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ABSTRACT In this paper, the hybrid AMCBFM-Maehly method is presented to fast simulate the
electromagnetic scattering from one-dimensional rough surface over a frequency band. In this approach,
the traditional Maehly technique is applied to get the rational function of the induced electric current
along the rough surface over a frequency band. The adaptive modified characteristic basis function method
(AMCBFM) is utilized to fast compute the induced electric current along the rough surface at the Chebyshev
nodes of the Maehly technique. Moreover, in the AMCBFM, the size of the matrix is reduced. And a current
criterion is defined to adaptively halt the order of the characteristic basis functions (CBFs). The validity and
efficiency of the hybrid AMCBFM-Maehly are assessed by comparing the numerical results of the hybrid
AMCBFM-Maehly with the method of moments (MoM). The hybrid AMCBFM-Maehly can effectively
reduce the size of thematrix, and it costs nearly half the CPU time used by theMoM.Moreover, by comparing
with the traditional Maehly technique, the hybrid AMCBFM-Maehly costs less time. Additionally, in most
cases, the first order of the CBFs of the hybrid AMCBFM-Maehly is sufficient for this result.

INDEX TERMS Adaptive modified characteristic basis function method, Maehly approximation, rough
surface, frequency band, method of moments.

I. INTRODUCTION
Electromagnetic (EM) scattering from rough surface has
been widely studied and applied in areas of target detection,
marine communication, and stealth technology. In recent
years, the EM scattering from rough surface over a frequency
band has attracted more and more attentions for the applica-
tion of the wideband or the ultra-wideband radars with high
range resolution. The method of moments (MoM) is one of
the mostly popular numerical methods for high accuracy and
non-additional boundary condition [1]–[4]. However, the use
of the MoM is time consuming because of the repeated
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calculations at every frequency. Several algorithms based on
the MoM have been proposed to quickly simulate the EM
scattering over a frequency band, such as, the asymptotic
waveform evaluation (AWE) techniques [5]–[8], the model-
based parameter estimation (MBPE) [9]–[11] and theMaehly
approximation [12]–[16]. Comparing with the AWE and the
MBPE, high derivates are not required and the accuracy can
be controllable in the Maehly technique. In previous works
of our research teams, the Maehly technique has been applied
to simulate the EM scattering from the rough surface over a
frequency band [14]–[16]. However, in theseworks, theMoM
is used to get the induced electric current along the rough
surface at the Chebyshev nodes. The dimension of the matrix
is N × N , where N represents the number of unknowns.
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FIGURE 1. Geometric model of the EM scattering from a PEC rough
surface.

When solving the problem with many unknowns, it will be
very time-consuming.

In this paper, the adaptive modified characteristic basis
function method (AMCBFM) [17] is utilized to fast compute
the induced electric current along the rough surface at the
Chebyshev nodes of the Maehly technique. And the approach
is defined as the hybrid AMCBFM-Maehly method. The
AMCBFM has been proposed by our teams to fast simulate
the bistatic scattering from the rough surface [18]. In the
AMCBFM, the N segments of the rough surface are firstly
divided intoM cells, every cell contains Ni(i = 1, 2, · · · ,M )
segments, where Ni represents the segments of ith cell, and
N1 + N2 + · · · + NM = N . The self-interaction of each
cell is considered to generate the primary characteristic basis
functions (PCBFs). Then the coefficients of the PCBFs are
defined. And the primary total current of each cell is obtained
by combining the PCBFs and the coefficients. In addition,
the mutual coupling effect of the subcells is considered to
build the secondary characteristic basis functions (SCBFs).
And the secondary total current is composed by the SCBFs
and its coefficients. So, in the AMCBFM, only the self-
interaction impedance matrix with Ni × Ni are handled. It is
readily seen that theAMCBFMcan effectively reduce the size
of the matrix. And in the AMCBFM, a current criterion is
applied to adaptively halt the order of the SCBFs.

The remainder of this paper is organized as follows.
In Section II, the theoretical formulations of the MoM, the
traditional Maehly approximation, and the hybrid
AMCBFM-Maehly method are exhibited in detail.
In Section III, the validity and efficiency of the hybrid
AMCBFM-Maehly are assessed by comparing with results
of the MoM and the traditional Maehly technique. Section IV
presents a summary of this paper and further plans on this
topic.

II. THEORETICAL FORMULATIONS
A. EM SCATTERING from A ROUGH SURFACE
USING THE MoM
Assume that a tapered plane wave ψ inc incidents upon a PEC
rough surface, as shown in Fig. 1, where z = f (x) is a
Gaussian rough surface with a simulated length Ls. θi and θs
are the incident angle and the scattered angle, respectively.
Space �0 with the relative permittivity ε0 and the relative
permeability µ0 is the incident space. Here, space �0 is
assumed to be the free space, i.e.,ε0 = 1, and µ0 = 1.

ψ sca represents the scattered wave in the space �0. The
position vector is r = xx̂+ zẑ.
For a Horizontal (H) polarized incident wave, the surface

integral equation for this scattering problem is [19]

ψ inc (r) =
∫
s
ds′G

(
r, r′

)
n̂′ · ∇ψ t (r′) (1)

where S denotes the interface of the Gaussian rough surface,
n̂′ is the unit normal vector of the rough surface, G

(
r, r′

)
=

i
4H

(1)
0

(
k0
∣∣r− r′∣∣) is the two-dimensional Green’s function

in the space �0, k0 is the wavenumber in the space �0, and
ψ t
(
r′
)
= ψ inc

(
r′
)
+ ψ sca

(
r′
)
represents the total wave

including the incident wave and the scattered wave in the
space �0.

For the Vertical (V) incidence, the surface integral equation
for this problem is [19]

ψ inc (r) =
1
2
ψ t (r)−

∫
S
ds′ψ t (r′) n̂′ · ∇G (r, r′) (2)

By using the MoM with the pulse basis functions and the
point matching technique, the integral equations (1) and (2)
can be discretized into the following matrix equations

Ā · U = b (3)

B̄ · I = V (4)

The elements of the impedance matrix Ā and B̄ in detail are

Amn =


i1x
4
H (1)
0 (k0 |rm − rn|), m 6= n

i1x
4

[
1+ i 2

π
ln( γ k04e 1lm)

]
, m = n

(5)

Bmn =


−1x

1
4
H (1)
1 (k0 |rm − rn|), m 6= n

1
2 −

1x
4π

f ′′(xm)
1+(f ′(xm))2

, m = n
(6)

here, γ
4e = 0.163805, and 1lm = 1x

√
1+ (f ′(xm))2. Sub-

scripts m and n are the evaluation point and the source point
along the rough surface, respectively. The elements of the
right vector b and V are ψ inc(rm), and the left vectors U and
I are the unknowns which represents the induced current
along the rough surface.

B. THEORETICAL FORMULATIONS OF THE TRADITONAL
MAEHLY APPROXIMATION
Analyzing equations (3) and (4), the two equations can be
rewritten as

Z̄(k) · J(k) = V (k) (7)

where Z̄ is the impedance matrix with the dimensions N ×N ,
the right vector V with the dimensions N ×1, the dimensions
of the left vector J are N × 1, and N is the number of the
discrete segments along the rough surface.

From equation (7), it is readily seen that one must repeat
the computations at every frequency to simulate the EM scat-
tering over a frequency band. In this Maehly approximation,
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the wavenumber k ∈ [ka, kb] corresponding to the given
frequency band f ∈ [fa, fb] is firstly defined as

k =
1
2

[
k̃(kb − ka)+ (kb + ka)

]
(8)

with k̃ ∈ [−1, 1].
Using the Chebyshev approximation, the element of the

left vector J at the given frequency f can be given by

Jn(k) ≈
1
2
c0n +

Q∑
l=1

clnTl(k̃) (9)

here Q represents the total number of Chebyshev polynomi-
als, and the unknown coefficients cln are

cln =
2

Q+ 1

Q∑
i=0

Jn(ki)Tl(k̃i) (10)

where T0(x) = 1, T1(x) = x and Tn+1(x) = 2xTn(x) −
Tn−1(x) are the Chebyshev polynomials, k̃i(i = 0, 1, · · · ,Q)
are the Chebyshev nodes for TQ+1(k̃) = 1, with

k̃i = cos(
i+ 0.5
n+ 1

π ) (i = 0, 1, . . . ,Q) (11)

and ki ∈ [ka, kb] can be obtained by substituting k̃i into (8).
To improve the accuracy of the numerical simulation, equa-

tion (9) is recognized as a rational function, which is named
as the Maehly approximation,

Jn(k) =

L∑
i=1

ainTi(k̃)

1+
M∑
j=1

bjnTj(k̃)

(12)

where the integers L andM are the orders of the zero expan-
sions and the pole expansions, respectively, with L+M = Q.
Combining (12), (9) and using the identity

Tp(x)Tq(x) =
1
2
(Tp+q(x)+ T|p−q|(x)) (13)

The coefficients ain and b
j
n can be yielded (15), as shown at

the bottom of the next page.
a0n =

1
2
c0n +

1
2

M∑
j=1

bjnc
j
n

ain = cin +
1
2

M∑
j=1

bjn(c
j+1
n + c

|j−i|
n ), i = 1, 2, . . . ,L

(14)

After obtaining the coefficients ain and b
j
n, one can acquire the

induced current at any frequency within the whole frequency
band.

The error of the Maehly approximation is defined as

RMSE =

∥∥BSCMaehly − BSCMoM∥∥2
‖BSCMoM‖2

(16)

where BSCMoM represents the back scattering coefficient
(BSC) over the frequency band f ∈ [fa, fb] obtained by

the MoM, BSCMaehly denotes the interpolated broadband
BSC results calculated by the Maehly technique, and ‖·‖2 is
the L2 norm.

C. THEORETICAL FORMULATIONS OF THE HYBRID
AMCBFM-MAEHLY METHOD
From the Maehly approximation, it is obviously found that if
the MoM is used to get the unknowns Jn(ki) in equation (10),
the traditional Maehly approximation is still limited by the
MoM. In this paper, the AMCBFM is introduced to get the
unknowns Jn(ki), and this approach is defined as the hybrid
AMCBFM-Maehly method.

Similar as the AMCBFM [18], in the hybrid AMCBFM-
Maehly method, the N segments of the rough surface are
firstly divided into M cells, every cell contains Ni(i =
1, 2, · · · ,M ) segments, and N1 + N2 + · · · + NM = N .
It is necessary to note that the length of every cell is at
least 0.15λ to prove the continuity of current between sub-
cells. Since then equation (7) can easily be recognized as
equation [20]

Z̄11 Z̄12 · · · Z̄1M
Z̄21 Z̄22 · · · Z̄2M
...

...
...

...

Z̄M1 Z̄M2 · · · Z̄MM



JTot1
JTot2
...

JTotM

 =

V1
V2
...

VM

 (17)

where, Zij (i = 1, 2, · · · ,M; j = 1, 2, · · · ,M) represents the
mutual impedance matrix of the ith cell and the jth cell with
the dimensions Ni×Nj. JToti is the total current of the ith cell,
which represents the induced current along the ith cell. And
the right formV i indicates the incident wave upon the ith cell.

(1) The primary total current JTot(p)i
For the ith(i = 1, 2, · · · ,M ) cell, only the self-interaction

is considered to generate the PCBFs Jpi

Z̄ii · J
p
i = V i(i = 1, 2, · · · ,M ) (18)

where Z̄ii is the self-interaction impedance matrix of the
ith cell, Jpi and V i are the PCBFs and the incident wave
vector of the ith cell, respectively. Using the lower upper (LU)
decomposition technique, one can obtain the PCBFs Jpi . The
lower and the upper triangular matrices of Z̄ii are obtained
and saved for obtaining the SCBFs.

Assuming the total current JToti is only from the PCBFs,
it is called as the primary total current JTot(p)i , and it can be
defined as

JTot(p)i = a(p)pi J
p
i (19)

where a(p)pi is the coefficient of the PCBFs.
Taking equation (19) into equation (17), one can obtain
Z̄11 Z̄12 · · · Z̄1M
Z̄21 Z̄22 · · · Z̄2M
...

...
...

...

Z̄M1 Z̄M2 · · · Z̄MM



JTot(p)1
JTot(p)2
...

JTot(p)M

 =

V1
V2
...

VM


(20)
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Then, by multiplying equation (20) with
[
Jpi
]H , where

N = 4096 is the conjugate transpose of Jpi , yield (21), as
shown at the bottom of the this page.

(2) The first total current JTot(1)i
It is obviously found that the mutual coupling effect of the

sub cells is neglected in equation (18), and thus JTot(p)i is not
accurate.

Considering the mutual coupling effect of the sub cells to
build the SCBFs, for the ith(i = 1, 2, · · · ,M ) cell, the first
order of the SCBFs JS

1

i is defined as

Z̄iiJS
1

i = −

M∑
i=1,j=1,j 6=i

∣∣∣a(p)pj ∣∣∣Z̄ijJpj (22)

where JS
1

i is the first order of SCBFs of the ith cell.
The first total current JTot(1)i is defined as

JTot(1)i = a(1)pi J
p
i + a

(1)
1i J

S1
i (23)

where a(1)pi and a(1)1i are the coefficients of the PCBFs and the
first order of SCBFs, respectively.

Taking equation (23) into equation (17), one can get (24),
as shown at the bottom of the this page.

Similarly, equation (24) is multiplied by
[
Jpi
]H and[

JS1i
]H

, which results in (25), as shown at the bottom of the

this page.
(3) The nth total current J

Tot(n)
i

Similar to the first order of SCBFs, the nth order of SCBFs
is defined as

Z̄iiJS
n

i = −

M∑
i=1,j=1,i 6=j

∣∣∣a(n−1)(n−1)j

∣∣∣Z̄ijJSn−1j (26)

where JS
n−1

j is the (n− 1)th order of SCBFs, anda
(n−1)
(n−1)j is the

coefficient of JS
n−1

j .


cL+2n + cLn cL+3n + cL−1n · · · cL+M+1n + cL−M+1n
cL+3n + cL+1n cL+4n + cLn · · · cL+M+2n + cL−M+2n

...
...

...
...

cL+M+1n + cL+M+1n cL+M+2n + cL+M−2n · · · cL+2Mn + cLn



b1n
b2n
...

bMn

 = −2

cL+1n
cL+2n
...

cL+Mn

 (15)


[
Jp1
]H Z̄11Jp1 [

Jp1
]H Z̄12Jp2 · · ·

[
Jp1
]H Z̄1MJpM[

Jp2
]H Z̄21Jp1 [

Jp2
]H Z̄22Jp2 · · ·

[
Jp2
]H Z̄2MJpM

...
... · · ·

...[
JpM
]H Z̄M1J

p
1

[
JpM
]H Z̄M2J

p
2 · · ·

[
JpM
]H Z̄MMJpM



a(p)p1
a(p)p2
...

a(p)pM

 =

[
Jp1
]H V1[

Jp2
]H V2
...[

JpM
]H VM

 (21)


Z̄11J

p
1 Z̄12J

p
2 · · · Z̄1MJ

p
M Z̄11JS

1

1 Z̄12JS
1

2 · · · Z̄1MJS
1

M

Z̄21J
p
1 Z̄22J

p
2 · · · Z̄2MJ

p
M Z̄21JS

1

1 Z̄22JS
1

2 · · · Z̄2MJS
1

M
...

...
...

...
...

...
...

...

Z̄M1J
p
1 Z̄M2J

p
2 · · · Z̄MMJ

p
M Z̄M2JS

1

1 Z̄M2JS
1

2 · · · Z̄MMJS
1

M





a(1)p1
a(1)p2
...

a(1)pM
a(1)11
a(1)12
...

a(1)1M


=


V1
V2
...

VM

 (24)



[
Jp1
]H Z̄11Jp1 · · ·

[
Jp1
]H Z̄1MJpM [

Jp1
]H Z̄11JS11 · · ·

[
Jp1
]H Z̄1MJS1M

...
...

...
...

...
...[

JpM
]H Z̄M1J

p
1 · · ·

[
JpM
]H Z̄MMJpM [

JpM
]H Z̄M1JS

1

1 · · ·
[
JpM
]H Z̄MMJS1M[

JS
1

1

]H
Z̄11J

p
1 · · ·

[
JS

1

1

]H
Z̄1MJ

p
M

[
JS

1

1

]H
Z̄11JS

1

1 · · ·

[
JS

1

1

]H
Z̄1MJS

1

M
...

...
...

...
...

...[
JS

1

M

]H
Z̄M1J

p
1 · · ·

[
JS

1

M

]H
Z̄MMJ

p
M

[
JS

1

M

]H
Z̄M1JS

1

1 · · ·

[
JS

1

M

]H
Z̄MMJS

1

M





a(1)p1
...

a(1)pM
a(1)11
...

a(1)1M


=

[ [
Jp1
]H V · · ·

[
JS

1

M

]H
VM

[
JS

1

1

]H
V · · ·

[
JS

1

M

]H
VM

]T
(25)
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FIGURE 2. The BSC from rough surface obtained by the three different
methods.

The nth total current J
Tot(n)
i is defined as

JTot(n)i = a(n)pi J
p
i + a

(n)
1i J

S1
i + · · · + a

(n)
ni J

Sn
i (27)

(4) The current criterion
The current criterion that determines whether the higher-

order of SCBFs are needed is defined as [17]

ε =

∣∣∣∣∣
∥∥JTot(n+1)∥∥2 − ∥∥JTot(n)∥∥2∥∥JTot(n+1)∥∥2

∣∣∣∣∣× 100% (28)

It is readily seen that the order of the SCBFs can be adaptively
halted.

(5) The hybrid AMCBFM-Maehly method
After obtaining the induced electric current Jn(ki) along

the rough surface at the Chebyshev nodes by the AMCBFM,
the traditional Maehly technique is applied to get the ratio-
nal function of the induced electric current along the rough
surface over a frequency band.

III. NUMERICAL SIMULATIONS AND DISCUSSIONS
The validity and efficiency of the hybrid AMCBFM-Maehly
method are firstly assessed by comparing its results with the
results that were obtained by the MoM and the traditional
Maehly technique. The BSC from a PECGaussian rough sur-
face, as shown in Fig. 1, is calculated by these three methods.

FIGURE 3. The order of the SCBFs of the hybrid AMCBFM-Maehly method
at every Chebyshev node.

The incident angle is θi = 30◦, and the frequency responses
with 0.005GHz increments over [1.5GHz, 1.7GHz] are sim-
ulated, i.e., Nf = 41. The root mean square height and the
correlation length of the simulated Gaussian rough surface
are δ = 0.04m and l = 0.2m, respectively. The length
of the simulated Gaussian rough surface is Ls = 81.92m
with a discrete interval of 1x = 0.02m. In other words,
there are N = 4096 segments along the rough surface. Thus,
the dimensions of theMoMmatrix and the traditionalMaehly
technique are 4096×4096. Here, the rough surface is equally
divided into 4 cells, i.e. Ni = 1024 segments in every subcell.
Therefore, the dimensions of the self-impedancematrix of the
hybrid AMCBFM-Maehly method are only 1024× 1024.
In Fig. 2, the current criteria of the AMCBFM-Maehly are

set as ε = 1×10−2(H) and ε = 1×10−3(V), respectively. The
BSC that are obtained through these threemethods are shown.
For the H polarization and the V polarized case, the orders
of the rational function L = M = 15 and L = M = 17
are chosen, respectively. From Fig. 2, it is readily seen that
the hybrid AMCBFM-Maehly method and the traditional
Maehly technique agree well with the MoM in both H and
V polarizations. Moreover, in Table 1, the CPU time of the
hybrid AMCBFM-Maehly method, the traditional Maehly
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TABLE 1. The CPU time of the hybrid AMCBFM-Maehly method, the
traditional Maehly technique and the MoM.

technique, and the MoM are shown. It is obviously found
that the hybrid AMCBFM-Maehly method costs less than
half the CPU time of the MoM, and less than the Maehly
technique.

Moreover, in Fig. 3, the orders of the SCBFs of the hybrid
AMCBFM-Maehly method at every Chebyshev node are
shown. For H polarization, the orders L = M = 15 are
chosen, i.e. Q ∈ [0, 30]. For V polarization, the orders L =
M = 17 are chosen, i.e. Q ∈ [0, 34].

IV. CONCLUSION
In this paper, the hybrid AMCBFM-Maehly method was used
to fast simulate the EM scattering from a one-dimensional
PEC rough surface over a frequency band. Good agreement
between the hybrid AMCBFM-Maehly method and theMoM
was found. In addition, the AMCBFM-Maehly costs less than
half the CPU time of the MoM. Furthermore, comparing
with the traditional Maehly technique, the hybrid AMCBFM-
Maehly approximation costs less time too.

In the future, this method will be expanded to solve the
more realistic three-dimensional scattering problem. In addi-
tion, this method can also be applied to calculate the dielectric
rough surface with a target located above it.
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