represented by
the green straight lines in FIGURE 3 (a) and are oriented
along theX -axis and the Y -axis, respectively. The intersection
point of the two green straight lines represents the position of
the LN crystal melatope. When the LN crystal is perfectly
installed, the optical axis of the LN crystal coincides with
the optical axis of the electro-optic modulator. Consequently,
the position of the melatope coincides with the imaging point
of the optical axis of the electro-optical modulator.

FIGURE 3. Distribution of the exiting intensity when the applied voltage
is zero. (a) Without alignment error; (b) The horizontal error angle is
1 degree; (c) The vertical error angle is 1 degree; (d) The rotation error
angle is 10 degree.

FIGURE 3 (b) and FIGURE 3 (c) describe the distributions
of the exiting intensity of the field-free LN electro-optic
modulator when the horizontal error angle is 1 degree and
the vertical error angle is 1 degree, respectively. For these two
alignment error conditions, the optical axis of the LN crystal
does not coincide with the optical axis of the electro-optic

modulator. The positions of the crystal melatope separate
from the imaging point of the optical axis of the electro-
optic modulator in the direction of the Y -axis and in the
direction of the X -axis, respectively. FIGURE 3 (d) presents
the distribution of the exiting intensity when the rotation
error angle is 10 degree. Comparing FIGURE 3 (d) with
FIGURE 3 (a), the distributions of the exiting intensity are
the same for these two alignment conditions.

Furthermore, the centroids of each independent white area
of a conoscopic interference pattern distribute on the two blue
straight lines and the intersection point of the blue straight
lines coincides with the intersection point of the green straight
lines, as shown in FIGURE 3 (a)–(d). The angles between
the X -axes and the blue straight lines are 45 degree and
135 degree, respectively. The directions of the green straight
lines and the blue straight lines in FIGURE 3 (a)–(d) do
not change with the alignment error angles, which means
that the direction of the dark Maltese cross is determined by
the transmission axes of the polarizer and analyzer when the
applied voltage is 0V.

When the voltage applied on the LN crystal is the half-
wave voltage, the LN crystal becomes biaxial symmetry
and free principal dielectric axes of the crystals may rotate
45 degree around its optical axis to the field-induced principal
dielectric axes. The distributions of the exiting intensity under
different alignment errors are presented in FIGURE 4. Com-
paring FIGURE 4 (a) with FIGURE 3 (a), one can observe
that the gray value of the center area of the conoscopic inter-
ference pattern changes from black to white and the concen-
tric circles transform into ellipses when the half-wave voltage
is applied on the LN crystal. However, the centroids of each
independent white area distribute on the two blue straight
lines shown in FIGURE 4 (a) and the intersection point of the
two blue straight lines still coincides with the imaging point
of the optical axis of the electro-optic modulator. The angles
between these two blue straight lines and the X -axis are also
45 degree and 135 degree, respectively.

For the horizontal error and the vertical error, as shown in
FIGURE 4 (b) and FIGURE 4 (c), the intersection points of
the blue straight lines separate from the imaging point of the
optical axis of the electro-optic modulator in the direction
of the Y -axis and in the direction of the X -axis, respec-
tively. FIGURE 4 (d) describes the distribution of the exiting
intensity of the electro-optic modulator when the rotation
error angle is 10 degree. Unlike the distribution character-
istics of the exiting intensity of the field-free electro-optic
modulator shown in FIGURE 3 (d), the exiting intensity is
seriously affected by the rotation error angle when the voltage
applied on the LN crystal is the half-wave voltage. Besides,

Ptotal,A =
[
tsAei

2π
λ
OPLA

(
tAsÊAs + tApÊAp

)
tpAei

2π
λ
OPLA

(
tAsÊAs + tApÊAp

)
Ŝex,A

] (
Ês Êp Ŝin

)T
. (34)
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[
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2π
λ
OPLB

(
tBsÊBs + tBpÊBp

)
tpBei

2π
λ
OPLB

(
tBsÊBs + tBpÊBp

)
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] (
Ês Êp Ŝin

)T
. (35)
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FIGURE 4. Distribution of the exiting intensity when the applied voltage
is the half-wave voltage. (a) Without alignment error; (b) The horizontal
error angle is 1 degree; (c) The vertical error angle is 1 degree; (d) The
rotation error angle is 10 degree.

the centroids of each independent white area distribute on
four blue straight lines shown in FIGURE 4 (d). These four
intersection points of the blue straight lines are symmetric
distribution around the imaging point of the optical axis of
the electro-optic modulator.

The distribution characteristics of the exiting intensity
shown in FIGURE 3 and FIGURE 4 are useful to achieve
high precision alignment of the electro-optic modulators in
practical applications. The schematic diagram of the exper-
imental setup designed for recording the exiting intensity
of the electro-optic modulator based on the LN crystal is
presented in FIGURE 5. A collimated laser beam is produced
by a 660-nm-wavelength diode laser and corresponding col-
limator. Two linear polarizers with high extinction ratio and
high laser damage threshold are chosen as the polarizer and
analyzer. The extinction ratios are larger than 10000:1 and the
laser damage thresholds is up to 25W/cm2. The polarizer is
used to transform the polarization state of the collimated laser
beam to polarize along the X -axis and the radius of the laser
beam is controlled by the stop. The laser beam is then focused
onto the entrance interface of the LN crystal by lens 1 which
is confocal with lens 2. The laser beam exiting from the LN
crystal is collimated by lens 2 and then propagates through the
analyzer. The exiting laser beam is received by the camera.

FIGURE 5. Schematic diagram of the experimental setup.

As described in FIGURE 3, when the applied voltage is
zero, the directions of the blue straight lines that consist of
the centroids of each independent white area do not affected
by the alignment errors. Before the electric field is applied
on the LN crystal, we rotate the polarizer and the analyzer
around the optical axis of the electro-optic modulator to make
sure the angles between the X -axis and the straight lines
that consist of the centroids are 45 degree and 135 degree.
Consequently, the transmission axes of the polarizer and
the analyzer are aligned with the X -axis and the Y -axis,
respectively. Then the half-wave voltage is applied on the LN
crystal and the crystal is rotated around the optical axis of the
electro-optic modulator to make sure the centroids distribute
on two straight lines.

The method to determine the directions of the straight
lines consist of the centroids is presented in FIGURE 6.
First, the gray image produced by the camera is processed by
the binarization algorithm, open-operation algorithm, close-
operation algorithm, and median filtering algorithms. Then,
the centroids are extracted from each independent white area
and are marked with the blue dots. Finally, the centroids
are fitted with the blue straight lines. The angles between
the X -axis and the blue straight lines in FIGURE 6 (a)
are 45.0062 degree and 135.0051 degree, respectively. The
angles between the X -axis and the blue straight lines in
FIGURE 6 (b) are 45.0078 degree and 135.0042 degree,
respectively. As far as we know, the azimuth measurement
accuracy of the commercial off-the shelf polarimeters are
generally less than 0.25◦. Consequently, the theoretical align-
ment precision of this method is much higher than that of the
commercial off-the-shelf polarimeters.

FIGURE 6. Determination of the directions of the straight lines that
consist of the centroids of each independent white area: (a) The applied
voltage is zero; (b) The applied voltage is the half-wave voltage.

In order to align the transmission axes of the polarizer and
the analyzer with the X-axis and the Y-axis, we first place the
analyzer before the stop and utilize a power meter to measure
the light beams exiting from the analyzer. Then, we rotate the
analyzer around the Z-axis until the output result of the power
meter is the smallest to make sure the orthogonal relationship
between the transmission axis of the polarizer and the trans-
mission axis of the analyzer. Afterwards, we use the camera to
record the exiting intensity and utilize the method described
in Figure 6 (a) to extract the angles between X-axis and the
two straight lines. Finally, repeat the procedures to make
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sure the angles between X-axis and the two straight lines are
gradually close to 45 degree and 135 degree. In order to make
sure the centroids distribute on two straight lines, when the
half-wave voltage is applied, we utilize the method described
in Figure 6 (b) to extract the angle between the X-axis and
the straight lines. Then, we rotate the lithium niobate crystal
until the angle between the X-axis and the straight lines are
gradually close to 45 degree and 135 degree.

It is worth noting that the measurement uncertainty of the
power meter may affect the adjustment of the orthogonal
relationship between the transmission axis of the polarizer
and the transmission axis of the analyzer.Moreover, the polar-
izer and the analyzer are mounted in two continuous rotation
mounts which offer 2◦ graduation marks. It is difficult to
rotate the polarizer or the analyzer at a very small angle. In the
experiments, when the applied voltage is 0 Vπ , the angles
between the X-axis and the two straight lines are gradually
close to 44.89 degree and 134.97 degree. When the half-wave
voltage is applied, the angles between the X-axis and the
two straight lines are gradually close to 45.15 degree and
134.83 degree. If the polarizer and the analyzer are mounted
on high precision rotationmounts, higher alignment precision
can be achieved in the experiments. The experimental exiting
intensity results of the electro-optic modulator are presented
in FIGURE 7. Comparing FIGURE 7 with FIGURE 3(a) and
FIGURE 4 (a), the experimental intensity results strongly
agree with the theoretical intensity results, which indicates
the validity of the theoretical model for the electro-optic
modulator.

FIGURE 7. The experimental exiting intensity results of the high precision
aligned electro-optic modulator. (a) The applied voltage is zero; (b) The
applied voltage is the half-wave voltage.

IV. CONCLUSION
Electro-optic modulators are an integral part of a wide
range of modern optical systems. In order to provide the-
oretical guidance in aligning the modulators, a model for
the electro-optic modulator with three kinds of alignment
errors is established in this paper. Utilizing the model,
the distribution characteristics of the exiting intensity of an
electro-optic modulator based on lithium niobite crystal are
discussed. Regardless of whether or not a voltage is applied
on the modulator, the horizontal error angle and the vertical
error angle will induce a horizontal offset and vertical offset
of the conoscopic interference patterns. When the applied
voltage is zero, the rotation error angle does not influence

the distribution of the exiting intensity. However, the exiting
intensity is seriously affected by the rotation error angle
when the voltage applied on the LN crystal is the half-wave
voltage. Based on the distribution characteristics of the exit-
ing intensity, the LN electro-optic modulator is accurately
aligned and the experimental results agree very well with the
corresponding theoretical results.
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