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ABSTRACT The stabilization problem for a class of discrete network control system with time-delay and
packet loss in both S-C side and C-A side is researched in this paper. Firstly, two independent discrete
Markov chains are used to describe the network time-delay from sensor to controller and the network
time-delay from controller to actuator. Two random variables obeying the Bernoulli distribution are
employed to describe the packet loss between the sensor and the controller and the packet loss between
the controller and the actuator. Secondly, a mathematical model for closed-loop system is established.
By constructing the appropriate Lyapunov-Krasovskii functional, the sufficient conditions for the existence
of the controller and observer gain matrix are obtained under the condition that the transition probabilities
of S-C time-delay and C-A time-delay are both partly unknown. Finally, two examples are exploited to
illustrate the effectiveness of the proposed method.

INDEX TERMS Time-delay, packet loss, observer, stabilization, networked control system, Lyapunov—
Krasovskii functional.

I. INTRODUCTION

Networked control system (NCS) has a great many advan-
tages, such as easy expansion, easy diagnosis and low cost,
and it is widely used in industrial control, environmen-
tal monitoring, military and other fields [1]-[3]. However,
the introduction of the network inevitably produces the time-
delay, packet loss and other problems [4]-[6], which makes
the performance of the control system degraded and may
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even lead to system instability. How to design the controller
for NCS with time-delay and packet loss has attracted the
attention of many scholars and a lot of research results have
appeared [7]-[11].

The network of the NCS exists not only between the sensor
and the controller (sensor to controller, S-C) but also between
the controller and the actuator (controller to actuator, C-A),
and both networks will experience time-delay and packet
loss. However, among the existing literatures on stabilization
controller design for NCS, some literatures only considered
the time-delay of two networks, and some literatures only
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considered the packet loss of two networks, and some liter-
atures only consider the time-delay and packet loss of S-C
side or C-A side. The existing literatures on controller design
for NCS can be divided into the following three types:

The first type of literatures only considered time-delay.
The S-C time-delay was described by a finite-state discrete
Markov chain, and the closed-loop NCS was modelled as a
Markov jump linear system [12]. Two independent discrete
Markov chains were employed to describe the S-C time-
delay oy and C-A time-delay ¢ respectively, and the math-
ematical model of the closed-loop system was established
by the method of state augmentation. The necessary and
sufficient conditions for the stochastic stability of the closed-
loop system were obtained, and the solution method of the
state feedback controller was proposed [13]. Considering
S-C time-delay oy and C-A time-delay ¢, the H,/H con-
trol problem for a class of discrete-time NCS was inves-
tigated. Two independent Markov chains were exploited
to model the time-delay in S-C side and C-A side. The
resulting closed-loop system was a jump linear time-delay
induced by two Markov chains. Sufficient conditions for
existence of H,/H~ controller were established based on
the free weight matrix method [14]. The robust Hso fault
detection problem was investigated for the discrete NCS
with time-delay on condition that the transition probabil-
ities of time-delay were partly unknown. The closed-loop
NCS was molded as a control system which contained two
Markov chains, and the relationship between transition prob-
abilities and the minimum H, attenuation level was also
obtained [15].

The second type of literatures only considered packet
loss. Considering the S-C packet loss and C-A packet loss,
the observer-based stabilization controller design problem
was researched for a class of nonlinear NCS. The S-C packet
loss and C-A packet loss were described by two random
variables obeying the Bernoulli distribution. The controller
that made the closed-loop system stochastically mean square
stable and meet certain H, performance was designed [16].
For a class of nonlinear NCS with S-C packet loss and C-A
packet loss, the H, controller was designed as an observer-
based dynamic, such that the closed-loop system was expo-
nentially mean square stable and the effect of the disturbance
input on the controlled output was less than a minimum level
y for all admissible uncertainties [17].

The third type of literatures only considered time-delay
and packet loss in S-C side or time-delay and packet loss
in C-A side. The dynamic output feedback controller was
designed for nonlinear NCS with time-delay and packet loss
in S-C side. The time-delay and packet loss were modeled
as two independent random variables. An observer-based
dynamic output feedback controller was designed based upon
the Lyapunov theory.The quantitative relationship between
the packet loss rate and nonlinear level was derived by solving
a set of linear matrix inequalities (LMIs) [18]. For the NCS
with time-delay and packet loss, the sufficient conditions for
the existence of the fault detection filter which made the
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closed-loop system stable and achieve given H o attenuation
performance were established. Although the time-delay in
S-C side and C-A side were considered, but the packet loss in
C-A side was ignored [19].

Due to the limitation of environmental or economic con-
ditions, it is usually difficult to measure the entire states of
the controlled plant, which makes state feedback difficult to
achieve. Hence, the state observer needs to be designed, and
the state of the controlled plant can be reconstructed through
the observer to achieve the required feedback. Therefore, it is
of great practical significance to research the observer-based
stabilization for NCS [20].

In summary, the current research on the controller design of
NCS is not sufficient. To the best of our knowledge, for NCS
with time-delay and packet loss in both S-C side and C-A
side, the stabilization problem under the condition that the
transition probabilities of S-C time-delay and C-A time-delay
are both partly unknown has not been researched, which moti-
vates our investigation. Compared to the previous relevant
literatures, the main contribution of this paper is that a math-
ematical model of NCS with time-delay and packet loss in
both S-C side and C-A side has been proposed. By construct-
ing proper Lyapunov-Krasovskii functional, and separating
unknown probabilities from the known ones, the proposed
controller design method is applicable not only to the case
that the transition probabilities of the time-delay are partially
unknown, but also to the case where the transition probabil-
ities of the time-delay are known, which is less conservative
than the existing literatures.

The rest of this paper is organized as follows. The math-
ematical model of NCS with time-delay and packet loss in
both S-C side and C-A side is obtained in Section II. The main
results are provided in Section III. Section IV presents a sim-
ulation example, and the conclusions are given in Section V.

Notations: Throughout the paper, Pr{-} means mathemat-
ical probability, E{-} stands for mathematical expectation
and Var{-} denotes variance. The superscript “7”’ and “-1”
stands for the transpose and inverse of a matrix, respectively.
Diag{- - -} stands for a block-diagonal matrix. The symbol
“*> denotes the symmetric part in a symmetric matrix. P > 0
denotes a positive definite matrix.

Il. PROBLEM FORMULATION AND PRELIMINARIES

The structure of the NCS considered in this paper is shown
in Figure 1, where the switch closure indicates that the
packet transmission is successful, and the switch open indi-
cates that a packet loss has occurred. oy and ¢y denotes the
time-delay in S-C side and C-A side and takes value from
Q={0,---,oy}and E = {0, --- , ¢pp}, respectively. The
transition probability matrix of ox and ¢y is I1 = [,
® = [vpnl, respectively, where wqp, and vy, is defined as
tap = Pripgs1 = blug = a}, v = Pr{Vk+1 = n|vy = m},

respectively, where wy, > 0, vy > 0, Z Uap = 1,
b=0

oM
> v = 1.
n=0
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FIGURE 1. Structure of NCS with time-delay and packet loss.

It is usually difficult to obtain the all transition probabil-
ities of the time-delay, so it is assumed that there are some
unknown elements in the transition probability matrix of the
time-delay. For notational clarity, Vb € Q, let Q = Qj + Q¢
with Q¢ = {b : papisknown}, Q% = {b : 114 is unknown}.
If Qf is not an empty set, it is further described as
QZ_{Qk;’ ng . Qkﬁ} where q)k;; represents the pth
known element in the ath row of matrix IT with the index

<I>ka Q7 can be described as 2 —{Qka, Qka, e, Qpa
oM P,
where o; ke represents the (o3 — p)th unknown element in
the ath row of matrix IT with the index &3 R
oM—r .
Similarly, Vn € E, let E = &} gy, with B =
{n : vpgisknown}, BV = {(n Ve 1S unknown}.

If 87 is not an empty set, it is further described as
EZ"={EI<;”» Ekgl, cee, Ekgn}, where Ekl;n represents the gth
known element in the mth row of matrix ® with the index
Sk B can be described as E;"kz{E,;,ln, g E,;mM_q},

where Egn  represents the (¢y — ¢g)th unknown element in

0,
the mth row of matrix ® with the index E km

The random variable o, B which obeysMBernoulh distri-
bution is used to describe the packet loss in S-C side and
C-A side, respectively. When the random variable takes the
value of 1, it indicates that the data packet was successfully
transmitted. Otherwise, it indicates that the data packet trans-
mission failed. Random variables oy, B satisfy the following
characteristics:

Prioag = 1) = E{oy) £ @,

Pr{ay =0} =1—a,

Var{ay) = E{(ax — @)%} = (1 —@)a = o}
Pr{f = 1} = E{f} = B,
Pr{f =0} = 1 — B,

= =5 A
Var{i} = E{(Br — B*) = (1 - p)B = B}
The discrete NCS equation considered in this paper are as

follows:

Xp+1 = Axg + Buy )
k= Cxi
where x; is the system state vector, uy is the control input vec-
tor, yi is the system measurement output vector, A, B, C are
known real constant matrices with appropriate dimensions.
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The state equation of the observer is as follows:

Xi1 = Axk + Big + LGk — oiVk—o,) @
Yk = Cxy

where Xy, is the state vector of the observer, yy is the out vector
of the observer, L is the gain matrix to be determined, yy is the
system output received by the observer and uy is the control
input of the observer which expressed as

e = KXy (3)
Considering the time-delay and packet loss, the system output
vk received by the observer and the control input u; received

by the actuator can be expressed as:
Yk = 0k Yk—oy C))
up = Brug_g, 5)
Define the following state estimation error and augmentation

vector:
e = xp — X (6)
T

to=[x €] M
The state equation of the closed-loop system can be

obtained from (1)-(7):
k41 = (A + BKENG + ok EaLC kg,

+ BiBK E15i—g, ®)
- [A0] ; 0] % _[B] -~
whereA:[OA],Bz _B:|,B=[B},C=[0 —-C],

=[E-E].Ex= Lg

In order to deal with the stochastic parameter in closed-
loop system (8), it is necessary to introduce the following
definition.

Definition I [13]: For any initial system state ¢y and
initial time-delay mode op € 2, ¢o € E , if there exists a
positive definite matrix W , such that

o
E {Z I &11%1%0, 00, 4’0} <& Weo ©)
k=0
the closed-loop system (8) is said to be stochastically stable.
Remark 1: Because of the existence of the time-delay and
the packet loss in C-A side, the control input of the observer
uy in (3) is different from the control input of the controlled
system uy in (1), which brings difficulties in the controller
design.

Ill. MAIN RESULTS
In this section, the main resuls of this paper are presented.
To proceed, the following lemma is needed.

Lemma 1 [21]: For any positive definite matrix A and
two scalar 6, 9y satisfying 6 > 0y > 1, the following formula
always holds:

0

% 0
SVIHY v, <@ -6+ Y vlHU,  (10)
p=0o p=th p=to
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The following theorem presents a sufficient condition on
the stochastic stability of the system (8).

Theorem 1: Under the proposed control law (3), the result-
ing system (8) is stochastically stable if for given scalars
0<a <10 < B < 1, there exist matrices K, L and
positive definite matrices Sz, > 0, Sp, > 0, P1 > 0, P> > 0,
P3;>0, P4>0, Y1 >0, Y2 >0 such that the following
matrix inequality:

11 * * * *
T21 Tzz * * %
T 2 Y31 T3 Y33 * * <0
0 Yi 0 —P1 -1 *
0 0 Y 0 —P, -1,
(11)
where

Y11 = (A + BKE)" Sp,(A + BKE})
+02%(A+ BKE; —E)'Y|(A+BKE| —E)
+ ¢y (A+ BKE| — E) Y)(A+ BKE, — E)
+ P14+ Py + (op + 1)P3 + (ppr + 1)P4
—Y — Y2 — Sam,
Y21 = (@E2LC)" Spu(A + BKE))
+ 04 (@E,LC) Y (A + BKE| — E)
+ ¢2(@E,LC) Y2(A + BKE, — E) + Y1,
To = (@ + a7 )(E2LC) SpuErLC
+ 5@ + a?)ELC) Y E2LC
+ ¢2,(@% 4 a)ELLC) Y2E2LC — P53 —2Y7,
Y31 = (BBKE)" Spn(A + BKE))
+ 05 (BBKE) Y|(A + BKE; — E)
+¢2(BBKE|)  Y>(A + BKE| — E) + Y>,
T3, = (BBKE)" Spn(@E,LC)
+ 05 (BBKE) Y{(@E,LC)
+ ¢4 (BBKE) Y2@E,LC),
T3z = (B* + B)BKE)) SpnBKE)
+04(B* + BOBKE)) Y1 BKE,
+ 03B + BHBLKIN Y2BoK Iy —2Y — Py,

_ oM M
Spn = Z Zﬂabvmnsbrz,
b=0 n=0
holds foralla, b € Q,m,n € E. [ |

Proof: Let & =Cx+1 — &k, and construct the following
Lyapnov-Krasovskii functional:

4
A
Vi =Y Viltk. ok $1) = & o L (12)
=1
where

Vi(Cks 0% BK)=E Soran ks

k—1 k—1
Vit ok, )=y LiPiG,+ Y Ll Pag,,

p=k—om p=k—¢u
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0 k—1

k=1
V3(Sk, ok, dr)= Z Z§iTP3§i+ Z ¢y P3gp

Jj=—oy+1 i=k+j

0 k—1 k—1
+ Y Y P+ YD ¢l P,
J=—pm+1 i=k+j p=k—gi

0 k—1

Valti, o )= Y Y omEl Yi&

j=—op+1 i=k+j

0 k—1
+ D ) ¢muE hk

J=—p+1 i=k+j

p=k—oy

Obviously, one has 'y, 4, > 0.

E{AV(k, ok, ¢x)}
= E{§;<T+1Sak+1¢k+l Se+1 ok = a, ¢ = m}
- fkTSOka‘)k Sk
= E{((A + BKE){k + @E2LCli—g;
+ (ax — @)E2LC ko, + BBKE1k—g,

oM M
+(Bx — BYBKE1Gk—9)" Y D itabVmnSin
b=0 n=0

((A+ BKE)¢k + QE2LC g,
+ (ak — OELClp—oy + BBKE Gt~y
+ (B — B)BKE 1 Ck—)} — &l Samx

= ¢l (A + BKE))" Pp(A + BKE))¢k
+ ¢l (A + BKE) Ppn(@E2LC) k-0
+ ¢l (A + BKE)! Pypy(BBKE1)k—g,
+ &g, @E2LC)T Pyu(A + BKE1)Gi
+ ¢ @ELLC) Pyy(@ErLC) i
+afgl, (E2LC) Pon(BE2LC)k—o
+ ¢ @ELC) Pyu(BBK E1) i~
+ ¢4 (BBKED) Py (A + BKE1)Gk
+ ¢4 (BBKE) Pyp(@E2LC) s,
+ ¢4 (BBKE)" Pyu(BBKE1)Gi—g,
+BLel 4 (BKE\) Py BKE 5,
— &) Sam. (13)

E{AV2(Lk, ok, dr)}

=gl Pr&x — ¢l_0, P1k—oy + & P2tk

— 5 g0 P2Ck— gy - (14)
E{AV3(k, ok, ¢r)}

k
=oug Pslc— Y. PP, + 8 P3tk
p=k+1—oy
k—1
il Pt + Y. tlP3g,
p=k+1—0y41
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k—1
- Z é“pTP3Cp + om gl Paty
p=k+1—o0y
k
— Y WP+ G Patk — ¢ Patkgy
p=k+1—¢y
k-1 k—1
+ Z ¢y Paty — Z )Pty
p=k+1—¢ri1 p=k+1—¢x
k
= om{y Pk — Z £y P3Cp + & Pai
p=k+1—oy
k—1
_CkaokP_’)é‘k—ak + Z K,ZP?’;,O
p=k+1—oy
k—oy k—1
+ Y e, - Y P,
p=k+1-0}1 p=k+1—0y

k
+dm ¢ Pagk — Z

p=k+1—dy

k-1

~ 0l g Palis + )
p=k+1—¢i

k—ox k—1

+ ) GP— )

p=k+1—dr11 p=k+1—¢r

¢l Pagi + ¢l Paty
C;P4§p

)Pty

k
<om{{ P — )
p=k+1—oy

k—1

—§1<ngkP3§k—ak+ Z
p=k+1—0y

k k-1

+ D P - Y P,

p=k+1—oy p=k+1—0y

k
+dm ¢ Pagk — Z
p=k+1-¢y
k—1
~ g Pt D0
p=k+1—¢r
k k—1
DGR — )

p=k+1—¢n p=k+1—¢y
= (om + DG P3gk — &4, P3tk—o
+ @y + DG Patk — &l Pati—g- (15)
E{AV4(Sk, ok, 1)}

¢ Pty + ¢l P3g

) P3g,

¢l Pagk + ¢l Paty
ngP4§p

¢} Pag,

k—1

=Elop&{ i} — Y omEl Nk,
p=k—oy

k—1

Z dmE) Y2k,

p=k—dyu

+E{oy &l Vati) —
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= E{o}((A+ BKE| — E); + GE2LCE—o,
+ (o — AVE2LC kg, + PBKE1Ck—gy
+ (Bt — PIBKE 5k —9,) Y1((A + BKE) — E);
+&E2LC gy + (ak — @)E2LClk—g,

+ BBKELi—g, + (Bx — B)BKE15k—g,)}
k—1

— Y omE V&, + Elgy (A + BKE — E)g
p=k—oy
+&ErLC gy + (0k — @)E2LC Lk g,
+BBKE k-, + (B — BYBKE 5k—g)' Ya
X (A+ BKE| — E)o + aE2LCli o,
+ (ax — @)E2LC ko, + BBKE15k— gy
k—1
+ (B — BBKEGk—p)} — D dmk] Yk
p=k—¢m
= o}t (A + BKE| — E)'Y{(A + BKE) — E);
+ ¢l (A+ BKE) — E) Y/(@E2LC) ko
+ ¢l (A+ BKE| — E)' Y1(BBKE1){i—g,
+4 o @E2LC) Yi(A 4 BKE) — E)gi
+ 4 @ELLC) Y(@ELLC) ko
+ o7 g (BaLC) Y1(E2LC) Gy~
+ 4 @ELC) Yi(BBKE) kg,
+¢{ 4 (BBKED Y1 (A + BKE)
+ 44 (BBKEN Y1(@E2LC) kg,
+8_ 4 (BBKE) YI(BBKE\) kg,
+¢ 4 BI(BKE) Y\BKE 5 —g,)
k—1
— Y omEl V&, + ¢yl (A+BKE —E)'Y,
p=k—oy
x (A+BKE; —E) + ¢l (A+BKE| —E)'Y,
X (@E2LC)k—g, + &I (A+BKE) —E)' Y5
X (BBKEN kg, + & (@E2LC) Ya(A
+BKE| — )i + ¢ _g, (@E2LC) Y2 (@ELLC)
X Skoy + A1 (B2 LC) Y2 (E2LC) G~
+ ¢4 @E,LC) Ya(BBK E)gk—g,
+ 4 (BBKE) Y2 (A + BKE))¢k
+ 8 4 (BBKEN) Y2@EoLC)k oy
+ 44 (BBKED Y2(BBKE\) ik g,
+¢ 4 BI(BKE) Y2BKE 5 —g,)

k-1
— Y duE Nk, (16)
p=k—dm

Since
k-1 k-1

- Z om} V1€, — Z PmE, Vo€,

p=k—om p=k—dm

2517



IEEE Access

Y. Wang et al.: Stabilization for NCS With Time-Delay and Packet Loss in Both S-C Side and C-A Side

k—1 k—a—1
<= Y a@&ng - ) (om—ak g,
p=k—a p=k—opy
k—1 k—m—1
- méy Vokp — Y (dm —mE) Vakp,
p=k—m p=k—dm

by Lemmal, one can obtain:

k—1 k—a—1

— > @IV, — Y (om — ) Vi,
p=k—a p=k—om
k—1 k—m—1

— Y omE[YVaE, — > (pu —m)EL Yok,
p=k—m p=k—dm

< = [ — Sk—a)" Y[k — Ck—al

— [Ck—a = Sk 1 Y1[Ch—a — Chrpy )

— (& = Sk=m]" Yal&k — Ck—m]

— [k=m = Gy ) Yol &k — Ck—epy - (17)
From (13)-(17), one can get:

E{AV;}

X Tk
—Amin (= V)X Xk
—ellxel*
—ellgll?, (18)

IATA

IAIA

where

T
=6 G G g S |
e = inf{—Anin(—=71)} > 0.

From (17), for any positive integer N > 1:

E {gn ;k||2}

< 1/eE{(Vo} — 1 /eE{Vy 1}
< 1/eE{Vo}
= 1/8§kTFUO¢0§k.

It can be seen from Definition 1 that the closed-loop system
(8) is stochastically stable, which completes the proof. O

The sufficient conditions in Theorem 1 need to be fur-
ther processed to obtain the controller gain matrix K and
the observer gain matrix L, thus Theorem 2 is obtained as
follows:

Theorem 2: For given scalars 0 < o < 1,0 < B < 1,
if there exist matrices K, L and positive definite matrices
Sams Sbns Mpp, > 0,P1 > 0,Py >0,P3 >0,P4>0,Y] >0,
Y> >0,Z; > 0,7, > 0 such that

Wiy * * *

uwv\y  pv¥np * *

uv\Wsg 0 uv\Wsz * <0, (19
Yogzp 0 0 Aggap

2518

AT * * *
PAVSY vWoo * * 0
W3 0 vWs3 * =
| Va0 0 Ay
Vb e Q) (20
AT * * x ]
u¥  pp» * * -0
w3 0 u¥ss * ’
| Vogap, 0 O Aggay
Vn e 1)
\2F * * *
Uy Uy * * 0
W3 0 i3 * <%
| Vagay, 0 0 Aanay
Vb e Q4 Vne B, (22)
SpnMpn = E, Ypr =E, pefl,2} (23)
where
\1’11 * * * *
Y1 —P3-2Y; * * *
VUi=|2 0 —P4—2Y> * * ,
0 Y1 0 —P1 —Y1 *
0 0 Y, 0 —P,—Y,
A+ BKE; —E aF,LC BBKE; 0 0]
Uy = oy 0 a1 EbLC 0 00|,
i 0 0 BIBKE; 0 0 |
Uy, = Diag{—Z1, =21, —Z1},
[A+BKE —E &E,LC BBKE; 0 0]
D31 = Py 0 a1 EbLC 0 00|,
0 0  BIBKE; 0 0

V33 = Diag{—2, — 2, —2p},

Wiy =Py + P+ (om + DP3 + (¢ + DP4 — V)
—Y2 — Sam,

Agezn = Diag{Agezn Ageer Aqeap),

Agagm = Dlag{—MQk? B e T Mng E,{{In},

i T
T < - -
Vaagn = | WL, 0 W, 0 Waig
QEY T | TerEp TopEp ToE! |
- T =T
T = . =
\DQZEZ’ = [ /Mquiz Um.:kin m Maﬁkg v'”‘”“ké," m :I’

7 / = ol .. mov.s—nl
wézgf = /Lan? vmakrln nz Manﬁ Ummklrlrz 772 ]’
-7 I Vo al ... Vs T
KDQZEkm = l“an? mEjm N3 /,ank;; mEm n |,

Agqe gm = Diag{Aga am Age gm Age zm},

Aga gn = Diag{_MbEkqn . MbEkgz},

uk =
w! T el o

ey = | Yaysy Ynoep Yeus |
- ~T T

T = =
\IJQZkEZl = [ /Vm.:k;n m /Vm.:kgz m :I,
17T _ Vi = A V= =T
‘I'nge;{" = [\/ mEym 112 VmEg |,
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~T T =T
_ VinE PN /UmE
lIJsz Ekm = |: m k{" ’73 m ktr]n n3 ] S

Aqegr = Diag{Aqeen Aqeer Aqeen )

k ~uk
Aqegm = Dlag{—Mszk?n cee— Mszkgn},
wl —~T \TEA -7
amm — \\/J - W - v =
&g | TofEn ToiEn CXER |7

- r =T =T

lI!TZE,,,k = Maszkiﬂ?] T //Langnl ] ,
u L

- r =T =T

Ulyon = [\ [Haogls - JPasigis ]

~T r =T =T

\IIQ%E:Z( = I /MQQ"? 3 /M“Qkﬁ 3 ],

Aqq an = Diag{Agq an Aoy an Aoy an ),

Aga, zm = Diag{—Mpy . .. — My},
W gn = | BT N o,
Quk Sk sz Erunk sz E’unk Qﬁk E;nk ’
iT =T =T
Yoa gn = [af - a1 ].
o7 [T =T
Woo gn =[5 - 3 ],
Ve zn = [l o il ]
Qe — L3 31
m=[m 00],
m=[0 m 0],

m = [A+ BKE; aE>,LC BBKE, 0 0],
m=[0 aELC 0 0 0],
n3=[0 0 BBKE; 0 0],

n= Z Hab,

beQ

n= Z Mab,

beQ,

[
73=[00 n3],

[

[

holds for all @, b € 2, m, n € E, the closed-loop system (8)
is stochastically stable. |

Proof: Letting Y'O_1 = Zy,,p € {1,2}, by the Schur
complement, Y in (11) can be written as:

T
Vi ox ox nm|
T = | ¥y Wop % +{ 0 Spn
V3 0 W33 0
0 T
[m 0 0]+ | m | Sea[0 m2 O]
0
017"
+1 0| Spu[0 0 n3]
n3
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Wi o *
= (uv+ v+ pv + pav)(| Yo W *
W3 0 W33
+ 111 Spniit + 713 Senilz + 713 Spnil3)
Wi % *
= uv(| Yoy W x|+ 7] Spaily
V3 0 W33
+ 113 Spnita + 713 Spail3)
_\1111 k *k ]
+AM(| Wa W x|+ il Spailn
| W31 0 W33 |
+ 113 Snfl2 + 713 Sen13))
BT x|
+o(u(| W21 War  * |+ i1 Spait
| W31 0 W33 |
+ 713 Spuiiz + 713 Senil3))
\1’11 * k
+av(| W1 War % |+l Spails
W3 0 W33

+ 712 Spuiia + 713 Spuit).

Appling Schur complement again, one can obtain:

\1/11 * * B
wo(| War War x| + i Spailt
W3 0 W33

+ 718 Spuita + 713 Spaiiz) <0 (24)

is equivalent to

uv\ig * * *

uvWor  puvWn * *

uv\3y 0 uv¥sz ok <0 2
Yoggp 0 0 Agey

where Agzgkmz Diag{—S’]gk? RERER —Silgkg Ek,;”}‘
Letting Sb_n] = Myp,,b € Q,n € E, one can obtain (19).
Therefore, if (19) holds, then (25) holds. Since g > 0,
Vn > 0, 1f (19)-(23) hold, then (11) holds, that is, the closed-
loop system (8) is stochastically stable. ]
Remark 2: In dealing with the unknown time-delay transi-
tion probabilities, another method is to separate the unknown
probabilities from the correlation matrices and estimate the
unknown probabilities with the known ones by the related

lemma [15], for example, > > wapvpnSen < (1 —
beQl, neEY
> Map) Y, Vmn Y, 2. Spn. This method will cause
PEQ negy beQy, negy
certain conservativeness. In this paper, the unknown proba-
bilities are separated from the known ones, and the obtained
result is less conservative, as shown in Example 2.

Remark 3: This paper deals with time-delay by construct-
ing a proper Lyapnov-Krasovskii functional. Another method
is to convert the time-delay into the parameter matrix of the
closed-loop system by the state augmentation technique [13].

However, as the time-delay mode increases, the dimension of
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the closed-loop system will become high, which increases the
controller solution time. The method in this paper reduces the
dimension of the matrix for the closed-loop system.

The conditions in Theorem 2 are a set of LMIs with non-
convex constraints which can be solved by several existing
iterative algorithms. The cone complementarity linearization
(CCL) method [22] is used to transform the conditions in The-
orem 2 into the following nonlinear minimization problem
with LMI constraints.

oM M 2

Mintr{ Y > SeaMpn + Y. YoZ, ¢, s.t. (19)-(22), (26)
b=0n=0 p=1
and (27):

Spn * -
[E Mhn:|20, beQ, ne B (26)
Y, *
[E ZJ >0, pefl,2}. (27)

The procedure for solving the controller and observer gain
matrix is presented in Algorithm 1.

Remark 4: The method proposed in this paper can also be
applied to the H, control and guaranteed performance con-
trol where the relationship among the system performance,
packet loss probability and the information amount of time-
delay transition probability can be further researched.

IV. NUMERICAL EXAMPLE
In this section, two examples are presented to illustrated the
effectiveness of the proposed method.

Example 1: Consider the controlled plant with the follow-
ing parameters [18]:

0.52 —-0.69 0.3
A:[o 0.19]’ B:[o.z]’
1.5 0.7
€= [0.2 0.4]'
Assume S-C time-delay oy € Q2 = {0, 1}, and C-A time-

delay ¢ € E = {0, 1}, the transition probability matrices of
which are as follows:

0.8 0.2 ? ?
H:[ ? 7 ] G):[0.7 0.3]
The packet loss probability 1 —E{ax} = 1—a = 1-E{f} =
1 — B = 0.2. According to Algorithm 1, a set of feasible

solutions for the controller and observer gain matrices are
obtained as follows:

3.7145

5.1640 —1.8151

K = [0‘0927 —0.0083], I = |: —0.8976i| .
By the method in [15], a set of feasible solutions can also be

gotten as follows:

4.0541

K =[00268 —0.0720], L=[21661 —1.4713]

—0.362

The initial state of the system is xOT = [ 1 -0.5 ] Figure 2 and
Figure 3 illustrate the response of system state x; and x, using

2520

—— The proposed controller

0.5 The controller in [15]

A

FIGURE 2. System state x;.

1

—— The proposed controller

0.5 The controller in [15]

X

FIGURE 3. System state x,.

target
object
antenna

FIGURE 4. Angle position tracking system.

the proposed method and the method in [15]. It is observed
that the proposed method outperforms the method in [15].

Example 2: Considering the angular position tracking sys-
tem [23] shown in Figure 4, where ¢, is the angular position
of the moving object, and ¢ is the angular position of the
antenna. The function of this system is that the antenna can
rotate with the movement of the target object by applying a
voltage to the motor and satisfy ¢ = ¢,.

The state space model parameters of the angular position
tracking system are as follows:

1 0.0995 0.0039
A= [0 0.99 } B= [0.0783]
1.4 08
€= [—0.2 0.4]'
Obviously this system is unstable. Assume S-C time-delay

or € Q = {0, 1}, and C-A time-delay ¢y € E = {0, 1},
the transition probability matrix of oy and ¢ is as follows,

VOLUME 8, 2020
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Algorithm 1 Procedure for Solving the Controller and Observer Gain Matrix

1: Set the maximum number of iterations

2: Find a set of feasible solution satisfying (19)-(22), (26) and (27), and let k = 0

3: Solve the following optimization problem for variables:
oM oM

2
4 Mintr{ > 3" (Sp,Mpn + SpaMi)+ Y (YEZ, 4+ Y,Z5) 1 5.t (19)-(22), (26) and (27)
p=1

b=0n=0

: Set (Sp! = Spn, MEF = S, Y =11, Zi =2, T = 1o, Z§T = 20, KR = K LAY = 1)

n

: while number of iterations <Maximum number of iterations do

5
6
7: if (11) is satisfied then
8
9

break
: else
10 k =k + 1, gotostep 4.
11: end if

12: end while

1 1 1
0 50 100 150 200 250 300

FIGURE 5. The S-C time-delay oy.

2

b

1 1 L
0 50 100 150 200 250 300

FIGURE 6. The C-A time-delay oy.

respectively:

07 03 ? ?
H:[ 79 } ®:[0.9 0.1]
The S-C packet loss probability and the C-A packet loss
probability 1 —E{ay} = 1—a =0.1and 1 -E{B} = 1—-8 =
0.2, respectively. According to Algorithm 1, the controller
and observer gain matrices are obtained as follows:

—0.0721 —0.2065 ]

K =[-03648 —0.5975], L= [—0 0642 —0.1445

Assume that the initial state of the system xg = [2 -1 ]T,
% = [1.8 —1.2]". The time-delay o; and ¢4 is shown
in Figure 5 and Figure 6, respectively. The closed-loop system

VOLUME 8, 2020

P

1 L 1 L
0 50 100 150 200 250 300
FIGURE 7. System state x; and estimated values X;.

05

K 1 1 1 1
"0 50 100 150 200 250 300
k

FIGURE 8. System state x, and estimated values x,.

state response curve under the controller designed in this
paper is shown in Figure 7 and Figure 8.

Due to the introduced conservativeness, one cannot use the
method in [15] to obtain a set of feasible solutions for K
and L. Therefore, the method proposed in this paper is less
conservative than the method in [15].

V. CONCLUSION

In this paper, the observer-based stabilization problem is
studied for NCS with time-delay and packet loss in both S-C
side and C-A side. Under the condition that the S-C and
C-A time-delay transition probability are partially unknown,
the sufficient conditions for the stability of the closed-loop
system are obtained. The method of solving the controller and
observer gain matrix of the NCS is also proposed.
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