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ABSTRACT The paper involves the distributed robust adaptive learning coordination control for high-
order nonlinear multi-agent systems, where the leader has nonzero input and followers are subject to input
saturation. To solve the problem, two initial assumptions concerning initial state learning and alignment
initial condition are introduced, and the distributed learning protocols as well as parameter adaptive laws
are designed. It should be noted that the protocols proposed under initial state learning containing the global
information are not fully distributed, while the fully distributed protocols can be obtained by the alignment
initial condition. Through the rigorous analysis, it is proved that each follower can perfectly track the leader
on a finite time interval under both two assumptions. Then, the consensus results under the alignment
initial condition are generalized to formation control and two simulation examples verify the correctness
and feasibility of the proposed algorithms.

INDEX TERMS Adaptive coordination control, iterative learning control, high-order nonlinear multi-agent

systems, input saturation.

I. INTRODUCTION

Over the past several tens of years, great progress has been
made in multi-agent systems (MASs) coordination control,
and scholars investigated the coordination control from dif-
ferent perspectives [1], [2]. As a basic and significant issue in
coordination control, the consensus has gained much atten-
tion from the control community [3], [4], especially the
leader-follower consensus [5], [6] or consensus tracking [7]
which refers to that followers can track a leader in a dis-
tributed fashion. Whereas in earlier researches [1], [3] and
[4], the coupling gains and spectra of graph matrix must
meet some extra requirements, which contained the global
information and did not fully utilize the distributed charac-
teristics of MASs. In order to harness the drawback, some
researchers applied the adaptive control scheme to design
the fully distributed control protocols [8]-[10], where input
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saturation (IS) was not considered. Actually, most physical
systems may subject to IS as the capability of actuators is lim-
ited, and this saturated nonlinearity can cause the instability
or damage the control systems performance. Hence, it is more
practical to take into account IS in the analysis of systems.
Fortunately, many efforts have been done regarding MASs
with IS [11]-[13].

However, above literatures were implemented when time
goes to infinity. If a high precision is needed for the dis-
tributed coordination of the MASs with IS from a limited
time horizon, those documents are invalid. Iterative learning
control (ILC) is an effective approach to realize accurate
tracking performance under the repetitive environment [14],
[15]. ILC for an individual system, [16] designed an ILC
algorithm for the uncertain nonlinear systems having IS, and
[17]-[19] proposed the adaptive ILC method for non-linearly
parameterised systems having IS. Nevertheless, the results
of [16]-[19] having IS were performed under the identical
initial conditions (i.i.c) [20] which was a rigorous condition
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and may not be realized in practice. In addition, until now,
ILC has been extensively used to study MASs without IS
[21]-[23] for first- and second-order MASs and [24]-[26] for
high-order nonlinear MASs (HON-MASs), where [21]-[25]
were performed under the alignment initial condition (a.i.c)
(amore practical initial condition), whereas [26] assumed the
initial state learning containing the global information, and
[27] investigated the first-order MASs with IS using a.i.c.

Consequently, based on the aforementioned discussions,
itis highly desirable for us to dispose for the distributed robust
adaptive learning control (DRALC) problem of HON-MASs
with IS by initial state learning and a.i.c. The difficulty lies in
how to construct an appropriate Lyapunov-Krasvoskii func-
tional and deal with input saturation in order to obtain the
fully distributed protocols with filter errors in the framework
of ILC. In this paper, we put forward the DRALC algorithms
for HON-MASs with IS under initial state learning as well
as a.i.c. The nonzero input of the leader is considered. Since
the assumption of initial state learning depends on the global
information, the protocols on this occasion are not fully dis-
tributed. While the fully distributed protocols can be gained
under a.i.c. Through analyzing rigorously, the followers can
exactly follow the leader within a limited time interval. Then,
the consensus results under a.i.c are extended to formation
control. The major highlights fall into three folds.

(1) Different from [11]-[13] for MASs with IS, the perfect
consensus tracking can be achieved on a limited time horizon.

(2) Although there exist many existing literatures on IS
in ILC frame, most of them including [16]-[19] were for
an individual system and under the i.i.c. This paper is first
research on the DRALC protocols for the HON-MASs having
IS under the initial state learning and a.i.c.

(3) We present a new approach to deal with IS in
HON-MASs, which is unlike the work on ILC-based MASs
without IS [21]-[26]. Moreover, in the most relevant literature
[26], it should be noted that the fuzzy approximation tech-
nique was applied to approximate the unknown functions in
the dynamics of followers and the parameter y in initial state
learning must satisfy Lemma 2 containing the global informa-
tion related to the topology structure. Therefore, the protocols
designed in [26] were not fully distributed. Nevertheless,
to obtain the fully DRALC consensus protocols, the assump-
tion on initial state learning of this paper is changed into
the a.i.c and the fully distributed formation control is also
investigated.

The rest is displayed as the following. Section 2 states pre-
liminaries and problem formulation. Section 3 demonstrates
the DRALC consensus protocols design and Section 4 is the
extension to formation control under a.i.c. Two simulation
examples are offered in Section 5 and conclusion is given in
Section 6.

Il. PRELIMINARIES AND PROBLEM DESCRIPTION

A. PRELIMINARIES

Let G = (V, E, A) denote an undirected graph, where V =
{vi, -+, vg}is the set of vertices and E C V x V is the set
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of edges. A = [q;] € R5*S is the weighted adjacency matrix
of the graph G. If there is an edge between agents i and j, that
is, (vj, v,-) € E, then a;; = aj; > 0, otherwise a;; = a;; = 0.
Moreover, we assume that a;; = 0. The set of neighbors of
viis S = {v; : (vj,vi) € E}. The Laplacian matrix of g is
L = D—A,where D = diag{d,. - .ds} withd; = Y"7_, a;.
A path is a sequence of connected edges in a graph. For the
undirected graph G, the adjacency matrix A is symmetric and
the graph G is connected if there is a path between any two
vertices.

In what follows, we mainly consider g' associated with
the system consisting of S agents whose topology graph is
denoted by G and one leader (labeled as 0). Let b; denote the
connection weight between the agent i and the leader. If the
ith agent can obtain information from the leader, then Ei > 0,
otherwise b; = 0. It is obvious that H = L+ B is a symmetric
matrix associated with C;, where B = diag{l_n, e, Z;n}.

Lemma 1 [27]: If the graph G is connected, then the
symmetric matrix H associated with G is positive definite.

B. PROBLEM DESCRIPTION
During the kth loop, the dynamics of ith follower are gov-

erned by
kL k _
:xi’s—xi’ﬁl, s=1,2,...,n—1, o
ko =k k%
Xp o =0, 1) + sat(u;, u®),
where s = n,i = 1,2,...S;)_c;C = [xf‘l,xfz,...,x;‘n] € R"

and uf‘ € R are the states and control input of ith follower,
respectively; n()_c{‘, t) : R* x Rt — R is an unknown
time-varying Lipschitz continuously differentiable function
in )"cf (#), and piecewise continuous in ¢; sat(uf , u™) is a satu-
ration function defined in [16].

Letxf =[x} . x5 ..., x¢ ], then the MASs (1) can be
written as
)'ckzxfﬂ, s=1,2,...,n—1,
-k k ~k @)
i =n(x*,0)+u", s=n,
where n(x*, 1) = [n@f, 0, n(35, 0, ..., 0@, D" € RS,
and @ (1) = [k, @5, ..., #&17 € RS with @ = sar(uf, u*).
Assumption 1: There exist constants Iy > 0 (s =
1,2,...,n) which makes
n
n(xs, 1) — n(ys, | < le lxs — ysl,
s=1
for all x; € R" and y; € R".
The dynamics of the leader are
X0.s = X0.541, =1,2,...,n—1,
X0,s X0,54+1 s n 3)

'X..O,n = n('x09 t)+u05 s =n7

where xo = [x0,1, X0,2, - - - ,xo,n]T € R", ug € R are the states
and control input of the leader with |ug| < u*.
Denote the consensus errors as

85,(1) = xE(6) — x0,4(0), @)
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and the vector form is
8¥(1) = x¥(1) — Lgxo 5(1), Q)

where 85(1) = [8f (1,85 (),....86 0T € RS,
k@) = I, x5 (0, ....x§ 0O]T € RS and 15 =
[, 1,..., 117 e RS.

The ultimate aim of this paper is to find the proper proto-
cols uf fork € Z*, ¥t € [0,T]and i = 1,2,...,S, which
can make each follower track the leader exactly on [0, T]

along the iteration axis, that is, the perfect consensus tracking
is realized, hm 8k =0,Vte[0,T]ands=1,2,.

Moreover the distributed errors of ith follower are deflned
as

— xF) + bilxos — xfy) (6)

S
_ (K
e, = Zal](xj’s
j=1

and the compact form of the errors is
¢ = —(L +B)(x{ — Lsxo,) = —HS, (™)

k .k Lk k T S
where e = [el,x, €5 - = eS,S]. .E.R . . .
Assumption 2: Assuming the initial learning protocols is

1 0) = xf,(0) + Bef(0), ®)

where S is a designed parameter.
Lemma 2 [26]: The initial learning protocols can ensure
that klim [85(0)|, = 0, if B satisfies [II — BH ||, < 1.
—> 00

Remark 1: For any iteration, we have ||8§ 0 H2 < m with
m being a positive constant.
To design the distributed adaptive ILC protocols, the filter

errors of ith follower are denoted as
ol(t) = hief +raefy + o+ huiel e )

where Ay, A, ...,
nomial p"~! 4 A,_1p" 2 4.

An—1 are the coefficients of Hurwitz poly-
+ Aq. Then,

aek(t) = Melf + )\4265 + -4 An_leﬁ_l + e],‘l
= —HM8% + 0205 + -+ nu185 | +65)

= —Ho}, (10)
where ok(t) =0} 0k, ok]" € R® and ok =8k +
A8k 4 a8k + 8K e RS

Furthermore, to promote the subsequent analysis, define
FEo= 16D, 6D, @y DI e RSO g =

()T, )T, -, HTT e RSO-DxIp = Jo0,---,
0 I,
0,117 € Rn=Dxl gnd @ = n=2 €
] —Al —A2 = Ap—d
R(n—l)x(n—l)’ then
FF=FF = ( Q@ IOFF + (h® Is)of. (11)

Since €2 is Hurwitz, for any constant © > 0, there exists
Q € R=Dx=1) and 9T = Q, such that

Q'O+ 9Q = —pul, ;. (12)
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Remark 2: From Assumption 3, it is easy to know that
i) = (I—BH)! 1) (0) and 8{+1(0) = (I-BH)150(0),

s = 1,2,...,n. Then, oy T1(0) = (I — BH)**+150(0) and
F}’:H(O) = - ,BH)"HFO(O) which means that o (0) and
F{(0) are all bounded.

Taking the derivative of og‘ (t) yields

+ An1 85+ 8t
w188 + K —1550.)

R0y = a8k 285+
= 0185 + 08k +
= M85 a8k o ag8E
+(G*, 1) = Lsn(xo, 1) + it* — 1sug)
= ok + (G, 1) = Lsnxo, 1) + @ —Lsug),  (13)

where p¥(t) = ATFX € RS and A = [A1, A2, ..o, A1
e "1,

lil. DISTRIBUTED ROBUST ADAPTIVE LEARNING
CONSENSUS PROTOCOLS DESIGN FOR

HON-MASS WITH IS

To tackle the consensus problem of the MASs (1) and (3),
the distributed robust learning consensus protocols (DRLCP)
for ith follower are devised as

4 L) +¢f ()

uk = sar(uf um'(1)=0, Vte[0,T] (14)

and
PK(t) = sat(@f ' (1) + qi(ak)?, ). (15)

where qASt_l (1) > 0, QS?(O) > 0, g; > 0 and ¢* indicates the
saturated bound of qglk

Remark 3: 1t should be noted that the DRLCP (14) consists
of two terms. The first term sat(uf.‘ - u*) is used to deal with
the saturation nonlinearity and guarantee the perfect consen-
sus tracking on [0, T']. The second term ¢k o, 1s the adaptive
learning term with time varying coupling garns ¢l{‘ (t) having
the fully saturation difference learning laws (15), which can
make the DRLCP fully distributed. Meanwhile, from (15), qASIk
is obviously bounded, and &?(O) > ( can ensure qASlk > 0.

The DRLCP (14) can be collectively written as

uf =i drof =i — O Hof (16)
where uk = [u’{‘,ulg,.-wuﬁ]T e RS, W' =
rk Lyl g 1T eRS with i ! =sar(uy !, w*), and

dmg{qs{‘ (1), 5 (1), ..., (1)} € RS*S.

Theorem 1: For the MASs (1) and (3) with the connected
topology graph G, if Assumptions 1 and 2 hold, then the
leader can be perfectly tracked by S followers under the pro-
tocols (14) and adaptive updating laws (15) along the iteration
axis, i.e., hm(Sk 0 forvVt € [0,T],s = 1,2,.

Besides, the varlables involved in the closed loop systems are
all finite.

Proof: At the kth iteration, let us define a Lyapunov func-
tion as

1 1
vk = z(of)THag‘ + z(F{‘)T(Q ® Is)FF. (17)
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Then, the derivative of V¥ is calculated as

7' = (T HEE + (FYT (Q @ Is)F:

= (eOTHAT FE +n(e*, 1) -15n(x0, )+ 15u]
+(FHTQ R I5)(Q ® Is)FX + (h ® Is)of]

= (HTHT(Q @ I5)Ff + AT (h @ Is)of ]
+(@HTHIG!, r) — lsn(xo, 0]
+(@OTH@E — u* 4+ u* — 15u0)
+ %(Ff)T[(QQ+QTQ) ® IsIFf +(FOT (Qh®1Is)af

= @O THA' (Q @ I5)Ff + (6)"HAT (h ® Is)of
+@HTHIGEE, 1) = 15n(x0, D] — (65)THO*Hof
+ (o) H@ —u* + 7" = 15uo)

1

— EM(F{‘)TF{‘ + (FOT(Qh ® Is)af, (18)

where

@HTHIGEE, 1) — 15n(x0, 0]

= Yol (o, 1) = n&f, )]
i 1
)

X; —X0,2 —X0,n

,1_x0 1‘+lz

S+ |85+ 0 |85,

Il
'M"’l

Il
m» -

G \Fl |

1 H +ln U

k T -k
of 1T Ff|

-t

[t ot -

< Amax(D 11 [} | | ¥

b ot o |+ 11
= L ()0 f + A B + 1y 1) [ ok | [ FE]

< bymax(H)(0$)T of
A H)(||/ L, ||A 2 2
. Amax >(||2||+n|| ||)(H08k” +” FfH)
_ nax(H) @l + 1)+ L ||A||)(U§)TU§
2
Amax (EDIN + Ly 111D

2

and! =[l1, bo, ..., lh—1]".
Substituting (19) into (18) results,

(FHTFY, (19)

A0
Amax (DI Ly 1401 —
- 2
+@HTHM(Q ® IFF + (FH)T (Qh @ Is)oX
+©@HTHM (h @ Is)

(FOTFE — (eTHO Ho!
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Amax(H)QLy 4 111l + &, 1A
4 Amax(H)( n‘;” I+ &l II)ISM
+(@HTH@ —u* + 7 = 15up). (20)

At this time, select a Lyapunov-Krasovskii functional as

S
- —_ 1 o,
Eo=ve) o f (@)’ dp
i=1 1

z/ o

where ¢f(t) = ¢ — ¢¥(1) with ¢ € [—¢*, ¢*], and suf =
uf‘ — UuQ.

The rest of the proof consists of three parts, i.e., calculating
the difference between E¥ and EF 1, obtaining the bounded-
nesses of all variables and proving the consensus results.

Part I. Difference between EX and EX—1.

Denote AEX(¢) as the difference between EX and EF~1,
we have

AE* (1)
_ Fk_ gk

_ S ot L, ~ 2 -
_ k o k _ {{7] _ yk—1
_V +.Zzi/ (5 = @ 1dp— 7
T Z / £Pdp - Z / st~
=k 1 ~ ~
=/ p dp~|—22—i/ (B — @Y 1dp
Z/ 24 — Z/ = (i dp

+Vko) — Vk I (22)

According to (15), it should be noted that ¥ > ¢¥~1, (22)
becomes as

7k "ok SUE B LIC B
AE 5/ Vdp+22—q/(; [($i) —(¢; ) ldp

>[5

+ Vk0) — v" L (23)

Utilizing the algebraic relation (z — k1)> — (z — kp)? =
(ky — k)[2(z — k1) + (ki — k2)] and (15), the second term
on the right hand (RHS) of (23) changes into

I e
ZT/ (@ @Y 1dp
=Z / @302 — $+@F — ¢ dp

S
=Z /¢<¢“ )dp—Z f<¢ §i dp

VOLUME 8, 2020
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1
7 / GG~ dp

1 k—1
q—/¢(¢ +qz(0) qz(d)—fﬁ )dp

I
1 Mm i Mm I Mm

f FH B o) — 3 1d f oty dp.
(24)

In accordance with the saturation function property
(PSF) 3 in [27], it can be obtained that

FEIB " + qitot)’ — ¢
= (6 — BB + qitaly’ — B4
= [¢ — sat( @ + qi(a)’, )]

(65" + 0k = sar@ " + qi(et)’, ™))
<0. (25)

Hence, according to (24) and (25), we can know that
S
1 (1 - 2 - q2
> o |16 =@
= 24i Jo
S )
<-> /O P (p)(os) dp
i=1
S ) S )
0% [ @iPap+ Y [ dalias
i=1 i=1

t t
o [ @i talap+ [ o) HE oota
0 0
26)

From the PSF 1 in [18] and DRLCP (14), the third term on
the RHS of (23) is written as

>/ %
< Z /
- Z/ ¥ i 20 — ub)+ @k
- Z/ ﬁ—éﬁ(p)oﬁi[z(uo—uf)]dp

- Z/

-y [ ae’j.(ui-‘—uo)dp / —(oefdp
i=170

t
=f (a§)TH(1Su0—uk)dp—§/ (HTHO Hokdp.
0 0
27

7 =@ui " dp

k '—up)?1dp

—iy " Hldp

k ~k 1)2d,0

VOLUME 8, 2020

Substituting (20), (26) and (27) into (23) leads to

AEX(r)
)\max(H)(”l” + ln “}"”) — M
- 2

t
T
+ / (o) HA' (@ ® Is)Fidp
0

LT ok
/O(Fl) Fidp

t
+ f F5' (h @ Is)okdp
0

t
+ / T THAT (h® Is)
| P (2, +||z||+z I,

/ (o5 Hit

t
-3 f (o HI (D) Hofdp — / (o}) Hokdp
0 0
yk=1, (28)

oydp

— 2k + 7 Ndp

+ Vk0) —

and based on PSF 2 in [16] as well as the DRLCP (14),
we have |uf - ﬁH < qjll‘

t
/ (b HE
0

t
- _/ 05 @ — 2k + 7 V)dp
0
S t
_ Z / ok — ik +uk — @ Ndp
< Z /
< Z/
i=1 70
S t
=2y /0 i (04 dp
i=1

t
=2 / (eHTHO* Hokdp. (29)
0

/ FH Frap

1
+ / b’ HAT(Q®IS)F] dp
0

— 2 + i Ndp

~k—1 _

—I—‘u

O, (| — uf

ej

Taking (29) into (28) results
Amax (H)(IL]] + Ly IA) —

AEF1) <

t
+ / F' (Qh® Is)okdp
0

t
+ / o HAT (h @ Is)
0
a4 14y 14D

5 Islogdp
_ _ 3 1
+v"(0)—v"—1+(§¢*—¢)/0 (oHTH?6kd
(30)
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Denoting Z¥ = [(F})T, (6f)T1" brings about
t
AE* < — / Zh'eztdp + Vi) -V 3D
0
where, €2, as shown at the bottom of this page.

Then, we can select I, I, ..., [, and ¢ such that Q2 > 0.
In consequence,

t
AEX (1) < —Amin(Q) / @ Zkdp+VEO)-VE!, (32
0
where Anmin(£2) is the minimum eigenvalue of 2.
Part II. Boundednesses of all variables.

Let ¢t =T, it can be gained from (32) that

T
AEM(T) < —hmin(©) f 247 Z4dp + 74(0)
0

< vko). (33)
That is,
EXNT) < E*N(T) 4 VR 0), (34)
and
EX(t) = AEF(t) + EF (1)

< —Amin($2) / t 5T z%dp + V*(0) — VE!
S
VYo f @ dp
i1 ~1iJ0
S t 1
+ Z/O W(&tf_l)zdp
< Z 2
1 k—1\2
+ ;fo 2&5—1(8“" Ydp
= EF'(1) + VA 0)

< E*=2(T) + V%=10) + V5 (0)
< B30 + (7520) + 741(0) + 750

/ @ dp + V) + VA1)

k
< E%T)+ ) _V/(0)
=1
- maX H
< Br) 4 D S 60y 0)

j=1

where
> (@3(0) a4(0)
j=1
k T '
=Y (0(0) (I — BHY7o(0)
j=1
k .
< (00D 0(0) > " [p( — BH)IY
j=1
[o( — BH)I?
= ()T (0 36
@O o O T (36)
and
k o
> (F{(0) F{(0)
j=1
k ’ '
=Y (F)0)" (I — BH)YF}(0)
j=1
J . |
< (FYO)F©0) ) [pd — BH)Y
j=1
[p — BH)I®
= (F0)TFY©0 . 37
FO RO s (37)
As a result,
E*) < E%T) +35, (38)
where

A lpd — BHP
201 — (p( — BH))*]
 Phmax (H)(05(0))" 0(0) 4+ Amax (Q)(F(0) FP(0)].
From (38), itcan be in}uitively seen that the finiteness of EX (1)
can be guaranteed if EO(T) is bounded. B
Next, we will prove the finiteness of Eo(t), and then the

finiteness of E9(T) is obvious. In the light of the definition
of EX,

S
- 1 [t -
EO=v01) — / @00 dp
i=1 qi Jo
X[ s

Taking the derivative both sides of (39) leads to

S

Sudy’dp. (39)

kmax j i =0
+ 2(Q)Z(F{(O))TF{(0), (35) E =V +Z (¢) +Z 0)
J=1 ;
—Amax (H)(||! Ly A 1
Q= [ (X b 120+ M(In—l ® Is) —5[(Qh ® Is) + (QT ® Is)rH]

2

24 — 3¢*

o _ Cly + I 4L IMDIs +HAT (R @ IS)]

1
U@ @5 +(Q" ® IaH]" .
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 max XU+ b A1) — e
- 2
+o) HA(Q® Is)Fl
+(FHI(Qh @ I5)o) 4+ (o) [HAT (h ® Is)
A H)(2l l L, Ix
| Pman(H)C n4;|| I+ Ly ||>IS]U§
—(eNTHHo) + (e))TH@E —u® +i~! —

(F))'FY

Lsugp)

1 o2 - 1.2 SIS 1.2
+Z;[<¢?) —(¢;)]+Z;(¢;
+Z

< —@2%Tz%+ Z

—1

O — (u; 'y ]+Z2

i=1 i
N

1
(¢> D+ qugo“oz' (40)

i=1 i

Since (qS; 1)2 =(¢— qASl_ 1)2 is a positive constant and ug is
continuous on [0, T']. Therefore, there exists

S

P= Egi][; —(¢ o+ Zl qug(t)ué] <oo. (41)
It can b; ;asily got that
E) < |E°0)| + t EO‘ dp
< %(aé’(O))THa(?(on %(F?(O))T(Q ® Is)F1(0)

+TP < oo. 42)

Therefore, the finiteness of E 0(T) is obtained. In turn, the
finiteness of EF is followed. From (17) and (21), we can
acquire that Ug‘ and F {‘ are uniformly bounded, then the
finiteness of 8§ is gained, s = 1,2, ..., n. (15) renders the
finiteness of (j;lk . According to (14), uf is uniformly bounded.
Hence, the boundednesses of all signals in closed loop sys-
tems are realized.

Part III. Consensus analysis

Lastly, the learning consensus property will be verified.
From (33), we can obtain that

k
EXT)+ ) AE(T)
j=1

ENT) =

< ENT)— Amm(ﬂ)z / (ZJ)TZfdp+Z V4(0).
j=1
(43)
On account of the positiveness of Ek(T) and finite-
ko _. k .
ness of Y V/(0), the series fOT (ZHT'Zid p is convergent,
j=1 J=1
. T, kT
1
Ko Jo (@)

c'rg‘ is uniformly bounded on [0, T']. By virtue of Barbalat-

like Lemma [28], hm ag‘ = 0. Hence, hm 8k(t)
s=1,2,.

a(;‘dt = (O is followed. Also we can check (13)

, . That is to say, the leader is perfectly tracked

VOLUME 8, 2020

by each follower along the iteration axis, V¢ € [0, T]. The
proof is completed. [

Remark 4: Noting that the selection of parame-
ter B in Assumption 2 needs to satisfy the condition
(I —BH|l, < 1) in Lemma 2, which contains the
global information related to the topology graph. Therefore,
the designed protocols under Assumption 2 in Theorem 1 are
not fully distributed. In order to obtain the fully distributed
protocols, another initial condition is proposed as follows.

Assumption 3: The alignment initial condition is satisfied,
that is, x¥ (0) = x; /(7). i = 1,2,....8s = 1,2,....n
and xo ;(0) = X0, s(T).

Remark 5: It follows from Assumption 3 that xk(O) =

x*=N(T). Then, §8(0) = 8 1(T), of(0) = of7!(T) and
F"(O) Ff~ ](T)

Theorem 2: For the MASs (1) and (3) with the connected
topology graph G, if Assumptions 1 and 3 hold, then the
leader can be perfectly tracked by S followers under the pro-
tocols (14) and adaptive updating laws (15) along the iteration
axis, i.e., lim 8k =0,vt €10, T],s=1,2,...,n Besides,
the signals—fno?he closed loop systems are all finite.

Proof: Choose the same Lyapunov function and Lyapunov-
Krasovskii functional as in Theorem 1, we have

t
AE* < —Amin(S) f Z4T Z4dp + V) — TE (44)
0
Lett = T, itis obtained from Remark 5 and (44) that
T
AENT) < —Amin(R) f ZMZkdp. 45)
0

That is,
EXN(T) < EFY\(T). (46)

and

EX = AE* + E*
t

in(€) / N Zhdp 1 TRO) — V1 4 7k
0

s s
1/[ Tk—1,2 Pl k—1,2
+ D 5| @) dp+ /— ©Gu;)dp
2eag by O L ], g
So1 (T 2
VT 43 / @ 1dp
;2611‘ o

+ifT G
i=1 Y0 Z‘Z’f{_l l

= EFI(1)
< E*X(T)

IA

IA

< ET). (47)

According to (47), if EO(T) is finite, then the finiteness
of EX is ensured. In this case, it is only needed to prove the
finiteness of E9(¢), then the finiteness of E(T) is followed.
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On account of the proof of the finiteness of E%(¢) similar to
Theorem 1, it is omitted here. Last but not the least, we testify
the property of learning consensus. From (45), we know that

k
ENT) = ENT)+ ) AE/(T)
j=1

k o1
< EXT) = 2min() ) / @) Zdp.  (48)
j=1°

Owing to the finiteness of E%(T') and the positiveness of
- k .
EX(T), the series Y fOT (Z"TZid p is convergent, and the rest
i=1

is the same as Thjeorem 1, the perfect consensus tracking can
be achieved. The proof is completed. [

Remark 6: On the one hand, in the proof of Theorem 2,
the condition used in (32) are only for the consensus anal-
ysis and independent of the protocols design. On the other
hand, unlike Assumption 2, Assumption 3 does not utilize
any global information. Thus, the establishment of Theo-
rem 2 does not contain any global information, and the
designed protocols are fully distributed.

IV. FULLY DISTRIBUTED FORMATION CONTROL

ALGORITHM FOR HON-MASS WITH IS

In this part, let us focus on the the formation problem of

HON-MASs with IS. If each follower forms an expected

distance from the leader for t € [0, T'], then it means that

the MASs can realize the leader-follower formation control.
Define

X =xf = A (49)
where A; is the expected formation space for the leader

from ith follower.
The formation errors of ith follower are

85 (1) = X[ (1) — x0.1(0), (50)

and Sffs(t) are the same as (Sffs(t) defined in (4),

s = 2,3,...,n. As such, we can reformulate the formation

problem as the problem of consensus, that is, klim 8f =0.
— 00

Besides, the distributed formation errors for ith follower
are

S
k -k -k -k
€1 = Zaij(xj,l _xi,l) +bi(x0,l —Xi)l),
J=1

S
ey =Y ay(Ef — X)) + bilxos — XF), (51)
j=1

wheres =2,3,...,n.

Assumption 4: The alignment initial condition is satisfied,
ie., ¥0) = X711, 2k 0) = x TN = 1,2,....8
ands = 2, 3, ..., n; and the leader satisfies xq_s(0) = xo, (7).
Then, it follows that x¥(0) = x*=!(T). Then, 8¥(0) =
81T, af(0) = of ~1(T) and F¥(0) = Ff ().
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FIGURE 1. Communication topology graph.
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FIGURE 2. Evolutions of agents states in Case 1 of Example 1.

Theorem 3: For the MASs (1) and (3) with the connected
topology graph G, if Assumptions 1 and 4 hold, then §
followers can form the desired formation from the leader
under the DRLCP (14) and adaptive updating laws (15) with
the distributed formation errors (51) along the iteration axis,
Vt € [0, T'], and the variables in the closed-loop systems are
all finite.

V. SIMULATIONS

In the segment, a numerical example and a networked pendu-
lum systems are provided to validate theoretical results under
a.i.c. The networked pendulum systems can be considered as
the MASs. Besides, suppose that there are four followers and
one leader in both two examples. Fig.1 is the communication
topology graph.

From Fig.1, Laplace matrix L and B can be obtained that

1 -1 0 0
-1 2 =1 0
L=1o -1 2 1|

0 0 -1 1

B = diagl0, 1,0, 0}.
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FIGURE 3. Consensus errors in Case 1 of Example 1.
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FIGURE 4. Responses of signals in Case 1 of Example 1.

Example 1: The dynamics of four followers are xlk | = xf‘2,

if, = xfy, &y = 0.01cos(x}; — xf, — xFy)cos2 1) +
sat(uk(t), u*), where t € [0, T1, T = 27, k = 35, u* = 25,
and xp,1 = 2.3sint, xg2 = 2.3 cost, xp,3 = —2.3sint.

Case 1: Consensus for the HON-MASs of Example 1.

VOLUME 8, 2020

Time

FIGURE 5. Input curves in Case 1 of Example 1.

The initial values are x)(0) = [0.7, 0.6, 0.8, 117, x9(0) =
[0.7,0.8,0.9, 117, x9(0) = [0.7,0.8,0.9,1]7 and ¢¥(0) =
0.5, $3(0) = $(0) = ¢J(0) = 0.5. Select g1 = o = ¢3 =
qa = 3.6, 11 = 1.8, 22 = 3 and ¢* = 250. Figs.2-4 show the
simulation results.

Figs.2-3 demonstrate the involutions of agents states at
the 35¢h loop and consensus errors of all followers, respec-
tively. It is seen that the leader can be perfectly tracked by
each follower even if there is IS in the dynamics of each fol-
lower. The responses of four followers are displayed in Fig.4,
which indicates that all the variables are bounded. In order
to illustrate the influence of input saturation, Fig.5 shows
the input curves of each follower at the Ist, 3rd, 5th and
20th iterations on [0, 2], which means that the control input
of each follower is within the saturation bound u* = 25.
Therefore, the results fit into Theorem 2 in the paper.

Case 2: Formation control for the HON-MASs of
Example 1.
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FIGURE 8. States of all pendulums in Case 1 of Example 2.
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FIGURE 9. Consensus errors in Case 1 of Example 2.

; ) s 2 » » 35 —0.4,A3 = —0.6, and Ay = —0.8. Other arguments
e involved are the same as Case 1.

We learn that four followers can form the expected forma-
tion in Figs.6-7. The validity of this part is obvious.

Example 2: At present, under the repetitive environment,
let us consider a networked pendulum systems [29] com-
prised of four follower pendulums with one leader pendulum
] having the communication topology graph Fig.1. Meanwhile,
L w w w w it is assumed that the dynamics of each follower pendulum

5 10 15 20 2% 30 3

Hertn e suffer from IS. At the kth loop, the state equations can be
FIGURE 7. Formation errors in Case 2 of Example 1. written as
xlkl = xlkz
Consider the formation control of the HON-MASs and -k e hi g 1 P
. . . X = —=sinx;; — —xj, + —sat(u;, u*),
choose the desired relative distances are A| = —0.2, A, = T m; T
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FIGURE 10. States of all pendulums in Case 2 of Example 2.
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FIGURE 11. Formation errors in Case 2 of Example 2.

where x{‘l and x{; are the position and velocity of ith follower
pendulum, r; means the length of the rod, m; means the mass
of the bob, #; is the friction resistance coefficients and g is the
acceleration of gravity, i = 1,2, 3,4, u* = 25. In addition,
x0,1 = sin(t) and xg 2 = cos(t).
Case 1: Consensus for the MASs of Example 2 on [0, 27 ].
Take ;% =1, r% = 1 and # = 1, the initial states are

il

x)(0) = [1, 1.1, 1.2, 1417, x9(0) = [1.2,2.2,2.5, 117, and
$%(0) = 0.4, $3(0) = 0.3, $J(0) = 0.4, and ¢J(0) = 0.3.
Select g1 =3.2,g2 =3.5,93 =3.1, 94 = 3.4, ;1 =33, and
¢* = 80. The results for 20 loops are displayed in Figs.8-9,
and the proposed algorithms can perform the networked-
pendulum consensus assignment as well.

Case 2: Formation control of the MASs of Example 2
on [0, 2].

VOLUME 8, 2020

Choosing the desired relative distances are A} =
0.15, A, = 0.3, A3 = 0.45 and A4 = 0.6. Other variables
involved are the same as Case 1.

From Figs.10 and 11, we can see that all the pendulums
form the expected formation, and achieve perfect consensus
of velocity on [0, 27 ].

VI. CONCLUSION

In the paper, the DRLCP for the HON-MASs with IS are
firstly studied under the initial state learning containing the
global information. Secondly, in order to obtain the fully
distributed protocols, the a.i.c is proposed. And the leader can
be perfectly tracked by each follower on a finite time interval
under both two assumptions. Finally, the fully distributed
formation control is researched, and two illustrative examples
display the efficacy and practicability of the algorithms.
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