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ABSTRACT An Italian dominating function (IDF) on a graph G = (V, E) is a function f : V — {0, 1, 2}
satisfying the condition that for every vertex v € V with f(v) = 0, either v is adjacent to a vertex assigned
2 under f, or v is adjacent to at least two vertices assigned 1 under f. The weight of an IDF f is the value
> vev f (). The Italian domination number of a graph G is the minimum weight of an IDF on G. The Italian
reinforcement number of a graph is the minimum number of edges that have to be added to the graph in
order to decrease the Italian domination number. In this paper, we initiate the study of Italian reinforcement
number and we present some sharp upper bounds for this parameter. In particular, we determine the exact

Italian reinforcement numbers of some classes of graphs.

INDEX TERMS Italian domination number, Italian reinforcement number, Cartesian product.

I. INTRODUCTION

Let G be a simple graph with vertex set V(G) and edge
set E(G). The open neighborhood of a vertex v in G is the
set Ng(v) = {u € V(G) : uv € E(G)} and its closed neigh-
borhood is the set Ng[v] = Ng(v) U {v}. Foraset S C V(G),
its open neighborhood is the set Ng(S) = Uve s NG(v). The
degree of a vertex v in G is dg(v) = |Ng(v)|. The maximum
degree among all vertices of G is denoted by A(G). For a set
S C V(G) and a vertex v € S, the S-private neighborhood
of v, denoted by png(v, S), consists of all vertices u such that
N[u]NS = {v}. If the graph G is clear from the context, then
we will simply write N(v), N[v], N(S), d(v), A and pn(v, S)
rather than Ng(v), Ng[v], Ng(S), dG(v), A(G) and png(v, ),
respectively.

We write C, for the cycle of length n, P, for the path of
order n, K, for the complete graph of order n and Ky, ,.....n,
for the complete 7-partite graph with ¢ partite sets of car-
dinality ny,na,...,n; (t > 2). A star of order n > 2 is
the complete bipartite graph K, ,—1. We call the center of
a star to be a vertex of maximum degree. The corona graph
H oK of agraph H is the graph obtained from H by attaching
one pendent edge at each vertex of H. A leaf of a graph
G is a vertex of degree 1, while a support vertex of G is a
vertex adjacent to a leaf. The complement of a graph G is
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the graph G, where V(G) = V(G) and uv € E(G) if and
only if uv ¢ E(G). For a subset S of vertices of a graph
G and a real-valued function f : V(G) — R, we define
) =2 res ).

A dominating set S in a graph G is a set of vertices of G
such that each vertex not in S is adjacent to a vertex of S. The
domination number y(G) of G is the minimum cardinality
of a dominating set. Kok and Mynhardt [1] introduced the
reinforcement number r(G) of a graph G as the minimum
number of edges that have to be added to the graph in order
to decrease the domination number. Since the domination
number of every graph G is at least 1, by convention Kok and
Mynhardt defined r(G) = 0 if y(G) = 1. This concept of
the reinforcement number in a graph was further considered
for several domination variants, including total domination,
Roman domination and rainbow domination. See, for exam-
ple, [2]-[9], and elsewhere.

As a new variant of the domination, Italian domina-
tion was introduced in [10], where it was called Roman
{2}-domination. An Italian dominating function (IDF) on a
graph G is defined as a function f : V(G) — {0, 1,2}
satisfying the condition that for every vertex v € V(G) with
f) =0,f(N(v)) > 2,thatis, either there is a vertex u € N(v)
with f(u) = 2, or at least two vertices x,y € N(v) with
f(x) =f(y) = 1. The weight of an IDF f is the value w(f) =
f(V(G)). The Italian domination number of a graph G,
denoted by y;(G), is the minimum weight of an IDF on G.

VOLUME 7, 2019


https://orcid.org/0000-0002-1267-696X
https://orcid.org/0000-0003-2298-4744
https://orcid.org/0000-0002-1723-5186
https://orcid.org/0000-0001-6569-5497

G. Hao et al.: Italian Reinforcement Number in Graphs

IEEE Access

An IDF on G with weight y;(G) is called a y;(G)-function.
For a sake of simplicity, an IDF f on G will be represented by
the ordered partition (Vp, Vi, V) (or (V(J; , V{ , V{ ) to refer f)
of V(G) induced by f, where V; = {v € V(G) : f(v) = i}
for i € {0,1,2}. For some advance we refer the reader
to [11]-[14].

In this paper, we extend the idea of reinforcement number
to Italian domination as follows: For a graph G, a subset F' of
E(G) is an Italian reinforcement set (IR-set) of G if y;(G +
F) < y1(G). The Italian reinforcement number of a graph G,
denoted by r;(G), is the minimum size of an IR-set of G. An
IR-set F of G is called a r;(G)-set if |F | = r;(G). Observe that
if y1(G) € {1, 2}, then addition of edges does not reduce the
Italian domination number. We define r;(G) = 0 if y;(G) €
{1, 2}. Thus we always assume that when we discuss r7(G),
all graphs involved satisfy y;(G) > 3.

Our purpose in this paper is to initiate the study of Italian
reinforcement number in graphs. We derive some sharp upper
bounds on the Italian reinforcement number and we also
determine exact values of Italian reinforcement number of
some classes of graphs.

Il. PROPERTIES AND UPPER BOUNDS
Our aim in this section is to present basic properties of the
Italian reinforcement number and derive some sharp upper
bounds for this parameter. We start with a fundamental lemma
that will be used in the proof of some results.

Lemma 1: For any graph G with y;(G) > 3, let F be an
r1(G)-setand let f be a yi(G+F)-function. Then the following
hold:

(i) For each edge vivao € F, there exists an integer i €
{1, 2} such that f (v;) = 0 and f (v3_;) # O.

@) yi(G+F)=y(G) - L
Proof: (i) Suppose, to the contrary, that there exists an
edge viva € F such that f(v;) # O for each i € {1, 2}
or f(vi) = f(va2) = 0. Observe that f is an IDF on G +
(F\{vi2}), and so F\{viv,} is an IR-set of G, implying that
r1(G) < |[F\{viv2}| = |F| — 1, a contradiction. So, (i) holds.

(i) Since F is an rj(G)-set, yi(G + F) < y;(G) — 1.
Suppose, to the contrary, that (G + F) < y(G) — 2.
Let viv, € F. By (i), we may assume that f(vi) = 0 and
f(»n) # 0. Then the function g defined by g(vi) = 1 and
g(x) = f(x) otherwise, is an IDF on G + (F\{viv,}) with
w(@ = of) + 1 < y(G) — 1, and so F\{vivy} is an
IR-set of G, implying that r;(G) < |F\{vin}| = |F| —1,
a contradiction. As a result, we have y;(G+ F) = y;(G) — 1
and so (ii) also holds. [l

We now provide a characterization of all the graphs G with
r7(G) = 1, which will be useful in many of the results of this
paper.

Theorem 1: For any graph G with y;(G) > 3, r[(G) = 1 if
and only if there exist a y;(G)-function f = (Vg , V{ , Vg ) and
avertex v € V{ satisfying one of the following conditions:

(i) f(J{V(V)) = land f(N(x)\{v}) > 2 for eachx € N(v) N

Vi
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@) fINW) =0, FINO\V}) = 2 for each x € N(v) and

V] #£0.
Proof: Suppose that (i) holds. Since f(N(v)) =1,
we may assume that N(v) N V{ = {u}. Since

o(f) = y1(G) > 3, there exists some vertex w € (V‘{r U
Vg)\N[v]. Moreover, since uv € E(G) and f(N(x)\{v}) > 2
foreachx e N(v)N Vg , we have that the function g = (Vg U
v}, VI\{v}, V}) is an IDF on G + vw with w(g) = o(f) — 1,
and so {vw} is an IR-set of G, implyin; that r;(G) = 1. Now
suppose that (ii) holds and let u € V;. Since f(N(v)) = 0,
uv ¢ E(G). Furthermore, since f(N(x)\{v}) > 2 for each
x € N(v), we have that the function g defined earlier is also
an IDF on G + uv with w(g) = o(f) — 1, and so {uv} is an
IR-set of G, implying that r;(G) = 1.

Conversely, suppose that r;(G) = 1. Let {uv} be an
r1(G)-set and let h = (V1 Vlh, V2h) be a y;(G + uv)-function.
By Lemma 1(7), we may assume that i(x) # 0 and h(v) = 0.
Itis easy to check that the function f = (Vg‘\{v}, Vlhu{v}, Vzh)
is an IDF on G. By Lemma 1(ii), we have o(f) = w(h)+ 1 =
(v1(G) — D)+ 1 = y1(G), implying that f is a y;(G)-function.
If f(N(v)) = 2, then h(N(v)) = f(N(v)) > 2 and hence &
is an IDF on G, implying that y;(G) < w(h) = yi(G + uv),
a contradiction to Lemma 1(ii). Therefore, we may assume
that f(N(v)) < 1.

Since h(v) = 0 and & is a y;(G + uv)-function, we get
SN\ = N (X)\{v}) = 2 foreachx € Nv) N Vg.
Iff(N(v)) = 1, then (i) holds. Suppose now that f (N (v)) = 0.
Obviously, /(N (v)) = f (N (v)) = 0. Moreover, since h(v) = 0
and u is adjacent to v in G + uv, we have f(u) = h(u) = 2,
implying that (ii) is true.

The proof is completed. |

Theorem 2: Let G be a graph with y;(G) > 3 and let f =
Vo, V1, V2) be a yi(G)-function. Then

(i) For any vertex v € Vi, ri(G) < |(N(v)\pn(v, V1)) N

Vol + 2.
(ii) For any vertexv € Vo, ri(G) < |pn(v, V2) N Vy|.
Proof:
(i) Let v be any vertex of Vi. Suppose now that |V>| > 1.
Let u be a vertex of Vo and let F = ({ux X €

(NW)\pn(v, V1)) N Vo} U {uv})\E(G). Note that pn(v, V1) N
Vo € N(V3). Thus the function g1 = (Vo U {v}, Vi\{v}, V2)
is an IDF on G + F with w(g1) = o(f) — 1. Therefore F is
an IR-set of G and so

r(G) < |F|
= |({ux : x € NW)\pn(v, V1)) N Vo} U {uvh\E(G)|
< |(NO)\pn(v, V1)) N Vol + 1.

Suppose next that |V, | = 0. Clearly pn(v, V1)NVy = @ and
hence (N(v)\pn(v, V1)) N Vo = N(v) N Vy. Since y;(G) > 3,
there exist two vertices u and w different from v in V. Let
X =WONWNVy)NNuw,Y = NW) N Ve)\N(u) and let
F = {vu,vw}U{wx : x € X} U {ux : x € YH\E(G). It is
easy to verify that the function g defined earlier is an IDF on
G + F with w(g1) = o(f) — 1. Therefore F is an IR-set of G
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and so

ri(G) < |F|
= |({vu, wlU {wx :x € X} U {ux : x € YH\E(G)|
<|{wx:xeX}Ufux :xeY}+2
= |(N()N Vo)l + 2.
= |[(NW)\pn(v, V1)) N Vo| + 2.
Thus (i) holds.

(if) Let v be any vertex of V5. Since y;(G) > 3, there exists
some vertex u € Vi UV, Let F = {ux : x € pn(v, Vo) N
Vo}\E(G). Then the function g = (Vy, V1 U {v}, Vo\{v}) is
an IDF on G + F with w(g2) = o(f) — 1. Therefore F is an
IR-set of G and so

ri(G) < |F|
= H{ux : x € pn(v, V2) N VoNE(G)|
< lpn(v, V2) N Vo .

The proof is completed. 0
We remark that the upper bound of Theorem 2 is sharp.
(i) Let n > 8 be an even number and C, = vivy---v,Vy.

It is easy to check that the function f defined by f(v;) = 1
for each odd i and f(v;) = O for each even i, is an IDF
on C, with w(f) = n/2 and hence by Proposition A(ii)
in Section III, f is a y7(C,)-function. Observe that for each
odd i, |[(N(vi)\pn(vi, V1)) N Vo| = IN(vi) N Vo| = 2 and
so by Theorem 6 in Section III, we obtain r;(C,) = 4 =
((N@)\pr(vi, V) N Vol + 2.

(it) Let X1 = {u} and Y1 = {u}, u), ..., u;} be the partite
sets of K1y and let X = {vi, w2} and Yo = {v|,V},...,v}}
be the partite sets of K2 ; (3 < s < t). We denote the graph
G obtained from K s and K> ; by joining u and v;. It is not
difficult to verify that the function f defined by f(u) = 2,
fv1) = f(v2) = 1 and f(x) = 0 otherwise, is the unique
y1(G)-function and so y;(G) = 4.

We now claim that r7(G) = s. Let F' = {vju} : 1 <i <s}.
Then the function g, defined by g2(u) = g2(v1) = g2(v2) = 1
and g»(x) = 0 otherwise, is an IDF on G + F’ with w(gy) =
3 < y/(G). This implies that F’ is an IR-set of G and so
ri(G) < |F'| = s. Hence it suffices to show that r7(G) > s.
Let F be an r;(G)-set and let & be a y;(G + F)-function.
By Lemma 1(ii), we have w(h) = yi(G+F) = yi(G)—1 = 3.

If A(V(K>,;:)) < 1, then at least ¢ vertices in V(K2 )\ {v1}
are incident with an edge in F'; and if A(V(K3;)) = 3, then
h(V(Kj,s)) = 0 and so each vertex in Y7 is incident with an
edge in F. In both cases, we obtain |F'| > s. Suppose next that
h(V (K2,1)) = 2. This forces i(V (K1 5)) = 1. If h(u) = 1, then
each vertex in Y7 is incident with an edge in F and so |F| > s.
Hence we may assume that s(x) = 0. Then there exists some
vertex, say u},in Y1 such that h(u}) = 1.If h(vy) = h(v2) = 1,
then |Ngyr(u;) N {u},v1,v2}| = 2for2 < i < sand so
|F| > 2(s — 1) > s. If exactly one of v{ and v; is assigned 2
under 4, then the other is assigned 0 and hence viv; € F and
{uy, ufy, ..., u;} S Ngyr({vi,v2}), implying that |F| > s.
As aresult, we obtain r7(G) = s.

184450

Recall that f is the unique y;(G)-function and u is the
unique vertex assigned 2 under f. Thus r/(G) = s =
Ipn@u, V) N VY.

Theorem 3: Let G be a graph of order n with y;(G) > 3.
Then

ri(G) <min{fA +2,n— A — y1(G) + 2}.

Proof: Using Theorem 2, we obtain r;(G) < A + 2.
Thus it suffices to show that r;(G) < n — A — y1(G) + 2.
Let v be a vertex of degree A. Since y;(G) > 3, we have
[V(G\Ng[v]l =n—A —1 > n— A —y;(G) + 2. Therefore,
there exists a subset F of {uv € E(G) : u € V(G)\N[v]} such
that |F| = n — A — y;(G) + 2. Then the function f defined
by f(v) = 2, f(x) = 0 foreach x € Ng1r(v) and f(x) = 1
otherwise, is an IDF on G+ F with w(f) = n—|Ng[v]|—|F |+
2=n—(A+1)—(n—A—y1(G)+2)+2 = y;(G)— 1. Thus
FisanIR-setof Gandsorj(G) < |F|=n— A —y;(G)+2,
establishing the desired upper bound. U

We remark that the upper bound of Theorem 3 is sharp. For
any integer m > 2, let G be the corona graph K, o K. It is
easy to verify that |V(G)| = 2m, A = m, y;(G) = m+ 1 and
r1(G) = 1, implying that r;(G) = min{A + 2, [V(G)| — A —
y1(G) + 2}. Moreover, we conclude from Proposition A(if)
and Theorem 6 in Section III that for even n > 8, r;(C,) =
4 =min{A +2,n— A — y(Cy) + 2}.

Next result is an immediate consequence of Theorem 3.

Corollary 1: For any graph G of order n with y;(G) > 3,
ri(G) < [n/2].

Proof: If A < [n/2]—2, then Theorem 3 yields r;(G) <
A+4+2 < [n/2].If A > [n/2] — 1, then by Theorem 3,
weobtain 77(G) <n—A—y(G)+2<n-—([n/2]—-1) —
3+2=1[n/2]. ]

As a special case, Theorem 3 implies that every graph G
with § = 1 and y;(G) > 3 satisfies r;(G) < A + 2. Next,
we shall improve this upper bound. For this purpose, we first
derive the following result.

Lemma 2: Let G be a graph with y((G) > 3. Ifvis a
support vertex of G, then r;(G) < max{d(v), 3}.

Proof: Let f be a y;(G)-function and let u be a leaf
adjacent to v. If f(u) > 1, then we deduce from Theorem 2
that r7(G) < 3. If f(u) = 0, then this forces f(v) = 2 and it
follows from Theorem 2(ii) that r;(G) < d(v). O

Theorem 4: Let G be a graph of order n with § = 1 and
y1(G) > 3. Then r;(G) < A.

Proof: If A > 3, then the result follows from Lemma 2.
Suppose that A < 2. Then G is a disjoint union of paths
and cycles. Since § = 1, some connected components of
G are paths. If some connected component of G is a path of
order 2 or 3, then it is not different to verify that r;(G) < A.
If some connected component of G is a path of order at least 4,
then by Theorem 5 in Section III, we have r;(G) < 2 = A.

g

It should be mentioned that the upper bound of Theorem 4
is sharp. Let G be a disjoint union of k > 2 copies of P5.
It can be easily checked that r;(G) = 1 = A. Moreover,
it follows from Theorem 5 in Section III that any path of odd
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order n > 5 satisfies rj(P,) = 2 = A. Let A > 3. We now
construct infinitely many trees T with r;(T) = A(T) = A.
Let H be a tree of order no less than 2 with A(H) < A—1. For
each v € V(H), let S, be a star of order A and let ¢, be the
center of S,. We let T(A, H) denote the tree obtained from
HU (Uvev(H) S,) by joining v and ¢, for each v € V(H).

Proposition 1: Let A > 3 be an integer, H be a tree of
orderno less than2 with A(H) < A—1landletT = T(A, H).
Then ri(T) = A(T) = A.

Proof: We first show that y;(T) = 2|V(H)|. Let g be a
y1(T)-function. For each v € V(H), if a leaf u of S,, satisfies
g(u) = 0, then g(c,) = 2 and if all leaves u of S, satisfies
g(u) > 1, then g(V(Sy)\{cy}) = A — 1 > 2. In either case,
we obtain g(V(S,)) > 2 for each v € V(H). Therefore,

@) =w@ = Y gV(S) = 2IVH).
veV(H)

Moreover, we observe that the function / defined by
h(cy,) =2 for each v € V(H) and h(x) = 0 otherwise, is
an IDF on T and so y/(T) < w(h) = 2|V(H)|. As a result,
we obtain y;(T) = 2|V (H)|.

We next claim that r;(T) = A. By Theorem 4, we have
ri(T) < A. Hence it is sufficient to show that r;(T) > A. Let
F be an rj(T)-set and f be a y;(T + F)-function.

Claim 1: Iff(V(Sy))) < 1 for some v € V(H), then there
exists an edge in F incident with a vertex in V(S,) assigned 0
under f .

Proof of Claim 1: Since f(V(S,)) < 1, we have f(c,) < 1 and
there exists a leaf u of S, such that f (¥) = 0. Thus u must be
incident with an edge in F and so this claim is true.

Claim 2: Let f(V(Sy)U{v}) < 1 for somev € V(H). Then

(i) There exist at least A — 1 edges in F incident with a

vertex in V(S,) U {v} assigned O under f.
(ii) If the number of edges in F incident with a vertex in
V(S)U{Yis A —1, then f(V(Sy)) = 1 and no edge in
F is incident with v.
Proof of Claim 2: Since f(V(S,) U {v}) < 1, we have
fV(ESy) +f(v) < 1.IFf(V(S,)) = 0, then each vertex of
Sy is assigned O under f and hence is adjacent with an edge
in F. Suppose that f(V(S,)) = 1. Obviously, f(v) = 0. Thus
exactly A — 1 vertices of S, are assigned O under f and hence
they are adjacent with an edge in F. This implies that this
claim holds.

By Lemma 1(ii), we obtain yy(T + F) = y(T) — 1 =
2|V(H)| — 1 and so there exists some vertex v € V(H) such
that f(V(S,) U {v}) < 1. If there exists some vertex V' €
V(H)\{v} such that f (V(S,/) U {¥'}) < 1, then by Lemma 1(i)
and Claim 2(i), |F| = 2(A — 1) > A. Therefore, v is the
unique vertex such that f(V(S,) U {(v}) < L. If£(V(S,)) =0
or v is incident with some edge in F, then it follows from
Claim 2(i) and (ii) that |FF| > A. Hence we may assume
that f(V(S,)) = 1 and no edge in F is incident with v. This
implies that f(v) = Oand f(V(S,)U{v}) = 1. Moreover, since
o(f) =yi(T + F) =2|V(H)| — 1 and v is the unique vertex
such that £ (V(S,) U {v}) < 1, this forces f(V(S,)) U {y'}) =2
for each v/ € V(H)\{v}. Noting that f(V(S,)) = 1,f(v) =0

VOLUME 7, 2019

and no edge in F is incident with v, we have that there exists
some vertex u € Ny(v) such that f(u) > 1, implying that
fV(S,)) < 1 since f(V(S,) U {u}) = 2. Using Claim 1,
there exists an edge in F incident with a vertex in V(S,)
assigned O under f. Moreover, since f(V(S,) U {v}) = 1,
we conclude from Claim 2(i) that there exists at least A — 1
edges in F incident with a vertex in V(S,) U {v} assigned 0
under f. Recall that each edge in F is incident with exactly
one vertex assigned O under f by Lemma 1(i). As a result,
we have r;(T) = |F| = A, which completes our proof. [

Ill. SPECIAL CLASSES OF GRAPHS

In this section, we mainly obtain the exact value of r;(G)
for some specific families of graphs, such as paths, cycles,
complete multipartite graphs and ladders.

A. PATHS AND CYCLES
In order to determine the Italian reinforcement number of
paths and cycles, we need the following well-known result
due to Chellali et al. [10].

Proposition A: ( [10]).

(i) Forany integern > 1, y;(P,) = [(n+ 1)/2].

(ii) For any integer n > 3, yi(C,) = [n/2].

Theorem 5: For any integer n > 4,

1, if niseven,
ri(Py) = f .
2, ifnisodd.
Proof: Let P, = vivy---v,. If n is even, then by

Proposition A, we have y;(P, + viv,) < y;(P,) and hence
r7(P,) = 1. Suppose next that n is odd. By Proposition A(i),
it is easy to verify that the function g defined by g(v;) = 1 for
each odd i and f(v;) = 0 for each even i, is the unique y;(P;,)-
function. Then g and each vertex v; do not satisfy one of the
conditions (i) and (ii) of Theorem 1 and hence r;(P,) > 2.
On the other hand, the function 4 defined by A(v;) = 0 for
each odd i and h(v;) = 1 for each even i, is an IDF on
Py+{vivy—1, vavy} withw(h) = (n—1)/2 = y;(P,)—1. Thus
the set {viv,_1, vov,} is an IR-set of P, and so r;(P,) < 2.
Consequently, we have r;(P,) = 2.

The proof is completed. |
Theorem 6. For any integer n > 5,
2, ifnisodd,
ri(Cy) =13, if n=6,

4, if n> 8is even.

Proof: Let C, = vovy -+ - vy—1vg. Suppose first that n
is odd. Observe that the function g defined by g(v;) = 1 for
each eveni < n — 3 and g(v;) = 0 otherwise, is an IDF on
C, + {vovn—2, vavy—1} and so by Proposition A(ii), w(g) =
(n —1)/2 = y;(C,) — 1. Thus the set {vov,—2, vav,—1} is an
IR-set of C,, and so r;(C,) < 2. Hence it suffices to show
that r7(C,) > 2. Suppose, to the contrary, that r;(C,) = 1.
Using Theorem 1, we have that there exist a y;(C,)-function
f = (Vo, V1, V2) and a vertex v € Vj satisfying one of the
conditions (i) and (if) given in Theorem 1. If (i) holds, then we
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may assume, without loss of generality, that vy, v, € V1,13 €
Vo and v4 € V5. If (ii) holds, then we may assume, without
loss of generality, that vo € Vi, vi,v3 € Vg and vo, v4 € V5.
In either case, the restriction f* of f on V(Cy)\{v2} is an IDF
on C,, — v2 (= Pp—1). Using Proposition A,

n+1
2

= 71(Cp) = o(f)

n+1

]"
2+

=of)+1=yP-)+1=

a contradiction. Therefore, we obtain r;(C,,) > 2.

Suppose next that n is even. It is easy to see that r7(Ce) = 3.
Let n > 8. Using Theorem 3, we have r;(C,,) < A +2 =4.
Hence it suffices to show that 7;(C,;) > 4. In the remainder of
the proof, we emphasize that the index of each vertex of C,
is taken modulo n.

Let F be an r;(Cp,)-set and f be a y;(C,, + F)-function such
that Vg = (). We first assume that C,, has three consecutive

vertices vj, Vit+1, Vi+2 € Vg . Then the following hold:

(a) Foreachj € {i,i + 2}, F has an edge joining v; to a
vertex assigned 1 under f.

(b) F has two edges joining v;4 to two vertices assigned
1 under f.

As a result, we obtain |F| > 4. Hence we may assume that
Y f() = 1foreach 0 < i < n— 1.1t follows from
Lemma 1(i7) and Proposition A(ii) that y;(C,+F) = y1(Cy)—
1 = n/2 — 1 and hence there exist two indices i1 and i» such
that [ij — iz| > 3 and {vi;, Vi, +1, Vi, Vip+1} € Vg. Moreover,
since V{ = ), we have that F" has an edge joining v; to a vertex
assigned 1 under f for eachj € {i1,i; + 1,i2,ip + 1}. As a
result, we also obtain |F| > 4. So in the following we may
assume that any r;(Cy)-set F' and any y;(C, + F)-function f
satisfy Vg # 0.

Claim 3: There exists an rj(Cy)-set F and a y;(C, + F)-
function f such that vy € Vg and every edge in F is incident
with vyg.

Proof of Claim 3: Let F/ be an r;(C,)-set and f be a y;(C,, +
F’)-function. From our earlier assumptions, we note that
Vg # (). Without loss of generality, assume that vy € Vg .
Using Lemma 1(i), each edge in F’ is incident with exactly
one vertex assigned O under f. Let X = {v € Vg

v is incident with anedge in F'} and let F = {wwy : v €
XWE(Cp). It is easy to see that f is an IDF on C,, 4+ F and
hence by Lemma 1(ii), y;(C, + F) < o(f) = y;(C, + F') =
y1(C,)—1, implying that F' is an IR-set of C,,. Moreover, since
|F| < |F'|, we have that F is also an r;(C,)-set. Again by
Lemma 1(ii), o(f) = y1(Cy+F') = y1(Ch) =1 = y1(Cy +F)
and hence f is also a y;(C,, + F)-function. As a result, F and
f is adesired pair of an r;(C,)-set and a y;(C,, + F)-function.
So, this claim is true.

Let F and f be defined as in Claim 3. We may choose f
so that [N¢,+r(vo) N Vg| is as large as possible. Suppose that
Ne,1r(vo) € VI Let vy € Ne, 1 r(vo)\ V) for some 0 < s <
n— 1. Moreover, since each edge in F is incident with exactly
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one vertex assigned O under f by Lemma 1(i), we have s €
{1,n—1}. Note thatdc,+r(vs) = 2. Let Nc,+r (vs) = {vo, v/}

If vov; € F,orvov; ¢ F and f(v;) > 1, then the function
f1 defined by f1(vy) = 0 and fi(v;) = f(v;) otherwise, is an
IDF on C,, + F with w(fj)) < o(f) — 1 < y(C, + F),
acontradiction. Assume that vov; ¢ F and f(v;) = 0. Observe
that the function f> defined by f>(vs) = 0, f2(v;) = f(vs) and
H(vi) = f(v;) otherwise, is an IDF on C, + F with w(f;) =
w(f) = y1(C, + F), and so f> is also a y;(C,, + F)-function.
However, F and f, satisfy the properties of Claim 3 with
ING,+#(v0) N V2| = IN¢,+r(vo) N V)| + 1, contradicting
to the choice of f. As a result, we get N¢,+r(vo) € Vg.

Let H = (Cy + F) — Nc,+rlvol and let Hy, Ha, ..., Hi
be the connected components of H. Clearly |V(H)| = n —
INc,+r[voll = n—|F|—3and H;is apathforeach 1 <i <k.
Observe that the restriction f* of f on V(H) is an IDF on H.
Using Proposition A(i), we have

|V(H)| + 1

* i S

w(f)zZmHi)—Z{ 5 S
1<i<k 1<i<k

Moreover, by Lemma 1(ii) and Proposition A(ii),

o(f*) = o(f) — f(Nc,+r[vol)
= (G +F)—2=y(Cp) —3 = g ~3. @

Combining (1) and (2), we obtain

noo. \V(H)| + 1
5—3—w<f>zl<lZ_J—2 W
5 \VH)| _ n—|F|-3

2 2 ’

I<i<k

implying that ;(C,) = |F| > 4, which completes our proof.
O

B. COMPLETE MULTIPARTITE GRAPHS
According to the following results presented in [15],
we derive the exact value of Italian domination number of a
complete multipartite graph, based on which we shall deter-
mine its Italian reinforcement number.
Proposition B: ( [15]) Let G be a graph of order n > 3.
Then y;(G) = 3 if and only if one of the following holds:
(@) A <n—2and y>(G) = 3, where y»(G) is 2-domination
number of G.
(i) A=n—2and{v e V(G):d(v) =n — 2} is a clique.
Proposition C: ( [15]) Let G v H denote the join of two
graphs G and H. Then y;(G v H) < 4. Moreover, if k =
v1(G) < yi(H), then
(@) k <2ifandonly if yy(GVv H) = 2.
(ii) k =30rk =4and y(H) = 2 if and only if y;(G Vv
H)=3.
Using Propositions B and C, we can derive the following
result.

VOLUME 7, 2019



G. Hao et al.: Italian Reinforcement Number in Graphs

IEEE Access

Proposition 2: For any positive integers ny <ny < --- <
nywitht > 2,
2, ifl=m=2
YiKnyny,on) = {3, if m =3, orny >4andt >3,
4, ifny>4andt =2.

Theorem 7: For any positive integers 3 < ny < ny
e <pywitht > 2,

IA

rI(Knl,nz,...,n,)

. ny — 1,

Cm -2

Proof: Since A = |V(Ky; n,, ...,
Theorem 3 and Proposition 2 that

if np =3, orny >4andt >3,
if np >4andt =2.

)| —n1, we deduce from

rI(Knl,ng,.‘.,n,)

=< |V(Kn1,n2 ..... n,)| - A - yI(Knl,nz ..... n,) +2
n —1,
N ny — 2,

To prove the inverse inequality, let X1, X2, ..., X; be the
partite sets of Ky, n,.....n, With |X;] = n; (1 < i < t) and
let X; = {(vi,v5,....vi}. Welet F and f = (Vo, V1, V2)
be an r;(Ky, n,,....n,)-set and a y;(Ky; pn,,....n, + F)-function,
respectively.

Suppose first that ny = 3, or ny > 4 and r > 3.
By Lemma 1(ii) and Proposition 2, o(f) = vi(Ku, ny,...n, +
F) = y1(Ku ny,....n,) — 1 = 2. Thus we have |V;| = 2 and
[Vo| =0, 0r |[Vi| =0and |V,| = 1.

Assume now that |Vy| = 2 and |V,| = 0. Without loss of
generality, assume that v’l‘, vl2 eVid<skl=<nltk =1,
then {§,14} < Nknl,,lz_m,n,JrF(vf) foreach3 < i < m
and so |[F| > 2(ny —2) > n; — 1; and if £k # [, then
{vg, vg, ces vl,‘lk} c NKn].nz,m.n,+F(V]1<) andso |F| >ng — 1>
ni — 1. Assume next that |V{| = O and |V,| = 1. Without loss
of generality, assume that v’f € Vb (1 <k < t). Obviously,
AR Y S Nk, L r() and so || = — 1 >
n; — 1.

Suppose second thatn; > 4 and ¢t = 2. By Lemma 1(ii) and
Proposition 2, w(f) = yi(Kuy ny,....n, +F) = Vi(Kny na,.ons) —
1 = 3. Thus we have |Vi| = 3 and |V»|] = 0O,
or |[Vi| = V2| = 1.

Assume now that |V{| = 3 and |V3| = 0. Without loss of
generality, assume that v’l‘,v’% vl3 e Vi <kl <2).1If
k =1, then [Nk, . +r(/) 0 {Vf,15,08}] = 2 for each
4 <ji<ngandso |F|>2(n —3)>n; —2;andifk # [,
then |NKn,,n2,,..,n,+F(Vf'() N {v’l‘, v§}| > 1 foreach3 <i < my
and so |F| > ny — 2 > n; — 2. Assume next that |[V;| =
|V2| = 1. Without loss of generality, assume that v’f € Vi and
vheVa(l <k 1 <2).Ifk=1[then{f:3 <i<m}C
NK, . +FV5) and so [F| > ng—2 > ny —2; and if k # 1,
then {v} : 1 <i <mandi#2} C Nk, , ,+r(vh)andso
|F|>n —1>n —2.

The proof is completed. g

ifny =3, orny >4and ¢ > 3,
ifny >4andt = 2.
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C. LADDERS

In this subsection, we restrict our attention to the ladder
P,0P,, where GLIH is the Cartesian product of two graphs G
and H.

We emphasize that V(P,0P,) = {VJl: 1l <i<21<
j < n} and E(P,L0P,) = {V}VJZ 1 <j<n}uyU {v]’:vji.+l :
1 <i<2,1<j<n— 1}, throughout our argument. Let f
be an IDF on P>[JP,. Then for each 1 < j < n, we denote
aj =fO) + 7).

In order to determine the Italian reinforcement num-
ber of a ladder, we need the following result and some
lemmas.

Proposition D: ( [15]) For any integer n > 2,
yi(P20P,) = n.

Next, we shall determine the Italian reinforcement number
of P,[1P,. Recall thatif f is an IDF on P>[P,,, then we denote
aj =f(v)) +f(}) foreach 1 < j < n.

Lemma 3: Let n > 1 be an integer and let f be an
IDF on P,OOP,. If aj > 2 for some j € {1,n}, then
o(f)>n+ 1.

Proof: By symmetry, it suffices to show that if a; > 2,
then w(f) > n + 1. We proceed by induction on x. The basis
step of the induction is obvious for n = 1. Assume that the
result holds for any integer 1 <n’ < n.

If a; > 3, then the function g defined by g(vl) = 0,
g(v%) =1, g(vé) = 2 and g(x) = f(x) otherwise, is an IDF
on P>[JP, and the restriction g* of g on V(PQDPH)\{V%, v%}
is an IDF on P,(0P,,_| with g* (vé) +g* (v%) > 2 and hence by
the induction hypothesis, o(f) > w(g) = w(g*)+1 > n+1.
So in the following we may assume that a; = 2.

Case I: f(v}) = 2 and f (1) = O (the case f(v}) = 0 and
f(?) = 2 s similar).

Ifa, > 2, or f(vé) = 1 and f(v%) = 0, then it is easy
to verify that the restriction f* of f on V(PZDP,,)\{V}, v%} is
an IDF on P,00P,_; and hence by Proposition D, o(f) =
10} i*)+2 > m-1D+2 = n+1.Iff(v;) = 0 and
f(v3) = 1, then the function g; defined by gl(v}) =1
and g1(x) = f(x) otherwise, is also an IDF on P;[JP, and
hence by Proposition D, o(f) = w(g1) +1 > n+ L. If
f (v%) =f (v%) = 0, then f (v%) = 2 and so the restriction
£ of f on V(P,0P,)\{v{, v}, v}, v3} is an IDF on P,00P,_»
and hence by the induction hypothesis, o(f) = o(f;") +2 >
m—D+2=n+1.

Case 2: fOD) =f(v}) = 1.

If a = 0, then a3 > 2 and so the restriction f;* of
f on V(P,OP)\{v}, v, v}, v3} is an IDF on P,00P,_ and
hence by the induction hypothesis, o(f) = o(fy) +2 >
m—1)+2 =n+1.1If ap > 2, then the restriction f4* of
fon V(P,O0P,)\{v}, v}} is an IDF on P,[1P,_ and so by the
induction hypothesis, o(f) = o(f;")+2 > n+2. Suppose now
that a, = 1. Without loss of generality, assume that f (v1) = 1
and f(v3) = 0. Then the function g, defined by gz(v}z) =0
and g>(x) = f(x) otherwise, is also an IDF on P;[JP, and
hence by Proposition D, o(f) = w(g2) + 1 >n+ 1.

The proof is completed. |
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Lemma 4: Let n > 2 be an integer and let f be an IDF on
PoU0P,,. If there exists some k € {1,2,...,n — 1} such that
ar > 2 and ag41 = 2, then w(f) > n+ 2.

Proof: Observe that the restriction fl* of f on {le: 1<
i <2,1 <j < k}isanIDF on Py0IP, with f*(vp) +f; (V) =
ai > 2 and the restrictionfz* of f on {v]’. 1 <i<2k+1<
Jj < n}is an IDF on Po00P, ¢ with £ (v, ) + f5 (v, ) =
ar+1 > 2. Using Lemma 3, we have o(f) = o(f{") + o(f;") >
k+1)+m—k+1)=n+ 2, as desired. O

The proof of the next result is similar to the proof of
Lemma 4 and therefore omitted.

Lemma 5: Let n > 3 be an integer and let f be an IDF
on P,UIP,. If there exist integers k,l > 1 such that a; > 2,
gyl > 2 and Zle aryi =1 —1, then o(f) > n+ 1.

Lemma 6: Let n > 3 be an integer and let f be an IDF on
Po00P,,. If there exists some k € {1,2,...,n — 2} such that
ar > 2, ary1 > land ag4o > 1, then o(f) > n+ 1.

Proof: Suppose that there exists some k € {1,2,...,
n—2}suchthatay > 2,a;41 > land agyo > 1. Ilf gy > 2
or aiyp > 2,then by Lemma4 or 5, we have w(f) > n+1. So
in the following we may assume that a1 = ax42 = 1. By
symmetry, we may assume that one of the following holds:

@ fp) =Ff0r,)=1andf(v, ) =f(v,,) =0.

() fhy) =Fp) =land f(vp, ) =f(vi,,) =0.

Noting that a; > 2, it is easy to check that the restriction
fi of f on {v]li :1<i<2,1<j<k}isanIDF on P,0P
with fl*(v,i) + fl*(v%) = a¢ > 2 and hence by Lemma 3,
a)(f]*) >k+ 1.

Suppose that (a) holds. Observe that the restriction fyoff
on {v; 1 <i<2,k+1<j<n}isanIDF on P,0P,_;
and hence by Proposition D, o(f;) > n — k, implying that
of) = o) + o) = k+ D+ 0 -k =n+1.

Suppose that (b) holds. Obviously, f (v,% 4+3) = 1. Then the
restrictionf3* of f on {vj’. 1 <i<2k+2<j<n}is
an IDF on P>00P,_—1 and hence by Proposition D, w(f5") >
n —k — 1, implying that o(f) = o(fi") + o(f5") + ax41 >
k+1)4+@m—k—1)+1 = n+ 1, which completes the
proof. d

Lemma 7: Let n > 4 be an integer and let f be an IDF on
P,0P,,. If there exists some k such that ay = 1, a1 = 0 and
gy =4, then o(f) > n+ 1.

Proof: Since a;y = 1, we may assume thatf(v,l) =1
and f (v%) = 0 by symmetry. Noting that a4, = 4, we have
f (v,]C ) =f (v,% 42) = 2. Observe that the function g defined
by gviy ) = L, g(vi,,) = 0, g0, 3) = max{l,f(v{,3)}
and g(x) = f(x) otherwise, is an IDF on P,[1P,, with w(g) <
o(f). Furthermore, we have g(v}() + g(v%) = g(v}(H) +
g(vlzﬂ) = land g(v,1<+2) +g(v,%+2) = 2, and so by symmetry
and Lemma 6, o(f) > w(g) > n + 1, as desired. O

Lemma 8: Let n > 3 be an integer and let f be a
yi(PR0O0P,)-function. If there exists some k > 2 such that
ar = land apy1 =0, thenn > k + 5.

Proof: By symmetry, it suffices to show that if there
exists some k > 2 such that f(v)) = f(v} ) = f07,,) =
0 and f (V%) = 1, then n > k + 5. To Italian dominate
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the vertices V11+1v"1%+1’ we must have f(v}c+2) = 2 and
fo? ) = LIff (v2,,) = 2, then the function g; defined
by gl(V}H_l) = gl(Vk+2) =1, gl(Vllc_i_z) =0, gl(V/l+3) =
max{l,f(v,iH)} and g1(x) = f(x) otherwise, is an IDF
on P[P, with w(g;) < w(f) — 1, a contradiction. Thus
fOi) =1
Claim 4: f(v} 3) =f(vi, 3) = 0.

Proof of Claim 4: If n = k + 2, then Lemma 3 implies that
o(f) = n 4+ 1, a contradiction to Proposition D. Therefore,
n > k + 3. Note that aryp = 3. If ary3 > 2, then
by Lemma 4, we have o(f) > n + 2, a contradiction to
Proposition D. If az4+3 = 1, then the function g, defined
by 201 = L 820745) = 0, ©2(04,3) = f,5) + 1
and g2(x) = f(x) otherwise, is also a y;(P2]P,)-function

Wlth gz(vllc+l) + gz(‘}]%+1) = gZ(V;i_Fz) + g2(v]%+2) = 1
and gz(V;i+3) + gz(v% +3) = 2, and hence by symmetry and
Lemma 6, o(f) = w(g2) > n + 1, a contradiction to

Proposition D. Thus we have a3 = 0, implying that Claim 4
is ture.

Claim 5: f(v;,,) = 0andf(vi,,) = 1.

Proof of Claim 5: Recall that ay4o» = 3. If ag4a > 2,
then by Lemma 5, we have o(f) > n + 1, a contradiction
to Proposition D. Therefore, ay44 < 1. Moreover, since
fOF) = Land f(v 3) = f(7,5) = 0, f () = L As
a result, we have f(v,%H) = 1 and f(v,]€+4) = 0. Claim 5
follows.

Since f(vi,3) = f(vj,,) = 0and f(vi,,) = 1by
Claims 4 and 5, this forces f(v;,s) > 1, implying that
n > k + 5, establishing the desired lower bound. The proof is
completed. g

Now we are ready to state the main result of this subsection.

Theorem 8: For any integer n > 3,

3, ifn=4
ri(P20OP,) =12, if3<n<9andn#4,
1, ifn>10.

Proof: By a tedious check, we can verify that
r(P20P4) = 3. If n > 10, then the function /| defined by

1, ifi=1landj=1,ori=1andj> 7isodd,
ori=2andj # 8iseven,

2, ifi=1landj=4,

0, otherwise,

is an IDF on P,00P, + {v}13} and so w(hy) = n — 1 <
y1(P>P,) by Proposition D, implying that the set {vlv%} is
an IR-set of P[P, and so r;(P,00P,) = 1.If 3 <n < 9 and
n # 4, then the function &, defined by

1, ifi=1andj> 4iseven,
ori=2andj > 5isodd,
2, ifi=1landj=2,

0, otherwise,
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is an IDF on P,[JP, + {vév%, vév%} and so w(hp) = n —
1 < y(P20P,) by Proposition D, implying that the set
{vév%, vév%} is an IR-set of P,[1P,, and hence r;(P,[1P,) < 2.

It remains to show that if 3 < n < 9 and
n # 4, then r;(P,00P,) > 2. Suppose, to the contrary,
that r;(P,0P,) = 1. By Theorem 1, there must exist a
y1(P20P,)-function f = (Vp, V1, V2) and a vertex v € Vi
satisfying one of the conditions (i) and (ii) in Theorem 1. For
eachl <j <n,weleta :f(v}) +f(vj2).

Suppose now that (i) holds. Without loss of generality,
assume that there exists some k such that one of the following
holds: (@) f(v) = fOD) = L fy_) = fyyy) =0,
FOL_DHFO2_) = 2and f 07, NHf (0l ) = 2.(B)f (V) =
f(V/l_H) = l,f(V]%_H) = f(V]1<+2) = Oaf("]%) +f(V]%+2) >2
and f(v,,) +f(vj,3) > 2.

Assume first that (a) is true. If n = k, then a,, = 2 and
hence by Lemma 3, we have w(f) > n + 1, a contradic-
tion to Proposition D. Thus n > k. Noting that g = 2,
if f(vfﬂ) =0, then a;,4» > 2 and hence by Lemma 5,
o) = n+1; iff(viﬂ) =1, thenf(v}chz) > 1 since
f(v%H)—i—f(v}(H) > 2, and hence by Lemma 6, (f) > n+1;
and if f (v ;) = 2, then by Lemma 4, o(f) > n + 2. In each
case, we have a contradiction to Proposition D.

Assume second that (b) is true. If n = k + 1, then
f(vﬁfl) = 2 since f(vi) —i—f(v,%H) > 2, implying that the
restriction f* of f on V(PZDP,,)\{V,IL,V%} is an IDF on
P>00P,_ and so by Lemma 3, o(f) = o(fj") + 1 > n + 1,
a contradiction to Proposition D. Thus n > k + 1. Note that
arp > 1and ax41 = 1. Iff(v/%+2) = 2, then by symmetry
and Lemma 6, we have w(f) > n + 1, a contradiction to
Proposition D. Suppose that f (v,% 4+2) = 1. Since f (v,%) +
f (vi +2) > 2, f (v,%) > 1 and so a; > 2. Moreover, since
ar+1 = axq42 = 1, we have o(f) > n 4+ 1 by Lemma 6,
a contradiction to Proposition D. Hence we may assume
that f(v_,) = 0. Moreover, since f(v_,) + f(vi 3) > 2
(resp., f (v, ) = f(v},) = 0), we have f(v} ;) = 2 (resp.,
f(v3,3) =2). Noting that a1 = 1, ax42 = 0 and ar43 = 4,
it follows from Lemma 7 that w(f) > n + 1, a contradiction
to Proposition D.

Suppose next that (ii) holds. Then V, # @. Without
loss of generality, assume that there exists some k such
that fv) =1, fOvi_) = fO = fi) = 0,
fO) +f0i_) = 2, fvi_) + f(vi,) = 2 and
FORD) T 0hy) 2 2.

Assume that k = 1 (the case k = n is similar). Then
clearly f (v%) = 2. Observe that the restriction fz* of f on
V(PZDPn)\{v}, v%} is an IDF on P,U0P,_; and hence by
Lemma 3, o(f) = o(f;’) + 1 > n + 1, a contradiction to

Proposition D. Consequently, we have k € {2,3,...,n—1}.
Assume first that f (v,% Jrl) = 0 (the case f (v%_ D =20
is similar). Moreover, since f (v,%) =f (v,i Jrl) = 0 (resp.,

FOr) + fyn) = 2), this forces f(vi,,) = 2 (resp.,
f(vi,,) = 2). Noting that ax = 1, ax11 = 0 and ax1y = 4,
it follows from Lemma 7 that w(f) > n + 1, a contradiction
to Proposition D.
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Assume second thatf(v,%H) = 2 (the casef(v%_l) =2is
similar). Recall that ¢y = 1 and ax = 2. If f(v7_}) > 1,
then ax_; > 1 and so by symmetry and Lemma 6, o(f) >
n+1, a contradiction to Proposition D. Hence we may assume
thatf(v,%fl) = 0. Moreover, sincef(v}{fz)—i—f(v,%f]) > 2, this
forcesf(v,lc%) = 2. Noting that ay_» > 2, ax—1 +ay = 1 and
ag+1 = 2, we conclude from Lemma 5 that w(f) > n + 1,
a contradiction to Proposition D.

Now we consider the last case that f (v,%_ D=r (v,% Jrl) =1.
Moreover, since f (v,% i D+ f (v,lc +2) > 2, this forces
f(vi,,) = 1. Note that ax = arq1 = 1. If agyo > 2, then
by symmetry and Lemma 6, we have w(f) > n + 1, a con-
tradiction to Proposition D. Thus we have a;4» = f (v,]( )+
() < 1, implying that f(v; ;) = 1 and f(vi,) = 0.
By symmetry, we obtainf(v}cfz) =1 andf(v,%fz) = 0. This
implies that k > 3.

We proceed to show that a; = 1 for eachj < k — 3 and
Jj = k + 3 by induction on j. By symmetry, it suffices to show
that a; = 1 foreach j > k + 3.

Assume that j = k + 3. Recall that a1 = a2 = 1.
If ax4+3 > 2,then by symmetry and Lemma 6, we have o(f) >
n+ 1, a contradiction to Proposition D. Noting that a4, = 1,
if ar4+3 = 0, then by Lemma 8, n > (k +2)+ 5 > 10
since k > 3, a contradiction to the assumption that n < 9.
Therefore, we obtain a;y3 = 1. Assume that the result holds
forallk +3 <j <.

Note that ay» = 1 and if k +3 < j < j, then by the
induction hypothesis, ay = 1. If a; > 2, then by symmetry
and Lemma 6, w(f) > n+1, a contradiction to Proposition D;
and if ¢; = 0, then by Lemma 8, we haven > (j — 1) +5 =
j+4 > (k+3)4+4 > 10 since k > 3, a contradiction to
the assumption that n < 9. As a result, a; = 1. Therefore,
we have aj = 1 foreachj < k — 3 andj > k + 3. Recall
that ¢; = 1 for each k — 2 < j < k + 2. This implies that
V, = @, a contradiction to (ii). Therefore, we have that if 3 <
n <9 and n # 4, then r;(P,U0P,) > 2, which completes our
proof. ]

IV. CONCLUSION

As a variation of domination, the Italian domination was
introduced by Chellali et al. [10], where it was called Roman
{2}-domination. This paper initiate the study of Italian rein-
forcement number in graphs. We give some sharp bounds on
the Italian reinforcement number and we also determine exact
values of Italian reinforcement number of several special
graph classes including paths, cycles, complete multipartite
graph and ladders.
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